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ABSTRACT

This paper is a comprehensive review of some statistical data analysis meth-

ods whose theory I have been researching. Some aims of this paper are: (1.)

to advocate the roles of quantile domain data analysis, using quantile functions

and comparison density functions whose theory I have been exploring for 20 years

(Parzen (1979), (1989), (1991), (1992), (1993)); (2.) unify conventional parametric

and non-parametric statistics by representing them as score statistics (inner prod-

ucts or correlators of score functions and suitable density functions); (3.) show that

expressing many test statistics as correlations generates new graphical diagnostic

functions on the unit interval to find patterns in data. These concepts may appear
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to be an abstract theory. I believe that they can be made computationally concrete

and user-friendly. The only issue deciding their ultimate popularity are successful

case studies which demonstrate to applied researchers that their presentation and

interpretation can be made simple and powerful without having to be aware of the

underlying theoretical and computational complexity. We propose the concept of

“statistical methods mining” to describe this approach to applied research.

The mathematical statistical problems for which we discuss new methods are:

one sample probability model identification (sections 3, 6) ; bivariate sample graph-

ical representations alternative to scatter diagrams (section 8), cusums interpreted

as correlations; applying two sample analysis to detect change and to discover

homogeneous groups of data (sections 9–12); quantile limit theorems.
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0. Statistical methods mining and goals and coordinates of statistical

data analysis

A main aim of this paper is to advocate “statistical methods mining” which I

define to be the practice of data analysis by integrating (bridging, Brownian Bridg-

ing) the extensive range of classical and modern parametric, non-parametric, and

function estimation statistical methods through frameworks for the diversity and

history of statistical methods. The recent book “A History of Mathematical Statis-

tics from 1750 to 1930” by Anders Hald (1998) demonstrates that statisticians have

not done a satisfactory job of being aware of the contributions of past researchers

(a goal of statistical methods mining). Statistical methods mining aims to bene-

fit applied researchers by providing frameworks to learn history and the roles of

various methods, to learn “why” and “when” as well as “how” and “what”.

To provide frameworks for the practice of statistics, and the roles of the dis-

cipline and profession of statistics, we propose three coordinates called: (1.) data

model and notation, (2.) whole statistician, (3.) data inference.

The data model and notation coordinate formulates the problem in terms of

the technical concepts, models, notation, and vocabulary of mathematical statis-

tics. Hald (1998) demonstrates that notation has been slow to evolve but his-

torically has been very important to developing a unifying discipline of statistics

enabling technology transfer of statistical methods between different applied fields.

David (1995) has collected a list of the “First (?) occurrence of common terms in

mathematical statistics.” It is no joke that university professors explain to statis-
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tics faculty why they could not recommend statistics courses to their students;

“You will only confuse them because you use a different notation than we do.”

The whole statistician coordinate defines the goal of the proposed research,

usually chosen from application (analyzing real data to answer real questions),

theory (answering mathematical questions, forming estimators and studying their

probability distribution under null and alternative hypotheses), and/or computa-

tion (developing and applying algorithms and software).

The data inference coordinate implements the goals defined in the whole statis-

tician coordinate and encourages integrating conventional and modern estimation

and testing procedures.

This paper discusses (1.) quantile domain of the data notation and models

coordinate, (2.) theory and methods domain of the whole statistician coordinate,

and (3.) some outlines of proofs and data analysis.

Practical statistical methods mining requires understanding about strategies

for solving statistical problems and learning statistical methods (Parzen (1998)).

We propose that both require a cycle of steps which one usually repeats (iterates)

several times before reaching a satisfactory conclusion.

Our philosophy of data analysis is based on an attitude about the iterative

process of data modeling. A model is equivalent to expectations (predictions)

about what we observe. By comparing expectations (model) with reality (data)

one can detect the fit of a model, develop diagnostics which help revise a model, and

make decisions about the real models generating the observations in the data. We
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summarize poetically our attitude about the common goals of science and statistics:

“The work of science (statistics) is to substitute facts (data) for appearances, and

demonstrations (models) for impressions”.

1. One sample notation.

Coordinate 1 of statistical analysis of data X1, . . . , Xn states data model and

notation. Our first model assumes a random sample of a random variable X with

unknown true distribution function

F (x) = P [X ≤ x], −∞ < x <∞.

Many applications require (non-trivial) extensions to correlated data and censored

data.

The standard assumptions of one sample statistical data analysis are tested

by major fields of statistical theory whose analogies we believe should be learned

(by learning what is a Brownian Bridge and what are its statistical applications).

1. Assumption of independent random variables is tested by stationary time series

spectral analysis (test for trend or pattern in periodogram (squared Fourier

transform), exponentially distributed function of frequency wj = j/n).

2. Assumption of identically distributed random variables is tested by change-

point analysis of cusums (test for trend or pattern in data plotted as a change

density on unit interval 0 < τ < 1).

3. Assumption of normal (or other) parametric model for F is tested by goodness

of fit and empirical processes theory (test for trend or pattern in change PP

plot which compares model Fˆ with data F )̃.
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The goal of statistical modeling is to estimate F , usually by identifying para-

metric models Fθ that approximately fit F (called model identification or selection).

We believe that data analysis should be first parametric (fits by familiar probability

laws), then nonparametric estimation of F by a process which revises a parametric

model Fˆ that fails to fit (section 6).

A distribution function F is called continuous with probability density function

f(x) if F (x) =
∫ x
−∞ f(y)dy. An important (default) model is the Normal (µ, σ2)

parametric model

F (x) = Fµ,σ(x) = Φ
(

x− µ

σ

)
, −∞ < x <∞

where Φ(x) is the Normal (0,1) distribution function

Φ(x) =
∫ x

−∞
φ(y)dy,

φ(x) = (2π)−.5 exp(−x2/2)

Parametric estimation forms “efficient” (minimum information distance) esti-

mators µ̂ and σ̂ of the location parameter µ and scale parameter σ in a model

F (x) = F0((x− µ)/σ), F−1(u) = µ + σF−1
0 (u),

where F0(·) is assumed known or required to be fitted (identified) from the data;

the normal model assumes F0 = Φ. The parametric estimator Fˆ for the true

distribution F , assuming the parametric normal model, is

F (̂x) = Φ
(

x− µ̂

σ̂

)
.

A non-parametric estimator of F is the sample distribution function

F (̃x) = fraction of sample ≤ x.
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The important concept of mid-p value, due to Lancaster, can be represented

by the sample mid-distribution function (Parzen (1996)) which we define, in terms

of the sample probability mass function p̃ (x) = fraction of sample equal to x, by

F˜mid(x) = F (̃x)− .5p̃ (x).

An important tool is the sample rank transform

F˜mid(X(j; n)) = (j − .5)/n.

A sample (denoted X1, . . .Xn) has order statistics or sample quantiles, denoted

X(1, n) ≤ . . . ≤ X(n; n), which are the values in the sample arranged in increasing

order. Sample quantiles provide powerful nonparametric and parametric methods

of statistical analysis, data representation, and data compression of massive data

sets because they can be applied to provide solutions to problems of simple (yet ef-

ficient) modeling of large amounts of data. Eisenberger and Posner (1965) describe

how in the 1960’s, at the Cal Tech Jet Propulsion Lab, they used sample quantiles

to transmit and compress data from space probes, yet achieve efficient estimation

of population parameters and tests of goodness of fit for very large samples.

When we observe bivariate data (Xj , Yj) we should also report the data in

order of increasing X values and denote them (X(j; n), Y [j; n]). We call Y [j; n]

the concomitant order statistics or co-order statistics.

Example: Let X be the level of estadiol in a fish and Y be the testosterone

level in the same fish. We take fish samples from lake A (polluted) and lake B

(unpolluted), and report the data:

8



Lake A (Polluted)

X(j; n) 23 30 37 38 53
Y [j; n] 24 7 6 22 8

Lake B (Unpolluted)

X(j; n) 15 16 19 27 29 36 64 72 85
Y [j; n] 33 54 60 12 47 75 20 53 100

One sees informally that levels Y of testosterone are much lower in lake A (pol-

luted). Low testosterone levels reduce ability to reproduce. To assign a significance

level (p-value) to this conclusion one must do a formal (contract) statistical analysis

of the data.

An exploratory data analysis approach is to plot on the scatter diagram of

each bivariate sample (see Figure 1) the sample conditional mean, defined (when

all data points are distinct)

E [̃Y |X = x] = Y [j; n], Xmid(j − 1; n) < x < Xmid(j; n).

Mid-values of order statistics are defined (for j = 1, 2, . . . , n− 1)

Xmid(j; n) = .5(X(j; n) + X((j + 1); n));

Xmid(0; n) = X(1; n), Xmid(n; n) = X(n; n).

Goodness of fit tests (Kolmogorov-Smirnov, Cramer-von Mises) of fit of a con-

tinuous model Fˆ to a discrete sample distribution F˜ can be reviewed as combining

statistics tests (section 5) of

F (̂X(j; n))− F˜mid(X(j; n)) = U(j; n)− ((j − .5)/n),

called a mid-probability approximation, or

F (̂Xmid(j; n))− F (̃X(j; n)) = Umid(j; n)− (j/n),
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called a continuity-correction approximation. These formulas (which assume no

ties in data X1, . . . , Xn) reflect two desirable ways of approximating discrete dis-

tributions (such as F )̃ by continuous distributions (such as F )̂ which are more

accurate than approximating F (̃X(j; n)) by F (̂X(j; n)).

The variance (square of standard deviation) of the sample distribution F˜ is

denoted

VAR [̃X] =
1
n

n∑
t=1

(
Xt − X̄

)2
where X̄ = E [̃X] = 1

n

∑n
t=1 Xt is the sample mean. Statisticians need notation to

clearly distinguish sample variance from the conventional definition, which I call

“adjusted sample variance”:

S2 = VAR ãdj[X] =
1

n− 1

n∑
t=1

(
Xt − X̄

)2
The two definitions of sample variance are calculated on every electronic calculator.

Not using both definitions of sample variance makes many statistics textbooks very

inelegant (for example, they define correlation coefficient with a divisor of n − 1

and need complicated formulas for the pooled variance of two samples).

2. Quantile domain methods to measure location and scale

The quantile domain (of statistical inference, data analysis, and data model-

ing) is defined to be methods that use the inverse distribution or quantile function,

denoted Q(u) = F−1(u), with precise definition as a left-continuous non-decreasing

function:

Q(u) = inf {x : F (x) ≥ u} , 0 < u < 1.
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Note that a distribution function F (x) is right-continuous.

When F is continuous with probability density f , F (Q(u)) = u for all u

and f(Q(u))Q′(u) = 1. We call q(u) = Q′(u) the quantile density function;

fQ(u) = f(Q(u)) = 1/q(u) is called the density quantile function. This notation

was introduced in Parzen (1979).

The sample quantile function Q (̃u) is the inverse F˜−1(u). In terms of the

order statistics X(j; n) one can give an explicit formula for the sample quantile

function: for j = 1, . . . , n

Q (̃u) = X(j, n), (j − 1)/n < u ≤ j/n.

This formula justifies calling order statistics sample quantiles(see Figures 2, 3, 4).

The sample quantile function is a “non-decreasing re-arrangement” of a func-

tion called a change density c̃ (τ), 0 < τ < 1, of the time series Xj , which is the

data arranged in order observed plotted as a function on the unit interval,

c̃ (τ) = Xj , (j − 1)/n < τ < j/n.

When f is continuous and positive at x = Q(u), as j tends to ∞ in such a

way that j/n→ u, 0 < u < 1, the asymptotic distribution of

√
n(X(j; n)−Q(u)) is Normal(0, u(1− u)

(
f(Q(u))−2

)
.

Sheppard (1899) derived this asymptotic variance to study the errors of “method of

quantiles” estimators (Hald (1998), p. 629). We outline a modern proof in section

13.
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I regard this “sample quantile limit theorem” as an existence theorem for sta-

tistical inference. We do not need a parametric model for F to know a parametric

model for the order statistics X(j; n), thus avoiding the need to have some knowl-

edge of (model for) the unknown distribution function F of Xj in order to infer it.

Efficient estimators of parameters of model Q(u) = µ + σQ0(u), from uncensored

and censored samples, can be formed from linear combinations of order statistics

(using theory of regression analysis of continuous parameter time series Parzen

(1979), Eubank (1988)). Applying this approach to censored survival data is a

problem open for implementation (Parzen (1979)).

A continuous quantile Q(p) can be interpreted as a parameter θ satisfying the

estimating equation

F (θ)− p = 0.

We call: θ = F−1(p) an “inverse” parameter; θ = F (x) = E[I(X ≤ x)] a “moment”

parameter. If the distribution of a random variable X depends on a parameter θ,

and if T (X) is a statistic with mean Eθ[T (X)] = τ , we call τ a moment parameter

and θ its inverse parameter. We regard θ and τ as inverse functions of each other,

written τ = τ(θ), θ = θ(τ), τ = θ−1, θ = τ−1. The method of moments estimator of

τ is τ̂ = T , the mean of T (X1), . . . , T (Xn), and the estimator of θ is θ̂ = τ̂−1 = θ(τ̂).

The statistical properties of quantile estimators Q (̃p) are prototypes for statistical

properties of estimators θ̂ of parameters θ defined by estimating equations.

Important summary measures of a distribution and of a sample (originally

proposed by Galton (1875), see Hald (1998), p. 602) are provided by the median
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MQ = Q2 = Q(.5), quartiles Q1 = Q(.25) and Q3 = Q(.75), and quartile deviation

DQ = 2{Q(.75)−Q(.25)}.

I believe that my definition of DQ is significant to applied statisticians because

it states that the version of the inter-quartile range that is appropriate to measure

scale is twice the inter-quartile range. Galton characterized scale or dispersion

by the probable deviation, defined as half the interquartile range. We justify DQ

as a numerical derivative of Q(u) at u = .5 which crudely approximates another

measure of scale (called the density quantile deviation)

DfQ = 1/fQ(.5) = 1/f(median) = q(.5) = Q′(.5).

Thus measures of location and scale are respectively provided by mean µ, MQ and

standard deviation σ, DQ.

We recommend standardizations of probability distributions to make f(median) =

1 or DQ = 1. We call standardized quantile functions shape identification quantile

function QI(u). The standardized normal distribution satisfying median MQ = 0

and scale f(median) = 1 deserves more recognition, and we denote its distribu-

tion function Φ1(y) and probability density function φ1(y) = exp(−πy2). It is

Normal{0, 1/2π}. Note Φ1−1(.75) = .675/2.5066 = .2693 which we compare with

.25; Φ1−1(.975) = .7819; Φ1−1(.995) = 1.027. Alternate definition ΦI(u) uses

DQ = 2.7 as divisor, ΦI−1(.75) = .25, ΦI−1(.995) = 2.575/2.7 = .9537. We use

|QI(u)| > 1 as a diagnosis of long tails or outliers.

In practice sample quantiles are computed by a variety of definitions. There is

an extensive literature on nonparametric estimation of Q(u) by smoothing Q (̃u).
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We recommend that the functional way to compute quantiles in practice is from a

suitably defined continuous version Q c̃ontinuous(u) of the discrete sample quantile

function Q (̃u). Two possible continuous sample quantile functions are piecewise

linear functions joining the points (F˜mid(X(j; n)), X(j; n)) or (F (̃X(j; n), Xmid(j; n)).

Using either of these definitions the median of a Poisson distribution with mean 2

is 1.84.

The sample median would be defined in practice as Q c̃ontinuous(.5). We

conjecture that it is not important that this definition coincide with the traditional

definition of sample median in terms of distinct order statistics X(1) < . . . < X(n).

When n = 2m + 1, an odd number, traditional sample median =X(m+1). When

n = 2m, an even number, traditional sample median = .5(X(m)+X(m+1)) = Xmid
(m) .

3. Box plots and sample shape identification quantile functions

An important problem for applied statisticians is to model a sample quantile

function Q (̃u) by identification of probability distributions Q0(u), where Q (̂u) =

µˆ + σˆQ0(u) fits Q (̃u). We recommend Q0 be standardized; Q0(.5) = 0 and

Q′0(.5) = 1 or 2(Q0(.75)−Q0(.25)) = 1. We discuss in section 6 models Q (̂u) for

which simulation is practical, so that we can create more data “like” that observed.

To help identify suitable Q0(u), we propose plotting the sample shape identification

quantile function, defined by (Parzen (1983))

QI (̃u) = (Q (̃u)−Q2̃ )/2(Q3̃ −Q1̃ );

note Q2̃ is the sample median, and Q1̃ and Q3̃ are the sample first and third

quartiles (possibly computed from a continuous version).
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The identification of outliers, out-and-outliers, and tail behavior is a major

goal of initial data analysis. Values u such that

|QI (̃u)| > 1

are diagnosed in our method as indicating outliers or long-tailed behavior. Note

that Tukey’s Box Plot diagnoses a value QI (̃u) as an outlier if (in our notation)

QI (̃u)−QI (̃.75) > .75 or QI (̃u)−QI (̃.25) < −.75

Note that QI (̃.75) < .5. Therefore QI (̃u) > 1.25 is an outlier.

Measures of skewness are: fQ1 = −.25/QI(.25), fQ2 = .25/QI(.75), QI (̃.25)+

.25, QI (̃.75)− .25, QI (̃.25)+ QI (̃.75). These last three are zero for distributions

symmetric about the median. If fQ1 > 1 we expect mode < median < mid-quartile

< mean. If fQ1 < 1 we expect mean < midquartile < median < mode; midquartile

Q4 = .5(Q1 + Q3).

Measures of tail behavior are QI (̃.05), QI (̃.95); short tail if QI(.95) < .5,

long tail if QI (̃.95) > 1, medium tail if .5 < QI (̃.95) < 1.

To learn how to use these plots one would have to study a portfolio of pop-

ulation shape identification quantile functions QI(u) for various standard proba-

bility distributions. Figures 7,8 illustrate QI (̃u) for samples from an exponential

distribution of sizes 40 and 200. In an appendix we discuss simple examples of

identification quantile analysis.

Example: Cushner-Peebles (1905) data, differences of excess hours of sleep

under influence of two drugs, was analyzed by Student. Sample size n = 10. Order

statistics X(j; n) are: 0, 0.8, 1., 1.2, 1.3, 1.3, 1.4, 1.8, 2.4, 4.6.
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Quantile diagnostics are Q1 = 1, Q2 = 1.3,Q3=1.8, DQ = 2(Q3−Q1) = 1.6,

QI(.25) = (1− 1.3)/1.6 = −.19, QI(.75) = (1.8− 1.3)/1.6 = .3125,

QI(.05) = (0− 1.3)/1.6 = −.81, QI(.95) = (4.6− 1.3)/1.6 = 2.06.

The values which we can consider an outlier (those satisfying |QI(u)| > 1) are: 4.6.

Next we apply these diagnostics to the data set with 4.6 omitted: MQ = 1.3, Q1 =

.85, Q3 = 1.7, Q4 = 1.275, DQ = 1.7, and diagnose a medium tailed symmetric

distribution, since extreme QI values are −.76 and .65. Note ΦI−1(0.0556) =

1.6/2.7 = .59, suggesting that we investigate an adequate fit of the sample quantile

by the normal quantile.

A popular quick and dirty tool for statistical data analysis is the Box-Plot,

made famous by Tukey. Our variation, called a “shape identification quantile box-

plot”, plots QI(u),0 < u < 1, with: (1) a dashed box over the interval (.25,.75)

representing the lower quartile, median, and upper quartile, used to diagnose sym-

metry and skewness; (2) an L shape over (.16,.25) whose horizontal segment is

at mean µ and vertical segment is drawn from µ − σ to µ; (3) an L shape over

(.75, .84) whose horizontal segment is at mean µ and vertical segment is drawn

from µ to µ + σ, where σ is standard deviation, (4) dashed horizontal lines over

(0,1) at height 1 and -1, used to classify tail behavior as short tail, medium tail

(medium-short, medium-medium, medium-long), or long tail.

Numerical definitions of tail behavior (and tail indices α0 and α1) can be given

(Parzen (1979)) in terms of the behavior at u = 0, 1 of fQ(u) and the score function

16



J(u) = −(fQ(u))′. We define

α0 = lim
u→0

−uJ(u)
fQ(u)

, α1 = lim
u→1

(1− u)J(u)
fQ(u)

.

Short, medium, and long tail correspond to α < 1, α = 1, α > 1. Current research

on nonparametric estimation of these parameters can be searched under the name

of “Hill’s estimators”.

If 1−F (x) ∼ x−γ as x→∞, then 1−u ∼ Q(u)−γ and α = 1+(1/γ) as u→ 1

. The tail index whose estimates have familiar properties is 1/γ, not γ. Cauchy

distribution has α = 2, and mean is infinite. Variance is infinite if α > 1.5.

Exponential distribution 1 − F (x) = e−x has 1 − u = exp(−Q(u)), fQ(u) =

1− u, α1 = 1, α0 = 0, QI1 = −.1845, QI3 = .3155.

Gamma distribution with parameter κ, with standard probability density

f0(x) = xκ−1e−x/Γ(κ), x > 0,

has f(x) ∼ xκ as x → 0. The shape parameter to estimate tail behavior is β =

1/κ, since α0 = 1 − β and α1 = 1. An analogous probability law is the Weibull

distribution with parameter κ, with standard probability density

f0(x) = κxκ−1e−x
κ

, x > 0,

Q0(u) = (− log(1− u))β,

f0Q0(u) = (1/β)(1− u)(− log(1− u))1−β.

f0Q0(u)/f0Q0(.5) = 2(1− u)(− log(1− u))1−β/(log 2)1−β
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4. Comparison distribution and comparison density functions.

The true distribution function F of a continuous random variable X can be

characterized by the property that the transformed random variable U = F (X) is

Uniform(0,1). The usual approach to a goodness of fit test of a model F given a

sample Xj , j = 1, . . . , n, is to transform the original data to Uj = F (Xj) whose

distribution is tested to be Uniform (0,1). We develop an approach which compares

a model F and a true distribution function G which is estimated by the sample

distribution F ,̃ using concepts of comparison distribution and comparison density

functions.

Identifying a distribution function F for a random variable X, given a random

sample X1, . . . , Xn, requires measures of the distance between F and the sample

distribution function F .̃ To compare two probabilities p1 and p2 we recommend

their ratio p1/p2 rather than their difference p1 − p2. Applying this philosophy to

comparing two continuous distribution functions F (x) and G(x) we define

D(u; F, G) = G(F−1(u)), 0 < u < 1

called the comparison distribution function. Its density, called the comparison

density function, satisfies

d(u; F, G) = D′(u; F, G) =
g(F−1(u))
f(F−1(u))

We require f(x) = 0 implies g(x) = 0 in order for d(u; F, G) to be well defined and

integrate to 1. The notation for this condition is G << F .

When fitting a parametric family of distributions Fθ(x) one often specifies a

null distribution Fθ0(x); to study local alternative hypotheses important tools are
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(Nikitin (1995))

D(u; θ) = D(u; Fθ0 , Fθ), d(u; θ) = d(u; Fθ0, Fθ).

When Fθ is Normal(θ, 1) and θ0 = 0 one obtains

log d(u; θ) = θΦ−1(u)− .5θ2

which is a linear function of Φ−1(u).

When Fθ is Normal(0, θ−2), and θ0 = 1, one obtains

log d(u; θ) = log θ − .5
(
Φ−1(u)

)2
(θ2 − 1)

which is a quadratic function of Φ−1(u).

These results help us interpret the various shapes that comparison density

functions need to have for us to interpret them as indicating that the difference

between two distributions F and G is a difference in location or a difference in

scale. When a Normal model for a data set has correct location but too large an

estimated standard deviation (due to symmetric outliers), the comparison density

function of data and model will have a shape indicating a difference in scale.

5. Change PP plots to compare discrete distributions.

We are proud of our extension (Parzen (1993)) of the concepts of comparison

distribution D(u; F, G) and density d(u; F, G) to F and G either continuous or

discrete. Parzen (1997) calls such concepts concrete statistics, since they help

unify methods for CONtinuous and disCRETE data.
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For discrete distributions F and G with respective probability mass functions

pF and pG, we define, assuming pG(x) > 0 implies pF (x) > 0 or G << F ,

d(u; F, G) =
pG(F−1(u))
pF (F−1(u))

,

D(u; F, G) =
∫ u

0

d(s; F, G)ds.

An important observation: D(u, F, G) = G(F−1(u)) at values of u such that

F (F−1(u)) = u, called F -exact values of u. At other values of u D(u; F, G) is

defined by linear interpolation between its values at F exact values. The impor-

tant concept of F exact values is a concept of concrete statistics, unification of

discrete and continuous data analysis.

When F and G are discrete the graph of D(u; F, G) is called a PP plot because

it linearly connects the points (0,0), (1,1), (F (x), G(x)) for F − exact u = F (x).

We recommend in practice “change PP plots” which graph D(u; F, G) − u by

connecting the points (F (x), G(x)− F (x)).

A QQ plot, or quantile-quantile plot, of two distributions intuitively graphs

the points (F−1(u), G−1(u)). A QQ plot is linear for a location scale model

G−1(u) = µ + σF−1(u).

One often interprets QQ plots in terms of how they differ from being linear. This

method of testing for normality or exponentiality is widely used but seems to

have little supporting theory. We recommend that the use of QQ plots should be

supplemented by change PP plots and plots of two quantile functions (see Figures

2, 3, 4, 5, 6).
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Goodness of fit tests for a discrete distribution (such as a binomial(k, p)) with

outcomes j = 0, 1, . . . , k, compare a model of probabilities pj , defined =probability

observe outcome j, with empirical probability pj ,̃ defined as observed relative

frequencies pj˜ = Nj/n, where Nj is the number of observations of outcome j in n

observations. The traditional chi- square statistic C can be represented (in terms

of probabilities rather than counts Nj and npj)

C = n
∑

j=0,...,k

(pj˜− pj)2/pj

= n
∑

j=0,...,k

pj((pj /̃pj)− 1)2

= n

∫ 1

0

(d(u; F, F )̃− 1)2du.

One can use as a test statistic any measure of the distance of d(u; F, F )̃ from 1.

Cumulative goodness of fit tests are defined in terms of cumulative probabilities

Fj = p0 + p1 + ... + pj , F
mid
j = Fj − .5pj , Fj˜ = p0˜+ p1˜+ . . . + pj ,̃

CPPj = Fj˜− Fj = D(Fj ; F, F )̃− Fj ,

and measure distance of function {CPPj , j = 0, ..., k − 1} from zero. Statistic at

an outcome value j to test the significance of the difference between the theoretical

probability Fj and the empirical probability Fj˜ is

Zj = CPPj/(Fj(1− Fj)).5, j = 0, 1, . . . , k − 1.

An analogue of a Wilcoxon type omnibus test statistic is n.5CPP ,̄

CPP¯ =
∑

j=0,...,k−1

pjCPPj .

An alternative statistic is the area under the continuous curve CPP (u), given by

CPPmid¯ =
∑

j=0,...,k

pjCPPmid
j ,

CPPmid
j = .5(CPPj + CPPj+1).
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We define analogues of Cramer-von Mises W 2, Watson U2, Anderson-Darling A2,

Kolmogorov-Smirnov KS which are non-linear functionals of D(u; F, F )̃− u, u =

F0, . . . , Fk−1:
W 2 = 6n

∑
j=0,...,k−1

pjCPP 2
j

= 6n
∑

j=0,...,k−1

pjFj(1− Fj)Z2
j ,

U2 = n
∑

j=0,...,k−1

pj(CPPj − CPP )̄2,

A2 = n
∑

j=0,...,k−1

pjCPP 2
j /Fj(1− Fj)

= n
∑

j=0,...,k−1

pjZ
2
j ,

KS = n.5maxj=0,...,k−1|CPPj |.
Anderson-Darling variations are

A2
0 = 2n

∑
j=0,...,k−1

pj(1− Fj)Z2
j ,

A2
1 = 2n

∑
j=0,...,k−1

pjFjZ
2
j ,

Note A2 = .5(A2
0 + A2

1); therefore calculating A2
0 and A2

1 immediately yields third

statistic A2. Kolomogorov Smirnov variations are
KS0 = n.5maxj=0,...,k−1CPPj ,

KS1 = n.5minj=0,...,k−1CPPj ,

KSZ = n.5maxj=0,...,k−1|Zj |.
Properties of similar statistics for goodness of fit of discrete distributions, and their

components, are discussed by D. J. Best and J. C. W. Rayner (1997, Goodness of

fit for the binomial distribution, Australian Journal of Statistics, 39, 355-364).

Components are linear functional statistics of the form

Tφ = n.5
∑

j=0,...,k−1

pj˜φ(F−1(Fj))

TJ = n.5
∫ 1

0

d(u; F, F )̃J(u)du
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where φ(j) and J(u) = φ(F−1(u)) are orthogonal polynomials called score func-

tions.

A goodness of fit analysis consists of four phases:

1. Graphical analysis of the Change PP plot D(u; F, F )̃− u, 0 < u < 1.

2. Nonlinear functionals such as W 2 and A2,

3. Linear functionals TJ for suitable score functions J(u),

4. Smoothing the sample comparison density function d̃ (u) = d(u; F, F )̃ and

testing if the optimal smoother is d̂ (u) = 1 (which is equivalent to the null

hypothesis that the model F is a good fit to the observations F )̃. Smoothing

d̃ (u) to form d̂ (u) provides a nonparametric model for the true probability

mass function p(j).

6. Quantile based rejection simulation using comparison density func-

tions

A fundamental property of quantile functions (Parzen (1979)) is the following

theorem for monotone transformation g(Y ) of a random variable Y where g is

non-decreasing and left-continuous:

Qg(Y )(u) = g(QY (u)), Fg(Y )(y) = FY (g−1(y))

This theorem and our notation provide a quick proof that Y with quantile function

Q(u) has the same distribution as Q(U) where U is Uniform[0, 1] (with quantile

function QU (u) = u): QQ(U)(u) = Q(QU(u)) = Q(u) = QY (u).

A random sample Y1, . . . , Yn of Y can be simulated by Yj = Q(Uj) where

U1, . . . , Un are a random sample from Uniform{0, 1}. A bootstrap sample Y1, . . . , YN
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can be simulated by Yj = Q (̃Uj) where Q (̃u) is a sample quantile function formed

from an original sample. Smooth bootstrap simulates Yj = Q (̂Uj).

A rejection method simulates Y with distribution F from a sample from a dis-

tribution G. We formulate it in terms of the comparison density d(u) = d(u; G, F ),

if we can assume for all u, d(u) ≤ c for a known constant c. Generate two in-

dependent Uniform (0,1) random variables U and W . The acceptance-rejection

rule is: accept Y = G−1(U) as a sample from F if W ≤ d(U)/c. The probability

of acceptance is 1/c. The probability that U ≤ G(y) and W ≤ d(U)/c equals

D(G(y))/c = F (y)/c. The probability that our rejection simulated Y ≤ y equals

F (y). We say that this process simulates F by modeling its distance from G, a

distribution which is easy to simulate.

We recommend to model the true distribution F of data by combining para-

metric modeling, goodness of fit, and density estimation: (1.) estimate a parametric

model G ;̂ (2.) smooth the raw comparison density d(u; G ,̂ F )̃ and test whether

d(u) = 1 is a good fit; (3.) thus arrive at nonparametric model fˆ which can be

simulated by the rejection method from samples from G .̂ We call this 3-step pro-

cess a “model” because it achieves a simulation goal of statistical data analysis:

from the data observed infer an algorithm for generating additional data whose

distribution is not significantly different from the originally observed data.

7. Dependence comparison density functions for bivariate data.

We use comparison distributions to provide new concepts to model the depen-

dence of joint random variables X and Y which are either discrete or continuous
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(Parzen (1992)). Our approach to modeling bivariate data (X, Y ) compares the

unconditional distribution FY with the conditional distribution of Y given X = x,

measuring x as QX(t), by a dependence comparison distribution

D(u; FY , FY |X=QX(t)), 0 < u, t < 1.

The dependence comparison density functions can be shown to obey an important

identity which is a form of Bayes rule: for 0 < u, t < 1,

d(t, u) = d(u; FY , FY |X=QX(t)) = d(t; FX , FX|Y=QY (u)).

The proof is immediate in the jointly continuous case, since then

d(t, u) = fX,Y (QX(t), QY (u))/fXQX(t)fY QY (u).

The difficult case to prove is when X is discrete, Y is continuous.

Another important function is a change comparison distribution which com-

pares FY with the conditional distribution of Y given X ≤ QX(τ). It is defined

for 0 < u, τ < 1 and denoted

D([0, τ ], u) = D(u; FY , FY |X≤QX(τ))

with change comparison density

d([0, τ ], u) = d(u; FY , FY |X≤QX(τ));

they compare two samples of Y values indexed by whether X ≤ QX(τ) or X >

QX(τ). A Fundamental Lemma of Concrete Statistics is: for τ X-exact and u
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Y -exact

τd([0, τ ], u) =
∫ τ

0

d(t, u)dt.

We believe this formula explains why estimators of the density on the left have the

asymptotic distribution properties of probabilities (section 14).

¿From this lemma we obtain a “cusum” formula: for τ X-exact

τE[Y |X ≤ QX(τ)] =
∫ τ

0

dtE[Y |X = QX(t)]

Proof (an exercise in quantile calculus; obvious for a sample):

τE[Y |X ≤ QX(τ)]

= τ

∫ 1

0

du QY (u)d(u; FY , FY |X≤QX(t))

=
∫ 1

0

duQY (u)
∫ τ

0

dt d(t, u)

=
∫ τ

0

dt

∫ 1

0

du QY (u)d(t, u)

=
∫ τ

0

dt E[Y |X = QX(t)]

We can apply these algorithms when X is a deterministic rather than random

variable. In particular X can be 1, . . . , n, the index t of Y values Yt, t = 1, . . . , n.

Applications to changepoint detection are discussed in Parzen (1992), (1994). The

goal of our research on theoretical statistics is to develop analogies between statis-

tical methods which help unify their application. We propose analogies between

testing for change and testing for dependence.

Statistics to test for change in a sequence Xt are

R(t, Xt),
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cusum

C(τ) = R(I(t ≤ [nτ ], Xt)

scored rank cusum

CRank(τ) = R(I(t ≤ [nτ ], J(Fmid(Xt))).

The cumulative spectral distribution of stationary time series analysis is the

cusum process of set of score statistics for j = 1, 2, . . . , [n/2]

R2(cos2πt j/n, Xt), R2(sin2πt j/n, Xt);

sum is equivalent to periodogram at frequency wj = j/n.

8. Quantile interpretation of correlations R(X, Y ), R(X ≤ QX(t), Y ).

The Quantile Domain provides many new correlations and functions for study-

ing the relation between random variables X and Y . As an alternative to a scatter

diagram of a sample of (X, Y ) we propose graphing diagnostic functions which are

suggested by a formula for correlation coefficient in the quantile domain. Define

standardizations

SX(X) = (X −E[X])/σX, SY (Y ) = (Y −E[Y ])/σY .

Note the representation of conditional expectation

E[SY (Y )|X = QX(t)] =
∫ 1

0

SY (QY (u))d(t, u)du.

Correlation coefficient R(X, Y ) can be represented using conditional expectations.

R(X, Y ) = E[SX(X)SY (Y )]

= E[SX(X)E[SY (Y )|X]]
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In terms of quantile functions this abstract formula becomes a concrete formula

R(X, Y ) =
∫ 1

0

SX(QX(t))E[SY (Y )|X = QX(t)]dt

Thus a correlation coefficient is the correlator or inner product (integral of the

product of two functions) of the following graphical or visualization diagnostic

functions (illustrated in Figures 9, 10, 11):

SX(QX(t)), the standardized quantile function of X,

E[SY (Y )|X = QX(t)], the change density of Y given X.

When X and Y are bivariate normal,

SX(QX(t)) = Φ−1(t),

E[SY (Y )|X = QX(t)] = R(X, Y )Φ−1(t)

The change density is the function which one seeks to estimate by a nonpara-

metric regression; we denote it cSY (Y )(t). Another important graphical diagnostic

function is the “change process of Y given X”, defined on 0 < t < 1, which is a

“cusum”,

CSY (Y )(t) = tE[SY (Y )|X ≤ QX(t)] =
∫ t

0

E[SY (Y )|X = QX(s)]ds.

¿From the formula (end of section) for Indicator Correlations we can show

R(X ≤ QX(t), Y ) = (t(1− t))−.5CSY (Y )(t);

in words we can interpret a change process as a series of indicator correlations.

Diagnostics of change (dependence) are the omnibus statistics

max
t

R2(X ≤ QX(t), Y ),
∫ 1

0

R2(X ≤ QX(t), Y )dt
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as well as score statistics which test specified shapes. Theorems are known for the

asymptotic distribution of the statistics under the null hypothesis of independence;

see Csörgő and Horváth (1997).

In summary, to diagnose the change density we form its inner product with

various score functions. Using the quantiles SX(QX(t)) as the score function forms

R(X, Y ). The indicator function of s for t fixed

I(s ≤ t) = 1 if s < t

= 0 if s > t,

forms the change process of Y given X and R(X ≤ QX(t), Y ). Orthogonal polyno-

mials, such as Legendre polynomials on the unit interval,are score function K(s),

which provide general non-parametric diagnostics,

∫ 1

0

K(s)E[SY (Y )|X = QX(s)]ds;

we usually require ∫ 1

0

K(s)ds = 0,

∫ 1

0

K2(s)ds = 1.

Double score statistics are of the form

∫ 1

0

dsK(s)
∫ 1

0

duJ(u)d(s, u).

A conventional correlation is also a “double score” statistic of the joint depen-

dence density d(t, u):

R(X, Y ) =
∫ 1

0

dt

∫ 1

0

duSX(QX(t))SY (QY (u))d(t, u).

Rank correlations correspond to score functions which are orthogonal polynomials.
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The discrete-continuous data unification ability of correlations comes from

their relations to conditional means when one of the variables being correlated is

an indicator. Indicator random variables are defined, for any set B of real numbers,

I(X is in B) = 1 or 0, as X is in B or X is not in B. From the general formula:

for function g(Y ) and set B of real numbers

E[g(Y )|X is in B] = E[g(Y )I(X is in B)]/P [X is in B]

one can show a Fundamental Lemma:

R(X is in B, g(Y )) = CORR[I(X is in B), g(Y )]

= (odds P [X is in B]).5E[S(g(Y ))|X is in B]

where S(g(Y )) = (g(Y )− mean(g(Y )))/stdev(g(Y )) and odds (p) = p/(1− p).

9. Two sample analysis and comparison density estimation.

Parametric Student t-tests and nonparametric Wilcoxon tests of the homo-

geneity of two samples can be represented as a (bi-serial) correlation coefficient

R(X = 1, g(Y )) between a function g(Y ) of the pooled sample of continuous re-

sponse Y , and the indicator I(X = 1) that an observation came from sample 1.

Our quantile representation of correlation provides ways to “look at the data” by

interpreting the correlation interpretation of a numerical test statistic

R(X = 1, g(Y )) =
∫ 1

0

duS(g(QY (u))E[S(I(X = 1))|Y = QY (u)].

The first integral S(g(QY (u)) changes as we change g: it is a score function whose

shape we are seeking to correlate with the second integrand which is the ultimate
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function to be estimated and which we express, letting τ1 = P (X = 1).

E[S (I(X = 1)|Y = QY (u)] = (odds (τ1))
.5

(
P [X = 1|Y = QY (u)]

P (X = 1)
− 1
)

.

These quantile domain formulas lead us to a philosophy about the ultimate aim of

statistical analysis of two samples: it is to estimate the comparison density

d(u; FY , FY |X=1) = d(1; FX , FX|Y=QY (u))

=
P [X = 1|Y = QY (u)]

P [X = 1]

=
fY |X=1(QY (u))

fY (QY (u))

where FY is the distribution function in the pooled sample of the responses in

samples one (X = 1) and two (X = 2).

Two sample problems are fundamental problems of applied statistics which

compare treatment and control, or yesterday, today, and tomorrow. The compari-

son of two samples seeks to determine if there has been a change (the probability

distributions of the two samples are different, a conclusion which we call non-

stationary or heterogeneity) or if the difference between the two samples can be

explained by fluctuations (a conclusion which we call not rejecting the null hypoth-

esis that the two samples have the same probability distribution).

Applied statisticians routinely use to analyze two samples the two-sample t-

test (several versions), the Wilcoxon rank sum test, and the two sample Anderson-

Darling test. These important methods are badly and briefly discussed in most

introductory statistics textbooks. We propose that thinking in the comparison

density domain will provide us with a two-sample analysis strategy which unifies

31



for both continuous and discrete data the use of these usually separate statistical

methods.

In mathematical statistics we formulate the two sample problem as the com-

parison of the continuous distributions F and G of variables X and Y respectively

from INDEPENDENT samples X1, . . . , Xm and Y1, . . . , Yn with respective sample

distribution functions denoted Fm(x) and Gn(y). Let X(j; m) and Y (k; n) denote

the respective order statistics of the samples (assumed to be distinct values for ease

of exposition).

We call two sample analysis unpooled if it directly estimates the comparison

distribution

D(u; F, G) = G(F−1(u)), 0 < u < 1.

This requires assumptions (that are not always satisfied by F and G) that D(0; F, G) =

0, D(1; F, G) = 1. We call the discrete comparison distribution

D (̃u; F, G) = Gn(F−1
m (u)), 0 < u < 1

an unpooled estimator of the comparison distribution D(u; F, G).

When considering the asymptotic theory we assume that m/n tends to a limit

which we represent in terms of

τ1 = τm = m/(m + n), τ2 = τn = n/(m + n),

the proportions of the total sample size m + n in each sub-sample.

A pooled estimator of the comparison distribution of two continuous distribu-

tions (from independent samples of each) forms the pooled sample distribution

Hm+n(x) = τmFm(x) + τnGn(x)
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which is regarded as an estimator of a pooled population distribution

H(x) = τmF (x) + τnG(x).

Assumptions of common support of F and G are not required in order to define

the comparison distribution

D(u; H, F ) = F (H−1(u))

and its continuous estimator (a triumph of our definition of the comparison distri-

bution function of two discrete distributions)

D(u; Hm+n, Fm)

which linearly connects its values Fm(H−1
m+n(u)) at Hm+n -exact u (the values

u = Hm+n(x) for some x, which are of the form j/(m + n) when all values are

distinct). Parzen (1999) argues that the asymptotic distribution theory of the

pooled estimator follows immediately via the Quantile Limit Theorem of Doss and

Gill (1992) from the easier asymptotic theory of the unpooled estimator.

An important note about notation: In terms of the notation at the beginning

of this section H is equivalent to FY , F is equivalent to FY |X=1. Instead of X and

Y representing the responses in the two samples, at the beginning of this section

Y denotes the response variable, X represents the population being sampled, and

the two sample problem is viewed as a paired sample (X, Y ) problem.

We outline in sections 10 and 11 how conventional two sample t-statistic and

Wilcoxon statistic can be expressed in terms of suitable score functions and the
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comparison density function on the unit interval 0 < u < 1

d(u) = d(u; H, F ) = d(u; FY , FY |X=1).

A raw estimator of d(u) is provided by (the piecewise constant function)

d̃ (u) = d(u; H ,̃ F )̃ = d(u; F Ỹ , F Ỹ |X=1)

Important test statistics are score statistics or linear detectors or linear rank statis-

tics

T (J) =
∫ 1

0

J(u)d̃ (u)du.

The ultimate aim of two sample data analysis (to form a smooth estimator

d̂ (u), 0 < u < 1) can be accomplished by a wide variety of methods for density

estimation. A variety of norms, or entropy measures, of d̂ (u) can be used to detect

changes in the distributions of samples. We conjecture that our two sample data

analysis methods apply equally to small and massive samples.

10. Two sample normal t tests, correlation R(X = 1, Y )

This section states the traditional two sample t test in terms of correlation.

Define: sample mean of sample j

µj˜ = E [̃Y |X = j];

sample mean of pooled sample,

µ˜ = τ1µ1˜+ τ2µ2 ;̃
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sample variance of pooled sample

σ˜2 = V AR [̃Y ] = E [̃V AR [̃Y |X]] + V AR [̃E [̃Y |X]];

variance σj˜2 = V AR [̃Y |X = j] of sample j;

σave˜2 = E [̃V AR [̃Y |X]] = τ1σ1˜2 + τ2σ2˜2, pooled variance.

Verify

µ1˜− µ˜ = τ2(µ2˜− µ1 )̃.

µ2˜− µ˜ = τ1(µ1˜− µ2 )̃.

V AR [̃E [̃Y |X]] = τ1(µ1˜− µ )̃2 + τ2(µ2˜− µ )̃2

= τ1τ2(µ1˜− µ2 )̃2

Define (omitting ˜ for ease of writing)

1−R2 = E[V AR[Y |X]]/V AR[Y ] = σ2
ave/σ2,

R2 = V AR[E[Y |X]]/V AR[Y ] = τ1τ2(µ1 − µ2)2/σ2

The traditional t-statistic (to test homogeneity of two samples obeying respec-

tive parametric models Normal(µ1, σ
2) and Normal(µ2, σ

2)) is (n− 2).5T , defining

T = (τ1τ2).5(µ1˜− µ2 )̃/σave

= (τ1/τ2).5(µ1˜− µ )̃/σave.

Our favorite representation is

T = R /̃(1−R˜2).5,
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where R˜ is a sample correlation coefficient; omitting ˜ for ease of writing

R(X = 1, Y ) = R(I(X = 1), Y ) = E[S(I(X = 1))S(Y )]

= E[((I(X = 1)− τ1)/(τ1(1− τ1)).5)E[S(Y )|X]]

= τ1(1− τ1)/(τ1(1− τ1)).5(µ1 − µ)/σ

+ τ2(1− τ1)/(τ1(1− τ1)).5(µ2 − µ)/σ

= (τ1τ2).5(µ2 − µ1)/σ

= (τ1/τ2).5(µ1 − µ)/σ = R.

A statistic which can be represented as an asymptotically Normal (0, 1/n) difference

of two means we call a Z statistic. The most familiar example of a Z statistic is

the Student t statistic to test mean of a one sample Normal.

To bridge parametric, nonparametric, and function estimation, we prepare to

regard T as a score statistic by expressing

(µ1˜− µ )̃/σ˜ = E [̃S(Y )|X = 1]

=
∫ 1

0

J(s)d̃ (s)ds,

where the score function

J(s) = S(QY (̃s)) = (QY (̃s)− µ )̃/σ .̃

The Wilcoxon statistics can be represented as a score statistic with score function

J(s) = (12).5(s− .5).
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11. Two sample nonparametric Wilcoxon linear rank statistic, correla-

tion R(X = 1, Fmid(Y ))

The non-parametric two-sample Wilcoxon rank-sum test is

(1/n1)
n1∑
j=1

Rj = nE [̃FY (̃Y )|X = 1]

where Rj are ranks in pooled sample of observations in sample 1. To convert the

ranks to a number between 0 and 1, one can form Rj/(n + 1) or (Rj − .5)/n. We

prefer the latter because it can be expressed in terms of the mid-rank transform

FY˜mid(Y ) with mean .5 and variance (a remarkable formula!)

σ2
rank = V AR[FY˜mid(Y )]

= (1/12)(1− E [̃|pY (̃Y )|2]

The correlation coefficient R(X = 1, FY˜mid(Y )) =

(odds(τ1)).5E[S(FY˜mid(Y ))|X = 1],

which is a version of the Wilcoxon statistic which is asymptotically Normal(0, 1/n).

It can be represented as a score statistic with score function J(s) = (12).5(s− .5).

12. Two sample omnibus nonparametric tests, maximum chi-square,

accumulation chi-square, R(X = QX(t), Y ≤ QY (u)).

The conventional chi-square statistic is based on indicator correlations R(X =

x, Y = y); it is only appropriate when X is discrete and Y is discrete. For diagnosis

of dependence in this case, and also in the case X discrete, Y continuous, a more

powerful method is accumulation correlation coefficients

R(X = x, Y ≤ y) = (odds pX(x)odds FY (y)).5((FY |X=x(y)/FY (y))− 1),
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One can show that these are the basis of conventional goodness of fit tests

for equality of two distributions when X and Y are expressed in terms of their

percentiles; we define percentile accumulation correlations

R(X = QX(t), Y ≤ QY (u)) = (odds pX(QX(t))).5(D(u; FY , FY |X=QX(t))−u)/(u(1−u)).5;

they can be used to form a cumulative chi-squared statistic for each treatment t

(more precisely treatment x with t = FX(x))

n
∑

exact u
R2(X = QX(t), Y ≤ QY (u)).

and a maximal chi-squared statistic

n maxexact uR
2(X = QX(t), Y ≤ QY (u)).

13. Quantile Limit Theorems.

The order statistics or sample quantiles X(j; n) = Q (̃j/n) have an asymptotic

distribution when F is continuous with positive probability density f . We call this

a Quantile Limit Theorem III, a theorem about the asymptotic distribution of Q˜

which often is obtained form Quantile Limit Theorems I and II described below.

The sample quantile function and sample distribution function are always

related by a fundamental representation (usually called Bahadur’s representation),

which I call Quantile Limit Theorem I: as n→∞

√
nfQ(u)(Q (̃u)−Q(u)) +

√
n(F (̃Q(u))− u) = Rn → 0

This can be regarded as a special case of a general Quantile Limit Theorem given

by Doss and Gill (1992) which we use in the two-sample problem to derive the
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asymptotic distribution of pooled estimators from unpooled estimators (Parzen

(1999)).

We call a Quantile Limit Theorem II, a theorem about the asymptotic distri-

bution of F ,̃ described as a statement about F (̃Q(u)) which is an example of a

sample comparison distribution function.

The sample quantile regarded as a function on the unit interval 0 < u < 1 is

a dynamic statistic since its probability distribution is a stochastic process:

Bn(u) =
√

n(F (̃Q(u))− u), 0 < u < 1→ B(u), 0 < u < 1.

We call this a Functional Quantile Limit Theorem II. When the observed sample

consists of independent uncensored observations, B(u), 0 < u < 1, is a Brownian

Bridge, a zero mean Gaussian process with covariance function

E[B(u1)B(u2)] = min(u1, u2)− u1u2.

To test a null hypothesis that Q is the true quantile function we test if Bn(u),

0 < u < 1, behaves as a sample path of a Brownian Bridge which is also called

“white noise”. Alternative hypotheses about Q can often be shown to imply that

Data representation Bn(u), 0 < u < 1 = signal + white noise.

Typical (or generic) test statistics of the null hypothesis of white noise are: “linear

detectors” which correlate the data function Bn(u), 0 < u < 1, with a score

function representing the type of signal specified by the alternative hypothesis;

“quadratic detectors” which are sums of squares of independent linear detectors;
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“information theory detectors” which are entropy measures of comparison density

functions. Learning the history and roles of this diversity of methods is the aim of

statistical methods mining.

A modern proof of the asymptotic distribution of X(j; n) uses the fact that it

has the same distribution as Q(U(j; n)), where

U(j; n) = S(j; n + 1)/S(n + 1; n + 1), S(j; n + 1) =
1

n + 1
(Y1 + . . . + Yj);

Yj are independent exponentially distributed random variables with mean 1. As

j/(n + 1) conveges to u,
√

n + 1(S(j; n + 1) − u), 0 < u < 1, converges in dis-

tribution to W (u), 0 < u < 1, where W (u) is a Wiener process (zero mean

Gaussian process with covariance E(W (u1)W (u2)) = min(u1, u2)). One can show

√
n + 1(U(j; n) − u) has same asymptotic distribution as

√
n + 1(S(j; n + 1) −

uS(n + 1; n + 1)) which converges to B(u) = W (u)− uW (1), a Brownian Bridge.

Finally,
√

n + 1(X(j; n)− Q(u)) has same asymptotic distribution as Q′(u)B(u).

We hope that this outline can motivate applied statisticians to want to learn the

“large sample theory” required for a more rigorous proof.

14. Two sample comparison density function asymptotic distributions.

Estimates d̂ of traditional density functions d (such as kernel estimates of

probability density functions, nearest neighbor probability density functions, and

time series spectral density functions) have variances proportional to d or d2. For

the pooled and unpooled comparison density functions that we have defined for two

samples the asymptotic variances are different. We state without proof how the

asymptotic variances of d̂ depends on the true d. We use the notation of section
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9. We write the theorem in a form most convenient for interpretation of density

estimation of

p(u; H, F ) = τmd(u; H, F )

= τmf(H−1(u))/(τmf(H−1(u)) + τng(H−1(u))).

One can interpret p(u; H, F ) = P [X = 1|Y = Q(u)].

Theorem: For estimators d̂(u; H, F ) and d̂(u; F, G) of comparison density es-

timators one can show that (writing ∝ for “proportional to”)

Var[p̂(u; H, F )] ∝ p(u; H, F )(1− p(u; H, F ))

Var[(τn/τM )d̂(u; F, G)] ∝ (τn/τm)d(u; F, G) + ((τn/τm)d(u; F, G))2
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Figure Captions

Figure 1. Sample Conditional Mean of Y (testosterone) given X (estodiol) for

samples from a polluted lake A and an unpolluted lake B.

Figure 2. Time series plot of NB10 (National Bureau of Standards 10 gram stan-

dard weight).

Figure 3. Normal (0,1) quantile function and Sample quantile function of (NB10-

mean 404.59)/standard deviation 6.43. Notice that quantile functions have

different slopes at u = .5.

Figure 4. Normal (0,1) quantile function and Sample quantile functions of (NB10-

mean 406.56)/standard deviation 4.75 of cleaned data set which omits outliers

(here minimum and maximum of original data set). Notice that sample and

normal quantile functions have equal slopes at u = .5.

Figure 5. Change PP plot D(u) − u of original NB10 data set and Normal dis-

tribution with estimated parameters has cubic shape indicative of departure

from fit due to difference in slopes.

Figure 6. Change PP plot D(u) − u of cleaned NB10 data set and normal dis-

tribution with estimated parameters has shape indicative of Brownian Bridge

sample path which accepts goodness of fit of two distributions.

Figure 7 and 8. Sample shape identification quantile functions of simulated samples
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from an exponential distribution. Sample sizes n = 40 and n = 200.

Figure 9. Scatter plot of (X, Y ), data on Old Faithful geyser in Yellowstone

Naitonal Park, X=duration of an eruption, Y =duration until next eruption

Figure 10. Alternative to scatter plot presentation of (X, Y ) is the standardized

quantile function of X and the change density defined as conditional mean of

standardized Y , given X = x, as a function of percentiles t of values of X.

Figure 11. Conditional mean of standardized Y , given X ≤ x = QX(t), provides

diagnostic measures of dependence of Y on X.
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