ON MODELS FOR THE PROBABILITY OF FATIGUE FAILURE OF A STRUCTURE

Emaruel Parzen*

INTRODUCTION

K.J, Hoff! has summarized the arguments in favor of the view that the safety of an
aireraft needs to be established by means of probabilistic considerations, utilizing
statistical dats om the loads to be encountered by the aircraft, and on the strength
values of the materiasl of which it is composed. Only by use of the theory of pro-
bability ean the airplane designer develop a designm philosophy which will enable him
to take into aceomnt static failure due to & rare excessive load, fatlgme fallura,
and failure due to creep deformations.

This paper represents an attempt by a person trained in probability theory to
survey some of the problems involved in evaluating structural safety. Part I of this
Report is a review of the probabilistic considerations involved in evaluating the

. 8trength of materials, and the construction of so called 5-N curves. In Part II is
briefly advanced & probabilistic model for the life before fatigue failure of &
structure, The ideas involved in Part II are rather complex and only an outline of
the ideas involved are presented.
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PART I

REVIEW OF PROBABILISTIC CONSIDERATIONS INVOLVED

1. THE STATISTICAL NATURE OF THE FATIGUE LIFE OF NATERIALS

Let @ specimen of a waterial be subjected tc a large number of applications of a
load 8t & given level of stress {the force per unit of surface is celled stress).
The fatigue life of a material et a stress level s is defined to be the rumber N(s} of
applications of stress s -that hus to be applied to the materiel in order for it ic
breck. Thet, for a given stress level s, N{s) is g random variable is an experimentally
very well determined fact; apparently identical specimens, tested under carefully con-
trolled conditions, do mot bresk after eractly the same number of load applications
but rather at widely scettered numbers of lead applications. Alternately phrased, if
one were to build & number .of airplame wings to the same specifications and fly them
under identical conditions the number of miles flown before failure of the wings would
not be the same for all the airplsne wings. The reader should note that the uniis im
which the fatigue Iife of an ltem is expressed are at the disposzl of the imvestigator;
the fatipue life may just as well be defined as the mumber of miles flown or the number
of hoars in service, as the number of load applications st a certain stress level.

Let us consider here the number N(s) of load applications at stress level s that a
specimen of material sustains before breaking. To obtain the probability distribution
of N(s), cne should test a large number of specimens at stress level s and obtain a
histogram such as is sketched in Figure 1. The x-axis la Figure 1 is divided into a
number of lntervals (centered at values x,, Xy, e0s) OVET which one draws & line
representing the frection of specimens tested whose observed fatigue 1ife N(s} lies
in the interval. -If we dencte by f(x;) the fraction of specimenai whose .observed
fatigue lives are contained in the interval centered at x; then f(x;) may be taken
as an estimate of the probability that the random variable N(g) will have an observed
value in the Interval cenmtered at z. :

At this poict it mey be worthwhile to introduce some motation. The distribution
function of & random variable X is = function F(x) defined by

F(x) = Problx € x]
In words, F(x) is the probability that an observed value of X will be less than or
equal to the assigned number x. In fatigue studies one also considers the survival
funetion of a random variable X which is a fonction L(x) defined by
Lx) = 1+ F(x) = Problx > xl
In words, L(x) is the probability that an observed value of X will exceed x. A

random variable X is seid to be continuous if there is a fumction £(x), called the
probability density functicn of X, such that

X
o = [ rf.ax!
. -0



rroblx < X € (xtdx)] = f(x).dx

The problem before us is thet of obtaining the probability law of the random
variable N(s}, either by specifying its distribution functior F(x) or its probability
density function £{x). From & large number of observations of N{s)} one may estimate
the true prohability density fumction f(x) by drawing a smooth function f{x) which
‘fits" the observed histogram E(xi). Thigs procedure does not Iesd to a closed
analytical expression for the probability density function. To avoid this difficulty,
one usvally attempis to estimste the true probability density function f{x) of N(s)
by first, on the basis of thecretical comsiderationms, assuming that the true probability
density function belongs to a specified family of probability density functioms, which
is indexed by 2 finite number of parameters. One then estimates the true probability
density Tunction by estimmting the parameters.

The method of estimating the probability Iaw by means of estimating the parameters
of a pre-assigned family of probabllity density functions is to be especially preferred
to merely fitting a curve to the observed kistogram in cases where gur interest is in
determining the values of N(s) which have extremely small probability (107% to 107%)
of not being attained., The number of observations used to comstruct the histogram
zay only be of the order of 102, By curve fitting alcne one is not justified in
extrapolating the histogram so as to find the values of N(s) which have extremely
small probabllities of being attained,

In the next sectiom, we discuss various models which have been proposed for the
probability law of the number of load cycles to failure.

To conclude this section, we define some statistieal terminolegy which will be
employed in this Report. Given a random variable X with probability demsity function
f(x), the mode, median, and meen are measures of the Locatlon of the values of the
random veriable which are most likely to be observed, while the variance is a measure
of the spread of the interval ir which the observed velue of the random variable is
most likely to fall. The precise mathematical definitions of these concepts are as
followa: the mode m, is the point (if it exists) at which the probability density
function f(x) ackieves its waximum, the median m, is the point at which the distriba-
tion function F(x) is eguel to 1/2, the mean m is defined by the integral

o
= fx £(x}.dx,
-
and the variance o is defined by the integral

-]
o? = f(x ~m? f(x).dx
-0

2, SOME POSSIBLE PROBABILITY LAWS FOR THE NUMBER OF LOAD
CYCLES TO FAILURE

Several families of probability density functions have been suggested for the
theoretical probability law of the random variable M(s), the number of Ioad cycles



to failure of a material specimen at stress level s, The most lmportant of these
are

1) the lognormal {or logarithmic-normal} distribution

2) the extreme value distribution

3) the Welbull (or third esymptotic extreme value) distribution
4) the Gemma (or X?) distribution,

All these distributions bave the property that they are skewed in & manner similer to
that of the histogram in Figare 1.

A random variable X which takes only positive values is defined to have a lognormal
distribution with parameters u and ¢ (where u and o are real constents such that
- < < ®and & > 0) If its probability demsity function is given by

1 -1
f(xy = exp[;z{log X~ ,u.)}e} x>0

xo v
[£)]

0 x<0

The lognormal distribution derives its neme from the fact that e rendom variable X
is Iognormal if and only 1f TogX 1s normally distributed with mean pr and varisnce a?,
A randem variable X which is logmormal with parameters i and ¢ has

2
mode = #
median = e*
(2)
mean = e”“§°’2
2 2
variance = e2% [¢7 - 1]

For a proof of these relationships, see Reference 2, p.8. Indeed, the reader should
consult this Reference for a complete discussion of the properties of the lognormal
distribntion,

A random variable X is defined to have an extreme valme distribution with para-
meters u end 3 {where u 2nd S are constants such thet <0 < u <@ and 8> 0) if its
distribution function i1s giver by

-1t
} -C7
P{z) = 1 - expi—e (3>

or if its probability density function is given by



(S-'ﬂ
£(x) = exp C ) (4)

The parameters u and S of the extreme value distribution play the role of Rocation
and scale Darameters in much the same way that the mean m and verlance ¢? of the
nornal distribution are respectively measvres of location and scale, The extreme
value distribution with parameters u and 5 has

mode = u
median = nu + (0.36651)83
mean = u o+ (0.57722)83 &)

v
variance = 7—;,@

For & proof of these relatiors, and a complete discussion of the extreme value
distribution, the reader should consult the recsnt book by E,J, Gumbel?,

A random varisble X, which takes only valwes greater than some number &, is defined

to have a Weibull distribution with parameters v and k (where v > € and k > 1} if its
distribution function is given by
1 - exp ( )

= @ <€

*(x)

or if its probability density funetion is given by J

H-1
Iz = ) .exp ( )
-E V£,

= 0 XT<eE

The Weibull distribution has (see Reference 3, pp.280-1} B
1N/
mode = ¢+ (v-e)(l —E>

median = &+ (v-€){log 2)1/k

1
mean = €4 (v-s)ré +;) L (8)



i = el
k, k J

wkere ['(x} is the Gamma function (defimed im Eguation (10) below). For € and v fixed,
the mode, median, and mean of a Weibull distribution all tend to v as k tends to o,
Consequently, the parameter v may be taken as the parameter of locstion of Weibuil
distribution in preference to the usual characteristics of mode, median, or mean.

A random variable X, which tsakes only positive values, is defined to have a Hemma
distribution {or Pearson Type III distribmtion) with parameters r and A (where r =1,
2, ... and A 1s a positive constant) if its probability density fumctlon is given by

A
i = — A3 l'-i.. -Ax >0
{1} I"(r}( Yy he H
9
=0 x <0
where ['{r} is the Gamms function defined by
@
Tiry = !xr'i.e'x.ﬂ (10)

Note that [(r) = (r-1)!, if r is a positive integer. A random varisble which is Gamma
distributed with parameters » and A has

r-1
mode = %
median = qf)
* L
(11)
r
nmean = =
IS
: r
varisnce = —;
?\2
where ¢(r) is the solution of
e(r) 1
J v ey = o (12)

3. MODELS FOR PROBABILITY LAWS

We mext discuss varicus theoretical probahilistic schemes which lead to the pro-
bability distributions just described.
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Various probabilistic models which give rise to the lognormsl distribution are
summArized in Reference 2, Chepter 3. The most important of these models is the
theory of proportionate effect, first advanced by Kapteyn in 1903. Let Ko Xppeeny X,
he a sequence of random variables which represent the mmgnitude at successive times
of the size of a biclogical organism, a geological specimer, or & crack arising as a
reselt of fatlgue. Suppose that each mzgnitude X, 1s related to its predecessor by
the following rule:

X - X = € X (13)

where €4y €prreayr €py... are independent random varisbles. In words, (13) says that
the change X, — X, _, at each step in the development of the process under study is a
random propertion €, of the previous value Xp-qe

From (13) it follows that

X, = {1 +e)x

~ FALFEN 6 1} ... (1 FEDX; (14}

n-1
From (14), one sees that for large n, X, is the product of a large number of indepen-
dent factors. Therefore its logarithm log X, is the sum of & large number of irdepen-
dent terms, no one of which is dominant. The central limit theorem of probability
theory tken applies to assert that log X, is approximately normally distributed, from
whick it follows that X, is lognormal.

The lognormal distribution has been advanced by Freudenthal mad Gumbel® (pp.317-8)
as the distribution funetion of the extent of progressive damage. ILet consecutive
stress cycles S,, S,,..., 8p.... be applied to a specimen and let A, be the disrupted
area within the specimen efter the application of the first n load eycles By 8y eees B
If one assumes the Iaw of proportiopate -effect

A dely T By Ay (15)

then the extent A“ of damege after n stress cycles is appreximately lognormal for
large vaiues of n. However, if one is interested in the number N(s) of stress cycles
producing failure, it appears that the probability distribution of N(s) is, insofar

as theoretical considerations are concerned, more likely to be deseribed by an extreme
value or Weibnll distribution rather than a logmormal éistribution,

The extreme value distribution arises in the following way. Let SIS VIR T

ke a sequence of independent observatioms of a raadom variable X, Let Y, = X,
¥, = mxinwm X;, X,)...., ¥, = maximum (X}, X,,..., X),... 6od let 2, = X,
Z, = minimum (X;, X,}...., Z&; = ninimsoe (X;, X,,..., X ),v-. . The randem

varisbles Y, and Z, are the extreme values (respectively the maximum and the minimum)

of the sample of independent observations X,, X, ..., X;. The asymptetic distribution
{l.¢., the distribution for large values of n) of the extreme values ¥, and Z, can be
shown to be one of several types, depending on the behaviour of the distribution
function of the parent random variables i Xz,.... X raer A cowplete discussion of
the esymptotic distribution of extreme values is given in Gumbel's book®. What we have
called here the extreme vyalue distribution 18 more precisely cslled by Gumbei the Type I
agymptotic distribution of extreme values. What we have called here the Weibull
distribution is mere precisely called by Gumbel the Type III asymptotic distribution of
extreme values.
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The extreme value distribution is the asymptotic disfribution of the minimuwm of &
large sapple of independent observations X,, X4000s, X, of & random variable X whose
distribution function ¥(x) behaves, as x tends to -w, exponentially in the sense that

[ dF(x)]
lin | ——| = ¢ (16
x—~-= | dxf{x)

where f(x) is the probability depsity function of X,

The Weibull distribution is the asymptotic distributicn of the minimum of a large
number of independent cbservations X, X,,..., Xj of & random variable X which cannot
take values less than some lower limit €.

it should be pointed out that if one knows the exact distribution of the indeperdent
observations X,, X,,.... X, then one cen write down an exact expression for the dis-
tribution of their extreme values. The wvirtue of the theory of extreme values is that
it provides an approximate method for evaluating, under a minimum of assumptions, the
distribution of the maximum and minimum values in & sawmple.

Epstein® and Freudenthzl and Gumbel® have stated the physical assumptions under
which one may expect the breaking strength of material o possess elther an extreme
value distribution or a Weibull distribution. Ronghly speaking, the assumptions are
that the strength of specimen 1s determined by the worst flaw among the large number
of flaws present in the specimen. Flaws are assumed to be distributed randomly
throughout the material. The size of flaws is assumed to obey a probability distri-
bution of type suitable for the application of the asymptotic theory of extreme values.

The extreme value and Weibull distributions can also be derived from another point
of view, based op the notion of failure rate. Let T be & random variable representing
the gervice life to failure of a specified item of equipment. Let F{x) be the dis-
tribution function of T, and let f(x) he its probability density function, We define
a function u(x}, called the intensity function, or hezerd function, or conditional
rate of failure function, by

@ = £(x) an
# 1 - F(x)

In words, u{x).dx is the conditional probability thet the item will fail between x
and x + dx, given that it has survived a time T greater than x.

For a given hazard function p(x) the correspording distribution function is
X

. - w(z) . dz
1-Fx = [1-Px)le*e (18)

where X, 1s an arbitrary value of X, since (I7) can be rewritien

d
d—xln[l -Fx] = -ux) (19)
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If F(€} = 0, then

-f’:.n(z]. dz
€

1-7x) = e X >E 20

The extreme value distribution corresponds to the hazard functiom

ity = é e(t%) €= (21}

Tae Weibull distribution corresponds to the hazard function

b - L
w) = k( ) (22)

¥~ €

Birnbaum and Saunders’ have shown how to modify the foregoing scheme so as to
obtain a medel which leads to the Gamma distribution.

4. REMARK ON THE PROBLEN OF ESTIMATION OF PARAMETERS

At this point it would be matural to discuse the problem of estimation of the para-
meters of the probability laws described in the foregoing sectiops. However, this
discussion is omitted, and the reader is referred to the books of Aitchison and Brown?,
Gumbel®, nd Cramér®.

3. THE SURVIVORSHIP P-S-N DIAGRAM

Having determined the probability distribation of the number N(s)} of load cycles
to failure at stress s, for varlcus levels of stress, 1t is most convenient to present
this information graphieally on a disgram, such as Figure 2, which we may call ihe
survivorship P-S-N diagram.

The survivorship P-5-N disgram is obtzined in the following way. For a given
stress level 8 and number P such thet 0 < P € 1, define the quantity N(s,P) to be the
number of load cycles at stress level s which s specimen has probability P of surviv-
ing; in symbols,

Prab[N(sy > N(s,F})] = p 23)
Now for various values of P (say for 1 ~P = 0, 1075, 1073, 1072, 107!, 0,5)
plot the fanction N(s,P) as a functior of s, To this way one obtuins the survivorship
P-3-N curve.

The survivorship P-5-N curve for a given value of P can be estimated from empirial
test data, by letiing N(s,P) be the cumber of load cycles at stress level s survived by
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a proportion P of the specimens tested. However, for values of P very close to  or I,
and small sample sizes, N{s,P) can only be obtained by assuming that the probability
law of N(s) belangs to some finite parameter family whose parameters are estimated
from the chservations.
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PART I

PROBARYLISTIC MODEL FOR FATIGUE LIFE
OF A STRUCTURE

1. A DEFINITION OF CUMULATIVE DAMAGE

The problem in practice 18 not the behavior of materials under repeated applica~
tions of toads of a givep stress level, but rather the behavior of materials under o
large mumber of applications of loads of varying magnitude. A cumuletive damage
hypothesis is = concept which attempts to relate the behavior of a specimer under
load cycles of varying stress amplitude to its behavior under load cycles of constant
stress amplitude.

Various cumulative damage hypotheses have been advanced by various authors (see
References 9-11),

In this section we discuss a cumulative damage hypothesis which makes use of Lhe
ideas of e recently developed part of probability theory called renrewal theory. (An
excellent review of renewnl theory is given by W.L. Smith in Reference 11). it is a
large sample theory which avoids making any assumptions about the probaebility law
of N(s), the number of cycles to failure, and makes use only of the meap and variance
of N{(s). The paterial of this section is based partly on idees of M.V. Johns, Jr.

In deriving the crucial design formulas below we will make various interpretations

of the mathematical operations we empioy, TIi should be noted that the mathematldal
derivation given is capsble of several possible physical ipterpretations other than the
one given here.

Let 5 he & given stress level. We assume that Lhe damage done to & given structure
by a load application at stress level s is a random varizble, deroted by Z(s). If the
structure is subjected to n repeated loads at stress level s, the total damage done
1s assumed to be the sum of n independent random varizbles Z,(8), Z,(8),..., B, (5),
each identically distributed as Z(s), where ZJ. (s) denotes the damage done by the ji
Lond epplication.

Let us regard the strenpth of & structure as being a glven number T, ILet Np(s} be
the nukber of cycles to failure if a stracture of strength T 1s subjected to repeated
load applications at stress level s. Then Np(s) may be defined as the smallest integer
n such that

Z(sy +Z,(8) + ... +E &) > T (1)

It can be shown that one cap ohtain the probability law of Z(s) from 2 knowledge,
for all positive values of T, of the mean E[NT(S)] of Np(s) for all T by the following
Tormulas for the Laplace transforms., Define

3

plu) = hfta"”‘l’[.'c’.(:s)(xJ.clx ()
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@

po) = j TR [Ny ()] dT @
i)
fhen, for sll u> 0
R L I
1 + uy(a)

It should be noted that to abtain the probability Iaw of the damage Z{s) done by a
single load application it is not necessary to kmow the prohability Jaw of the mumber
HT(s) of load applications to failure.

For our purposes here, it will suffice to determine the mean and variamce of Z(s)
from the mean snd variance of Np(s) which presumsbly cap be messured in laboratory
tests. The following limit theorems constitute basic results of renewal theory:

E[Np(s)] 1
lHnp| —— = 5
Tl T Blz(sy] &
Vi
Lin var [Np(s) ] _ n:'[Z(s)} ®
T T B [z(s)]
From () snd {6) it foliows that for very large values of T,
T
elz(s)] —— 7
& ElN ] M
¥ 2
varlzsy] = M ® ()

B Ny (s3]

We next discuss how to use (T) and (8) to evaluate the cumlative damage to a
structure due to a large number of load applications at varying stress amplitudes.

Let us consider a structare which has been subjected to & large cumber (say M)
load cycles at varying stress amplitudes. More precisely, let 8, B,,..., Sy be
the successive stress ampllitudes. Let ZJ denote the damage done to the structure by
the jth load appiication (which has stress §y). The total damage D done to the
structure is assumed to be the sum
D = Z, +%, +.. +Zy (9)

which has mean

M
el = TElz] (10}
i=1
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and variance
M
var[p] = ZVar[Zi] 1)
i=1

essuming the random variables Z), ..., Zy to be independent.,

The number M of load cycles to which a structure is subjected in service is a
rapdom varisble, In particular, let us assume that there are a finite number of
stress amplitudes 5, 8,, ..., 8, (¥ritten In increasing order) to which the structumre
is subject, and let M(s,), M(s,), .... ¥(s;) denote respectively the number of load
cycles endured by the specimen et each of these stress amplitudes, where

M) + ... T M(s) = M (12)

Define D(s) to he the damage due to stresses of amplitude s, Since the number M(s)
of load applications at stress level s is a random varisble, the mean and variance of
D(s) are givem hy (see Feller®, p.276)

bl = Bl ).Elzs)] 13)
var(n(s)] = Elws)].varZes)] + varbuesyl.e2lz(s)) (1)

Further, one may show
CoviD(s ), Dis] = coviM(s,y, M(s,)].El2(s )] Rizcs )] (15

Assume that the total damage is the sum
D = D{s;) + ... +D(sp (16}
One may shiow that D has mean and variance

ElD] = 2 ebispl.elzes))] (an

var[p] = %E[M(si)].Var&(si)] + Var[2 (s ). m 208, 1] (18)

In view of Equations (I7), {18), (7) and (8) we finally obtain that

E[M(s4)]

Eb] = ¢ T top]

(19)

Var [Ny (s;)] M(s,)
var[o] = 12 Eles )] =220 4 12] W ik LN 20
Z O el T T | | 4oEligtep] @n
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In order to use these expressions for the mean and varilance of the damage D, we now
turn our zttention to the problem of determining the mean ané variance of M(s).

2. A DEFINITION OF STRESS HISTORY OF A STRUCTURE

The notion Is now well established tkat airplane behavior in rough air can be
gtudied by means of the theory of stationary stochastic processes. In particular,
it has been shown that gust velocitles (encountered at = given time and place) may be
considered s Ganssian stationary process, An excellent discussicn of how the theery
of Gaussian processes may be used to determine the stress history of a structure is
given by Press®?, Here we only sketch the ideas involved.

The statistical properties of the peaks of = Gaussian process have been studi=zd by
Ricel" and Carteright and Longuet-Higgins'®, One may use these results to obtain a
formula for E[M(s}], the expected number of load applications at stress amplitude s
that an airplane endures per unit time due to gust loads. For a staticnary Gaussisn
process y(t} with mean 0 and power spectrum @{w}), the expected number of maxima of
height y per unit time is given by

wlyy = n et (21
1 o
where
o iz
| ety .ae0
N = e (22)
L7 ol Potsi e
[+3
and
L)
a? = bf@(c.;).am = Ely2] (28)

is the mesn squere value of y(t}, Equatien (2I) is valid if the pust velocity spec-
trum is narrow. This assumption can be relaxed, using the work of Cartwright and
Longuet-Higgins 5.

If we regard the successive stress amplitudes to which an airplane is subject as
being propertional to the heights of the successive peak gust velocities encountered
by the eirplane, then the expected number of load applications of siress amplitude s
endured by the plane in the course of L units of flying time is

ElMe] = w v’ (24)
o
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where now o2 is equal to the mean square of the gust velocity y(t) multiplied by the
preportionality factor which converts gust velocities into stresses.

Enfortunately it is more difficult to obtain expressions for the varience Var[l\{(s)]
and the covariances Cov[M(s nh H(s?)]. Consequently we will assume that these terms
do not contribute decisively to Eguation (20} of Section 1, and can be esccounted for by,
say, doybling the first fterm in that equation.

3. A DEFINITION OF PROBABILITY OF FATIGUE FAXLURE AND DESIGN LIFETIHE
In view of the foregoing comsiderations, the relative damige endured by a strycture

after L time units of flight, defined as the ratio D/T of the damage endareé by it to
its strength T, hss mean and variance

D T s 20,2 1
B[~ = 2 gmatEt 25
[-r] ‘nf sl ElN(s)] (23
D T8 252 VarlN)]
var|={ = 2N R e 26
ar[’:‘] 10de P E[w(s)] (26

where N, is the expected number of penk gust velocities per unit time, o? is the mean
square stress per unit time (defined in the preceding section), and E[N(s)] and
var[N(s)] are respectively the mean and variance of the number N(s) of lead applica-
tions to failure at stress amplitude s.

Assuming asymptotic normality of the relative damage, the probobility of failure
of the structure, defiped as

AL
Prob|— » = = LN |

N

no= e @0
G=Gz])
T

can be computed, from a knowledge of the mean end variance given by {25) and (26).

The probability in Equation (25) depends on the strength of the material composing
the airplane, as measured in S-N tests, on the gust history which it is expected the
alrplane will encounter, and on the design lifetime L of the airplane. Given any pre-
assigned probability of fatigue failure which it is demigned to guarantee, the designer
c¢ap choose the design lifetime L accordingly,
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