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ON SPECTRAL ANALYSIS WITH MISSING OBSERVATIONS
AND AMPLITUDE MODULZATION*

By EMANUEL PARZEN
Stanford University

SUMMARY. The noticn of an asymptoticslly stationary time series and its spectral analysis
was condidered by the author {Parzon, 1961b), An important exampls of an asymptotically stationary
time series is an amplitude modulated stationary time series. In this note, the problem. of spectral analysis
of stationary normel time series with missing observations, recently treated by Jones {1962}, is treated as
a spevial case of the problem of spoetral analysis of an amplitude modulated stotionary normal fime series,

I, INTRODUGTION

Let {X(), t =1, 2,...} be a diserete parameter time series with zero means
and finite second moments. It iz said to be weakly {see Doob, 1953) or covariance
(see Parzen, 1962) stationary if there exists a function, denoted R(») and called the
covariance funection of the time series, such that for » = 0,1, 2, ...,

B{n) = B[X() X(t+)] (L)
independently of ¢ =1,2,.... It iz said to be asymptotically (weakly) stationery
if instead of {1.1) it holds that
B@) = Iim A5 B{X() X(-+v)]. . (L2}
75T

If either (1.1) or (1.2) hold, the time series is said to be ergodic if the sample covariance
function

7
Boin) = L% %(t) Xt-+o) o (L3
T
is, for v = 0, 1, ..., & consistent in quadratic mean estimate of B(y). In order for this
to be the case it is necessary and sufficient that for each v
lim var[Rp(e)] = 0. .. (1.4)
T30
One important way in which asymptobically stationary time series arise is
by amplitude modulating a {covariance) stationary process.

Let{¥(t), t = 1, 2, ...} be a stationary time series with zero means and covari-
anece function

RBylv) = B[¥() Yit+o)]. . (15)
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Let {g(?), t = 1, 2, ...} be a non-random bounded function possessing a genera-
lized harmonie analysis in the sense that for v =0,1, ...

Bio) = Jlim S g0 gle-4o) e (L)

exists. The time series
()= glt) T(%) - (L)

may be called the original time series ¥(«) amplitude modulated by the funection g{s).
Since
BIX() X(e+)] = g(t) gl6+2) Bylv) - (L.8)

it is elear that while X{») is not covariance stationary, i is asymptotically stationary
with covariance function Rg(v} given by

Ry(v) = R,v) Bylv). . 19

It is shown by the author (Parzen, 1961b} that if ¥(«) is an ergodic normal
process, then X(+) is ergodic. Consequently, given observations {X{#), i=1, 2, ..., T} a
consisbent (i quadratic mesn) estimate of Ry(») is given by the sample covariance
funetion

Rylv) = % % X(5) X(t-+v). e (L10)
=1
A consistent estimate of Ey(v) is then available at all lags v for which E,(») 5 0, namely

Befv) = Ry(w){Ryf0). o (LIL
From these facts we obtain immediately the following theorem.

Theorem 1A : Let {¥({), t =1,2,..} be stationary ond normal with zere
means and covarionce funciion Rip{v) salisfying

z
im L 3 R¥w) =0, e (L12)
f—om t=l
so that ¥(») 45 ergodic.
Suppose that the time series Y(+) 45 not directly observed, Rather one observes
@ time series X( «) which is an amplitude modulated version of ¥(+) -

X@)=g) X(t), ¢=1,2,.., e (1.13)

where gle) 45 o non-random funclion possessing e covariance funciion Rv) defined
by (1.6). If

R #£0, v=0,1,.., e (114
a consistent in guadralic mean eskimaie of the covariance function Rg(v) of fhe

wnobserved time series ¥(e) is given by (1.11).
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ON SPECTRAL ANALYRIS
Assume next that the series ¥{+) possesses a spectzal density function fy{w)

80 that

By(v) = _;" 008 v fip(w) dea. v (L15)

Given consistent estimates ft‘y('u} of Ry{v), one may construct consistent estimates
Fele) of fy{w) in a multitude of ways by suitably choosing the weights ky{v) in the
formula

Fro) = & Br(0) + 117':2'1 co8 v fg(v) Bylo); e {L18)

proofs of this asserfion are essentially given in Parzen (1961a) and Parthasarathy (1960).
We do not discuss this assertion further hers since we will actually cbtein a formula
for the asymyptotic variance of the estimate fy(e).

2, MissING OBSERVATIONS

There exist time series {¥{f), ¢ = 1, 2, ...}, defined at equaMy spaced inbervals
of time, which are systematically unobservable, For example, in radar stodies of
the surface of the moon, one observes 2 time series ¥(») which represents the echo
(reftection from the moon) of a radar signal transmitted to the moon. In order to
receive the echo, one must systemetieally cease transmission during the intervals in
which one ig receiving the echo. Another example of missing observations is the case
of a time series which can be observed only during certain hours of the day.

A time series with missing observations seems to be best regarded as an
amplitude modulated version of the original time series :

X)) =gty T(t), t=1,2,... e f2.1)

where (i) ¥(» ) is the time series under study, assumed to be defined at successive equally
spaced points of time, (ii) g(+) is defined by
g(t) = 0 if ¥({) is missing at time #,
= 1 if ¥{2) is observed at time £, e (2,2)
and (iii) X(=} represents the actually observed values of ¥(s}, with 0 inserted in the
series whenever the value of Y{2) is missing.

A case of particular interest is the case of systematically missing observations.
Suppose that the time series ¥(*} is periodically observed for « time points, then not
observed for £ time points; then g{» } is a periodic function with period -4, and

g)=1 if £t=1,2,..., 2,
=0 if t=a+l,..,a+f .. {2.3)
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It may be shown that a periodic function g( «) possesses ageneralized harmonio
analysis. Ifthe period of g{s}is & (for g(«) defined by (2.3), f=x 1 f), then is covariance
function K (.) hae period & and is given by

2
Bv) = 5 3 g9 g(e+6). . (24
=1
Thus for g(+} defined by (2.3), the covarianas function B,(e) has period a4.
To determine its values for 0 v  a+f—1, we distinguish fwo cases: (i) e < 8

and (i) a > f.

TABLE 1. VALUES OF E; (v)

case (i) te B cage (ii):a > B

x—v o6—v

m,v:ﬂ, A m,w:ﬂ,...,{s
w—p

O v=a .,p wipr =B

7—B o v—f _
=g ?= B o B TR T % a8

Only in the case o > # (one observes more values than one misses) does RBw)
never vanish. Therefore in order to be able o estimate Rp(v} wo must assume that
a > f.

3. VARIANCE OF SPECTRAL ESTIMATES

In this section we find the variance of the estimated spectral density function
fy(ﬁ)) when it is formed from observations of an amplitude modulated time series
X(¢) satisfying the assumptions of Theorem 1A. We fitst note that Fr(w), defined by
{1.16), can be written

Frlo) = oo £ gle) g ¥ ¥t

cog wls—t) kpls—f) {Bfs—e)L e {(81)

In words, fylw) is a quadratic form in the time series ¥(s).

Let afs, ?) be a symmetric function of two variables, and let

Jrlals, )| = § afs, ) ¥(s) Y(t) . (3.2)

si=1
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denote a quadratic form in the stationary normally distributed random variables

F(s) with covariance funetion By(s) and spectral density function fy(+). It may be
verified that

var [J,|a(s, ©)|] = ) %—1 als, £) alw, v) {Rpls—u) Ry(t—2)--Ryls—v) Byp{t—uj}

%, U=

- 27}; i ANy s FoAy) (A5 | ARy, Ag) |2 . (3.3)
defining A, Ay) — !%1&(8, 8 exp [i{sh--A0)]. . (3.4)

The usual case considered in the theory of spectral analysis of stationary time

series is the case where

afs, ) = ﬁ, 003 eols—1) kipls—8) o (3.8)
and Jopl(w) = k(Byv) .. (3.8)

for a suitable weighting function %(v} and constants B, satisfying
By—0, TBp—w as Toow; .. (3.7
for the exact conditions to be satisfied by the covariance averaging kernel k{w) (see

Parzen, 1957, p. 336). Define

% exp [i{se,-ttog) kals—1). e (3.8)

By the argument employed in Parzen (1957, p. 342), one may show that for suitable
funetions f(A,, A;) which are symmetric in the sense that

Fl=A —20) =, Ag)
it holds that

Jm By [ 00 Aa) Kalhhoy At Kl —Ar—on, —Ag—odhid2,

Flengs e} .[: Blade i e = wg 0p = oy

= s (89)
0 otherwise.
In particular, (3.9) bolds for a function f{e,, ey) of the form
fopo) =% £ expliloortvm] By, ) e (310)
2 vy, V2= — 00
where T | By vy < oo . (3.11)
By, Yu= — X
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A careful derivation of (3.2) wonld unduly lengthen the present paper. However,
let us sketch a proof. It suffices to show that (3.9) holds for
fAs Ae) = exp [HA9+Agal] e (8.12}
for erbitrary integers v, and »,. Under (8.12), the double integral in (3.9) can be
writfen

(4721 1B, § Lals—1) Blu—v) Js—ut o) J(E—vtv,) expli(ses i, —uem;—vwg)],
1

88, 0=
(3.13)
defining Je)= [ em an =2 SBT% (3.14)
In (3.13) make the change of variables
XU, §=1i—1 Z=u—0u

so that § = wtuw, £==y—ztu, ¢v=uUu—=z
Then (3.13) becomes

(7% 1By B J(a4-v) Jy+v)kd2)lg (e —y)

E% TR
. 1 Z .
oxp [i{we; +yop+u{o,—aog)} X L ‘El exp [Hu(w;—oytmp—o,)]. - (3.15)

As T tends to oo, (3.15) has the following Limiting values : if o, = w; and @y = ey,
then it has the value

@t B J(edey) Jyvy) oxp lifotyon] | s .. (3.16)
% Y=—00 -
and 0 otherwise. To conclude the proof of (3.9) we need only note that

2wy 1 Em J(@+1y) exp [i2e,] = exp [—ivya,). .. (317

P

We next show how using (3.9) one may derive an expression for the variance
of the spectral donsity funetion of an amplitude modulated normal time series. We
are then considering quadratic forms corresponding to

als, t) = 5;151 cos wf{s—2) kp(s—1) his, 7), .. (3.18)
defining R{s, t) = gls} g{t) {Rfs—1)} ... (8.19}

‘We consider only the important special case that g{f) is a periodic function.
If 4{¢) has period #, then it possesses the harmonic representation

N
gy = I en oxp [ Ad Gy e (3.20)
i
where A, = 2mn/8, N = 6{2 or (6—1)j2 according as & is even or odd, and
@, - ;_ $ oxp [—isA gls) for m= 0, £1,.., (02, .. (3.21)
fe=1
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while e, = 1 for all % except that if § is even exy = 1/2. It may be verified that E(v)
is an even function of period & given hy

Byfv) :néNenG‘,.Gu,. exp[—ivA.]. . (8.22)
Now o) = 3 euty oD (At 0] o
(B fe—t)t = ,:%_N et XD L8R IA)] Wi . (3.23)
where, defining W, = % .%1 oxp [—i8 AR, ()L,
W = W, Iif = -—n, .. (3.24)

E entn oxp [HoAa-t AN Hns . (3.25)
N

mn=

Consequently his, 2)

where Hyn=5 oo, Wp O G =S WGy .. (3.26)
7.k i

.

It should be noted that
Hyp = S o Wy 6,6,

R ICRCIOS

=1, . (8.27)
We next write

Ay A} =%, % cos aa—lrle—t) his, 1) oxp ilsAy-+2g)]
=1 £ H,, = 3
=TT ey €y O oy z cos af{s—it) kp(s—2)

oxp [i(s{A+ A+ A+ A,3)]

= g_N € €y o HE A+ A+, Ag+2,—a)
FE (A A —o, A+ o)) - (3.28)

We are now in & position to evaluate
T By var [fyle)] = 278, __[" _j‘ dAy g fo{d)felda) | ARy Ag)]2.
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By (3.28} and (3.9) one sees that, as T tends to o,

TByvar [Fololl 3 ente Hima | /oAt fylba—e) el olelort o)} B
= {3 el o * frlo+20) frlot2)) [ updu

=[Ot 3 el Haal ot flotd,) [ e .. 3.29)

Tho foregoing formula is valid for 0 < & < m; # should be multiplied by 2 in the
case that w = 0 or @ = 7.

If the apectral density function fy(w) had been directly estimated from ob-
gervations of the time series ¥(«), the variance of the estimate fy(m) would saticly
{for 0 << @ << #)

lim 7By var [Fyl@)] = f2(e) | k(u)du. . (3.30)
Fyen —o
Consequently one can infer from (3.29) the effect on the variance of the esti-

mate fy(m) due to the fact that it is formed from an amplitude modulated version of
the time series ¥(s). An upper bound #o this variance is

TB, var [folw)] < H {max f2e)} | e . {3.31)

where B= % ee,|H, .2 .. {3.32)

Thus H may be taken as @ measure of the tncrease in variance due fo amplitude modulation.

One may verify that

Ha L %1 R(s, 1) = 81?; ,‘%:1 0%s) g°t) (R (s— )} % . (3.33)

02 4, 1=

An upper bound for H can be obtained as follows. Tt p be a lower hound for Rfv) :
|Be)| 2 p, v=0,1,..,0. o (3.34)

— 1 Z 2
Then Hgp {F 3 ge(:)} ) (3.35)
t=1
An exact evaluation of H can be obiained from the formula

2 RN D g0 g (o] . (3.36)
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To illustrate the use of these expressions we consider the modulating function
g(s), defined by (3.3), which corresponds to the caso of periodically missing observa-
tions: Then ¢ = a4f,

_a—f 1 _ &
P 5 B s = P . (38T)
— & Z 1 2 .
By‘ (3.35) < (a:ﬁ) =(1:;.) o (3.38)
defining = g e (3.39)

to be the ratio of the number of observations missed to the number observed. An
exaol; expression for A can be obtained from (3.36) :forv =0, 1..., 8
187 a&—u
& S g Pt =20, N
g 2 90 gt atp U<E
=0, ¥ a. o {8.40)
Consequently,

, 0=0,1,..,8;

Bl 25 0 o) = “FE

= le—tatp) .
G fE v=40, ..

=0, v>a
Hoothyp §ethy, 8 @ oets)
Thus (48 H = o +2 a.z:z ot.~—v+2 v.=§+1 Tle—gr

Finally, one obtains

g1, a—f-1 1 LT

& a—pf 2 —1 «—2 a—ﬂ}

_ I 2 2 2 a—pA4-1
xVa—itamst T apET -1 Ry - @41

By replacing every denominator by «—4, one cbtains the following upper bound for
H:

7 oetf _ 1+r
s o p=y

(3.42)

One eesily vorifies that (3.42) provides a lower upper bound than does (3.38). In
any event, both (3.38} and 3.42) provide some measure of how rapidly the variance
of the speotral estimates increases as the ratio » tends to 1.
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It may be of interest to express the variance of fy(m) in terms of the number
T, of observations actually ohserved : approximately,

&
o=tz e (3.43)

Comhining {3.31) and (3.42) one seea that
T'4Bypvar [fy(m)] <« % F 1

3 = =
{max fotw)} [ W)du
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