Chapter 5

A New Approach to the Synthesis of Optimal
Smoothing and Prediction Systems™

EMANUEL PARZEN

1. Introduction

This chapter deseribes a new approach to a wide class of smoothing
and prediction problems. The method can be applied to either station-
ary or nonstationary time series, with diserete or continuous parame-
ters. It can easily be extended to time series observed in space-time and
also to multiple time series, that is, those for which the observed value
at each point of space-time is not a real number but a vector of real
numbers.

Over the past few years I have been studying relationships between
the theory of second-order stationary random functions, time series
analysis, the theory of optimum design of communications and control
systems, and classical regression analysis and analysis of variance. In
the spring of 1957 T observed that reproducing-kernel Hilbert spaces
provide a unified framework for these varied problems. The results
obtained in 1957-1058 were theoretical elaborations of this idea, and
were stated in a lengthy Stanford technical report [1] completed in the
fall of 1958. Since then I have been concerned with developing examples
and applications, well aware that the reproducing-kerne] Hilbert space
approach would be of no value unless it could provide new answers as
well as old ones. It is hoped that the results presented here provide
evidence that this approach is of value.

Tt may be of interest to relate this approach to one that is being

T Prepared with partial support of the Office of Naval Research.
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developed in the Soviet Union by V. 8. Pugachev ([2]-[5]). Pugachev
has in recent years advanced a point of view that he calls the method
of canonic representations of random functions, for which in a recent
article [5] he makes the following claim: “The results of this article,
together with the results of [previous] papers, permit us to state that
the method of canonic representations of random funections is the
foundation of the modern statistical theory of optimum systems.” The
methods to be presented in this chapter appear to provide a more
powerful and elegant means of achieving in a unified manner the results
that Pugachev has sought to unify by the method of canonic repre-
sentations.

It may also be of interest to describe the standard approach to pre-
diction and smoothing problems. The pioneering work of Wiener [6]
and Kolmogorov [7] on prediction theory was concerned with a station-
ary time serics observed over a semi-infinite interval of time, and
sought predictors having minimum mean square over all possible linear
predictors. Wiener showed how the solution of the prediction problem
could be reduced to the solution of the so-called Wiener—Hopf integral
equation, and gave a method (spectral facterization) for the solution
of this integral equation. Simplified methods for solution of this equa-
tion in the practically important, special case of rational spectral
density functions were given by Zadeh and Ragaszini [8 ] and Bode and
Shannon [9]. Zadeh and Ragazzini [10] also treated the problem of
regression analysis of time series with stationary fluctuation function
by redueing the problem to one involving the solution of a Wiener-
Hopf equation. There then developed an extensive literature treating
prediction and smoothing problems involving & finite time of observa-
tion and nonstationary time series. The methods employed were either
to reduce the solution of the problem to the solution of a suitable
integral equation {generalization of the Wiener-Hopf equation) or to
employ expansions (of Karhunen-Lodve type) of the time series in-
volved. In this chapter, we describe an approach to smoothing and
prediction problems that may be called coordinate free, which, by the
introduction of suitable coordinate systems, contains these previous
approaches as special cases.

Finally, let us briefly outline the class of problems for which we shall
give a unified, rigorous, and general treatment. A wide variety of prob-
lems concerning communication and control, or both (involving such
diverse problems as the automatic tracking of moving objects, the
reception of radio signals in the presence of natural and artificial dis-
turbances, the reproduetion of sound and images, the design of guidance
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systems, the design of confrol systems for indusfrial processes, fore-
casting, the analysis of economic fluctuations, and the analysis of any
kind of record representing observation over time), may be regarded
a8 special cases of the following problem:

Let T denote 2 set of points on a time axis such that at each point
tin T an observation has been made of a random variable X({). Given
the observations | X (), & T }, and a quantity Z related to the obser-
vation in & manner to be specified, one desires to form in an optimum
manner estimates and tests of hypotheses about Z and various fune-
tions ¢{Z).

This imprecisely formulated problem provides the general context
in which to pose the following usual problems of commaunication and
control.

Prediction or exirapolation: Observe the stochastic process X (§) over
the interval s — T < { < s; then predict X{s -+ «) for any o > 0. The
length T of interval of observation may be finite or infinite. The opti-
mum system yielding the predicted value of X(s 4+ «) is referred to
as an optimum dynamic system if it provides estimates of X (s 4 o)
for all & > 0.

Smoothing or filtering: Over the interval s — T < ¢ < g, observe the
sum X () = S() 4+ N(®) of two stochastic processes or time series S(f)
and N(¢), representing signal and noise respectively; then estimate
S() forany valueof tins — T < ¢ < 5. The terminology “smoothing”
derives from the fact that often the noise N(f) consists of very high-
frequency components compared with the signal S(#); predicting S(f)
can then be regarded ag attempting to pass a smooth curve through a
very wiggly record.

Smoothing and prediction: Observe 8(I) + N(f) overs — T < ¢ < g5
then predict 8{s + ) forany o > 0.

Parameter estimation: Over an interval 0 < ¢ < T, observe
S(t) + N(), where S(f) represents the trajectory (given by
Sty = zo + vi + at?/2, say) of a moving object and N(f) represents
errors of measurement; then estimate the velocity v and acceleration
a of the object. More generally, estimate such quantities as S{#} and
dS8(t/dt af any time ¢ in 0 < ¢ < T, when the signal is of the form
S() = ) + - -+ Baw(d).

Signal exiraction and detection: Observe X (1) = A cos o(t — 1) -+ N(§)
over an interval 0 £ { £ T'; then estimate the parameters 4 and r,
or test the hypothesis that A = 0 against the hypothesis that A > 0.
This problem Is not explicitly treated in this chapter, although it could
be handled by means of the tools deseribed here.
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2. A New Approach to Prediction Problems

Let us consider a stochastic process or time series { X(¢), t € T}, which
is & family of random variables indexed by a parameter { varying in
some index set T. Assume that each random variable has a finite second

moment. Let
K(s, 1) = E[X(9X(®)] 2.1)

be the covariance kernel of the time series. It might be thought more
logical to eall the function defined by (2.1} the product moment kernel,
and reserve the name covariance kernel for the function defined by

K(s, 8y = Cov [X(s), X)) = E[X(:)X ()] - E[X(9]BIX(®]. (2.2)

This terminology seems cumbersome, however, and is not adopted. We
shall eall the function defined by (2.2) the preper covariance kernel.

Let Z be a random variable with finite second moment for which one
knows the eross-covariance function pz(-), defined by

pz(f) = E[ZX(®], tinT. (2.3)

A basic problem in statistical communication theory—which, as we
shall see, is also basic to the study of the structure of time series—is
that of minimum mean-square error linear prediction: Given a random
variable Z with finite second moment, and a time series {X n,teT },
find that random variable, linear in the observations, with smallest
mean-square distance from Z. In other words, if we desire to prediet
the value of Z on the basis of having observed the values of the time
series {X(8),t & T } , one method might be to take that linear functional
in the observations, denated by E*[Z| X(¢), ¢ € T'], of which the mean-
square error as a predictor ig least.}

The existence and uniqueness of, and conditions characterizing, the
best linear predictor are provided by the projection theorem of abstract
Hilbert-space theory. (For proofs of the following assertions concerning
Hilbert-space theory, see any suitable text, such as Halmos [13].)

By an abstract Hilbert space is meant a set I (with members u,
v, + - -, that are usually calied vectors or points) that possesses the fol-
lowing properties:

i. H is a linear space. Roughly speaking, this means that for any
vector  and ¢ in H, and real numbers a, there exist vectors, denoted by

t The symbol E* is used to denote a predictor beczuse, in the case of
jointly normally distributed random wvariables, the least linear predictor
E*[Z| X (), t & T'] coincides with the conditional expectation B Z| X{f), t & T').
gor an elementary discussion of this fact, see Parzen [11], p. 387, or [12],

hap. 2.
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u + v and gu, respectively, that satisfy the usual algebraic properties
of addition and multiplication; also there exists a zero vector 0 with
the usual properties under addition.

ii. H is an inner product space. That is, to every pair of points, » and
v, in H there corresponds a real number, written (u, ) and called the
mmner product of # and », possessing the following properties: for all
points ¥, v, and w in H, and for every real number g,

a. {au, v) = a(u, v}

b. (w+ v, wy = (w, ) + (o, w),
e. (v, w) = (w9,

d. (u, w) > 0if u < 0.

iii. H is a complete metric space under the norm [luf| = (w, u)V2
That is, if {u.} is a sequence of points such that ||u, — u.|| — 0 as
m, n— o0, then there is a vector » in H such that ||u,, — u”2 -0
asn —r ©,

The Hilbert space spanned by a time series { X@,t e T} is denoted
by L:(X (%), t € T} and is defined as consisting of all random variables
U that are either finite linear combinations of the random variables
{X(@®), t € T}, or are limits of such finite linear combinations in the
norm corresponding to the inner product defined on the space of square-
integrable random variables by

(U, V) = E[UV]. (2.4)

In words, L(X{f}, ¢t & T) consists of all linear functionals in the time
series.

We next state without proof the projection theorem for an abstract
Hilbert space.

ProsrcTionN THEOREM. Let H be an abstract Hilbert space, let M be
a Hilbert subspace of H, let v be a vector in H, and let v* be a vector in M.
A mnecessary and sufficient condition that v* be the unique vector wn M
satisfying

”v* — vﬂ = min ”u — :u|| (2.5)
uEM
13 that
@*, w} = (v, u) for every w in M. (2.6)

The vector v* satislying (2.5} is called the projection of v onto M, and
is also written E*[v| M ].
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In the case that M is the Hilbert space spanned by a family of
vectors {z(), t € T} in H, we write E*[o|z(1), t € T] to denote the
projection of v onto M. Inthis case, a necessary and sufficient condition
that v* satisfy (2.5) is that

(@* ()} = (@, z(1)) forevery t & T. 2.7

We are now in a position to solve the problem of obtaining an explicit
expression for the minimum mean-square error linear prediction
E*|ZIX (%), ¢t € T]. From (2.7) it follows that the optimum linear pre-
dictor is the unique randem variable in L.(X(f), ¢ € T) satisfying,
foralltin T,

E[EXZ|X(®), t € TIX®)] = E[ZX®]. (2.8)

Equation (2.8) may look more familiar if we consider the special case
of an interval T = {t:a < ¢ < b}. If one writes, heuristically,

f rJX {shw(s) ds (2.9)

to represent a random variable in L:(X(?), ¢ € T}, then (2.8) states
that the weighting function w*(¢) of the best linear predictor

EzZ| X)), teT] = f bw*(s)X(s) ds, (2.10)

a

must satisfy the generalized Wiener—-Hopf equation

&
f wr(s)K (s, 1) ds = pz(8}, a<t<h (2.11})

There is an extensive literature [14], [15], [16] concerning the
solution of the integral equation in (2.11). However, this literature is
concerned with an unnecessarily difficult problem——one in which the
very formulation of the problem makes it difficult to be rigorous, The
integral equation in (2.11) has a solution only if one interprets w*(s)
a5 a generalized function including terms that are Dirac delta functions
and derivatives of delta functions.

A simple reinterpretation of (2.11) avoids all of these difficulties. Let
us not regard (2.11) as an integral equation for the weighting function
w*(s); rather, let us compare (2.10) and (2.11). These equations say
that if one can find a representation for the function pz(f) in terms of
linear operations on the functions {K(s, ), s € T}, then the minimum
mean-square error linear predictor E*[Z | X, t € T] con be written in
terms of the corresponding linear operalions on the iime series
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{X(s), s € T'}. It should be emphasized that the most important linear
operations are integration and differentiation. Consequently, the prob-
lem of finding the best linear predictor is not one of solving an integral
equation but rather one of hunting for a linear representation of pz(£)
in terms of the covariance kernel K(s, £). A general method of finding
such representations will be discussed in the following sections. In this
section we illustrate the ideas involved by considering several examples,

Example 2A. Consider a stationary time series X (f), with covariance
kernel
K(s, &) = Cesit—l) (2.12)

which we have observed over a finite interval of time, ¢ < ¢ < 5.
Suppose that we desire to predict X{b + ¢) for ¢ > 0. Now, for
a <t £ b, we have

o(f) = E[XOX G + 0)] = Ceplred = oK (b, ).  (2.18)

In view of (2.13), by the interpretation of {2.10) and (2.11) just stated,
it follows that

B XM +0) | X®), a <t <b] = ePX ). (2.14)

The present methods yield a simple proof of & widely quoted fact.
Define a stationary time series X(f) with & continuous covariance
function R(s — ) = E[X(s)X () | to be Markov if, for any real numbers
a < b and ¢ > 0, the least linear predictor of X{b + ¢), given X(¥)
over the interval ¢ < ¢ < b, is a linear function of the most recent
value X (b); in symbols, X(f) is Markov if

E¥ X0+ o) | X(©), e <t < b] = A(DX(D) (2.15)
for some constant 4 (c) depending oanly on ¢.
Let us now establish the following result:
Doos’s TereorEM: Equation (2.15) holds if and only if, for some
constants C and 8,
R(u) = Ce bl (2.16)
Proor: From the fact that
p®) = BIX(b + X (®)] = RO — 1 + 0,

it follows by the projection theorem that (2.15) holds if and only if,
foreverya < b,¢ > 0,and {ina £ { £ b, we have

R —t4+¢) = A)RD — 8. (2.17)
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By (2.17) it follows that for every d > 0 and ¢ > 0 we have
Rld+c¢) = AQQR@. (2.18)

Letting d = 0, we obtain A(¢) = R(c); consequently, for every ¢ > 0
and d > 0, R(w) satisfies the equation

R(d + ¢) = R(ARe). (2.19)

It is well known (see Parzen [11], p. 263) that a continuous even
function R(u) satisfying (2.19) is of the form of (2.16).

Ezample 2B. (Reinterpretation of the Karhunen—Lodve eLPAnSIon.)
Many writers on statistical communication theory (see [17], pp. 96,
244, 338-352, [18], and [19]) have made use of what is often called
the Karhunen-Lodve representation of a random function X (t) of
second order. The results obtained are clarified when looked at from
the present point of view.

The fundamental fact underlying the Karhunen-Loéve expansion
may be stated as follows:

Mercer's TrEOREM. If {@n(t),n = 1,2, - - - } denotes the sequence
of normalized eigenfunciions and {)\n, n=12 --- } the sequence of
corresponding nonnegative eigenvalues satisfying the relations

f 'K, Don(s) ds = henl),  a<t<bh, (2.20)

f on@enl) dt = 5(m, ), (2.21)

where 8(m, n) is the Kronecker delta function, equal to 1 or 0 depending
on whether m = n or m = n, then the kernel K(s, {) may be represented
by the series

K1) = 3 hoal)onld), (2.22)

and this series converges absolutely and uniformly for ¢ < st =< b

Ii we wish to predict the value of a random variable Z on the basis
of the observed values X(t), a < ¢ < b, we may write an explicit ex-
pression for the minimum mean-square error linear predictor as follows:

0 1 b
B2 X0,a<t<01= X — | s dt
n=1 Azv g

. (2.23)
X f X () @als) ds.
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In order to prove the validity of (2.23), we need to prove that the
infinite series is well defined and that it satisfies (2.8). Now

E[ f X (S)om(s) ds f "X ©0nlt) dt:l

_ f ’ f "R (s, on)onlt) ded = Mdlm,n).  (2.24)

Therefore the mean square of the infinite series in (2.23) iz equal to

® 1
-

n=1 Hn

2

[ eatrenty s

(2.25)

Consequently, a necessary and sufficient condition that the infinite
series in {(2.23) be well defined is that the infinite series in (2.25) be
finite, which may be shown always to be the case. Next, we can show
that (2.8) is satisfied by verifying that, for any fin @ < ¢ < b,

slxo{E “rx)0u®) a5 [ Xadent) as} |

= S0l [ @ ds = 0. @220

If it is permissible to interchange the processes of summation and
integration in (2.23), then we may write

B2 X(), o <t <b] = f X () ds, 2.27)
where
o 1 ]
W) = 3 ) - f pelen(l) di. @.28)

The condition for the infinite series in (2.28) to be well defined is that

=1
2

=l e
It can be shown that if (2.29) holds, then (2.27) is valid. Although
(2.25) is always finite, however, (2.29) rarely holds. The optimal pre-
dictor is not usually of the form of (2.27). Thus we again see that it
is not desirable to reduce prediction problems to the solution of the
integral equation in (2.11).

2
< w. (2.29)

f prenld) dt
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Example 2C. (The method of shaping filters.) Another teehnique etm-
ployed in statistical communication theory is the method of shaping
Jfilters (see Lanning and Battin [14]). Let X () be a stochastic process
with covariance kernel K(s, {). Let #({) be a white-noise process, and
let W (¢, s) be a weighting function such that for every ¢ we have

X = f b WL, s)n(s) ds. (2.30)

In words, the time series X(¢) is represented as the response to a white-
noise input of a system (“filter”) described by a time-varying impulse-
response function W (i, s). If (2.30) holds, then W (¢, 5) is called a
shaping filier for the time series X(f). We now show how to use shaping
filters to solve the prediction problem, given a time series X (£) that has
been observed over a semi-infinite range, — oo < < b.

If (2.30) holds, and if the cross-covariance funetion pz(f) may be
written, for a square-integrable function r(s), as

£
pz(l) = f W (i, s)r(s) ds, —o <t <h, (2.31)
then

E¥Z| X)), —o <i<b]= f ' 7(8)n(s) ds. (2.32)

—0a

To prove (2.32), note that, for —« < { < b, we have

17[ f_;W(t, Sn(s) ds f :r(s)q(s) ds]

- f W () ds = pa().  (233)

The expression given by (2.32) ean be further simplified if we make
the following reasonable assumptions about the shaping filter. Let
L; and M, be differential operators of orders # and respectively:

n dk
Lg = }E a;c(t) E )

(2.34)

m dk
M= 3 bt — .
¢ Ek() 7

Let Hp(¢, ) and H (2, s) be the respective one-sided Green’s funetions
characterized by the property that any sufficiently differentiable func-
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tion fis given by

i) = f " Ht, L) ds

t
- f Hult, )M 5(s) ds. (2.35)
Suppose that the covariance kernel of X (¢) may be written

min (¢,8}
K, s) = f M.H (4, u} M H (s, u) du, (2.36)

—w

or, equivalently, that
¥
X = f M H L, s)y(s) ds. (2.37)

For an interesting discussion of how to find differential operators satis-
fying (2.36), see Batkov [20]. It may be shown that if (2.36) holds,
then the right-hand side of (2.32) may be written in the form

f ' dtf ‘ Lo H 3 (t, ) pz(ue) duf l LeH plt, w) X (u) du.  (2.38)

In the particular case M, = 1, (2.38) reduces to

[z} (zx0). (2.39)

For the sake of rigor, it should be noted that in (2.38) and (2.39) the
highest-order derivative of the observed time series X {f) may not exist,
and we must then write dX ™1 () for X™(2) dt.

3. General Solution of the Problems of Linear Prediction

It is possible to give a treatment of problems of prediction and smooth-
ing that distinguishes between the statistical and analytical aspects of
the problem. Such methods as that of expansions in eigenfunctions
used in example 2B and that of shaping filters used in example 2C are
merely analytical means of evaluating certain abstract quantities that
can be defined without reference to these methods. The statistical prob-
lems of prediction and smoothing may be solved in terms of these ab-
stract quantities once and for all. Indeed, the theory we shall now
describe underlies the solution of many optimization problems; for
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exarnple, it includes as a special case the theory of generalized inverses
of matrices (see Greville [21] for references to the history of the notion).

The basic tool in our theory is the notion of the reproducing-kernel
space corresponding {0 a covariance kernel K.

TaeEorEM 8.1. (Ezistence and unigueness of the reproducing-kernel
Hilbert space corresponding to a covariance function.) Let {X(1),t € T }
be a time serdes with covariance kernel K(s, 1) given by (2.1). Let H(K)
consist of all functions h(-} defined on T and of the form, for some U in
LX), te D),

Al = E[X@®U]l, foralte T, (3.1)
On H(K) define an inner product by
(h, W)g = E| U2 (3.2)

Then H(K) is o Hilbert space. Further, H(K) possesses the following two
properties: (a) for every £ € T,

K(-, 0 belongs to H(K), (3.3)

where K{+, 1) is the function defined on T with value af s equal to K(s, §);
(b) for every t in T and k(-) in H(K),

R@) = (y KC, D). 3.4

One calls (3.4) the reproducing property of the kernel K (s, ). Since
(3.4) holds, we call H(K) a reproducing-kernel Hilbert space, with re-
producing kernel K (for the theory of such spaces, see [22]). The re-
producing-kernel Hilbert space H(XK) is uniquely determined by the
conditions (3.3) and (3.4).

Intuitively, a reproducing-kernel Hilbert space is a Hilbert space
that contains a funection playing the role of the Dirac delta function
8(?). It should be recalled that, for square-integrable functions 7(),

[ @~ ds = 500. 3.5)

Consequently, the kernel K (s, £) = §(s — ) satisfies (3.4). It does not
satisfy (3.3), however, and therefore it is not truly a reproducing kernel,

TeeoREM 3.2. (General solution of the prediction problem.) Let
{X(0), t € T} be a time series with covariance kernel K (s, §), and let
H(K) be the corresponding reproducing-kernel Hilbert space. Between
LAX(t}, t € T) and H(K) there exists o one-to-one inner product pre-
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serving linear mapping under which X(t) and K (-, f) are mapped inio
one another. Denote by (h, X)x the rendom varigble tn L(X(H, t € T)
that corresponds under the mapping fo the funciion h(-) in H(K). Then
the general solution to the prediction problem may be written as follows. If
Z is a random variable with finite second moment, and if

pzl) = BIZX(®),
then
BXzZ|X®,t € T] = (oz, X)x, (3.6)
with mean-square error of prediction given by
E[| %2 — E*z| X®),t € T1|*] = E| Z{2 — (pz, p2)x.  (3.7)

Proor. The validity of Theorem 3.2 follows immediately from the
definition of the concepts involved. However, it may be instructive to
give a proof of the theorem, using the following properties of the
mapping (h, X)x. For any functions g and & in H{K) and random vari-
ables Z with finite second moment, we have

Ef(h, X)xlg, X)x] = (b 9x, (3.8)
E[Z(h) X)K] = (PZ, h)Kr (3-9)

where pz(f) = E[ZX(#)]. Now a random variable in Lo(X(t), t € T)
may be written (k, X)x for some k in H(K). Consequently, the mean-
square error between any linear functional (h, X)x and Z may be
written thus:

E[| ¢, X)x — Z|?] = E[(h, X)z] + E[2*] — 2E[Z(h, X)x]
= E[Zz] + (h, B)x — 2 (pz, W)=
= E[ 2] — (pz, p2)g + (B — pz, b — pz)r. (8.10)

From (3.10) it is immediately seen that (pz, X)x is the minimum mean-
square error linear predictor of Z, with mean-square prediction error
equal to E[Z2] — (pz, pz)x. The proof of Theorem 3.2 is thus complete.

Theorem 3.2 represents a coordinate-free solution of the prediction
problem. The usual methods of explicitly writing optimum predictors,
using either eigenfunction expansions, Green’s functions (impulse re-
sponse functions), or (power) spectral density functions, are merely
methods of writing down the reproducing-kernel inner product cor-
responding to the covariance kernel K (s, t) of the observed time series.

Ezample 3A. (Bigenfunction exponsions.) Let X(f), a <t < b bea
time series of which the covariance kernel K (s, {) has the eigenfunction
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expansion (2.22). The corresponding reproducing-kernel Hilbert space
consists of all square-integrable functions A(f) on the intervala <t < b
such that

2

fu V) =§\ f hOenlt)

and
1
Z -
n=1 Rw
The reproducing-kernel inner product between two such functions is
given by

J;bh(t)rp,,(t) dtr < . (3.11)

Y 1 b b

tox =% = [ W00t i [ s0m0 @ @12
A=l n a a

The random variable (A, X)x in L:(X (), ¢ < £ < b) corresponding to

£(+) in H(K) under the mapping deseribed in Theorem 3.2 is given by

(3.12) with ¢ replaced by X.

Ezample 3B. (Awloregressive schemes.) The reproducing-kernel
Hilbert space and inner product eorresponding to time series of the
type described in example 2C can be determined; the reader may
easily infer them from (2.32) and (2.38). Here let us consider a station-
ary time geries X (¥), observed over a finite interval @ < ¢ < b, of the
type that statisticians call an quloregressive scheme.

A continuous-parameter stationary time series X(f) is said to be an
autoregressive scheme of order m if its covariance function may be
written (see Doob [23], p. 542) as

o ei(a—-!)m
Ris—1t) = E[X(s)X(t)] = f - 2dw, (3.13)
™ o > a;,(iw)m_"’
k=0
where the polynomial
Z akzm—k
k=0

has no zeros in the right-hand half of the complex z-plane. It can be
shown that, given observations of such a time series over a finite inter-
val @ £t < b, the corresponding reproducing-kernel Hilbert space
contains all functions A{¢) on & < ¢ < b that are continuously dif-
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ferentiable of order n. The reproducing-kernel inner product is given by

 9)x =f (Lh}(Lyg) dt + i d; kT (a)g® I (a), (3.14)

F k=0
where
Li = 3 ahob(), (3.15)
- QFi—2
{dis} 1= {WRG — ) t:.n,m} . (3.16)
The first- and second-order autoregressive schemes are of particular
importance.

A time series X () is said to satisfy a first-order autoregressive scheme
if it is the solution of a first-order linear differential equation with input
a white noise #'(¢) (the symbolic derivative of a process %(f) with in-
dependent, stationary increments):

dX
— X =70, @.17)

It should be remarked that, from a mathematical point of view, (3.17)
should be written as

dX () + X (@) dt = dn(®). (3.18)

Even then, in saying that X (¢) satisfies (3.17) or (3.18) we mean that
£

X@) =f H{ — s) dy(s), (3.19)

where H{f — s) = ¢ #) is the one-sided Green’s function of the dif-

ferential operator
L.f = f'{&) + 8f0).

The covariance function of the time series X (%) is
1
Rt — u) = — g pleti, 3.20
{t — u) % (8.20)

The corresponding reproducing-kernel Hilbert space H(K) contains all
differentiable funetions, The inner product is given by

G0 = [ 0+ + 80 a+ 209, G20
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More generally, corresponding to the covariance function

K(s, f) = Ce#fl=—vl, (3.22)
the reproducing-kernel inner produet is
(hy)x = 2?0{ Jwvme+mar 2h(a)o (o)

=5 ) W+ o o + 10®). 6.2

The random variable (h, X)x in Ly(X(8), e < ¢t < 1), corresponding to
k(-) in H(K), may be written as

(h, X)x = 2&%{32 f WOX0) di + f "W dX(t)}

+ = (MOX@ + DX, 3.20)

Note that X’(¢) does not exist in any rigorous sense; consequently, we
write d.X () where X’(£) df seems to be called for. It can be shown that
(8.24) makes sense. In the case that A(-) is twice differentiable, one
may integrate by parts and write

f bh’(t) X)) = KHX0G) - K (@)X (@) — f bX(t)h”(t) dt.  (3.25)

A time series X(f) is sald to satisfy a second-order autoregressive
scheme if it s the solution of a second-order linear differential equation
with input a white noise 9'(2):

d2X
di?

dx
+ 2 —< o+ X = 70, (3.26)

If w?=42—a?>0, the covariance function of the time series is

—-cx| u—t|

Rlt—w) = {GOSw(u—t)-}-—smw[u—ﬂ}. (8.27)

The corresponding reproducing-kernel Hilbert space contains all twice-
differentiable functions on the interval @ < ¢ < b with inner product

b
O e = [ (7 + 200 4 4%0) (" + 20’ + 479}

+ day?hia)g(a) + dah’(a)g' (a). (3.2%)
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To write (h, X)x, we use the same considerations as those in (3.24).

4. General Solution of the Problem of Linear Smoothing (Regression
Analysis)

Let {X(#), t € T} be a time series of which the proper covariance
kernel

K(s, t) = Cov [X(s), X ()] (4.1)
is known. The mean-value function,
mit) = B]X()], (4.2)

is only assumed to belong to 2 known class M. One case of particular
importance is that in which M consists of all finite linear combinations
of g known functions w,(f), - - -, w,(f), so that the mean-value function
is of the form

m@) = o) - -+ -+ Ban() 4.3)

for unknowns 8y, - - -, §, that are to be estimated.

In this section we consider the problem of estimating various func-
tionals of the true mean-value function m(-); in statistical theory, this
is known as the problem of regression analysis of time series (see
Parzen [24]). We seek estimates that (a) are linear in the observations
£X (1), ¢ © T} in the sense that they belong to Ly(X (1), ¢t € T), (b) are
unbigsed, in a sense to be defined, and (¢) have minimum variance
smong all linear unbiased estimates.

THROREM 4.1. (General solution of the problem of minimum variance
unbiased linear estimation.) Let {X(), t € T} be a time series with
known proper covariance kernel K (s, £}, and unknown mean-value function
m(l) belonging to a known class M of functions, Let H{K) be the eor~
responding reproducing-kernel Hilbert space, and assume that M is a
subset of H(K).

i. Between LX), t € T) and H(K) there exists a one-lo-one linear
mapping with the following properties: for every t in T, and k and g in
H(K),

(K('J t): X)K = X(t).v (4-4‘)
E.[(h, X)x| = (h,m)x  forallmin M, (4.5)
Cov [(h‘) X)KJ (g:l X)K] = (h’ g)K-: (4:°6)

where (h, X)x denotes the random voriable in L.(X (@), t € T) that cor-
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responds under the mapping to the function h(-) én H(K). The subscript
m on an expeclation operator €5 written to indicale that the expectation is
computed under the asswmption that m(-) is the true mean-value function.

ii. 4 random variable (h, X)x in Lo(X (), t € T) 4s said to be an un-
biased linear estimate of the value m(f) af a particular time t of the mean-
value function m(-) 4f

E.l(h, X)x] = (h,m)x = m(8)  for allm in M. @.7

The uniformly minimum verionce unbiased linear estimate m*(£) of m(f)
£s given by

m*(t) = (B*[K(-, ) | H], X)x, (4.8)

in which M is the smallest Hilbert subspace of H(K) containing M, and
E*{K(-, t)| M| is the projection onto M of K(-, ).

iii. In the special case that M {s finite dimensional and {s spanned by
g functions wi, -+ -, W, that are linearly independent as funciions in
H(K}, we can wrile explicitly

{wy, :wl)K <o {w, :tﬂq)x X, '_wi)K
PO ey wx @wge|” &P
wi) - w(t) 0
(w1, :LUI)K T (wl,:tvg)K 'w1(t)
W Var [m*(f)] = — (e e - - e, :wq)x 'w;(t) , (4.10)
wi(f) -0 w(l) 0
where
(wy, wig -+« (W, Wk
W= : : : (4.11)
(00 W+ + + (g, W)

More generally, for any linear function \(B) of the parameters 81, » -« + , B
!P(,G) =i+ - b by, (4-12)

where the constants 1, - -+, ¥, are known, the minimum variance un-
biased linear estimate of ¥(-) is

‘1{’* = ’!’lﬁl* + -+ ‘»bqfslz*: (4313)
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where Br¥, - - -+, B.F are any solution of the sef of normal equations
(wy, w)x -+ - (W, wdx| [ B* (wy, X)x
I -] (4.14)
(wg,widx - - - (wy, wedel L B* {(we, X)x
In particular, if the true mean-value function m(-) is of the form
m{t) = puw(), (4.15)
where w{-} is known and § s a constant to be estimated, then
w, X
m* @) = fw(), B = i__)lli, (4.186)
(w, Wik
Var [m*()] = (4.17)

(, )k
If the true mean-value funciion is of the form
m(t) = Buea(t) + Bawa(?), (4.18)

where w;(-) are known functions and B, and B2 are constants to be esti-
mated, then

m*(t) = Brwn(t) + Bfw.lt), (4.19)
Var m*(®)] = W wi(t) + oW wi{dwet) + W wed).  (4.20)
In (4.19), we have
B* = W'y, X}e + W' ws, X,

(4.21}
Ba* = Wy, X)x + W¥{(w, X)x,
where

W — (’wz, ’w2)K ,

w
W e (’w1, 'w1)x ,

w (4.22)
Wi — Wit = — (w, wolk ,

w
W = (wy, w)x{tws, wo)x — | (wy, wadr |2.

To establish Theorem 4.1 there is no need to employ the method of
Lagrange multipliers as so many writers do {see, for example, Lanning
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and Battin [14], pp. 300-302); rather, we use the projection theorem.
The minimum-variance unbiased linear estimate of m(f) may be char-
acterized as the linear functional (h, X)x that, among all linear func-
tionals satisfying

En[(h, X)&] = (h,m) = m(®) = (K(-, 8), m)x (4.23)
for all m in A, has minimum norm square
[t = Var [(h, Dz]. (4.24)

By the projection thecrem, the funection in H(K) having minimum
nerm  among all functions satisfying the restraints (4.23) is
E*[K(-, t)| 7 ]. Consequently, (4.8) has been proved. For a complete
proof of Theorem 4.1, the reader is referred to [24].

Ezample 4A. To illustrate the use of the foregoing formulas, let us
consider an example that has been treated by many authors. The
statement of this problem is given by Lanning and Battin ([14], pp.
204, 308, 307): “Consider the problem of predicting a future position
of a moving target by a system which receives target data, in the
presence of noise, starting at ¢ = 0.” I'ts position S() is an unknown
linear function of time ¢,

8(&) = 61+ B, (4.25)

where 8; and 8. are unknown constants; in Section 6 we consider the
case in which 8, and 8: are random wvariables. The observed X(¢) is
assumed to be the sum of S(f) and a stationary random noise N(7),
with covariance funetion

R(w) = E[N@ON(@ + w)] = Ceflul, (4.26)

It is desired to use observations X (), 0 < ¢ < T, to estimate the parti-
cle’s position S(¢) at any given time ¢. Since S(t) = E[X(#)], the prob-
lem of estimating S(t) is equivalent to the problem of estimating the
mean-value function of an observed time series. Consequently, the
minimum-variance unbiased linear estimate S*(f) of the value of 8(2)
at a particular time £ is given by the right-hand side of (4.19), with
wi(t) = 1 and wy(f) = ¢. The inner products appearing in (4.22) are
explicitly given by means of (3.23) as follows:

BT +2
L,k = ;
(L, Dx 20
T3 4 28T
(l,t)x=ﬁ——i:

4C8
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BT + 36°T2 + 38T
@ De = oCp ’ (4.27)

(BT) 4 8(BT)? -+ 24(T)* - 24(8T)
48023

W = (1, Dxlt, Ox — (1, 0k =

The variance of the estimate S*(?) is given by the right-hand side of
(4.20).

If the time series X (£) is assumed to be normal (or Gaussian), or if
linear functionals (A, X)x may be assumed to be approximately nor-
mally distributed, then one may state a confidence band for the entire
mean-value function m(f) as follows. Given a confidence level a, let
K () denote the a percentile of the x* distribution with ¢ degrees of
freedom; in symbols,

Plxe > Kofe)] = e (4.28)

In particular, for ¢ = 2 and @ = 85 per cent, K () is approximately 6.
¥t can be shown that if the space M of possible mean-value functions
has finite dimension ¢, then the interval

m*(t) — VK, (a) o m*(H] £ m@)
<m(t) + VEG ot @], (4.29)

for all tin — o < ¢ < «, is a simultaneous confidence band for all
values of the mean-value function with a level of significance not less
than e that is, if m(-) is the true mean-value function, then (4.29)
holds with a probability greater than or equal to e.

5. Tterative Evaluation of Reproducing-Kernel Inner Products

In this section we give an iterative method of evaluating the re-
producing-kernel inner product (&, k) x and corresponding random vari-
able (A, X)x that makes possible the approximate synthesis of an opti-
mum linear communication or control system in the presence of noise
for which the covariance kernel K can be of any form and can be
known either analytically or numerically. The method to be described
is a gradient method related to the method of steepest descent. For a
general discussion of the role of such methods in solving integral equa~
tions, see Kantorovich ([25], Chap. III), and in solving partial dif-
ferential equations and algebraic linear equations, see TForsythe and
Wasow ([26], Sec. 2).
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Let K(s, £} be a covariance kernel, defined for ¢ < s, £ < b. Let
H{K) be the corresponding reproducing-kernel Hilbert space. Let
C(a, b) be the space of eontinuous functions on the interval g to 5.

For a given function A in H(K), it is of interest to develop methods
of generating sequences { H.} of functions in C'(g, b) having the proper-
ties that

lim E[| (X, B)x — f bH,.(t)X(t) @t|’] =0, (5.1)
(h, B)x = Lim f ' f "Ho) K (s, () ds db. 6.2)

Tt is easily shown that sequences {H,}| satisfying (5.1) and (5.2)
exist. As in example 2B, let values A, be the eigenvalues (arranged in
decreasing order, Ay > Ay > - - - ) and let ¢.(-) be the corresponding
eigenfunctions of the kernel K(s, #). Then a funetion % belongs to
H(K) if and only if

JRECTED>

f KO ealt) &t

and
O s = 32 f RO enld) dz] < . (5.3)
Consequently, define
50 = 3 0l0) o f henls) ds. 5.4)

Clearly H,.(-) belongs to C(a, b).
It may be verified that

fa ’ f " Ha()K (s, DHL(0) dsdi = )> —I f M) dt{ 5.5)
and

[roxoa-3 <[ 0awa [ xon0a 6o

Therefore the sequence defined by (5.4) satisfies (5.1) and (5.2). Tt is

not computationally convenient, however, to use (5.4), inasmuch as it
involves the calculation of eigenvalues and eigenfunctions.
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Define a transformation T on functions H in C(e, b) as follows:

TH@ = f "HK( ds, a<i<b, 6.7)

It can be proved that
f "HOX @ dt = (TH, ¥, )
f ' f "HE (s, 0H(@ dsdt = (TH, TH)x. 5.9)

Next, define a sequence of functions H, as follows: Let o be a con-
stant to be specified, Let Ho(f) = 1, or some other funetion in C{a, b).
Forn > 1, let}

Heyw=H, — o(TH, — }). (5.10)

We claim that if « is chosen in an interval specified by (5.18) or (5.21),
then the sequence H, defined by (5.10) satisfies (5.1) and (5.2). To
prove this assertion it suffices to show that
E[| (b, X)x — (TH., X)e|'] = |2 = TH|[x >0 asn— =. (5.11)
From (5.10) we may write
THopy— h=(TH, — k) — aT(TH, — k)
= (I — aT){TH, — k), {5.12)

where I is the identity operator, Th(t) = A{f). From (5.12) it follows
that, forn > 0,

TH. — h = (I — «T)"(THo — k). (5.13)
We next note that for any function g in H{(K),
00 = Tl [ a0 (5.19)
©0 ]
To®) = 3 enlha f eals)g(s) ds, 5.15)

2 Ll i ] 2
|t — aP)gllz = 2 3\_{ f ea(8)g(s) ds} {1 —onaf2  (5.16)

=1 n

t Leonov gives an iterative procedure similar to the one given here in his very
interesting paper [27 ], which he correctly describes as the first application of the
methods of funetional analysis to the problem of determining the weight function
of an optimal system. Although he mentions the problem of establishing the
convergence of the procedure, the proof he sketehes does not seem to be satis-
factory.
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Defining g = THo — h and v, = [ 0.(s)g(s) ds, from (5.13) and
(5.16) we have

@ 1 "
|TH, = #l|x = 32 A—'y:‘{l —an}™. (5.17)
m==1 m

Let o be chosen so that, for every integer s,
~1<1l~-aa<l or 0< <2/ (5.18)
If (5.18) holds, then for any integer M
M1 " 1
[THy = Hlx < 2 —vafl—ada}™ + 5 —9,  (5.19)
m=1 Am m>M Am

which tends to 0 as we first let # tend to «, and then let M tend to «
[note that the last term in (5.19) is the remainder term of a convergent
sories]. We have thus shown that if (6.18) is satisfied, then (5.11) holds.
Further, the procedure converges monotonically, in the sense that

|THux = Bl|x < || TH, ~ B« (5.20)

If M is a constant such that max, A, < M, then (5.18) is satisfied
if we choose « so that

0<ag2/M. (5.21)
A convenient choice for M is
0 b
M=3x= f K(t, 1) d1. (5.22)
m=1 a

It should be remarked that (5.19) implies that

b
lim | (71, — BY(#) |2 dt = 0, (5.23)

n— 0

since, for any ¢ in H(K),
la®) I'< llglfzKe, ),
-] 2 3 b
S 1s0f <z [ ke o

The iterative method given by (5.10) undoubtedly does not converge
very quickly. Other iterative methods (such as an anaJogue of the con-
jugate gradient method [28]) can be developed and should be studied.

(5.24)
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6. Random Regression Coefficients

Let {X(#), t € T} be a time series of the form
X =m + Y). (6.1)

It is assumed that ¥ (¢) is & time series with known mean-value and
covariance functions:

ElY®l =0, E[¥()Y({)] = Rr(s, 1). (6.2)
It is assumed that m(f) is of the form
m@ = Bun() + - - - 4 Baw (D), (6.3)
where the functions wy, - - -, w, are known, and 8y, -+ -, 8y are
random variables independent of {¥Y(#), ¢t € T} with known means
w=EBlL  i=1--",4 (6.4)
and covariance matrix I' = {I‘,-,-}, where, fore,j =1, - - -, g,
T.; = Cov [8;, 8:]. (6.5)

We call the foregoing set of assumptions the case of random regression
coefficients.

The problem of estimating (or predicting} the value of m(f) under
the assumption of random regression coefficients has been considered
by Lanning and Battin ({14], pp. 305-309) and Bendat ([29], Chap. 9).
We here consider the more general problem of estimating a parametric
funetion

\l’(ﬁ) =B+ -+ P (66)

Strictly speaking, the problem before us is one of pure prediction. The
minimum mean-square error predictor of the random variable ¢(g),
given the observations X(¢), ¢ € T, is the projection E*[¢(8)]X (D),
t € T]. Consequently, our aim in this section is to give an explicit
formulsa for the projection.

One answer to this problem was given in Seetion 2, namely

EfpB) | X@), t € T] = (o, XD, (6.7)
where

Rx(s, ) = E[XOXW)], o) = EW®X )] (6.8)
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We easily verify that
Bx(s, ) = Em(s)m(©)] + E[¥ (5 Y ()]

a

= 20 0} (Tie + wm)wi(t) + Br(s, 8), (6.9)

Fik=1

o) = EHEOXO] = 3 il + ppdwnd.  (6.10)

Frke=1

We now propose to obtain an expression for the best estimate of
¥(8) in terms of the reproducing-kernel inner product corresponding to
Ry, and the matrices

r={ry}, K= (s},  Kiy= (w, wi)e,. {6.11)

TrueorEM 6.1. The minimum mean-square error linear predictor of

1,0(.3) =vyfy 4 - - + 'I’qlgqa (6-12)
given the observations {X(f), t € T} , 18

VE) =9l + - s, (6.13)
where
*
A {w, Xz, e
= (I1 4 K) . W | B I (6.14)
-8‘1* (wb X)Ry kg
The estimates Br*, - - -, B,* have covariance mairiz
{Cov &, i)} = TR+ K1) (6.15)

and mean-square error matriz

EIGS; — 836 — 8]} = 07" + &) (6.16)

Application. To understand the meaning of Theorem 6.1, let us con-
sider the case ¢ = 1. We then observe that X (B = sw(® + Y&,
where Y (f) satisfies (6.2), w(!) is a known funetion, and 8 is a random
variable (independent of ¥ (), 1 & T} with mean » and variance o2,
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The minimum mean-square error linear predictor of 8 is

f; + (w, X
= (6.17)
— + (w, wir
Var [8*] = aC L (6.18)
= + (w0, wir

1 -1
E[| g* ~ g|2] = Var [8] — Var [8*] = {;—l— (w, w)ze} . (6.19)

On the other hand, if 8 is assumed to be an unknown constant rather
than a random variable, then the minimum mean-gquare error unbiased
linear estimate of 8 is

B¥ = (w—’X—)IE; (6.20)
(ws w)R
Eg| g* — 8|* = Varg [8*] = (6.21)

(w, )n

One sees that for p = 0 and ¢ very large, (6.17) and (6.20) yield ap-
proximaiely the satne expression for 8*. This result was previously ob-
tained by Lanning and Battin ({14}, p. 309).

Proor orF TaeorEM 6.1, Let us write tr to denote ranspose, and
define vectors g, 8, 8% w(l) in the obvious manner; for example,
Y = ({y, - -+, ¥o). To prove (6.13), it suffices to prove that for every
tin T we have

E[BX(®)] = E[*X ()] (6.22)

Let A be the second-moment matrix of 8, defined by 4 = T + mp™.
Clearly we have

E[BX ()] = Aw(®).
To evaluate the right-hand side of (8.22}, let us write
g = (T 14+ K)7iV + y,
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where Vi* = (Vy, - - -, V), V; = (w;, X — E|X|z,), and E[X] is the
function of ¢ defined by E[X](f) = p¥w{t). It may be verified that
BIVX(®)] = (KI' 4+ Dw(t) = (T + K)Tw(t),
E[g*X(®)] = Tw(t) + putw(t) = Aw(t).
The proof of (6.22) is complete. To prove (6.15), verify that

{Cov [8], 81} = @7+ BBV + )7
BVV"l = (KT + DK = (r " + K)TK.

To prove (6.16), verify that

LEL@ — 828 — 81} = {Cov [8, 8]} — {Cov [8], &1}
=T — TE(T-1 4+ K)!
= {1+ K) — TK}(T-1 + K)!
= (I + K)1,

7. Minimum-~Variance Linear Unbiased Prediction

Tet {X@),t € T} be a time series of which the proper covariance
function,

K(s, ) = Cov [X(s), X()], @.1)
is known, The mean-value function m() = E[X(2)] is known only to
be a member of a class M of possible mean-value functions, where M is
a subset of the reproducing-kernel Hilbert space H(K) corresponding

to K. To make the discussion concrete we assume that M consists of
all functions m{t) of the form

m(t) = Bawn() + -+ + Bawg(f), (7.2)

where the functions w;, - - -, w, are known.
Let Z be a random variable for which we know the variance Var [Z]
and the covariance

pz(t) = Cov [Z, X(3)]. (7.3)
The mean of Z depends on the true mean-value function as follows:

E[Z] = (h,m)r  for every m in M, (7.4)
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for some hin H{K). If M consists of all functions of the form (7.2), then
Eﬁ[z] =+ - + ‘»{’qﬁg (7‘5)

for some known constants ¥4, - -+, ¥

One case of particular importance is Z = X(f;), where {; does not
belong to T'; then ¢; = w;() forj =1,---, ¢.

It is desired to predict Z, given the observations {X teT }
Now if the means E[X{t)] and E{Z] were known, then the minimum
variance linear predictor Z* of Z would satisfly

Z* — E[Z] = (o2, X — M), (7.6)
from which it, follows that
Q T
Z*% = {pz, X)x + Z Babi — E Bilpz, wr. (7.0)
i=l fa=1

One might think it plausible in the case of unknown means that the
Ininimum-variance unbiased linear predictor is given by

7" = (pz, X)x + 2 B: s — (o, wx}, (7.8)
i=1
where 8, - - -, ;* are any solution of the “normal equations” given

in (4.14). We now show that this conjecture is correct.

TuroreM 7.1. Let { X(1), t € T} have known proper covariance kernel
K, and unknown mean-value function m belonging to o subspace M of
H(K). Let Z be a random variable with cross-covariance function
pz{t) = Cov [Z, X(1)]; end let its mean, for each m in M, be given by
E.1Z] = (b, m)x, where h beélongs to H(K). The minimum-varignoe
linear unbiased predictor Z* of Z, given the observations {X (1), € T}, is

Z* = (X, px)x + (X, B*[h — pz| M), (7.9)

with mean-square error of prediciion

B 2"~ 21" = Var [2] = |odlx + | E*[h — oz | M]l.  (7.10)

REMARE. A linear estimate (X, ¢)x is said to be an unbiased linear
predictor of Z, if for all min M we have

Em[(X: g)K] = (m: g)K = (ms h)K = EM[Z] (711)

The notion of unbiased linear predietion was first considered by Dolph
and Woodbury [30].
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Proor. The mean-square error of prediction of an unbiased linear
estimate of Z is given, independently of m, by

E|Z— (X, x|’ = Var [Z — (X, g)x]
= Var [Z] + Var [ (X, 9)z]

—2Cov [Z, (X, 9)x]- (7.12)
It may be shown that pz belongs to H(K) and that
Cov |2, (X, g}x] = (pz, ). (7.13)

In view of (7.13}, we can write

E|Z ~ (X, g)x|" = Var [2] + (g, 9)x — 2(pz, 9)x
= Var [2] — llodx + llg — pellk.  (7.14)

Letting g = pz + f, we see that the best predictor is given by
Z* = (X, pz + f)x, where [ is the function of minimum norm ||fi|x
satisfying the constraints

m, Nl = {m, k — px)x for allm in M. (7.15)
It is clear that f = E*[h — pz| M. The proof of Theorem 7.1 is now
complete.

Let us now exhibit an explicit formula for the best predictor X*(¢) of
X(1), for ¢t not in 7. From Theorem 7.1, it follows that if m(t) is of
the form of (7.2), then

(ws, fﬂl)x o wywlde (X, :wl)x
wae = Wowds - - Wowdx (X, wdx |’ 710
ity - dyd) (X, E(-, e
(w1, :wl)K - - (e, .'wq)x dl‘(t)
WE| X0 - x| - (we, wilx « - - (Wy, .wq)g do(®) |’ @10
di(t) - dy®) dt)
where
d;(t} = w;{®) — (w;, K, D)z, (7.18)
di) = K(¢, & — (K(-, ), K(-, )=, (7.19)
(wy,wix - - - (w1, w)x
w=| N (7.20)

(g, W)k + - - (wy, we)x
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8. Decision Theoretic Extensions

The problems considered in the foregoing discussion have all in-
volved linear estimates chosen according to a criterion expressed in
terms of mean-square error. Nevertheless the mathematical tools de-
veloped eontinue to play an important role if one desires to develop
communication theory from the viewpoint of statistical decision theory
or any other theory of statistical inference (see [31], [32], [33]). All
modern theories of statistical inference take as their starting point the
idea of the probability density funetion of the observations. Thus in
order to apply any principle of statistical inference 4o communication
problems, it is first necessary to develop the notion of the probability
dengity Tunction (or functional) of a stochastic process. In this section
we state a result showing how one can write a formula for the prob-
ability density functional of a stochastic process that is normal
{Gaussian).

Given & normal time series { X(&), ¢ € T} with known covariance
function

K(s, 1) = Cov [X(s), X ()] (8.1}

and mesn-value funetion m{) = E[X{)], let P.. be the probability
measure induced on the space of sample functions of the time series.
Next, let m; and m» be two functions, and let P, and P; be the prob-
ability measure induced by normal time series with the same covariance
kernel K and with mean-value functions equal to m, and m., respec-
tively. By the Lebesgue decomposition theorem it follows that there is
a set N of Pi-measure 0 and a nonnegative Pr-integrable function,
denoted by dPs /dP;, such that, for every measurable set B of sample
functions,

dPs
Py(B) = f AP+ PABN). ®.2)
B 1

If Po(N) = 0, then P, is absolutely continuous with respect to P,
and dP,/dP is called the probability density function of P, with respect
to P;. Two measures that are absolutely continuous with respect to
one another are called equivalent. Two measures P; and P are said to
be orthegonal if there is a set N such that P1(WV) = 0 and Po(N) = 1.
It has been proved, independently by various authors under various
hypotheses (for references, sec [24], Sec. 6), that two normal prob-
ability measures:are either equivalent or orthogonal. From the point
of view of obtaining an explicit formula for the probability density
function, the following formulation of this theorem is useful.
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Tueorem (Parzen [24]). Let P., be the probability measure induced on
the space of sample functions of a time series {X ®), t € T} with covari-
ance kernel K and mean-value function m. Assume that either (a) T is
countable or (b) T is a separable metric space, K is continuous, and the
stochastic process (X (), 1 € T } is separable. Let Py be the probability
measure corresponding to the normal process with covariance kernel K
and mean~value function m{) = 0. Then P, and P, are equivalent or
orthogonal, depending on whether m does or does not belong to the re-
producing-kernel Hilbert space H(K). If m & H(K), then the probability
densily functional of P, with respect to Py is given by

dP,, 1
(X, m) = 2P~ &P {(X, m)x — 3 (m, m)x}. (8.3)

Using the concrete formula for the probability density functional of
a normal process provided by (8.3), we have no difficulty in applying
the concepts of classical statistical methodology to problems of in-
ference on normal time series.
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