CHAPTER 11

Probability Density Functionals and
Reproducing Kernel Hilbert Spaces™

Emanuel Parzen, Stanford University

ABSTRACT

The extraction, detection, and prediction of signals in the presence of noise
are among the central problems of statistical communication theory. Over
the past few years I have sought to develop an approach to those problems that
would simultaneously apply to stationary or nonstationary, discrete parameter
or continuous parameter, and univariate or multivariate time series and would
distinguish between their statistical and analytical aspects. In particular,
they would clarify the role played by various widely employed analytical
techniques {such as the Wiener-Hopf equation and eigenfunction expansions).

In the development of this approach, two basic concepts are used: the notion
of the probability density functional of a time series and the notion of a repro-
ducing kernel Hilbert space. The purpose of this chapter is to sketch the
relation between these concepts.

1. THE PROBABILITY DENSITY FUNCTIONAL
OF A NORMAL TIME SERIES
Let [S{),t € T) and [N(?),t & T] be time series, called, respectively, the
signal process and the noise process. Let @ be the space of all real-valued
functions on 7. Let Py and Pg.ny be probability measures defined on the
measurable gubsets B of @ by

FPx(B] = prob {[N(}), t € T € B] ey

Pgyy[B] = prob {[S(?) + N{#), ¢ &€ T] € B}. 2

We are trying fo determine, if it exists, a function p on @ with the property that
PsyxlB) = [, pdPx. &)

* Prepared under contract Nonr 3440{00) for the Office of Naval Research, Reproduc-
tion in whele or in part is permitted for any purpose of the United States Government.
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The function p may be called the probability density functional of Pgyy with
respect to Py in order to emphasize that its argument is a function [X (),
t € T]. TItis also denoted p[X (1), ¢ & T and called the probability density
functional of the signal-plus-noise process

X)) =8O +NY,teET, 4)

with respect to the noise process [N(i}, t € T]. The function p is often written
symbolically as a derivative,

_ 4P

P = 3Pn Y]

and called the Radon-Nikodym derivative of Pg,y with respect to Py [see
Halmos (1950}, p. 329).

A necessary and sufficient condition that the probability density (5) exist is
that Pg,x be absclutely continuous with respect to Iy in the sense that, for
every measurable subset 4 of ©,

Pyr[A] = 0 implies Pg n[A] = 0. {6)

In order that Pg,.» be nof absolutely continuous with respect to Py, it is neces-
sary and sufficient that there exist a set A such that

Px[A] = 0 and Pg, y[A] > 0. Q)

The probability measures Py and Pg,y are said to be orthogonal if there exists
a set A such that
Pyld] = 0 and Pgin[d] = L (8)

We can regard (8) as an extreme case of being not absolutely continuous.
The notion of orthogonality derives its importance from detection theory
{the theory of testing hypotheses). The simple hypotheses

Ha: X() = N()
Hi: X() = 8C) + N()
are said to be perfectly defectable if there exists a set A such that
Py{A] = prob {[X(2), t € T] € A|Ho} = 0
Psyn[A] = prob {[X(),t € TV € AlH} = L.

Clearly, the hypotheses Hy and H; are perfectly detectable if and only if Py
and Pg,x are orthogonal,
Given the probability measures Py and Py, the following questions arise:

9

1. Determine whether Py and Ps,» are orthogonal.
2. Determine whether Pg x is absolutely continuous with respect to Py.
3. Determine the Radon-Nikodym derivative (5) if it exists.

To answer these questions, the natural way to proceed is to approximate the
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infinite dimensional case by finite dimensional cases. For any finite subset
=y, * ,ta)of T (¢L1))]

let Py p and Pgoy g+ denote the probability distributions of [X(2), t € T']
under Py and Pgypn, respectively. Assume thal Pgyn o is absolulely con-
tinuous with respect o Py p, with Radon-Nikodym derivative denoted

dPyin 1

i
dPy (0

Pr =

The divergence between Pg n and Py on the basis of having observed [X (1),
t € T"] is defined by

J = Egyn(log pr) — Ex(log pp). (12)
Using the theory of martingales, it may be shown that
08 Jp S dpn i TP C I (13)
Consequently, the Hmnit
Jr = 71'}1_1)1? e (14)

exists and is finite or infinite. TFurther, it may be shown [see Hajek (1958)]
that (a) if Jr < 0, then Pg, x» is absolutely continuous with respect to Py and

po= = m pp; {13)

{0y if J¢ = o, and both the time series [N(#),t € T} and [S{) + N({),t € T
are normal, then Pg, x and Py are orthogonal.
We next apply these criteria under the following assumptions,
The noise process [N(f),¢ € T] iz a normal process with zero means and
covariance kernel
K(s, 1) = EIN(s) N(&}], (16}

which is positive definite in the sense that for every finite subset 77 = {{;,
© o+« tn} of T the covariance matrix

Ky, 8) - -+ K, &)
Epo = [E(t, t;)] = . . (17
K(tﬂ; by v K(tﬂ; ln)
is nonsingular, with inverse matrix denoted
K7t = [, 8] (18)

{It should be noted that the assumption of positive definiteness is made only
for mathematical convenience in the present exposition; it can be omitted.)
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In regard to the signal process, two cases are of most interest:

1. Suresignel case. [S(f), { € T']isa nonrandom function.
2. Stochastic signol ease. [S(f), ¢t € T]is a normal time series, independent
of the noise process, with zero means and positive definite covariance kernel

R(s, t) = E[8(s) S{)]. (19

To employ the criterion (15), we first need to compute the divergence
Jpi, defined by (12). In this section we consider the sure signal case; the
stochastic signal case is considered in Section 3.

In the sure signal case

log pr- = (X, 8}x. o — 3(S, Sl @n
where we define for any functions f and g on T
Uy e = ) JOK s, 1 9. (21)
50T
Consequently
Jor = B n[(X, 8, r] — EnlX, S)ie,v] = (8, 8)x, 2 (22)
and
Jp < oo if and only if lim {8, S) g, < . (23}
o

In words, in the sure signal case, Ps..x is absolutely continuous with respect to
Py if and only if (S, 8}x g approaches a limit ag 7 tends to 7. Fortunately
it is possible to characterize those functions S(-) that have this property.
To do so, we introduce the notion of a reproducing kernel Hilbert space.

2. REPRODUCING KERNEL HILBERT SPACES
Let K{s, 1) be the covariance kernel of & time series [X(t), ¢t € T]. For each
tin T, let K(-, ) be the function on T whose value at s in T is equal to K(s, 2).
It may be shown {see Aronszajn (1950}] that there exists a unique Hilbert
gpace, denoted H(K; T, with the following properties:

1. The members of H(K; T) are real-valued functions on T [if K(s, ) were
complex-valued, they would be complex-valued functions].

2 TForevery tin T
K(, e HE; D). (I)

3. Forevery {in T and fin H(K; T)
i =, K(, x,m (Im

where the inner product between two functions f and g in H(K; T) is written
(f, Drr
Example 1. Suppose T = (1,2, . . . , n) for some positive integer n and

that the covariance kernel X is given by a symmetric positive definite matrix
[K ;] with inverse [K*]. The corresponding reproducing kernel space H(K; T)
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consists of all n-dimensional vectors £ = (fi, - - - , f,) with inner product
& Qe = ) fK% (24)
3,t=1

To prove (24) we need only to verify that the reproducing property holds for
u=1,+"+,n

[3

€ Kdxr= ) FKKu = ) fad(5,0) = fur
z=1

s¢=1
The inner produet may also be written as a ratic of determinants:
'11 Cin J."1 Ky -+ Ki,
Eorr=— i+l - (28)

Kn]. Kfmf

n EEECEY
g1 S g 0 Kﬂl Knn

To prove (25), we again need only to verify the reproducing property. When
the covariance matrix K is singular, we may define the corresponding reprodue-
ing kernel inner product in terms of the pseudo-inverse of the matrix K.

Example2. LetT = [t:a £ £ < blandlet [N@®), a € £ € b] be the Wiener
process; that is, it hag independent increments and covariance funetion

K(s, ) = o min (s, £) (26)

for some parameter ¢2. Consider the Hilbert spaces H(K; T) consisting of all
functions fon a £ t € b of the form

@ = f@ + [ 7w du @)

for some square integrable measurable funetion f/ on a < ¢ € b [which can be
called the Ls-derivative of f], with inner product defined by

a

b
Goxe = 5| H@o@ + [ re il @8)

If we define

~h

IM=1 i agug 9
<uf

=0 if t<ugh
we may rewrite {27):

b
76 =@y + [ 1) Igw) du.
Now the covariance kernel K(s, ) may be represented as

K(s,8) = o*a+d* |, ® Io(w) Tslw) du.
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Therefore, for each ¢ in T, K(-, {) belongs to H (K; T) with L? derivative

4 K5, 8y = o 1,05),
ds
Further,

@

b
G, KO e = o [lf(a}zr% + f 7(o® L(w) du]

= fa) + f ) du = 50,

Thus we see that the reproducing kernel Hilbert space corresponding to the
covariance kernel (26) consists of all L,-differentiable functions on 7' with
inner product given by (28).

The relevance of the theory of reproducing kernel Hilbert spaces to the
theory of probability density functionals derives from the following fact: it
may be shown (using martingale theory) that

lim (8, 8)x,r < = ifandonlyif §& HE;). (30)
TP

Turther, if § € H(K; T), then
Tlm’;‘ (S, Six.r = (8, Sz, @0

Tt follows in the sure signal case that Pgyw is absolutely continuous with
respect to Py If and only if the signal funetion [8(f), 1 € T] belongs to the
reproducing kernel Hilbert space H(K;T) corresponding to the covariance
kernel K of the noise process [X(1),t € 7). HSc H (K; T, then the prob-
ability density functional is given by

PXW,0€ 71 = T2 = o (X, S)rr — 38, Sxal (D)

where by (X, 8)g 7 we mean the limit (in the sense both of convergence with
probability one and convergence in quadratic mean)

(X, S)K.T = lim (X, S)K_Tr. (33)

a7
Tt should be emphasized that although we use inner product notation to
write (X, 8)x r this is not s true inner product between two eléments in a

Hilbert space, since the sample function [X(%), t < T] does not belong to
H(K); that is,

lim (X, X)g o is infinite with probability one. (34)
-7

In practice, it will be elear how to define (X, S)x ¢ by suitably modifying the
expression for the inner product between two functions in H(X). Thus for
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the covariance kernel given by (26), instead of the expression

{xsmm=i[

=

1
a

b
X(e) S(a) + -/. Su) X' (u) du]

suggested by (28), we may show that

@Jnm=i[

-

[
éX{a) Say + f Sy dX(u)]-
a
There is a variety of ways in which one can determine whether a function S
belongs to a reproducing kernel Hilbert space H(X; T') and compute the norm
(8, 8)k,r and the random variable (X, S)x . These are discussed elsewhere
[see Parzen (1961)].
However, certain general principles deserve o be stated at this point.
Roughly speaking, a function g(-) belongs to a reproducing kernel Hilbert
space H (K; T") only if it is at least as “‘smooth’’ as the functions K (-, &), since
every function g in H(K; T) is either a linear combination

90} = ) GK(, 1
i=1
or a limit of such linear combinations. For example, if T iz an interval and
K is continuous on T @ T, then every function in H(K; T} is continuous;
if K is twice differentiable on T ® T, then every function in H(K, T) is
differentiable.

We are led to the following heuristic conclusion: In order thal a sigral not be
perfectly detectable in the presence of ¢ noise, i 18 necessary and sufficient that
the signal be as smooth as the notse.  In the case of a sure signal the signal is as
smooth as the noise if and only if S € H(K; T'), where K is the covariance
kernel of the noise. In the case of stochastic signals the signal is as smooth
as the noise if S & H(K;T) for almost all sample functions of the signal
process: a rigorous formulation of this assertion is given in Section 3.

A basic tool in the analytical evaluation of a reproducing kernel inner
product is provided by the following theorem.

Integral representation theorem

Let K be a covariance kernel, If (@) a measurable space (@, B, p) exists
and () in the Hilbert space of all B-measurable real-valued functions on @
gatisfying

(Pa= [ s < = (35)

there exists a family [f(2), ¢ € T] of functions satisfying

K5, ) = (6, f0) = [, 450 d, (36)

then the reproducing kernel Hilbert space H(K; T} consists of all functions
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g on T', which may be represented as
o) = [, 0750 du, (37)

for some unique function g* in the Hilbert subspace L/ f{t), t € T)of Ly{Q, B, u}
spanned by the family of functions [f(£),¢ € 7). The norm of ¢ is given by
(o, x,r = (g% g% (38)

If [f(2), t € T1spans Ly(Q, B, ), them X(£) may be represented as a stochastie
integral with respect to an orthogonal random set functicn [Z(B), B & B]
with covariance kernel y:

X(@) = f o T dZ (39)
EIZ(B1) Z(By)) = p(B1B»). (40

Further
X, p)xx = [, 0" 5. (41)

As an immediate consequence of the integral representation theorem omne
obtaing the following example. -

Example 3. Siationory noise process. Lot T = [t —w < ¢ < w] and let
[X(#), —» < { < =] be a stationary time series with speciral density func-
tion f(w) so that

K(s,8) = 7 60 1) de. (42)
Then H(K; T} consists of all functions g on T of the form
00 = [ ¢*()e™ f(w) du (43)
for which the norm . .
lollz = [ 17| 7(e) des (44)

is finite. The corresponding random variable (X, ¢)x.r can be expressed in
terms of the spectral representation of X(-), If

X = f_"’m & dZ(w), (45)
then

&, 9xr = [ 0% dz(s). )

Assume that the spectral density function f(w) is uniformly bounded. Then
g(t), being the Fourier transform of the square integrable function ¥ (w0} flw),
is square integrable. Let

o

Gluw) = % f € () dt. 47

—n

Then
") fle) = Olw). (48)
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Assume now that f{w) never vanishes. We may then write

1 P s do = [ el
o 9Nrgr= ,/'_.,, R;)— flw) do = f*w IG(w)lz_f(cu) dw (49)
& er= | %M(Q). (50)

To sum up, in the case of a stationary process whose spectral density function
is uniformly bounded and never vamishes, the reproducing kernel Hilbert
space H(K; T) for T = (— e < { < =) consists of all space integrable func-
tions g(t) whose Fourier transforms G{«) are such that

“ 1
w __ ] &<,
f_mlG( )| oy & < (51)

If f(w) vanishes, a similar conclusion holds. Let N = [w: flu) = 0] and
N = [w: f(w) > 0]. Then H{K; T} cousists of all square integrable functions
g(¢) whose Fourier transforms G{w) vanish on N and such that

f |G(w)|2idw < =,
Ne

flw)

The foregoing results are easily extended to multiple time series [X.(f),
—w i< o, a=1,2 -, M. Assumethatfore, 8=1,2,---, M
and —e < §,& < w,

Kaps,8) = BLXols) Xa®)] = [ =, e 1, 5(0) do (52)
Then H{K; T) consists of all functions g.(f) on
T=[afa=1--,M —o <t< ] (53)
gatisfying the condition
M
Y[ < =, (54)
a=1
such that
M ——rrp—
[ Y 6uw) 1%0) Gale) | ds < =, (55)
af=1

where 2 denotes the complex conjugate of the complex number z,

Galw) = % fj &M g () dt, (56)

and [f*(w)] is the inverse of the matrix [f.s{w)]. Then (g, g)x.r is given by
the expression in (55) and

f  Gulw) £(w) dZa(w), (57)

1

(X: g)K.T =

,

kil W L]
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where
Xat) = [, e dZ.w). (58)

Direct Product Hilbert Spaces

The notion of a direct product space plays an important part in our con-
siderations. Given two function spaces G and Gy, consisting of functions
defined on T'; and 7's, respectively, their direct product space, denoted ¢y & Gy,
is the Hilbert space completion of the set of functions gon 71 ® 7' of the form

gty t2) = i) galts), (59)
where g1 & Gy and g» & (5. The norm of a function in Gy @ & of the form
(69) is defined by

lollgee: = ligall&]/gzllé.. (60)

The function g defined by (59) is on occasion denoted by g, ® g..

It should be noted that if 7y and G are reproducing kernel Hilbert spaces,
with respective reproducing kernels K, and K, defined on T ® T, then ¢y ®
G2 is a reproducing kernel Hilbert space with kernel K1 ® Ko, where K, @ K.,
is & function of four real variables defined by

K @ Kglsy, 89, £1, ) = Ki(sy, 1) Kalss, ) (61)
and
(g, K1 @ Ko, *, i1, 1) )ew@es = gt, £2). (62)

When Gy = G = Ly(T, B, p}, G\ @ Gy consists of all (B @ B-measurable)
functions g on T & T such that

lo)3e: = [, [, 0% ) nlds) w(d) < o (©3)

If ¢1 and G5 are equal to the reproducing kerne]l Hilbert space consisting of all
Ly-differentiable functions on the interval ((:a £ { < b) with norm squared

1 &
lolls. = Zo@ + [ Il as (64)
a
then @; ® G is a reproducing kernel Hilbert space with norm squared
1 1f%a 2
lolfsoo: = 300 +3 [ | Zats,0 | as
1% a 2
-+ ;_/; Ezg(a, i dt {65)

5 rb EN) 2
—— dat.
+.[., j; asatg(s, B ds
3. STOCHASTIC SIGNAL CASE

In this section we shall determine conditions for the existence of the proba-
bility density functional (6) in the stochastic signal case described before (19).
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We shall prove below that Ps., v is absolutely continuous with respect to Py if
and only if
| 2l crgnimsm < w. {66)

It may be shown that a sufficient condition for (66} to hold is that
Bl zmema < =. (67)

In practice, the condition we shall attempt to verify is (67). Consequently,
before proving that (66) is necessary and sufficient for p = dPs n/dPx to
exist, let us show directly that (67) is a sufficient condition for p to exist and
let us obtain an explieit formula for p.

It may be shown that if (67) holds, then the signal process [S(f), ¢ & T
may be written

5@ = ) m o), (68)

¥»=1
where {a) [#,] is a sequence of random variables satisfying
(e, m6) = 8(e, )Aa (69)

for a suitable sequence [A,], and (B} {®,] is a sequence of functions in H(K)
satisfving
(®o, Bg)m oy = 8, B). {70

In faet, {A,] are the eigenvalues and [®,] are the corresponding eigenfunctions
of the linear transformation R on H(X) to itself defined by

RAW) = (h, RO, D) mrexy. (71)
Further

z = Rl wsnm < . (72)

Forn=1,2 - let

Sa) = ) m®), Va = (X, B)x. (73)

r=1

By the developments of Section 1, it follows that Pg .x is absclutely con-
tinuous with respect to Py with probability density function

dPg '/m 1 ( 2)
n = * = vVv A
Pn = Tapy Il LoV =) e (g &
p=1

- 1 ’
H(1+R) exp( VE]—{—)\)

=1

(74)

By martingale theory it may be shown that (72) implies that the probability
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density function exists and is given by the Limit

dPsyw .
e @
50 that
Psiy X\ [ . ]
log —=F _ i itz v L
g T22* 2 Blog (L + 1) + 73 (76)
r=1
If in addition to (72)
A < o, (77
ye=]

then the probability density function may be written

dPsx - X,
I — T = 1 + + 1 ]22 -
O dPN z 2 IOg (1 )\y) 2 z ¥ 1 )\” (78)
»=1 ye=l

The intuitive meaning of (77) is that almost all sample functions of the signal
process [S(f), ¢t € T belong to H(K), since from {68)

w

i

713!

i15ll%

¥=1

B[S % Mo

ve=1
It appears to establish (77) it would suffice to prove that
Eli8{%] < .

In order to obtain necessary and sufficient conditions that Pgyx be abso-
lutely continuous to Py in the stochastic signal case, let us begin by rephrasing
the problem. Let K, and K be two positive definite covariance kernels, and
let P; be the probability measure induced on @ by a normal process [X (1),
t & T] with zero means and covariance kernel K;. The following questions
arige:

1. Determine whether P; and P; are orthogonal.
2. Determine dP,/dP, if it exists,

We use equations (10) to (15). Let
aPy |K2,1r'fi_}é exp (—$X"K7pX)
P 4Py |Eup{ P exp (“3X"KThX)
Jr = Epylog pr) — Ep(log pr)
= % trace (KT§Kop — I — I + KghK1p). (80)

(79)
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Amazingly enough, the right-hand side of (80) can be expressed as the norm of

= function in the reproducing kernel Hilbert space corresponding o the kernel
K1 ® K, which is a funetion of four variables (s, &', 1, t') defined by

Kl 2 Kﬂ,(é‘, 8’) t: t’) = K1(8, t) Kﬂ(‘?l: t’) (81)
If K, and K, are nongingular covariance matrices, we may verify that
trace (K 1K7Y) = (K1, K)ok (82)

gince
&y, Kidmoms = ) Kils, ) KT4(s, §) K7'(s', #) Kall, £)
a8 ¢t
= ) 5,0 K5\, 0) Kuft, )
B {83)
= Y K30, 1) Ka(t, t)

L
= trace (K, K7
It may also be proved that

trace I = (Ky, Ko)g o xa (84)
In this manner we may verify that
trace (K1 K5 + K,KT! — 2I) = ||K, - K riex: (85)

XUETX — XUK7'X = (Ko — K0, X © Xpors,  (86)
where X ® X is the function on T @ T defined by

X @ X(s, ) = X{s) X(p). (87)

Using (85) and (86), we may rewrite (79) and (80}:
pr = |[KghpRy o exp B(K, — By, X ® X rioRa o] (88)
T = 3K — K|l zioarsr. (89)

The following conelusions can be immediately inferred:

1. Tn order that P, and P; be orthogonal, it iz necessary and sufficient that
it is notf so that
K; — K, belongs to HK, @ Ky, T®T). (90)

2. If (90) holds, then the Radon-Nikodym derivative exists and is given by
the limit (as T — T) of (88). Formally, we may write

dP
&Ff = D(K3'Ky) exp 3Ky — K1, X ® X) g0k 107) {91)
if
DKz K:) = lim |KghK 1 p)* (92)
i

is assumed to exist.
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By using (91), we can sketch a proof of Woodward’s theorem on linear
transformation of Wiener integrals [Woodward (1961)].

Example 4. To illustrate the use of (67), we consider stationary time series
with spectral density functions, so that

R(s—t) = fjw @0 folw) do,

K=ty = [ 60 fulu) do.

We now show that a sufficient condition for (67) to hold for any finite interval
PT=(:0<%¢t& 7T is that

Isle)
dw < . 93
i@ )
To prove (93), we write
Bl koxrer = ” f—: ¢ f5(w) dw "i@K,T@T

= [ 7, dwr 7 dunfs(onfston (@60, 650 cor g
= [ dur [ dasfs@fs(on)] (64,6 s 1)

<7 dets@le k]’
From (49) we may deduce that
2

~ llellr < f T S |2 f T fan g
T ET = . T2, ,

(94)

As T tends to w«, the right-hand side of (94) tends to
(2 far()] ™ (95)

as a limit in mean with respect to the finite measure on — e < » < = with
density function fg(w). The desired conclusion may now be inferred.

It might be noted that by using (94) and (95) we can give simple proofs
of various extensions to continuous parameter time series of theorems on the
asymptotic efficiency of least-squares estimates of regression coefficients given
for discrete parameter time series by Grenander and Rosenblatt (1957).

REFERENCES

Aronszajn, N. Theory of reproducing kernels. Trans. Am. Maih, Soc., 68 337404
(1950).

Grenander, U, and M. Rosenblatt. Statistical Analysis of Stationary Time Series, New
York: Wiley. Stockholm: Almguist & Wiksell, 1957.

Hajek, J. A property of J-divergence of marginal probability distributions. Czechoslovak
Math. J., 8 {83) 460-463 (1958a).



491
PROBABILITY FUNCTIONALS AND HILBERT SPACES 169

Hajek, J. On a property of normal distribution of any stochastic process (in Russian).
Crechoslovak Math, J., 8 (83) 610-618, (1958b). (A translation appenrs in American
Mathematical Society Translations in Probability and Statistics, 1961.)

Hajels, J. On lirear estimation theory for an infinite number of obscrvations. Th.
Prob. & Applic., 6 182-193 (1961).

Halmos, P. Measure Theory. New York: Van Nostrand, 1950.

Parzen, B. Statistical inference on time series by Hilbert space methods, I. Department
of Btatistics, Stanford University, Technical Report No. 23, January 2, 1959,

Parzen, E. TRegression analysis of continueus parameter time series. Proc. Fourth Berk-
eley Symp. Prob. Math. Statist., I, University of California Press, 1961.

Parzen, E. An approach to time series analysis, Ann. Math. Statist., 3% 951-989 (1961),

Riesz, F, and B, 8z-Nagy. Functional Analysis. London: Blackie, 1956.

Woodward, D. A. A general class of linear fransformation of Wiener integrals, Trans.
Am. Math. Soc., 100 459480 (1961).



