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STATISTICAL INFERENCE ON TIME SERTES BY HILEERT SPACE METHODS , T

by

EMANUEL PARZEN

Q. Summary .

This paper is the first of a series of projected papers on modern
time series aneslysis, in which 1% is hoped to show how Hilbert space
methods (which were introduced in the 1940's to elarify the probabilistic
structure of time series) can be used to clarify, and to solve, various
problems of statisiical inference on time series. In this paper, among
other things, we introduce a tool which plays a major role in our work,
namely the representation of a stochastic process with finite second
moments by means of a reproducing kernel Hilbert space.

The contents of the paper are as follows. In sections 1 and 2, we
summarize those noticns of Hilbert space theory, and of the theory of
random functicns, that we require. In section 3, we introduce our point
of view towards the theory of Hilbert space representations of random
Tuncticns by considering the special case of a random functlon defined
on & finite interval. In section 4 we rederive from our point of view
the well known theory of representation of a random function as a
stochastic integral with respect to an orthogonal random set function.
In section 5, we prove that any random function of second order admits

a representation by & reproducing kernel Hilbert space. In zection 6,
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we review certain well known facts concerning projecticns in Hilbert
spaces, and prove & useful convergence theorems for reproducing kernels.
In section 7, we show how reproducing kernel Filbert speces may be used
te give a general solution to a functional equation in Hilbert space
which generslizes the notion of linear and integral eguations. In
section 8, the ideas developed in the paper are applied to the problem
of locally minimum varlance unbiased estimation. In section 9, we
indicate how the previous results may be appiied to Normel (or Gaussian)
random functions, by giving a formula for the probability density
funetional of a Normal random function. In section 10, we discuss
minimum variance linear unbissed estimation. In section 11, we discuss

minimum variance unblesed prediction.

1. Random functions of second order.

A stochastic process (or a random process, or a random function}
is best defined as a famlly {X(t), t € ¥) of random varisbles. The
sett T 1s ealled the index set of the process. No restriction is
placed on the nature of T. However, two important cases are when
T={C, +1, +2,,.., ], the set of all integers (in which case the
stochastic process is sald to be a discrete parsmeter process ) or when
T={—®<t<w], the set of all resl numbers {in which case the
stochastic process is sald to be & continuous parameter process) .

Stochastic processes, and rendom functions, arise in many diverse

flelds of science, as the following exemples indicate. Tn communication
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theory, any signal received by a radio receiver may be conceived of as a
random function, since the received signal is not exactly the same as the
transmitted signal, but rather differs from the transmitted signal by chance
quantities, due, among other things, to the "noise" present in the electronic
components of the receiver. In nuclear physies, the number N{(t} of
electrons emitted by & radlomctive source in the time dinterval from O to
t is a random function of time. In technology, the diameter of the thread
spun by e cotton spinning machine veries between points on the thresd and
constitutes a stochastic process.

In order to specify the jolnt probebility law of a stochastic process
{x{t}, t € T}, one needs to specify the joint probability laws of the n
random verizbles X{ tl), cesX( tn), for any integar n and any n points

% t‘n in T . To specify the joint probability law of the n

)5 Boseees
random varisbles X(tl),. L X( tn) one may specify either (1) the joint

distributien function, for any n reel numbers X,,...,X_,
1 T
(1.1) FX(xl,x seeea¥ s tl,te,...,tn) - P[X(tl) le,X(tg) < x2,...,x(tn)5xn]

or (1i} the joint characteristic function, for any n real numbers

ulx---sun;

cp}{(l.L'L‘,...,uLn 3 tl,...,tn) = EBlexp 1 (u1 X(tl) toeetwy X(tn))]

© @

()= [ o] emd(uy x4 vux }af (e x5 b a0t ).
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The question immediately arises of course, whether from a knowledge
of these finite dimensional distributions one can answer all questions
#bout the stochestic process which are of interest. The reader interested
in examining what additional conditions need to be imposed on the stochastd
process in order for this to be the case is referred to Doch (1953,
Chapter II}. TIn this paper we shall be concerned meinly with what can be
sald sbout a stochastic process which 1s asswmed to possess finite means
and second moments.

Consider a stochastic process {X(t), % € T}, consisting of random
varisbles defined on & probebility space (&,/LP). If each of the randem

variables X(t) possesses a Finite seeond moment, so that
2 2 :
(1.3) BIX(t)|° = J'Q [X(t)|“ 6P < oo for every t in T

then (X(t), t € T} is celled a random function, or & random function
of second crder.
Given = probability space (0, ,P) , let us define LE(Q, aA,F) to

be the set of all random variebles U whose second moment E|U]2 = _BIU|26.]

is finlte. Tt may be verified that LE(H,Q,P) is a linear space, in

the sense of the following definition.

Definition E an abstract linear space: A set H, whose members

u,v, ... are usually called vectors, is a (resl) linear space if

(a) for every pair of vectors u and v in H , there exists a
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unique vector, denoted by wu+v, such that u+v=v+u and u+ (v+w) =

= (u+v) +w, forall wu,v, and w in H;

(b} for every vector u in H, and every reasl number a, there
exists a unique vector, dencted by au, such thet a(u+v) = au + av,
{a+b) u=au + bu, (ab} u =aldbu), 1 . u=u, Tfor all vectors wu,v in H,
and 811 real numbers a and b;

{c) there exists = zero element in H, denoted by O©, such that

w+0=u, 0 -u=0 for every u in H, where O - u d&enotes the

rultiplication of the vector wu by the scalar O.

Now define the scalar product (U,V) between any two rendom varisbles

U and V in LE(Q,.Q,P) by
(1.4) (u,v) = 2[WV] = jﬂ UV dP .
It 1s easily verified that the space LE(Q,Q,P) is an inner product

space, in the sense of the following definitiomn.

Definition of an abstract inner product space: A set T is a

(real) inner product space if it is a linear space, and if to every
pair of points u,v in H there corresponds a real number, written
(u,v} and called the inner product of u and v , such that, for all

points wu,v, snd w in H , and every real mumber a, we have

(a) (au,v) = a(n,v)

(v}  (w+v,w) = (u,w) + (v,w)
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{e}  (v,u) = (w,v)
{a) (uyu) >0 if ufo0.
The sguare root of the scalar product (u,u) = Hu"2 of u with itself
1s called the norm ||u|| of u. It may be shown to satisfy the triangle

inequslity, for any vectors u and v,
(1.5) ho+v] < full + v ] .

In an abstract inner product space H , one may introduce the notion

of the Iimit of a seguence of points {uh] ag follows. The sequence of

points ul,uz,,o.,un,m., is said to converge (strongly) to the point u,
as n—»m, if iim “un—u" = 0; the sequence (u ) is then called a
n— o

convergent sequence. It 1s easy to verify that the following property

holds; 4if {un] is 2 convergent sequence, then

(1.6) lim Hum-unu =0 .
mn =
n -

A sequence of points {un} in H satisfying (1.6) is called = Cauchy

sequence. The notions are now at hand to define & Hilbert space.

Definition of an sbstract Hilbert space: A set H is a (real)

Hilbert space If it is & (real} inmer product space, and if it possesses
the completeness property that every Cauchy sequence of points {un} in

il is a convergent sequence; that is, if the sequence [un] satisfies
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(1.6), then there is a point u in E such thet lim ||un-uﬂ =0 . More
n- m

concisely, we say that & Hilbert space is a complete inner product space.

It may be proved that the space LE(SI, &,P) of all square integreble
random varisbles on the probability space (a,(,P}) is & Hilbert space,
with inner product given by eguation (1.k).

Conslder now a random function of second order {X(t), t € T} consist-
ing of random varisbles defined on the probabllity space (e,4,P). For
each t in T, X¥{t) can be regerded as a point in the Hilbert space
LE(Q, {,P). Hilbert space methods can theén be employed to study the
stochastic process. In particular, we may define the important concept

of the Hilbert space spanned by a random function.

Given a random function [X{t), %t e T} , we define the linear mani-
£o1d spanned by the random function {X(%), t € T} , denoted IL{X(t),t e T),

to be the set of all random varisbles U which may be written in the form

n
U= igl ey X(ti) for some integer mn, real constants ¢

Q7o aCy and

points [t ..,tn] in T. In other words, L(X(t), t € T} consisis

12
of all finite linear combinations of the random variables {X(t), t e T) .
The linear menifold L{X(t), © ¢ T) spemned by the random function
(X(t), t € T} is a lipear space.

It is clear that LE(S),,G. ,P) contains every random variable which
belongs to the linear menifold L(X(t), t € T} spanned by the family

{%(t), t € T} . If we defize an lmner product en L{X(t), t € T) by
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means of equation (1.4}, then L{X(t), + € T) 4s an inner product

subspace of LE(Q,Q,P). However L{X(t), t € T) does not necessarily
possess the completeness property. Consequently, we enlarge the linear
manifold I{X(t), t € T) as follows.

Given a random function of second order ({X(t), t ¢ T}, define

the Hilbert space sparmed by it, denoted by LE(X(t), t €T}, %o comsist

of all rendom varisbles in the linear manifold L{X(t), t € T), together
with all random varisbles U such that there exists & seguence of random
variables U, in L(X{t), t € T) converging to U , in the sense that,

2 2
s n—o, |[U-U] =Elu-Ul >0.
11 n

It may be proved that LE(X(t), t €7T) is a Hilbert space. Indeed,
one may define LE(X(‘G), t ¢ T} as the smallest subset of LE(Q,Q,P)
contaelning the family of random variebles (X{t), t € T} which possesaes
the properties of a Hilbert space.

The Hilbert space LE(X(t), t ¢ T) spanned by a random function of
second order consists of all random variables which may be obtained by
means of linear operations on the random veriables ([X(t), t e 7] .

Thus LE(X('F:), t € T) constitutes the set of all possible linear

functionals over the rendom varisbles X(t), t ¢ T .
An important preliminary step to the study of the problem of
statistlical inference on random funetions of second ocrder, and consequently

cne aim of this paper, is the study of the structure of the Hilbert space

spammed by a random function of second order. An important role in this
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study is played by the noticns of iscmorphism and congruence which we
now discuss for abstract Hilbert spaces.

Congider two dbstract Hilbert spaces H, and H Denote the

1 2 "
imner product between two vectors w and u, in H by (ul,ua)l .

Similarly, denote the inner proeduct between two vectors vl =nd v2

in H2 by (vl,v2)2 . The Hilbert spaces Hl and E, are said to

be isomorphic if there exidsts a mapping ¥ from Hl onto H2 which
is one-to-one, so that the inverse W-J‘ exists as & mapping from HE
onto HJ.’ satisfying the follewing properties, for any vectors n
and u, in Hl and real number a:

{1.7} ¥y ruy) = W) + ¥u,), Wau) = av(u)

A function V¥ possessing these properties will be said to be an

isomorphism between Hl and H2 .

The spaces Hl and H2 sre sald to be congruent if there exists

en isomorphism V¥ Ybetween Hl and H2 which preserves inner products;

that is,
(1.8) (o ru) = (9l )y ¥

An isomorphism ¢ which satisfies equation (1.8) is said to be a
congruence., A congruence not only meps linear combinations of vectors

in one space intec a corresponding linear combination of wvectors into
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the other spaces {as does an isomorphism) but alsc maps limits into limits

in the sense that, if ¥ 1is a congruence from Hl onto H2 , then

(1.9) uw=1im u  iIf and only 1F ¥(uw) = liw w(un)
n n
Next consider e Hilbert space H, let T be an index set, and let
{u(t), t ¢ T3 be a family of members of E, We define the linear manifold
spanned by the family {u(t), t € T}, denoted L(u(t), t € T}, to be the
set consisting of ali vectors w in H which may be represented in the

0
form wu = ; ciu(ti) for some integer n, some constants CpreesCpy

17 ..,tn in T . We define the Hilbert space sgpanned

*
by the family (u(t), t € T], denoted L (u(t), t ¢ T), to be the set of

and some polnts

vectors which either belong to the linear manifold L{u(t), t € T) or may
be represented as a limit of vectors in L{u{t), 5 ¢ T) .

It may happen that the Hilbert space LT(u(t), t € T) sparmed by the
family of vectors {u{t), t € T} coincides with H. We then say that
{(ut), t € T} spans H.

The following lemma (whose proof will be given in section 6) will be

used often.

Lemma la: The family {u(t), & ¢ T} spans H if and only if the
vector g = O is the only vector in H satisfying (g,ult)) = 0 for
every t in T .

A Tamily of vectors {u(t), t € T} in a Hilbert space H 1is said to
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be a basis for H 1f the family spans H, but nc subset of the Tamily

spans H. I may be proved that if each of two families of vectors
B={u{t), t €T} and B' = {u'(t'), t' € T') is a basis for H, then
they have the same number of vectors (that is, B snd B' may ke put
into one-to-one correspondence with each other).

The dimension of a Hilbert space is defined to be the number of
vectors in any family of vectors {u(t), t € T) which is & basis for I.
It is & theorem that any twe abstract Eiibert spaces Hl and H2 which

have the same dimensicon are congruent, and, indeed, there are a multitude

of congruences between Hl and H We now preve a theorem which

5 -
constitutes the erux of the proof of this assertion.

The Baslc Congruence Theorem: Let Hl and H2 be two abstraet

Hilbert spaces. Let T be an index set. Let {u(t), t € T} be a

family of vectors which span H Similarly, let {v(t), © € T} be

5 -
& family of vectors which span H2 . Buppose that, for every s and

t in T,

(1.10) (uls),ut}); = (v(s),v(t)), -

Then the spaces Hl and H2 are congruent, and one can define a

congruence V¥ from Hl onto H2 which has the property that

(1.11) viu(t)) = v(t) for % in T .
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Proof: Define the funetion ¢ from X to HE as follows. TFor

1
emch vector in the family {u(t),t € T}, define Y(u(t)) = v(t). For

each vector u in the linear manifold L{u{t),t € T}, define
{1.12) yu) = T civ(ti) if u==E ciu(ti)

We need to prove that the mapping V¥ is well defined; that is, 1t

needs to be shown that two different representations of & vector,
- = t 1 — - 1 r
u=Z ciu(ti) =ZIc, u(ti ), lead to the same value wﬁﬂ-.z%yﬁﬁ)—Zcivﬁﬁ),

Tc prove this it suffices to prove that
(1.13) z ciu(ti) =0 if and only if T civ(ti) = 0
which follows from the fact that
2 2
O=lize e )l =By fute, g}y =Eego ot swle) = e e

From the last equation we see that ¥ is a congruence from L{u(t),teT)

onto L{v{t},t € T) . Consequently, it follows for any sequence {uh]
in L{u{t),t € T) that [un} is & Cauchy sequence in o, if, and

only if [v(un)] is a Cauchy sequence in H

5 s and 1§m w, = ¢ 1if,

and only if 1lim w(un) =0 . Therefore, for u= lim u , define
n n
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¥(u) = 1im W(un) - In this way ¢ 15 defined for every uw in H .
n

One may verify that ¢ i1s a congruence from Hl onto H2 .
A famiiy of vectors [u(t},t € T) in a Hilbert space E is said

to be orthonormal if, for every s and t in T,
(2.14) (ult),ult)) = 1, {(u{s),u(t)) =0 1f s £+t .

By the well known Gramm-Schmidt orthogonalization method, 1t may be
proved that any Hilbert space possesses an orthonormal basis. From this
fact and the Basic Congruence Theorem one sees that any two Hilbert
spaces of the same dimension are congruent. More precisely, let Hl and
32 be itwo Hilbert speces of the same dimension. Then there exists an
index set T, snd families of vectors {u(t),t € ] and {v(t},t eT)
which are respectively orthonormal bases for Hl and I“[2 . Then
equation (1.8) holds, from which it follews that H, end H, are

congruent.

2. Continuity, differentiability, and integrability of random functions.

A basic role in the study of a random function of second order is
played by 1lts covariance kernel.

Definition 2A: The covariance kernel R of the random funetion
of second order [X(t),t € T} 1s defined to be the function on the

product space T X T , with value, at sny s and t in T , given by
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{2.1) R(s,t) = E[%(5)X(t))

In treating random funetions, it is often customary to admit complex

valued random varisbles. Then one writes
(2.2) R(s,t) = E[X(s)X(t}]

vhere we write X(t} +to denote the complex conjugate of X(t). We willi
use equation (2.2) in caszes where it is appropriate without further
comment. However, for the most part we will be dealing only with real
valued random varisbles.

We shall see that the continuity, differentiability and integrability
properties of the covariance kernel lead to corresponding properties for
the random function. First, however, let us show the equivalence between
covarlance kernels and non-negative kernels, a class of kernels that
plays an importent role in functional analysis.

Definition 2B: Let T be an index set, and let R be & real-
valued functlon of two variasbles defined on T X T . The fanction
(or kernel) R 1z called a non-negative kermel if for eny integer n,
any n points {tl,...,tn] in T , and 2ny set of n real nushers

[5-1: .- "an}’

n n

(2.3) S5 a2, R(ti,tj) >0 .

=T 3=1



The kernel R 1s said to be symmetric if, for all s and t in T,

{2.4) R(s,t) = R(t,s) .

It is to be noted that if (2.3) were required to hold for all complex
numbers, then (2.3) would imply {2.4).

Theorem 2A: R is the -covariance kernel of a randeam functicn if,
and only if, R is a symmetric non-negative kernel.

Procf: If R is the covariance kernel of a random functlon
(x{t),t ¢ T}, then 1t is a symmetric non-negative kernel, since

R(s,t) = B[X{s)X(%)] = R(t,s) and

n n
iE,j=l 2,8, R(ti,td) = B g aiX(ti) fg 0.

Conversely, suppose R Is o non-negative kernel. For every lnteger n,
and any n points [tl,...,tn} in T, define, for any n real

numbers Uy ,--esl, s

n
1
QR(UI,..-,un 3yt s e@ -3 ég%_l uiujR(ti,tJ) .
3=

In words, mR{ul,...,un H tl,...,tn) is the characteristic function

of n Jjointly Normally distributed random varlables with means 0 and

covariance matrix {B(ti,tj)} . Poreach t in T, let Bt be a
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real line, with Borel field céit. et (o= I Rt,62= TT géi) be

tel teT
their infinite product spsce. Let P be the probability measure on

(Q,CZ) whose restriction to any finite dimensional subspace P%lx Rt Koo X T
2

of £ coilncides with the Normal probability distribution corresponding to

the characteristic function { cenyld 3 Boseaa,l . The existence of
Prilys n 1’ *'n

P is puaranteed by the celebrated Xolmogorov extension thecrem for
probebility measures induced on an infinite dimensional spece by a consist-
ent family of finite dimensional probability measures (see Kolmogorov 195
P. 29} . Define the rendom function (X{t),t & T} on (8,(1,P) by, for
w in ©, X(t,w) is equal to the %' coordinate of w . It may be
verified that the random function {X(t),t € T} is of second order, and
has covarisnce kernel R . The proof of Theorem 24 is complete.

We next discuss the continuity of the covariance kernel R in the
case that the index set T is a separsble metric space. We could be
concrete, and assume only that T is a finite interval on the real
line, but this assumption is not broad enough to cover ell the applica-
tions.

Definition of an abstract metric space: A set T of points s,%, ...

is said to be & metric space if there iz defined a distance d(s,t} betweern

any two points s and t in T satisfying the conditlons that
(i) d—(s’t) = d(th) =0,
{i1) d(s,t) = ¢ if, and only if, s = t,

(ii1) da{s,t) <d(s,u) + alt,u) .
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In & metric space T the notion of iimit is defined in the following way;

& seguence [tn] of points in T is said to converge to the point %,
written tn—>’r. 88 n.-»om, if d(tn,t) -0 & n—->w .

Definition of a separasble metric space: A metric space T i1s said

to be separable if there exists a subseb 7* of T which has a countsble
nuniber of members such that for every point t in T and € >0 there
exists & polnt t' 1in 7™ such thet |t'— t| <6 . The set T is said
to be dense In T .

Example: Any interval & to b on the real line is & metrile space,
with distence &{s,t) = |s-t| . It is a separsble metric space, since the
set T* of all ratiocnal numbers in the interval 1s dense In the interval.

The concepts are now at hand to define the notion of a continucus
rendom function.

Definition 2C: A rendom function {X(t),t ¢ T} whose index set T

is @ metric space is said to be continuous in guadratic mesn on T {or

strongly continuous) if, for every t in T,

2
{2.5) lim EB|X(s) - x(¢)| =0
st
vhere the limit in (2.5) is taken over all points s in T .
Necessary and sufficlent condiltions that a random funciion be

continuous in quadretic mean are given by the following theorem.

Theorem 2B: Let T be a metric space, and let (X(t),t ¢ T} be
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a random function of second order with covariance kernel R . The fol-

lowing three statements are eguivalent.

(1) (x(t),t € T) 1is continuous in quadratic mean on T .

{2} R is continuous on T x T ; that is, for any s and t in
T, R{s',t') »R(s,t) as s'—s and t' 2t .

(3) For every t din T , the functions R(-,t) and r(-) are
continuous on T , where R(-,t) is the function defined on T with
value at s in T equal to R(s,t), and »(.)} is the function defined

on T with velue at & in T equal tc R(s,s) .

Proof: That (1) implies (2} follows from the facts that

R{s',t")-R(s,t) = B{X(s")¥(+')-X(5)X(t)]

E[{X(s")-X{(s23X(t")] + BL{X(t")-X(t)}x(s)] ,
[BLCx(s ) -X(2))x(6 )1 < 2[x(s")-2(s) | Ex (5|7,

2 2 2
[BI{x(t")-X(£1x(s}]|” < BIx(6")-x(t}| E|X(s)} .

Wext, it is immedlate that {2} implies (3) . Finally, to show that
(3} implies {1), note that E|X(s) - X(t)|2 = R{t,t} - 2R{s,t) +R(s,s) .
Fow, under (3), for fixed t,R(s,s) —R(t,t) and R(s,t) - R(t,t) 5
as s —t . The proof of Theorem 2B is now complete,

In treating problems of statistical inference on a random function
of second order, it is often convenient to sssume that the Hilbert space

spemned by the rendom function is separable. A sufficient condition



that LE(X(t),t ¢ T) be separable is given by the following theorem.

Theorem 2C: ILet T be a separsble metric spece, and let {X(€£),t e T}
be continucus in guedratic mean. Then L2(X(t),t € T} 1is a separable
Hilbert space.

Proof: Let T be & countsble subset of T which is dense in T .
et L* consist of all random varisbles V which mey be writiten in the

form

I
V= E e X(ti}
i=1

for some integer n, ratlonals cl,...,cn , and points t 3t inm

1reeesty
T . Clearly L* 1is & countable subset of Ly(X(t),t e T) . Next *

is dense in LE(X(t),t €T), since to any € >Cand U in Le(x(t),teT),

* 2
there iz & V In I such that E|U-¥] << .
Strong and wesk continuity: Meny of the conclusicns that hold for
strongly continucus random functions hold also for weakly continuous

random funecticnes.

Definition 2D: A random function {X(t),t € T} , whose index set
T is a metric space, is said to be weakly coniinuous on T 1f for

every t in T andé U in Lg(x(t),teT)

(2.6} 1im E{UX(s)] = E[UX(t)}]
s-2%
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Theorem 2D: Let T be & separable metrie space, and let ({X(t),t ¢

be weakly continucus. Then LE(X(t),t € T) is a separsble Eilbert space

Proof: Let T be a countable dense subset of T . We show that tl
random variables [X{t),t e T") span LE(X(t),t € T) by showlng that if
a random varisble U in LE(X(t),t € T) satisfies the condition
E[UX(t)] = 0 for every t in T, then U= 0 , which is true, since
the function E[UX(t)], veing continuous on T , vanishes on T if it
vanishes on T .

The notion of weak continuity is best understood by compering it with
the notion of weak convergence. A sequence of vectors fn in a Hilbert
space H 1Is said to converge weekly to the vector £ in H, denoted

fn-‘j)f » 1f for every g in H

{2.7) lim (g,f,) = (g,f) .
n—w
We next give a criterion in ferms of its covariance kernel that &
random functlon be weakly continuous. We shall use the characterization
of wesk convergence given by the following lemma, which we state without
proof.
Lemma 22: A sequence fn converges weakly to some vector f if,

and only if the following two conditions hold: (i} for some constant M,

(2.8) ||fn|| <M forall n,



273
and (ii) for some family of vectors {k(t),t € T} vwhich span

*
L (fn,n = 1,8,...)

(2.9} um  (£,k(t))
n-— co

exists for every t € T .

Theorem 2E: ILet T he a metric space. The random function
(%(t),t € T} with coveriance kernel R is weakly continucus if, and
only 1f, {i) for every t in T, R(:,t) is continuous on T , end
(11) for every t in T , there iz an open sphere S5(t) conteining ¢t
and = constant M (depending on t ) such that R(t',t') < M for
t* in 8(t)

Proof: By the definition of weak continuity it follows that
[%(t),t € T} 1is weaekly continuous if, and only if, for every s iIn T
and sequence 5 = <converging to s, X(sn) converges weakly to X(s)
as vectors in Le(x(t),t e T) . 3By lemma 2a, letting k(t) = ¥(%) ,

this holds if, and only if, for every *© in T
(2.10)  B(s_,) = (X(t), X(s)) = (x{e), X(s)) = Rls,®)
and, for some M,

(2.13) R(sn,sn) = HX(SH}H2 <M for all n .
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Now (2.10) is equivalent to (1), and (2.11) is equivalent to (i1) . The

proof of theorem 2E is complete.
It may clarify the reader's understanding of the relation between
theorem 2B and theorem 2B to point out the following general lemms

connecting strong and weak convergence.
Lemms 2b: The sequence fn converges strongly to f if, and only
s W
if, fn -+ £ and ”fn" —>E|fﬂ .
.
The following charecterization of strong convergence is very useful.

Lemms 2¢: The sequence fn converges strongly to some vector f

if, and only if, the double limit

(2.12) 1lim (f

s ) exists.
moo@ B B

Stochastic derivatives: The tools are now at hand to define the

strong and weak derivatives of the random function {X(t),t € T} 1in the
case that T is a Buclidean space, In particular, let us consider the

case that T 1s an interval on the resl line.

In view of lemma 2¢, it follows that lim ziﬁiﬂll:zii)

h-o

exists

as a strong limit if, and only if,

1lim
h,h'- o

E[X(t+}1;1) -X(t) , X(t”ﬁr.)'x(t)] exists

if, and only if,



1im R{t+h,t+h')-R{t,t+n') -R(t +h, 1) +R(t,t}
hh'~o hh'

exists.

We thus see thet the derivative

(2.13}) x{t) = 1lim X(tﬂﬁ'Xt

h—o

exists as & strong limit if, and only if the symmetric second partial

derivaetive
(2.14)

exlets and is finite on the line t' =+ . It then follows thaet

2
(2.15) E[X'(+))%°(8,)] = g%gt—a Rt ,t,)
(2.16) ELX" (4, )X(6,)1 = % R(%,,%,)

We will usually consider stochastic derivatives defined as strong
1imits. However, let us mention conditlons for the stochastic derivative
to be defined as & weak limit. It follows by lemma 2e that

() = Lim ﬂg%);}i(ﬁ) exists as & weak Limlt if, and only 1if,
h—oo

(1) for every t'
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1im Egiﬂiﬂﬂﬁlziﬁ)v X(t')] = 1in Bit#h t; R(t,8Y g% R(t,5')

hw=o h-o

exlsts and (1i) there is a constant M such that, for all & ,

E|X(t+h)-x(t)|2 _ R{t+h,t+h)4R(t,4)-2R(t, t+h)
i h -

< M.
n® =

Stochastic integrals: TIet {X(t),t €T} be a strongly continucus

random function on an interval T . Let g be a continuous function on

T such that the double integral
(2.17) Sl 8o Jel e, )R t, St )a, at,

exists as a Riemann integral. Similarly, let V be a function (of

bounded variation) on T such that the double integral
(2.18) erT R(tl,te) dV(tl) av(ta)

exlsta as = Riemann - Stieltjes integrel. Then we may define stochastic

integrals

(219) [ a(8)x(0)at = itm g Xt a(5,) (6,6, )

(2.20) {rx(t) avi(t) = 1im Ei; X(tk){V(tk)-V{tk_l)]
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where the limits in (2.19) snd (2.20) are to be taken as strong limits

over all partitions a = to < tl < e < tn = b of the interval

T = [&,b] , as max |t - t
l<k<n

k—ll goes to 0. We leave it to the

reader to verify that, in view of Lemma 2c, (2,19} exists if and only
if (2.17) exists, snd (2.20) exists if and only if (2.18) exists

(see lLoéve, 1955, p. W72},

3. Representations of & random function defined on a finite interval.

The method we use to study rendom functions of second order
consists in examining various concrete Hilbert spaces which are congru-

ent to the Hilbert space spanned by the random function.

Definition 3A: A Hilbert space H 1is said to be & representation

of a random funetion (X(t},t ¢ T} if H is congruent to LQ(X(t),t e T).

In view of the Basic Congruence Theorem, we are justified in making

the followlng definition.

Definition 3B: A famlily of veectors {£(t),t ¢ T} 1n a Hilbert
space H is said to be a representation of a random function (X(s),t ¢ T}

if, for every s and t in T,
(3.1} (£(e),8(£)); = (st} = E[X(s)X(z)]
We will see in the sequel the usefulness of varlous conc¢rete

representations of & random function. In the next three sectons we

exemine the conditions wnder which various representations exist. To
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clarify the ideas involved, we consider in this section representations

of a random function {X(£),t € T} of second order defined on a closed
finite interval T of the real line. Tt will be clear however that the
considerations of this section continue to hold if T 4s only assumed
to be a closed bounded subset of a Zuclidean space, since Mercer’'s
theorem may be extended to this case {see Zaanen, p. 534) .

We assume the random function X(t) to be continuous in quadratic
mean. Its covariance kernel R is then & symmetric non-negative kernel
continuous on T x T . For such a function, there is a series expansion

given by Mercer's theorem, which we quote here without Pproof.

Mercer's Theorem: Let R be a continuous symmetric non-negative
kemel on T X T, where T is o closed finite interval. Iet
{mn(t),n =1,2,...] be the sequence of normalized eigenfunctions of
the kernel R, and {An,n = 1,2,...} be the sequence of corresponding

(non-negative) eigenvalues; that is, for all integers m and n ¥

(3.2) %} R(s,t) ¢n(s)ds =, mn(t),t €T
(3.3) IT ou(t) @ (tlat = am,n

vwhere Bm n is the Kronecker delta, equal to 1 or 0 according as
2

m=n or m#n, Then
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(3.4) B(s,t) = 57 hy 9y() 9t)
1=

where the series converges absolutely and uniformly on T X T .

By comparing equations (3.4) and (3.1), one notices that one may
obtain as follows & Hilbert space H which is & represeniation of
{X(t),5 € T} . Let H be the space of all resl valued sequences
(an,n =1,2,...} such that

[

(3.5) Soa e <w

n=1

The inner product (a,b) between two sequences a = {an,n =1,2,...} and

b= {bn,n =1,2,...} 1is defined by

2

(3.6) {a,p) = > A, 8, By

n=1
Prom (3.4) it Follows that, for each t in T , the seguence
(3.7) 9.(t) = {p (t)m = 1,2,...]
belongs to H . Further
(3.8) R(s,t) = (9 {s), 9 (£)} .

Comparing {3.1) and {3.8) we see that the Hilbert space LE(X(t),t e 1)
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is congruent to the Hilbert space LE(cp‘(t),t € T) . Thus by defining H

in the way that we have, we haeve cbtained = Hilbert space of sequences whicl
is a representation of the random function {X(t),t e T} .
Fow from (3.8} it follows thet there is a congruence ¥ From

Le(Q).(t},t ¢ T} ounta LE{X(t},t ¢ T) such that
(3.9) We (t)) = X(t)

It is of some interest to aectuslly be able to compute (in & sense to be
made clear) for any sequence a the random varisble ¥(z). We now
discuss how this may be done.

We first show that ¥ can be regarded zs being defined on H . If
the fam!ily {@ (t),t € T] spans H , then V¥ is & congruence from §
cnto L2(X(t),1: € T) satisfying (3.9} . If Lilp{t),t e isa
proper subspace of H , then under the assumption that LE(Q, ,?) 1s
infinite dimensional, we may extend ¥ so that it satisfies (3.9) and
is a congruence from H onto a Hilbert subspace of Lg(ﬁ, Q,P) whilch
contains LE(X(t),t e T)

For m=1,2,..., let € = {em(v),v =1,2,...} be the sequence
in H which has 1 as its m - th co-ordinate, and is Q elsewhere;
for v =1,2,... . Define the rendom

in symbols, Em(v) = ﬁm,v

varisble

(3.10} g, = we) .
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The sequence [gm,m =1,2,...} 1s an orthogenal seguence of random

variebles, with varisnces respectively egual to )‘m , since

(3.11) Elg &= %é; Ay V) e () =y B

Further, each random variable ‘E’m belongs to Lz(n,a,l’) . Let
us form the Hilbert space LQ(Em,m =1,2,...) spanned by the seguence.
From {3.11) it is clear that LE( £, 0= 1,2,...) consists of all random

=
varisbles of the form % a, En, where [an,n =1,2,...} 1s a reel
=

sequence satisfying (3.5) . We thus see that LE( Em = 1,2,...) and
H are congruent under the congruence T: H - L2( §m,m = 1,2,...) B
defined for any sequence & = (31’8'2 ...) bY

=

E .

a
n mn

(3.12) (a) =
n=1

Indeed from & rigorous point of view the infinite series in (3.12) 1e

best defined as the random varisble in L2( g m = 1,2,...) which

1,2,...) under the

corresponds to the sequence & 1In H = Le{em,m
congruence I from H omto Le(gm,m = 1,2,...) which satisfies

(3.13) I(e,) = & -

n
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That the congruence 1 exists follows by the Basic Congruence Theorem.

Comparing (3.10) and (3.13) we see that I and ¥ coincide on H .
Consequently, we obtain the conclusion that for any sequence a in H ,
the random varible W(a] may be expressed in terms of the orthogonal
sequence {gm,m =1,2,...1} by

0

(3.1h) ¥a) = 1{a) = a & .

n=]1 o

In particular, we obtain an orthogonal decomposition of the random

funetion {X(t),t € T} , since

o
(3.15) Xt) = wlg (t)) =3 o (2) & .
nes]
We might regard (3.14) as an explicit formula for computing Y(a)
if we had an explicit formula for computing £, In terms of X(%) .
Te obtain such an explicit formula, we now show that §m can be defined
as a stochastie integral with respect to the random function (X(t),t e M
Bince, for m = 1,2,..., the eigenfuncetion Py being &
solution of the integral eguation (3.2), is continucus on T s We may
define the random varishle

(3.26) tn = 4 Pplt) X(t)at

as a Riemann stochastic integral. Its mean square is given by
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2
(3.17) Elg | = JTIT o (t)) 9 {t,) Bty ,t5)dt,d6, = ay

where we have used (3.2) and (3.3) . Similarly one may show that
E[e & 1=0 for m{n .
From the representation of X(t) given by (3.15) it follows that

E ~as defined by (3.10} coincides with £ given in (3.16) , since

muiltipling both sides of (3.15) by ¢mﬁt) and integrating over T , we

obtain
[oglt)x(tias = [a ()0 2 ¢ (0)g,)ae
T n=1
{3.18} =2 & ‘Eq:n(t) g lElat
n=1

We lesve it to the reader to justify for himself the interchange of
integration and summation in (3.18} .

In view of the representation of X(t) given by {3.15) it is
formally appealing to define the stochastic integral for a wide class

of functions g by defining

(3.29) [ x(eeas = S8 [ e(de (t)ae
T n=1 T

where it is assumed that g is such that all the integrsls on the
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right hand side of (3.19) are finite. In view of (3.11), the infinite

series on the right hand side of (3.19) converges if and only if the

Fourier coeficients
(3.20) g, = 1[;‘ g{tlp, (t)ds

satisfy the condition that

(=]
2
{3.721) E A&, <00 .
n=1
It 1s clear that any function g continuous on T satisfies
{3.21}, since the series in (3.21) is equal to the integral in (2.17)
for eny function g for which the processes of summation and integration
involved in (3.21) may be interchanged. However, the class of functions
satisfying (3.21) does not in general include all functions g square
summeble with respect to Iebesque measure over T, since & ge(t) < m
=z
is equivalent to E &, <o , which cennot be equivalent to {3.21),
n=1
since the eigenvalues hn tend to oo with increasing n .
We can define the stochastic integral £E g(t)X(t}dt for a wider
class of functions than those for which the Fourier ccefficients in

(3.20) are well defined and satisfy {3.21) . Let us consider a

function g on T which maey be represented in the form



(3.22) g{t) = 2_ nae,(t)
n=1

for some sequence {an,n =1,2,...] satisfying (3.5), and lying in the
Hilbert subspace LE(q)(t),t € T) of H . The representation of g in
the form (3.22) is easily seen to be unigue. For such & functicn g,

define the stochastic integral by

o«

(3.23) [ oalox(e)at = 3 &t
T n=l
Let E(R) dencte the class of functions g(+) vwhich mey be
represented in the form (3.23) in terms of the elgenvalues }‘n and
eigenfunctions q)n of the covariance kernel R . We now show that
H(R) forms a Hilbert space with certain interesting properties. Define
the inner product between two functions g(t) Z %) q;n (t) ,

n n

n(t) = > ape (t) , vhere Z)\na <o ,Z;\.b <o by

nnn

(3.24) (2,h) =Zxab
n=1

Tt is clear that (g,h) has all the usual properties of an inner
product so that H(R) is an lnner product space. To show that it

is a Bilbert space, one needs To show that it is complete, which is
clear since if gm(t) > }\na cp (t) is & Cauchy sequence then

each seguence (a.n(m),m =1,2,,..} converges to a limit a , from
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which one can construct the limit g{t) =3 xnanmn(t) of the Cauchy

sequence gn(t) .

The Hilbert space H{R) hss two striking properties. For each t
in T, let ws define R(-,t) to mean the function on T with value
at s in T equal to R(s,t) . From (3.3) one sees that, for esch t
in T, R(*,t) belongs to H(R), since we may write

o«

(3.25) R(s,t) = Zl M2 Pp(s) 2 =g (1) .
n=.

Farther, one sees that for any function g in H(R) the inner product
of g with R(*,t) is equal to g{t); more precisely for g(:) given

by (3.22),
(3.26) (BRCST) = 3 nnp,(t) = (6) .
n=.

Because of (3.26}, the Hilbert space H(R) is celled a repreducing

kernel Hilbert space with reproducing kernel R . Equation (3.26)

is called the reproducing property of the kernel R .
The Eilbert space H(R) is a representation of the rendom function
{X(t),t € T} with coveriance xernel R , since from (3.26) it follows

that

(3-2?) (R('JS)JR('Jt)) = R{s,t)



so that one may define a congruence J from H{R) onto L2(X(t),t e T)

such that

(3.28) J(R(-,%)) = (1)

It should be noted that the family ({R{-,t},t € T} spans H(R) since the

only function crthogonel to each of the R{+,t) is the zero function;

for every © in T, 0= (g,R(-,t)) implies g{t) = 0, in view of (3.26).
To obtain an explisit representation for J , let us first note that

the congruence J may be characterized as the unique mepping from H(R)

into LE(X(t),t e T) satisfying the condition that, for every g in

H(R) and every % in T
(3.29) E[5(g)%(t)] = (g,R{+,t)) = &lt)

It is clear that J satisfies (3.29) . Consequently, any mapping J’
satisfying (3.29) coincides with J; that is, for every g in H(R),
J'(g) = J(g), since for any t in T (J'(g) - J(g),X(t}) =0 .

Using {3.29), we may prove that the congruence J may be explicitly

represented as follows: for g given by (3.22)

(3.30) Ie) = g a k.

To prove (3.30), consider the linear mapping J' , from E(R) into
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-]
LQ(X(t),t € T), defined by J'(g) = jil anin . To prove that J°'

coineides with J , it suffices to prove that for any g in H{R) and

for all t in T
{3.31) E[3(g)x(t)] = B[J(g)x(t)] = gt)

To prove that {3.31) holds it suffices to prove that for every

seguence a in L2{¢(t),t e T)

{3.32) E[( i a & 0x(t)] = g(t)

n=1{
ow
which is true sinee the expectation in (3.32) is equal to E hnan¢n(t).
n=1

Summary: The conslderations of this section may De summarized In

the following theorem.

Theorem 3A: Let {X(t),t € T} be a continuous (in quadratic mean)
rondom function defined on a closed finite interval T . Then the followin

conclusions hold:

(1) The covariance kernel R possesses the expansion (3.4) ,

(ii) There exists an orthogonal sequence of random varisbles En
in terms of which one may give by (3.15) an orthogonal decomposition for
the random function X(t),

(1ii) There exists a Hilbert space L2(¢jt),t ¢ T) of sequences
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{z sub-space of a suitable Hilbert space H) which is & representation

of the random function,
(iv} There exists 2 reproducing kernel Eilbert space H(R}, of
functions on T , which is & representatlon of the random function.
Tn section 4 we show how corresponding results may be proved for
2 random function whose covariance kernel admits a representstion
generalizing that given by (3.4) . In seetion 5 we show that result
{iv} may be generalized to any random function, without sssuming a

representation for its covariance kernel.

L, Representaticns with respect to orthogenal random set fumetions.

Let {X(t),t € T} be a random function of second order, with
covariance kernel R . It will often be the case that R =admits a

representation as follows: for every s and t in T
(&.1) R(s,t) = {';, (s )r{t)ap

vhere (Q,4,u) 1s a measure space {(that is @ is an sbstract set (which
often will be taken to be the real line),éis a o-field of subsets of
Q@ (which often will be taken to be the o-field of Borel sets), and p
is a measure on the mezsurable space (Q,B3)) and (f(t),t € T} is &

femily of functions, belonging to the Hilbert space LE(Q,,ﬁdu) of all

é-measurable real valued functions f defined on @ satisfying

(4.2} (f,f)u = fQ fzdu <O .
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Tt should be noted that the representation given by (3.4} is of the

form of (4.1), if we let @ = {1,2,...},# be the family of all subsets
of ‘Q, » be the measure on & satisfyirg u((n}) = A, » &nd £(t) = g (t).
In order to generalize the orthogonal decomposition {3.15), we now

introduce the notion of an orthogeonal random set function.

Definition & A: ILet (Q,d,1) be a measure space, and, for every
B in.dg, let Z(B) be & random varisble in LE(Q,lz,P) . The family of

random variables {Z(B),B €4} is call an orthogonal rendom set function

with covariance kernel p if, for any two sets B1 and B2 in Ci?,

(4.3) E[2(B, )2(B,)] = u(BB,) ,

where, as usual, 3132 denotes the intersection of Bl and B2 .

From (4%.3) it follows that .Z(B) is finitely additive, in the sense

that for any n disjoint sets Bl’BE""’Bn s it heolds with probability
one that
(4.h) Z(BlUB2u...u Bn) = Z(Bl) + Z(BE) el Z(Bn)

It suffices to prove {(4.%) for n=2 . If BB, = % , then

2 o
B{z(B }+5(B,)-2(3,U B, } I2=EIZ(Bl) I2+E12{Be) b +EZ(B, U B,)|
+2E[Z(Bl)Z(B2)1-2E[Z(B1)Z(BlU BE)]—EE[Z(BE)Z(BIU B2)]

=n(B, )+i(B,)+u(B, U B, )+0-2u(B, }-2u(B,)=0 .
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However, in order tc define the integral IQ f dZ2 of a sure function
7 with respect to the orthogonal random set function (Z(B),B ¢ 451, we
do not use the fact that Z(B) is finitely additive, but rather proceed
as follows.

The Hilbert space L2(Z(B},B € &), of random varisbles sparned by
an orthogonel random set function, may be defined, as was the Hilbert space
spanned by a random function, to be the smallest Hilbert subspace of

n
Lz(n, {1,P) containing all random variables U of the form U = S ciZ(Bi)
=

Tor some Integer n , subfamily {Bl"'"’Bn}C 0@, and real constants

c e On the other hand, LQ(Q,,ag,p) may be described as the

Lo
Hilbert space spanned under the norm (L4.2) by the family of indicator

-

functions {IB,B €4§], where for any B in £ we define the indicator
function Iy of B by IE(q) =lor O accordinges ge3B3 or q ¢ B .

Now for any BI’BE in 65‘—,

(4.5) (L, , I, ), = u{B,B,) = E[2(B,)Z(3B,)]
IBl By'n 172 1 2

Therefore, by the Basic Congruence Theorem, there is a congruence ¥

from LE(Q,c{f_,;.t) onto LE(Z(B),Beé) such that, for any B edg, .

(4.6) ¥(I;) = Z(B)

This fact justifies the following definitlon of the stochastic integrel.



Definition 4B: ILet (Q,4,u) be a messure space and let {%(B),B e 4
be an orthogonal random set function with covarisnce kernel uw . For any
funetion £ din LE(Q’ A,1) one Gefines the stochastic integral of f wit

respect to [Z(B),B t—:/d-}, dencted '&f dZ, by

(3.7) [ra-= WE)

vhere V¥ is the congruence from LE(Q" 4,u) onto L2(Z(B),B e 3}
determined by equation (4.6) . The stochastic integral has the property

that, for any functions f; and £, In L,(Q,4,k) ,

POy azd( ] T 0] = ) 21,

(4.8)

o
&

o
0

2
Jéifl-le au .

We now turn te the problem of determining conditions on & random
funetion {X(t),% ¢ T} under which there exists an orthogonal random

function {Z(B),B € £} such that one may write

{%.9) x(t) = IQ £(t) az

probablility one - A similar remark should be made for all equations

belcw of the form of (4.9} .
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From {4.8) one sees that if (4.9) holds, then (%.2) holds. That
conversely (4.2) implies (4.9) was originally proved by Karhunen in his
1947 thesis. -

Theorem kA: Let [X(t),t ¢ T) be a random function of second order,
with covariance kernel R, such that, for every t € T,X(t) is a random
varisble defined on the probability space (2,{,P) . Let (G, cé—_,u) be a
measure space such that the dlmension of LE(Q,Q,P) is greater than or
equal to the d&imension of LE(Q’ df’,u) . . If there exlists a family of
functions {f(t),t ¢ T} in LE(Q,o'g—,u) such that (4.1) holds then there
exists an orthogonal random set function [Z(B},B edb] with covarience
kernel g such that for every tA in T there is a function f(t) in

LE(Q,(é_,u) of which X(t) is the stothastic integral, in the sense that
{4.10} . X(t) = j:;; £(t) 4z .

It further follows that

(4.11) Ly(X(t),t e 1)z Ly{2(B),B edd)

with equality in {b.11) if, end only if, the functions [f(t),t ¢ T)
spen Ly(Q,4,u)
Proof: From the fact that (4.1) holds, it follows by the Basic

Congruence Theorem that there is a congruence ¥ from L2(f(t),t eT)
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onta LE(X(t),t ¢ T) such that v(£{t) = X{(t) . If it is not already

the case that Lg(f(t),t e T) = L2(Q,,¢é_,}.t), extend {how?) the congruence
¥ so that it maps LE(Q" &) onto a Hilbert subspace of Lg(ﬂ, (L,p) 5
containing L2(X(t),t € T) , and still possessing the property that
Y(£(t)) = X(£) for ¢ in T . Now, for B e, define %(B) = ¥(Iy) -
Clearly E[Z(IBI)Z(IBQ)} = I.I.(BlBE) s 80 that the family of random
varisbles {Z(B),B € &) 1is an orthogonal random set function with
covariance kernel W . By the definltion of the stochastic integral,
equation (4.10) is merely another way of writing the fact that X(t) = ¥{f{1
The procf of Theorem 44 is complete.

In most applications of Theorem M4, it will be the case that
Le(.ﬁ, {{,P) has dimension greater than or equal to that of LQ(Q,,QQ-,LL)
This is the case, for exsmple, if the femily {f(t),t € T} spans
LE(Q’ #,r} . However, Theorem BA remains valid, if (%.2) holds, even if
the dimension of La(s'l, (1,P) is less than that of LQ(Q,.&S’,;.L) if one
interprets Thecrem kA in the following extended sense; there exists (1}
a product probsbility space (Q*, Q*,P*) of the form Q* =ax4a,
QF = Ax@' , =na P*=pPx P', for some probability space (Q', {',P'),
such that LE(Q*, Q*,P*) has the same dimension as LE(Q,dg_,l.t) , and
(2) an orthogenal random set function {Z{(R),B e#f] with covarlance
kernel & , consisting of random varisbles Z(B) defined on (9*, af,P*) B
such that, at any point (w,w’') in ol , the random variable J'Qf(t) az
has value equal to the value of X(t) at w . To see this, merely

apply Theorem 44 to the random function (X*{t),t € T} defined on
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(@, @,P) vy X(tw') = x(t,w) 12 0 = (wu') .
An alternative formulaticon of Theorem 44 which we leave as an

exercise for the reader ls the following.

Theorem 4B: Tet {¥{t),t ¢ T} be & random function of second order
with covariance kernel R . Let (Q,/) be & measursble space, and
{f(t),t € T) be a family of /5 -messureble functions. In order that there
exists & measure u on é?and an orthogonal random set function [Z(B),B€£é§
with covariance kernel & such that (4,10) holds (possibly in the extended
sense mentioned in the preceding paragraph) it is sufficient that there
16 & messure p on &5 such that (4.1) nolds.

The usefulness of an orthogonal decomposition, of the form of (4.10),
of a random function depends largely on the tractebility of the functions
£{t) whick occur in the decomposition. For example, if the functions
£{t) are the cowplex exponential functions, so that f{%,q) = et B

then (4.10) is the very useful speciral decomposition of a random function.

It is clear that a random function ([X(t},t € T} possesses a

spectral decomposition,
(4.22) X(t) = [ ™ az(q)

where Q 1s some intervel on the real line if, and only if, its covariance

kermel R satisfles for all s and + din T
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(4.13) R(s,t) = ‘Iaei‘ﬂs't) aulq)

for some measure K . From {4.13) one sees that a necessary condition
for the representetion (4.12) to hold is that R(s,t) be & function
only of (s-t); a random function whose covarience kernel satisfies
this condition is said to be sbaticonary in the wide sense. Using the
classical theorems of Herglotz and Bochner (see Lo\eve, 1655, ». 207)
it may be shown that in the case that T = {0, + 1, + 2,...) oT
T={-00 <t<w} , the condition that the random function be
stationary in the wide sense is sufficient, as well as necessary,
for the random functicn to have a spectral decomposition with respect
to an orthogonel randem set funection.

On the other hand, if we are not fussy sbout the functions f£{t)

which appear in the orthogonal decomposition (%.10}, than a multitude

of such decompositions always exlst.

Theorem 4C: Tet (X(t}),t € T} be a random function with
covarlance kernel R . Let (Q,,&g,u) be & measure space such that
LE(X(t),t e T) and L2(Q,,f§,u) are congruent. Then, in = multitude
of ways, there exists an orthogonsl random set function {E(B)},B ¥
with covariance kernel u such that (i) the random function X(t)
may be represented, in the form of {4.10), as a stochastic integral
with respect to Z(B) , and (ii) the covariance kernel R may be

represented in the form (4.1) with respect to p .
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Proof: Since LE(X(t),t € T) and L2(Q,,03_,|.1) are congruent,
there exists & multitude of congruences between them. Let ¥ be a
congruence from LQ(Q,dg,u) onto LE(X(t),t € ?) . Define, for
B edf,Z(B) = q:(IB) . Then {Z{B),B ¢&) is an orthogonal random set
function with covariance kernel @ . Further, since [IB,B eog]
spans LE(Q,aé;u), the family (Z(3),B <) spans T, (X(t),t ¢ T)
Consequently, LQ(X(t),t e T) = LE(Z(B),B €3 , and equation (k.10)
follows, where f{t) is the vector in LE(Q,,ag,u) such that
y(r(t)) = x{t) .

We have so far generalized results {i)-(iii) of Theorem 34 .
We next generalize result (iv) by obtaining the reproducing kernel
Hilbert space of functions defined on T which is a representation
of the random funetion (X{t),t € T} whose covariance kernel has the
representation (4.2) .

Theorem 4D: ILet (Q,B,u) be a measure space, and let (f(t),teT)
be functions in L2(Q,4§,u) such that (4.1) holds. Let H(R) be
the space of functions g, defined on T, which msy be represented

in the form
{k.14) g(t) = {lg* £{t)du

E3
for some {neesssarily unique) function g in the Hilbert subspace

L{f(t},t € T) of I,(Q,df,u) spanned by the family of functions
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{r(t),t ¢ T} . The norm of g is given by

(4.15) lel - { 1e1% an

Then H(R) is a reproducing kernel Hilbert space (in the sense that
(4.19) and (%.20) hold}. Further there is & congruence J from

H{R} onto L2(x(t),t € T) such that

(h.16) () = J(R{-,t)) ,

for every g in H{(R) and t in T

{(%.17) g(t) = (g,R(-,t)) = (J{g),x(t));
and in terms of the orthogonal decomposition (%.1C)
{k.18} I(g) = {%g az .

Proof: One may easily verify that H(R} is a Hilbert space
possessing the properties, that, for every t in T 2nd g 1in

H(R)
(4.19) R{-,t) ¢ E(R)

(4.20) (g,R{-,t)) = g(t)
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Consequently H(R) 1s a reproducing kernel Hilbert space with

reproducing kernel R . That H(R) is congruent to LE(X(t),t e T)
follows from the fact that the functions {R{-,t),t € T} span H(R),
and in view of (4.20) , R(s,t) = (R(+,s),R(-,t)) . It remains only
to prove that the mapping J' : H(R) —>L2(X(t),t € T} defined (for

the function g of the form (4.14)) by

(h.21) e =] ¢ a

coincides with the congruence J from H(R) onto L2{X(t),t ¢ T)
satisfying (4.16) . To prove that J'(g) = J(g) for every g in
H(R) , 1t suffices to prove that

{4.22) BlI'(g)X(£)] = E[T{g)X(t)] = g(t)

for every 2 in E(R) =2nd t in T . But

(h.23) B (@X(8)] = BI[ g'azf r(e)az] = [ g"2(5)an = a(s)

The proof of Theorem 4D is now complete.

5. Representations by reproducing kernel spaces.

A Hilbert space H is sald to be a reproducing kernel Hilbert

space, with reproducing kernel K , if the members of H are
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functions on some set T , and if there is a kernel K on T x T
having the following two properties; for every t in T (where
K({+,t) 1is the function defined on T , with value at s in T

equal to K(s,t}):

(5.1) K ,t) e H

(5.2) (g,K(+,t)) = glt)

for every g in H .

In the foregoing we heve considered mainly representations of
random functions by mesns of L2-spaces (Hilbert spaces of square
integrable functions on some measure space) . Now, in view of (5.2),
& reproducing kernel Hilbert space has more structure than an LE—
space. {Lonsegquently, we shall make much use of the fact that random
functions can be represented by reproducing kernel Hilbert spaces.
That this iIs the case is & consequence of the following basic
theorem of the theory of reproducing kernels (see Aronszajn (1943,

1950) for a complete exposition of the theory of reproducing kernel

Hilbert spaces) .

Theorem 54 (E.H.Moore): A symmetric non-negative kernel K
generates a unigue Hilbert space, which we dencte by H(K) , of

which K dis the reproducing kernel.
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Proof: At the end of the section we sketch the proof of

Theorem S5A given by Aronszajn. We here give a proof involving
random functions. In view of Theorem 2A let {X¥(t),t ¢ T} e a
random function of which K is the covariance kernel. ZLet H(X)

be the family of functlions g on T of the form
(5.3) g(t) = E[Ux(t)]

for some {necessarily unique) random variable U in L2(X(t),t e T)

Define the norm of g by
2 2
(5.4) lell = E|u]

It is easily verified that H(K) is a Hilbert space of which K is
the reproducing kernel. That H({K)} is unique fcllows by the follow-
ing theorems.

Theorem 5B: If K 1s a reproducing kernel for the Hilbert

space H ,then the family of functions {K(-,t),t € T} span H .

Proof: To prove the theorem it suffices to prove thet the
only vector g in H orthogonal to each Tunction K(+,t) is
the zero function; but this is obvious, since by the reproducing
property (g,K(*,t)) =0 for every t in T implies g{t) =0

for =11 & .
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Theorem 5C: If K dis the reproducing kernel of two Hilbert spaces

H and H' then H and H' are identical.

Proof: By the Basic Congruence Theorem, there exists a congruence
¥ between H and H' under which K(-,t) in H corresponds to
K{-,t) in H' . We now show that if g in H corresponds under
¥ %o g' in H' , then g{t) =g'(t) for every % in T , 3By the

repreducing property,

(5.5 a(t) = (g,K(+,%)); = (a",K(-,t))g = &' (%)

The proof of Theorem 5C 1s now complete.
By the Basic Congruence Theorem we now obtain the result, due
to Toeve (1948,pp.338-341) that eny random function of second order

possesses a representation by & reproducing kernel Hilbert space.

Theorem 50: ILet ({X(t),t € ) be a random funetion with
covariance kernel R . Then LE(X(t),t € T) is congruent to the
reproducing kernel Hilbert space H(R) . Further, any linear map
J from H(R) into LE(X(t),t € T) which has the property that

for any g in H{R) and any + in T

(5.6} E[3{g)x(t)] = a(t)

is the congruence from H(R) onto LE(X(t),t € T} which maps
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R{-,t) into X(t)
It is to be agein emphasized that the congruence J enjoys
many of the properties of an integration operator.
We shell show in section 7T how one uses Theorem 5D. In the
remainder of this section we discuss some of the properties of H(R).
The space H(R) will generslly consist of continuous functions,

in view of the foliowing theorem:

Theorem 5E: Let T be a metric space, and let (X{t)t e T)]
be a random function with covarlance kernel R . Then {X(t),t € T}
is weakly continucus if, and only if, every function g in H(R)

is continucus on T .

Proof: Theorem 5E is an immedlste conseguence of the
definitions of the notions involved, and the fact that for any g

in H{R), and s and t in T,

g(s)-g(t) = (g,R{-,s)-R(-,%)} = BlJ(g)(X(s)-X(1))]} .

Indeed H(R) will often consist of differentisble functions,

in view of the following theorem whose proof we lesve Lo The reader.

Theorem 5F: Let T be an interval on the real line, and
let {x{t),t € T} be & random function with covariance kernel R.
Then, for every t in T, X'(%) exists as a wesk derivative if,

and only if, every function g in H(R) is differentiable on T,
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Another property of reproducing kernel Hilbert spaces which is

moteworthy is the following.

Thecrem 5G: Let H be s reprcducing kernel Hilbert space
consisting of functions defined on T . If a sequence of functions
f, in I converge weakly (or strongly) to = function £, then
the functions converge pointwise (that is, fn{t) - f(t) for every
t in T) .

We conclude this sectilon by sketehing the idea of Aronszajn's
proof of Theorem S&. ILet F be the linear manifold of functions

on T spanned by the family {K(-,t),t € T} . In symbols,
n

(5.7) F=([f on T:f:ZaJK(-,tJ)] .
J=1

On F , define an inner product (f,z) by

n n'
5.8 £,8) = K{t', !
t ) (£,g) ‘j% % (tk tj)ajak
where
(5.9) S a K )E  S
. £ = K- ,6.),8 = K ,t) .
5.9 j_%aa 5)s8 k%;ak( )

To see that the inner product (5.8) is well defined, in the sense

that 1ts wvalue does not depend on the particuler representations
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(5.9) used of the functicns f and g, one need only note that one

may write
n n'

(5-10) (£.8) = > ap(t,) =3 ar(t)
=1 k=1

It iz clear that the reproducing property (5.2) holds for functions

g Iin F . Consequently if [fn,n =1,2,...} is & Cauchy seguence

of funetions in F, so that "fn-fm” -0 , then, for every t in T,
lim fn(t) exists, since

n o=

|2 (0)-£ (0% = [(5 2 k(8017 < e 2 [5C,0)] 0 .

If we define H(K) Lo consist of all functions which are either in

F or are pointwise limits of Cauchy sequences in F , then one may

verify that H(K) i1s a Hilbert space with reproducing kernel K .

é. Projection and least squares linear prediction.

A basic problem of statistical inference, which as we shall see
is 8lso basic to the study of the structure of a random function, 1s

that of least squares linear prediction. In the problem of prediction,

one considers a random varisble %, and a random function [X(t),tel],
and one seeks that random variable in LE(X(t),t ¢ T) whose mean
square distance from Z is smallest. In other words, if one desires

to predict the value of Z on the basis of having observed the values
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of the family of random variables {X{t),t € T], one method might be

to teken thet linear functionsl in the observations whose mean square
error as a predicior is least. In this section we discuss certain
well known results which prove the exlstence of, and characterize, the
best predictor.

Given 2 random function {¥{t),t € T} sand a random variable
E4 , one proves the existence of a rendom variszble in LE(X(t),t. e T)
which is closest to 2 , among all random variables in LE(X(t),t e T},

by proving more generally the followlng theorem.

Theorem 6A: Let H be an abstract Hilbert space, let M be
a Hilbert subspace of H , and let v be a vector in H . Iet,

for any vector v in H,

(6.1) alv|M] = infimum [re-vff .
over all u in M

*
Then there exlsts a unique vector In M , dencted by E [viM] ,

which satiafies each of the Tollowing equivalent conditions:

(6.2) B [v[M]=v] = alv]M] = min fu-v]
ueM
(6.3) {E*[VIM]-V,H) =0 for every u in M

(6.4) (B Tv|M],u) = (v,ju) for every uw in M .
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Proof: We prove first that (6.2),(6.3), and (6.4) are equivalent.
It is clear that (6.3) and {6.4) are eguivalent. That (6.3) implies

{6.2) follows by the fact that for any u in M not equal to v
¥ * E3 *
(6.5)  lhaviP=lhu-g" Tv il Pullv-2" L[| P uk” To ) v-E [y MD)
*
> Jv-g [v|MIf° .

Conversely, to prove that (6.2) implies (6.3), we use the fact that

for any resl mumber a and vector u in M (so that au+E*[v|M] is in M)
* * *
(6.6) aPlv|M] < & Tv|m] —vraul®=]E" [v 4] v||Zra®ullPeoalu, B [v[M]-v) .

* %
Consequently, 0 < a2||u112+ 2a(u,E [v|M]-v) . Letting a=b(w,E [v|MI-v) ,
where b is an arbitrary real number, it follows that, for every real

number b ,
(6.7) Do) ®] (w,E [v M) -v) [P+ 20| (w,E [v|u])|® >0 .

Now b2||u||2+ 2b is negative for b in the ra.nge—(l,"2||u||2) <b <0 .
Consequently, from (6.7) one infers (6.3} .

To complete the proof of Theorem 6A, we need to prove that
there exists & unique vector in M whose distance from v 1s equal

to d[v|M] , which we dencte by d . We first prove that there
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exists such s vector. Let {un] be a sequence of vectors in M such
that "v—un” —-d as n - w . We prove that [uﬂ] is a Cauchy
sequence, from which it follows that there is a vector u in M
such that "un-uoH — 0 end therefore Hv-ub" =4 . It follows

from the parsllelogram law (which states for any vectors x and ¥

in H

2 2 2 2
l=wll™ + Fayll® = 2ll=ll™ + 2llyl” )
that, for every n and m ,

2 2 2 1 2
e Y Y R S N L

1 1 2 2
Since Z (un+ um) velongs to M, 1t follows that ||§(uh+ um)—vﬁ >45,

and hence that
[ha_-u ”2 < 2fju —v“2+ 2|lu —VHE-h @ .
nom' - n n

As n and m tend to o independently, the right side of the
last written inequality tends to 2d2 + 2d2 - 4&2 = ¢ . Consequently,
{un} is & Cauchy sequence, and we have proved that there is s
vector u, in M such that "v—uoH =4d .

We next prove that the vector in M , with distance from v

equal to 4 , 1s unique. Suppose there were twe suech vectors uy and
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uy - By the parallelogram law,

lhay 01 = 2l vl + 2oyl & (o uy)vl®

4 2
Under the essumptions on w, and u, it follows that Hul-uali <0,
which implies that i|u1-u2H =0 and u =u, . The proof of Theorem 6A

is now complete.

Definition GA: The vector E*[VIM] is called the projection
of the vector v on the subspace M . If M is the Hilbert space
L*(k(t),t € T) spanned by & family {k{(t),t ¢ T} of vectors in H ,
we write B [v|k(t),t € T] for EvinYx(t),t e )T .

In probsbility theory the conditional expectation E[Ul.zf] of

a random varisble U relative to a g-field A is defined to be the
unigue vector which is measurable with respect to the o-field ,ﬂ,

w and satisfles the condition

={E[U| A 1v] = S{w]

for all bounded random vaeriables V mesasurable with respect to-/l(.
Cur choice of the notation E*[u|M] to denote the projection of

the vector u on the Hilbert subspace M is motivated by the fact
that projection has many of the properties of conditionsl expectation.

It is for this reason that Docb (1953,p.155) calls projection

“




310

"wide~sense conditional expectation."

In the case that we are desling with projecticns in = Hilbert
space consisting of square Integrable fumetions on a probability space,
there is a necessary and sufficient condition due to Bahadur (1956)
that a projection be true conditicnal expectation.

Lemma 6a: Let (Q,CZ,P} be & probability space, and let M be
a Hilbert subspace of LE(Q,CZ,P) . Let A be the smallest o-field
such that each function in M is Jﬁ-measurahle. A necessary and

sufficient corditlion that for every U in LE(Q,CZ,P)
*
(6.8) oM - slu| A

with probability one is that (i) 1 € M , wvhere 1 is the function

in Le(ﬂ,éz,P) identically equal to 1, and (ii) for every U in

L(8,({,P)

E3
(6.9) U>0 implies E [U|M] =0 .
£3
It should be noted that the projection E [v|k(t),t ¢ T] can
*
be characterized as the unique vector in L {k(t),t ¢ T) satis-

fying the condition

(6.10) (£ [v]e(t),t € T],x(t)) = (v,k{t)) for every t eT .
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From (6.10) we cbtain a proof of Lemma la, since H = L {k(t),t € T)
+

if, and only if, for every vector v in H, v =F [v|k{t),t e T]
which is so if, and oniy if, g =0 is the only vector in H satisfying
(g,x(t)} = 0 for every t € T . Fram {6.10) we also obtain the
following useful result.

Lemms 6a: Let H

and H, be itwo abstract Hilbert spaces,

1 2
and let ¥ be a congruence from E, onto H2 . Then, for any

vector v in WU, and family of vectors {k(t),t € T} in Hl

WE [v|6(t),5 € 1) = B [y(v) |¥(x(t)),t e T1 .

Propf: Verify thet, forany % in T,

((E Tv]x{t),t € T1),¥(k(t))) = (B [vik(t),teT],k(t))

(vs(t)) = (4{v),u(k(t))) -

In the study of the properties of projectlon, a baslc role is
played by (6.4) . For exemple, from (6.4) we may deduce the
following smocthing property, which states thet the projection of a

projection can in certain cases be expressed as s projection.
Theorem 6B: Iet M, and M,

avstract Hilbert space H such that Ml is a subspace of M2 3

be Hilbert subspaces of an

then for sny vector v in H ,
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Proof: By (6.4), it suffices to prove that, for every u in M,

3 *
(E [E [V|M]_]|M2],u) = (v,u) whlch is clear, since one has

(E*[v}Ml],u) for every w in M,

(B LE" v, 3 1, 1,)

(v,u) Tor every u in MM, .

® % *
8imilerly, it mey be proved that E [E [V|M2]|M1] =E [VIMI]

We next use {6.4) and the Basic Congruence Theorem to obtain the
followlng importent result charscterizing the reproducing kernel

Hilbert spece corresponding to the restriction of a reproducing kernel.

Theorem 6C: ILet T be en sbstrect set, and let T'—T . Let
KI‘ be a symmetric non-negative kernel defined on T X T , and let
Kne be the restriction of K, to T' x T' . Then H(KT.) consists
of all functions f' which are restrictions to T' of functions £
belonging to H(K__L,) . Further, for sny f' in H(KT,) , and for any

function f in H(KT) such that
(6.11) £1(t) = £(t) for t 1in T',

it foliows that
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(6.12} ”f'”H(K‘I“) = IlE*{f]KI‘("t)’teT'I“E(KT) < "f"H(KI.) .
Proof: 8ince for & and t in T
(6'13) (KT(‘JS))I{}I(.Jt)) = KT(S;t) = K;I‘(S,t)

it follows that there is a congruence ¥ from H(KT,} onte

L*(Kf(',t),t € T') such that
(6.14) w(KT,(-,t)} = KT(‘,t) for t in T'

Consequently, for eny f' in H(K'I")’ and t din T' , letting

=9,

(6.15) £r{t) = (£'5Kp (-,8)) = (£,K(-,t)) = £(t)

From (6.15) we see that any £' in H(KI,,) is a restriction to T'
of & function f in H(KT) . Further, by (6.4%) and (6.15) it

foliows that for any f' in H(KT,) and for any f in H(KT) such

that (6.11) holds,

(6.186) V(£ = BIEIK (-, t),t e T']
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From (6.16) one sees that (6.12) hoids.

We next consider some useful convergence theorems for sequences
of projections, predictions, and reproducing kernels.

Let us first consider a sequence of predictions. Suppose one
has cbserved an Infinlte sequence of random variables
(x(%),t = ¥, N-1,..., -1, -2,...} , for some integer N . To predict
the value of & random variable Z , one may use 21l or part of the
observations. Now suppose one were to form a sequence of predictions
of % vhich, at each stage, utilized more of the information
avallable; that is, one considers the sequence of predictors, for
n= 1,2,...,E*[Z]X(t), N-n < t <NJ. It seems reasonable to
expect that the predictors over the finite past tend to the predictor

over the infinite past; that is,

* ¥
(6.18) E [Z2]%(t),t <N} = 1lim ZE [Z|X{t), N-n <€ <N] .
n - o
That (6.18) holds follows by the following theorem (due to
Doob, 1953, p. 164) on the convergence of a sequence of vectors
%, satisfying (6.19) . Such & sequence is called a martingele in

the wide sense.

Theorem 6D; Let ¥, n=1,2,...] be a sequence of Hilbert
subspaces of H which are either (i) monotone non-decreasing; that

is, MM

oM g or {ii) monotone non-increasing; that is MoOM

1
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Define M toc be, in case (i), the Eilbert subspece of H spanned

by the union gMn, and, in cese (ii), the intersection ﬂil M. Iet

Zl’ZE"" be & sequence of vectors in H such that for every integer
m and n
{6.19) Bz |u z £

.19 " mJ =% if m<n.

Then there 1s s unique vector X in Mw such that

(6.20) L, = E*[X|Mn] for every n
{6.21) lim ||z -x] =0
n-oo O

if and only if
2

(6.22) 1im {2 | < @

n n
If Z 1is & vector in H such that

E3

(6.23) Z, =E [zlmn] , n=1,2,...
then

(6.24) X = E*[leml .
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Proof; We consider only the case where the spaces Mn are
non-decreasing. Define Yl = Zl y» 8nd, for n = 2,3,..., Yn=Zn—Zn_l .
From (6.19}, it follows that, for every n = 1,2,...,Y  belongs to

M and is orthogonal to Mn—

L Consequently, {Yn,n =1,2,...} is

1

& seguence of orthogonel vectors such that

= 2 z 2 z 2 2
> M= 1m SO vl e 1a §37 v = um g % <o .
n=1 m— @ n=1 m - n=l m —

Consequently, there exists & vector, denoted by X s say, such that

m
Yn = 1im E fh = lim Zn .

o
X=
n=1 m— o n=l n - oo

We leave 1t to the reader to complete the proof of Thearem 6D .
We next state a useful theorem on the convergence of a sequence

of reproducing kernels.

Theorem 6E: Let T be either & countable set or & separgble
metric space. ILet K be a symmetric non-negative kernel defined on
Tx T, which is weakly continuous on T if T is metrie. Let, for

n=1,2,...,
(6.25) T = [tl,tg,...,tN(n)}

be a seguence of subsets of T which are monotone incressing (that
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@
for any integer n), and such that the union T' = U T,

is, Tﬂ::T
n=1

n+l

is (i) equal to T, if T is a countable set, and (ii) demse in T
if T is a separable metric space. Let C be the class of functions
f , defined on T, such that, for any n = 1,2,..., there exlsts a

solution [cl(f)’“°"cNQn)(f)} of the set of linear equations

=

(n)

(6.26) flt.) =
AR v |

ck(f)K(Lj’tk)’ 3= 112:"'3N(n)

For any functions f and g in C, define

(6.27) (e, = B (2lalt) = B e detn)
.2 £,8) = glt, ) = £{t
! B = 2y el = 2 el

Then, for any function f in C , the sequence {f,f)n is monctone

inereasing; that is, for any integer o,

(6.28) (£,£) ) = (£,£)

Further (assuming that f is continuous in the case that T is

metric) ,

(6.29) feC and 131m (f,f)n < oo if, end only if, £ € H(K} .
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If f and g both belong to H(K), then

(6.30) (f’g)H(K) = lrjfﬂ (f’g)n

Proof: Let H(K} be the reproducing kernel Hilbert space
-
whose kernel is K . Let M =L (K(-,t),t € Tn) . Let f bea

funetion on T . For n = 1,2,..

. ., define

N(n

)
F = (£ (-,t)

which is a vector in H{K)} with norm

“Fn”H(K) = (f;f}n .

It is clear that the sequence [Fn, n=1,2,...} is a mertingale
3
in the wide sense (that is, F [Fn[Mm] =F, for m< n)
*
Consequently, (6.28) nolds. Tf f € H(K), then F, =E [f|Mn] 50

that l%m (f,f)n < ”fHH(K) < ¢ . On the other hand, if

l;m (f,f)n < 0 , then by Theorem 6D (and the fact that under the
assumptions mede in Theorem GE, M= H(K)}, there exists a unique
vector T in H(K) such that F_ = E*[Flmnl for n=1,2,...

We show that f € H(K), by showing that for every t in T!

(vhence for every t in T) £{t) = F{t). Now if t € T' then
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there is some n such that t ¢ T ; therefore Ft) = (Fn,K(-,t)) =.£(t) .

The proof of Theorem 6E is now complete.

Ta Generelized linear and integral egquations.

A system of m linear equations in varlsbles  ELIALLFL S

such as

(7.1) L S TE T, kln x, = f;
k21 Xl+k22 Ay +oees +k2n x, = f2
kmlx1+km2x2+..‘ +kmnxn=f]11

where the rectangular matrix {kij} end the quantities fl’fE""‘fn
are known, may be formulated as & Hilbert space problem in the

following way. Define the row vectors

{7.2) X
k() = (k

I

(Xl’XE’ meeaEL

tl,kt2,...,ktn), t=1,2,...,m .

The inner product between two such vectors a = (a.,...,a ) and
1 n

b = (bl,. ..,bn) is defined as usual by

(7.3} (2,b) = &by +ab, + ... +ab .
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Thern the linear equetions (7.1) mey be reformuisted as follows: given

the family of vectors (k{%),%t = 1,2,...,m) and the function f

defined on T = {1,2,...,m} , find the vector x such that

(7.%) (x,k(t)) = £{t) for t 4n T .

Now it is well known that (7.4) may have no solutions, one
solution, or an infinity of solutions. Let us now show how one may
use the concepts of reproducing kernel Hilbert spaces to state
conditions under which a solution to (7.4) exists and to give a

formula for the solution.

solution of (7.k) unique, if it exists. A vector x will be called
& solution of {7.L) if it belongs to the linear manifold

L{k(t},t € T) spanned by the family ({k(t),t € T} . In other words,
we are secking the vector x which among all vectors satisfying
(7.4} has minimum norm.

Wext, substituting a trial vector

m
(7.5} X = 2 csk(s)

S

inte (7.5), we obtain that the m coefficients ¢, must satisfy

the m linear equations
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(7.6) %l e, (k(s),K(8)) = £(t),¢ € T
S=

Let us define K to be the covarience kernel of the famlly of

vectors {k(t},5 e T}; for & and t in T,
(7.7} K(s,t) = (k{s),k(t))

Then (7.6) may be written

(7.8) i e K(s,t) = £(t),t €T
s=1

How the kernel K 1 a symmetric non-negative kernel.
Consequently let H(X) be its reproducing kermel space. In terms

of H(K) we may state the following theorem.

Theorem TA: A necessgary and sufficient condition that the
system of eguations {7.4) possess a (necessarily unique) solution
% in L{x(t),t ¢ T) is that f e H(K} . Then the solution =x

may be given explicltly as
(7.9) x = y(£)
where ¥ 1s the congruence from H{K) ontc L(k(t),t € T} such that

{7.10) WE(,t))} = k(t)
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In particular if {k(t),t € T} is a linearly independent

family of vectors, so that the matrix {K(s,t),z,t € T} 1is non-
singular and possesses an inverse [K'l(s,t),s,t ¢ T), then the

solution x of (7.4) is given by

(7.11) x =S (K e, t)K(s)

s,5eT

sinee the solution e, of (7.8) is given by

(7.12) N £ L CRO NN
teT

The norm of x is given by

(7.13) bl = Hellyg gy = = 760 (s,0)2(s)
s,teT

Prool; The assertion that a soclution x exists if, and only

if, £ e H(X) is an equivalant way of asserting the fact that (7.%4)

possesses & solution x given by (7.3) if and only if the equations

(7.8) have a solution. Applying the congruence V¥ +to both sides

of (7.10) we see that the solution x given by (7.5) may be written

in the form (7.10) .

Theorem TA represents a way of defining the notion of pseudo -

inverse A'l of a rectangular m X n metrix A = [kij} ., If we

define +the operator A—l to be ¥, then the system of linear
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egustions Ax = £ has a formel solution f = A_lx . In particular, if

K-l(s,t) exists, then equation (7.11) may be written in the form

m
-1
{7.2%) xy = % 2K (b,8)k,

so that we may define Afl to be the n X m matrix with elements

given by, for j=1,...,n and t=1,...,m
-1 2 o-1
(7.15) (A g;%x (e, -

In matrix notation we may write

(7.16) At o ()t

wheras AT is the transpose of A . Note that if A Is a square
metrix, then (7.16) reduces to the usuwal notion of inverse. To
illustrate the use of these results let us consider the following
simple example.

Example: Let us find the vector x = (Xl’x2’x3) of minimum

norm satisfying the system of linear equations

X, b X, g Xy =¥
{(7-17) X+ Ex2 + 3x3 + hxh =7,
X - X =
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et k(1) = (1,1,1,1), x(2) = (1,2,3,4}, &{(3) = (1,-1,0,0) .

the matrix (K(s,t)}, defined by (7.7}, is given by

in
{K(s,t)} = 10
9]
Its inverse is given by
59
-1 1
(K ~(s,t)} = % -20
-10
If we define
A = (kij} = 1
1

10

30

-1

-1

-10

20

Then
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The vector x of minimum norm satisfying the linesr equations (7.17)

is now given by x = A'ly‘ .
We next state & theorem which extends Theorem TA to the case where
the veetors x and Xk{t) imn (7.4) are vectors in an arbiltrary Hilbert

space H .

Theorem 7B: Let H be a Hilbert space, et [k(t),t € T] bde
a family of vectors in M, and let f be a functlon on the index set
T . A necessary and sufficient condition that there exist a {necessarily
unique} vector x in the Hilbert subspace L*(k(t),t e T) satisfying
the equations

(7.28) {x,h(8)) = 2{t),t e T

is that f belong to H(K), the reproducing kernel Hilbert space
corresponding to the covariance kernel X defined for s and t in
T by

(7-19) K(s,t) = (x{s),k(t)} .

The solution to (7.18) is then given by

(7.20) % = ¥()

*
where ¢ 1s the congruence from H(K} onte L (k(t),t € T) such that
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(7.21) WK(-,8)) = k(v) .

The norm of x 1is given by

{7.22) e L

Proof: Let ¢ be the congruence from E(K) onto L*{k(t),t eT)
satisfying {7.20) . The existence of ¥ is guasranteed by the Basic
Congruence Theorem. If £ € H(K), then & solution to (7.18) exists,
since x = ¥(£) satisfies (7.18) . TIf a solution =x to (7.18) exists,

let f' be the fumetion in H(X) such thet x = ¥(f') . Then
f”('t) = (f,JK(':t)) = (X,k(t)) = f(t)

so thet f' and f coincide, and f belongs to H(K) . The proof
of Theorem TB is now complete.

One mey congider (7.18) a generalized integral equation, since in
particular it includes the case where we seek the solution {in the
Hilbert space Le(a,b) conslgting of all functions square integrgble
with respect to Lebesgue measure over the interval a to b) of the

integral eguation of the first kind

jz x{s)k(s,t)dt = £{t), a<t<b
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The problem of finding the projection E*[uﬁk{t),t e T] of a
vector u it a Hilbert space H onto the subspace L*(k{t),t e T)
is also of the form of {7.18), with f£(%) = (w,k(t)) . In partieular,
let us apply Theorem 7B to obtain an explicit formula for the projection
E*[uivl,...,vn} of a vector in an arbitrary Hilbert space H onto the
subspace L(vl,...,vn) spanned by n linearly independent vectors

vl,...,vn . The projecticon is the uvnique vector x satisfylng
(7.23) (x,vt) = (u,vt) t = 1,...,n
We thus see that

(7.24) E'Tulvy,. v, ] = W(E)

vhere f is the funckion on T = {1,2,...,n} defined by £{t) = (u,vt)

and VY is the congruence satisfying {7.21), where
(7.25) K(s,8) = (vg,v,)
Explicitly we have

(7.26) E*[u!vl,...,vnl = E; - (u,vs)K-l(s,t)vt
5, b=
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(127} & falvysoee bl vy PP vy v 1P

4}
(7.28) nfmwy“”mm2=§::mﬂgr%&wmﬁg
5,t=1

Equation (7.26) is well known {see, for example, Doob{1953),p.151).

Equation (7.28) has an interpretation from which one may obtain
inequalities which generalize the Cremdr-Rao inegualities in the theoxy
of statistical estimation.

Lenmme Ta: Let vl,...,vﬁ be linesrly independent vectors in a
Hilbert space H . Let K be gefined by {7.25) . Then for any vector

u in H
{7.29) It > = (uyv K s, 00 (v, )
s,t=1

Eguality holds in (7.29) if and only if, u 1is & linear combination of

VyaeeeVy
Let us show how the multi-parameter Cramér-Rao ineguality follows
immediately from Lemma Ta . Let © = {Ol,...,On) be a parameter whose

domainJ/L 1z a subset of Buclidean n space. Let (PQ,O € J/L) be a
family of probability measures cn some probability space (Q)£Z) which
are dominated by & measure u , 50 that for each Q in./1the Radorn-

Wikodym derivative

=

(e} = f(ol,...,an) i
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. /] 2
exists. Assume that, for each & in /|, fﬂf (6)dn < co . Assuming
all the derivatives below to be defined as limits in quadratic mean,

the random varisbles
v(e) = 5%5 Log 1(0) = a7 %ﬂ £(8,..-,9,)
have, for Jj = 1,2,...,n, means
Bg[1,(6)) = Iy Vy(e)2(0)an = [ gg—d 2()dn = 5%; [o £(e)an = 0
and covarlances
X .=E_ [V _(8)v_ {8)]=E.[ 3 log f(@} 9 log t{@)]= -E.[ & log £(8)]
b A R RN & WJ.OS ‘“9591593 € .

For any random variable U and function g on _/[_, letting

nt
o

.2 .
EO[{U-S(G)]VJI = EO[WJ] = W‘j EO{U] P
it follows by Lemma Ta that
2 A -1
EQ|U-g(Q)i > = biKi'j b,
i,j=1

‘
which is the Cramer-Rac inegquality.
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In order for Theorem 7B to be & useful tool in solving genersalized
integral equations of the form of (7.18), we mest possess criteris for
showlng that a given function f belongs to H(K), snd for caleulating

¥(f) . We now glve examples of several such conditions. They are all

based on the idea that if a function £ ecan be represented in terms of

linear operations on the family [K(',t),t € T) , including the operations

of sdditicn, differentiation, znd integration, then f belongs %o H(K)

and ¥(f) may be expressed in terms of the family {k(t),t e 7] by

means of the same linear gperations as are used to represent 1 in
terms of {K{-,t),t €T} .

We leave it to the reader to verify the following theorem. 1In
particular, the reader should note how, by equations (7.36),(7.40), and
{7.48), the calculation of W(F) is reduced in certain circumstances

to the solution of generalized Wiener-Hopf integral equations.

Theorem 7C: Iet U be a Hilbert space, (k{t),t € T} be a
femily of vectors in H with covariance kernel K defined by (7.19),
end let T be an intervel on the real line. Iet f be on a function
on T .

(1) If there exists a finite subset Tn of T and constants

{els),s ¢ Tn} such that

{7.28) = e(s)K(-,s)

seT
n

then f ¢ H{K) ana
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(7.29) ¥e) = = es)x(s)
seTn
2
{7.30) lef = == _ el(sle(t)k(s,t) = = _ e{t)(t)
5, bl teT

{i1) If there exists a countable subset Tm of T and

constemts {e(s),sef ] such that

(7-31) —~ els)e{t)K(s,t) is finlte

s,teTm

and if the function Ff satisfies, for every t in T

(7.32) £(t) = > e{s)K(t,s) ,

s€T
<
vhere the convergence of the series in (7.32) is implied by the

convergence of the series in (7.31), then f € H(K) and

{7.33) Y(£) = > _ ela)k(t)

seT
[-=]

where the serles in (7.33) converges as a strong limit in H . Further

(7.38) el = ele)elt)K(s,t) = S e{)2(s)

s,teT teT
o «

{111} If there exists a continuocus function g on T such

that as & Riemann jntegral
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(7.33) fT[E g(s)g(t)x(s,t)ds dt is finite

and if the function f satisfies, for every t in T,
(7.36) £(t) = | als)k(t,s)as

vhere the finiteness of the integral in (7.36)} is implied by the

finiteness of the integral in (7.35), then f € H(K) and
(7.37) We) = ‘ég(S)k(S)ds

vhere the integral in (7.37) is a strongly convergent stochastic

Riemann integral. Further
(1:38)  lel= [ ] s(eda(e)K(s, bhas ot = [ ale)e(e)a
T

{iv) If there exists a function of bounded varistion V on

T such that ss & Riemsnn-Stieltjes integral
(7.39) IT[TK(s,t)dV(s)dV(t)
is finite and if the function f satisfies, for every t in T,

(7.40) £{t) = _&K(t,s)dv(s)
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where the finiteness of the integral in {7.40) is implied by the

finiteness of the integrel in (7.39), then f € H(XK) and
(7.k1) ¥(£) = %R(S)dV(S)

where the integral in (7.4%1) is a strongly convergent stochastic

Riemann-Stieltjes integral. Further
2
(7.42) Izl = g}& K(s,t)av(s)av(t) = & £{6)av(t)

(v} If m is an integer such that the mixed symmetric

partial gderivatives

(7.43)

are finite for j = 1,2,...,m and if, for some to in T, the

function f satisfies, for every t in T

(7.44) £{t) i G K{t,t )
. = a, —F R
76 9 ad °

then f € H(K) and

m aj
(7.45) V() = 32'5 2 5o k(t )

: =}
d
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where the stochastic derivatives in (7.45) exist as strong limits in H .

Further
ai+j
(7.46) “fﬁ E,J:—O 573 g—;ﬁ?K(tO;to)

{vi) If m dis an integer such that (7.43) holds, and if

VO,..,,Vm are functicns of bounded variation on T such that

T
T,eL T asiytd

(7.47) K(s,t)av, (s )dV (t)

is finite and if, for every + in T,

(7.48) fe) =S 7 < x(t,e)av.(s)
=0 T 3sY J

then f ¢ H(K) and
)
(7.49) ¥We) = > [ (sdav (s)
=0 T J
2
Further, [f is equal to the double integral in (7.47)

To illustrate the importance of Theorem 7C, let us apply
it the problem of best linear prediction. Let ([X{t),t € T) be
a random function with covarience kernel R . lLet 2 be a

random variable for which



{7.50) p_(t) = BElzx{t)],t e T

LT

*
15 known. The best predictor E [Z{X(t),t € T] is the unigue solution

U in LE(X(t),t e T of the equetion
(7.51) E[UX(t}] = pz(t),t €T

By Theorem 7C, if one can express pZ in terms of linear cperations
on the family of functions (R(-,%),t € T) , then E [Z{X{t),t e T]
may be expressed in terms of corresponding linear operations on

(x{t),t € T) . For exsmple, let T be the interval from 0 to T;

if there exists a solution g(s) to
T
(7.52) pz(t) = IG g{s)R(s,t)ds, 0=t T

such that the double integral corresponding to (7.35) exlsts and is

finite, then
£ T
{7.53) £ [z%(t),0 £t <T] = [ &ls)x(s)es

On the other hand, if there exist solutions BserriBy Lo

L — 9
(7.54) pZ(t) = JZ_O IO g,(s) " R(s,t)ds ,



336
end a condition mnalogous to (7.47) kolds, then

o

o) X(s)ds
s

{7.55) E[z(x(t), 0 <t <T] = i fT g,(s)
J=0 @

8. Minimum veriance unbissed estimation.

Let X be a random element teking values in some space S .
Assume that the probability law P of X is known only to be a
menber of a set Tof probebility measures over 8 . We assume that
the set 'ﬁ'has been indexed (or parametrized)by = parameter &
varying in a set,/l., s0 that we write T: [PO ,8 E/Lj . We
assume that 7[_’15 dominated by a probability measure o s by which

—
we mean thet each nmeasure Pg in // possesses a Radon-Nikodym

derivative
&
(8.1) k(@) = o= -

In the applications we will usually take for B a probability

S
measure PG belorging to A, The Radon-Nikodym derivative k(@)
o)

is non-negative and integrable with respect to p . We assume

further that, for each 6 in./L s ¥(@) 1is square integrable; in

symbols,

(8.2) K(@)er,(u),0 «./L
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where La(u) is the Hilbert space of random varisbles U on S such that
(8.3) (u,U) = ISUE < ®

We are interested in estimating various functions f defined on
the parameter spa.ce_/l. . A function £, defined on_/l_, is sald to be

estimable if there exists a random variable U in Le(u) such thet
(8.14) E, (0] = (U,k(0)) = £(8),9 e /.

The subscript @ on E 1indicates that the expectation is to be taken
under the assumption that PQ is the true probability messure on & .
A random variable U in Le(u) satisfying (8.L4) is said to be an
unbiased estimate of f .

A random varisble U is said to be a p-efficient unbiased

estimate of £ If it hes minimum norm among all unblased estimates.
If p is the probability measure Pg ; then the unbiased estimate U

[+]
with least variance

2 2 2
By |u-£(0 )| =B, [UI-£ (8},
o [s)

is the p-efficient estimate. The estimate U is then called the
locally best at 90 unbiased estimate of £ . An unbiased estimate

is said to be a uniformly minimum variance estimate of f 1if it is
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locally best at all parameter points in_/\_ .

Using the notions discussed in preceding sections we are immediately
ghle to characterize estimable functions £ and up-efficient unbiased

estimates U . Define the coveriance kernel
(8.5) K(8),9,) = (k(0),x{s,)) ,

-and let H{K) be the corresponding reproducing kernel Hilbert space.
The following facts are all of some interest,

Theorem 8A: (1) A fumction © on /\_is an estimable function
if, and only if, £ € H(X} .

{2) The p-efficient unbiased estimate U of sn estimable
function f is {£), where ¥ is the congruence from H(K) onto

La(k(O),O E,/L) satisfylng
(8.6) WEK(-,0)} = xi{e)

(3) any random varisble U in LE(k(Q),G E_/L) is the
p=efficient unbiased estimate of the function f in H(K) given by
(8.4) .

(k) I V in Lg{y) is an unbiased estimate of £, then
the projection E*[V|k(9),9 el of Vv into L2(k(9),9 ely 1s

the u-efficient unbiased estimate of £ .
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(S} The norm [U] of the p-efficient umbiased estimate U of

f is equal to ufHH(K) . A multitude of lower bounds mey be given

for |U|; in particular, for any n linearly independent random

variables vl’VE’ -V, in L, {(k(e),e /1)
(8.7) [[ul >Z (CANP Hu,v 5)
i,j=1
where
-1 -1
{vi;l ] = {vij] s ic] (V V.j)

It was pointed out in section T how {8.7) includes all the
ususl "information" inegualities such as the Cremér-Rec and Bhettacharys
jnequalities {for a statement of these inegualities,see C.R. Reo,1952),
p.143).

We gre mainly interested in using Theorem BA as & tool to find
u-efficient estimates. 3Before giving examples of how cne uses
Theorem 84, let us note a condition for the existence of uniformly
minimum variance estimates in the important special case that ¢ 1is

the probsbility messurs P, , where 9, e/\. Then k(@o) =1
°

belongs to Lg(k(Q},Q eJ/L) . Consequently

(8.8} 1) =
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Becauze of the non-negativity of the k(9} s 1t follews that for any

rendom varisble V in Ly(u), ¥V >0 implies E [v|k(8),0 /Al >0 .

Therefore, by Lemma 6a,
(8.9) By [V|x(0),0 e Al = By [V]k(6),0 e Al
o o

Thus the projection of V onto the space spanned by £k(9),9 e_/L]
coincides with the conditional expectation of ¥ given the sigma field
generated by {k(8),0 E_/L] - In view of these facts we may state the

following theorem.

Theorem 8B: Let [PQ,G E/\_} be & family of probability messures

such that for © and OO :Ln_/\_ the Radon-Nikodym derdivative

ap,
K, (0) = 2

o

L)

=]

exists, and is square integrable

2
B, [k9 ()] <w
o "o

Let Kg be the kernel on/\_x /Ldefined by
o

Ko (6,,8,) = By [k, (9))k, (a,)]
o] a o o
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Then sn estimable function =+ on,/'l., belonging to I-I(K‘a } for each
GO in_/'L, possesses a uniformly minimum variance estimgte if for
every V in LE(X(t),t ¢ T) there exists, for each @ in,/L, a
determination of EG ['\F|kg (&) E_A_] which 1s functionally independent
o <]

of @
Q

Example 84: Iet us first consider the simple case where the
random element X is a random varishble sssumed to be FNormally

distributed with unknown mean & , &nd variance 1. Assume that

-®m <8 <oo . If 4 is the measure corresponding to mean 90 y then
(0-9 )% - %—(oz-ei)
(x,8) = e e .

Using the known value of the moment generating function of a

Normelly distributed random variable, we cbtain

ke 162 o268 xe, +6, -20)
K(Qg)=eal 2 o [e L 2 o’
1772 LR
1.2 2 2 1 2
= exp(- 5{91*92'290)*90(91-"92"290)*5(91*92'2%)}

1 2 2 2
exp - 5((6;- 0 )7+ (8, - 9 )"~ (8, + 0, - 20_)°)

u

We are interested in estimating the identity function r{e)y=9.

To show that f 1s estimeble, and to obtain an explicit formula
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for the 90 -efficlent unbiased estimste of £, it suffices to

represent f Dby means of linear operations on the kernel K . Now

3 -
{8.10) 55; K(Ql,G) = K{Gl,Q)[(Ql+ @ - 290)-(91- go)}
therefore, setting 01 = Qc

(8.11)

o«
|

3
= K(e,,8)}, _ _+@

§Ql 1 Ql = Go [¢]
From (8.11) it follows that the identity function f£(0) = & belongs
to H(K), and is therefore estimable and the GO —effleient unbiased
estimete of @ is
(8.12) 9 k(6 ) +¢ =(x-90)+0 =x

’ 36 % o o o
We thus obtain the well kmown result that x is, for every Go, a
Go -efficient unbiased estimate of © 3 in other words, x 1is =
uniformly minimum variance estimate of the mean ¢ of & Normally

distributed random varisble with unknown mesn and know variance.

Example 8B: We next consider the case of s random variable

X vwhose probebility law PQ

type, by which is meant that, with respect to some messure Mo P9

is of Koopman - Darmols exponential

possesses a probability density
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(8.13) o(x,0) = B(e)e™®,8(6) = (Je™am™t
Define

a B(0) x(e-6)

K(%,0) = %igi -Heye  °

B(8,)8(0,)

{8.14) K(Gl,Ge) = Ego[k(gl)k(ee)] = W

Forming the derivative

B(e +6-0,)8" (8, )8(9)-8(0, )B(9)B'(4,+0-9 )

B(g,)8%(6,46-0)

)
30, K(e,,8) =

and evaluating it at Ql = Go’ we obtain
3 _ prie,) 8t(s)
(6227 sop o) =S~ RE)

Define now as the function we desire to estimate

(8.16) £(8) = — %(%l = By[x] = B(0) fxe Fap
From (8.15) it follows that £(8) is estimsble, and its 9, -

efficient unblased estimate is given by

5 B'(s,)
(8.17) 55 %) + g =
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We thus obtain the well known result that x is, for every Oo,

& 6 -efficient unbiased estimate of £{G) .

Example 8C: We next apply Thecrem 8A to obtain results which
are important for our treatment of statistical inference on Normal
random functions. ILet us consider the case where the cbserved random
element X Is a finite collection of random variables Xl’XE""'Xn
which are assumed to be jolntly Normelly distributed with mesns and

covariances
(8.18) n(t) = E[Xt], R{s,t) = Cov[Xs,Xt]

We assume the coveriances to be Xnown but the means to be unknown .
We mey then parametrize the set 7T/of possible probability measures
for X = (Xi,...,Xn) by the mean m , Let B, be the measure
correspending to the assumpiion that X 1is normal with mean m and
covariance kermel R .

Let us assumé for the present that the inverse matrix

[Rcl(s,t)] exists. Let us define, for a = (a ..,an) and

1’°
b=(by,..0 ),

n
-1
(8.19) (a,b)n == a R (s,t)bt,ﬂa“n = (a,a) .
2,t=1
One may then prove that the Radon-Nikodym derivative of Pm_ with

respect to Pm (for any fixed mesn mo) is glven by
4]



e (x - lmon
-m_,m-m )- 5 [jm-m
(8.20) Ko =225 = ° ° e o'm
m
[o]

Fquation (8.20) follows from the well known formula for the
miltiveriate normel probability demsity function. Next using the fact
that (X—ml_,ml-ﬂng—Emo)1_l is a normally distributed random variable

2
with mean © and variance ||m1+ my-2m “n , we obtain that

Koy ,m,) = (klm ), k{m,)) = Emo[k(ml)k(mg)]

I

(8.21) exp - il -m i+l my-m |l +mpy -2m )

m, —mo)

{ o'z
e

Now mssume thet the mean value function m(t) is assumed to be
an unknown linesr combination of known funciions cpl(t),. . .,cpq(t) S0

that
(8.22) n(t) = B9 () + Bop(8) + .o + o (%)

where the parameters ﬂl,ﬁg,. . .,ﬁq are unknown and are £0 be estimated.

More generally, let us estimate the linear function

(8.23) £(B) = N cqﬁq
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where the constanis cl,c2,...,cq are pre-assigned
i
tet m(t) = B{"p (6) + ..o v Mg (8) ana sW=p{t),.. 6y

We shell find the ﬁ(o)-efficient wbiased estimate of f£(B) by first

expresaing f£(B) as a linear combination of derivatines of
(8.23) k(@) @)y _ (6l m(p(B) glo)y,
where the matrix M = {Mid} is defined by

(8'25) Mij = (‘Pi:cpj) for 1,j = l)“‘fq

n

Differentiating K(B(l),B(a)) s we obtain
3 (1) oy o owrall) _gto)
;B(ET K(B"/,B) = K(B ,B){% M,5(B 583 )} .

Consequently,

3 (o)

s KetLe)

e i (o)
(8.26) : = M(s-p*°")

% x(p'),p)
q

Assuming for the present that the functions (£),.00,p (t) are
P lth, ¢q

linearly independent in the sense that the inverse matrix
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=1

M~ = {i } exists, we may express Bl,...,Bq in terms of

iJ

derivatives of K by

5T K(8°,p)
.27 p=p) s :

e ®(p°,B)

Consequently, the B(O) -efficient unbiased estimate of £ , which we

Fal
denote by B , is given by

3 (o)

5, k(e °’) (%,0),
(8.28) A-po) iyt : - wl| o

= el (%99,

since

6.29) g w6l < (e, (Ktg), > 6wy
J:

Next, the B(O) _efficient eatimate f(p) of an estimsble

function f£{p) = clﬁl Foae + Cqﬁq is given by
A A -1
(8.30) () =2> eB = §( oyMy (K940

i,j=1
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We again find that the B(O) -efficient unbiased estimates are
independent of B(O) and are uniformly minimm variance unbiased

estimates. The variance of £(B) may be calculated to be, for all § ,

A
{8.31) Var[f(p)] = _S_( CiMi._l c,

1,31 4o

where we have used the fact that
(8-32) CGVI(X,q)i)n,(X,de)n] = (quJfFrj)n = Mi,j -

An unusual number of reproducing kernel Hilbert spaces are
involved in the foregoing discussion,corresponding to the covarience
kernels K, R, and M . In terms of these spaces we mey formulate the
foregoing results as follows: for any vector c = (cl,,..,cq) in H(M),
Cq ﬁq DOSELBSEs a
und formly minimum variance estimate c¢'f given by

the parametric function c¢'B = clﬁl + ... +

A
(8.33) e'p = (ci’(XAP)H{R))H(M)
where we define

(8-31”) (X’Q)H(R) = ( (X:CP]_JH(R); reey (X"quH(R) )
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It is illumineting to compare {8.28) with the usual way in which
one writes the solution to the problem of estimating the parsmeter
n

g = (ﬁl,...,ﬁq) in the case that one writes the mean E[X]:(ml,...,m )

of the random vector X = (Xl""’xn) in the form

P (1) 0,2} .en (1)

22 0,(2) .. 3y (2)

(8'35) m=Ap' ] A=

2(2)  gy{n) oo G n)

Then the minlmun varisnce unbiased of P may be written (nssuming

non-singularity of all the metrices involved)
A 1. .- -
(8.36) B = (aTr1a) A" R )

where R 15 the covariance matrix of X, and the superscript T

denotes transpose.

9. The probebllity density functional of a Normal random function.

Given a random function (X(t),t € T} , by the proper covariance

kernel R we mean the function éefined for s,t in T by

(9'1) R(S:t) = COV[X(S):X(t}]
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Let us now consider a normal random function {X{t),t € T] whose

proper coveriance kernel R is known, but whose mean value funetion

m , defined for + in T by
(9.2 m{t) = E[X(t)]

is not assumed to be known but is only assumed to belong to a known
class.dyof possible value functions. One importent example of a class
u4?/is the class of all linear combinations of a finite number of known

functions @l,-..,¢q y 50 that each m in,/éfis of the form
(9.3} u(t) = Bypy () + .ou + B (t)

for some real constants Bl,,..,ﬁq . Another example ofvfrarisas when

m iz assumed to be of the form
(5.4) m(t) = g(t-p)

where g{t) is a known function (say, g(t) = cos t), &nd the time
delay B 1is unknown.

In order tc use the consideratlons of the foregoing section to
form minimum variance unbiased estimates, we obtain in this section
an explicit formule for the probebility density functional of a

normal rendom function. We consider a stochastic process {X(t),t € T}
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which is separsble in the sense defined by Docb (1953, Chapter 2).
We assume further that the probabilizsble space on which the random
variables are defined is (Q, ‘5), where { 1s the function space
consisting of all real valued functions defined on T, and ¥ 1s
the sigma-field of cylinder sets in @, defined as the smallest
g-field 8 sets in Q containing, for any +t+ in T and real number
&, the set (wiw(t) <a) .

Iet Pl and P2 be probability measures on (a,iﬁ) induced by

normal random functions with the same proper covariance kernel R ,

and mean value functions equal to m and m, respectively. More

2
presisely, for i =1,2, P, is defined so thet Pi[{w:m(tl)<sl,...,m(tn)<an]]
1s equal to the probebility that n normally distributed random variables
X(tl), .. .,X(tn) with mesans n_li(tl), cas ,mi(tn) and covariences R(tj’tk)
satisfy the inequelities X{ tl)< 8y, Xl tn) <sa, .

Both Pl and P2 are probebility measures on the probabilizable
space (&, (g) Consequently, by the Lebesgue decomposition thecrem for

neesures, 1t follows that there is a set N of Pl-measure ¢, and a

4P,
non-negative function, denoted Fe ; which is integrable over g with
1
respect to P.‘L’ such that for every set B in if
c‘LP2
{(9.5) P,(B} = J'B(g‘PI) dP, + P (BX)

If the set N also has P2—measure 0, +then P2 is absolutely
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ae
continuous with respect to Pl’ and E?g ig called the Redon-Nikecdym
1
derivative, or probsbillity density function, cf P2 with respect to Pl .
dPE
If —== >0 with P, -probability 1i{as well as P_(N) = 0), then P
dPl 1 2 1
is absolutely continuous with respect Lo P2 and
ap (s
1 2
{(9.6) 7 = 1 Mg
dP2 dPl

Two measures, o, and P

1 o which are absolutely continuous with

respect to one another, are called equivalent.

ar,
On the other hand, if aﬁg =0 with Pl-probability 1, so that
1
1= Pe(n) = PQ(N) for scme fixed set N satisfying Pl(N) = 0, then

Pl and P2 are sald to be orthogonal to each other.

Let {Tn,n =1,2,...] be a sequence of finite subsets of T which

[--3
are monotone incressing (that is, Td::Tn+l) and such that ngi Tn =T

®©
in the case that T is countaeble, and U1 Tn is dense in T in the
n=

case that T 1s separdble metric. TFor each integer n, let a?n be
the smallest o-field in € containing, for any % in Tn and real
number &, the set (w ¢ Qiw{t) < a) . The sequence of o-fields 4§;

{n)

is then monctone non-decreasing. For each integer n, let Pl and

Pgn) be the restrictions of Pl and Pg , respectively, to the

o-field B _ .
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Assume that the index set T is either countable or a separsble
metric space, Assume, for each n, that the Radon-Nikodym derivative
dPén)
o exists. By the theory of martingales, it follows, letting
ap

ar apin) dP

2 2 2 .
EI? be defined by (9.5}, that E(E)- converges to d_Pl , with

probability one with respect te P, -measure. If, further,

1
2
[
(957) nli)mm IQ d—r{;)- d_Pl <

then P2 1s absolutely continucus with respect to P, , with Radon-

Nikodym derivative

ar dPé“)
{9.8) £ = 1ia
d.Pl n — dPlin

where the limit in (9.8) exists both as a limit in quadratic mean and

as a limit with P, -probability one. On the other hand, by a theorem

1
of Kraft (1955), it follows that P, and P, are orthogenal and
dP2
== = 0 if, and only if,
dPl
1/2
Y
2
N lim ar. =0
(9.9) Jim L=y )
1

We now apply these considerations to obtain en explicit formula
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for the probability density function of P2 with respect io PJ. 3

where Pl and P2 are the measures induced by Normal random

functions {X(t),t € T} with common proper covarlance kernel R

and respective means ml and ny . We assume that the index set

T 1is either countable or a sepsrable metric space; in the latter

it satisfies the conditions given in Theorem 2E}. We assume further

singuler on every finite subset of T . Then Pgn) is absolutely

{n)

continuous with respect to Pl , with Radon-Nikodym derivative

given by
‘u’én) 1 2
(9.10} ;('ﬁ')‘ = exp {(X'ml’me'ml)n -3 ||fﬂ2‘ml"n }
1

where we define, for any two functions f and g on Tn ;

(910 (f,8), = = 2R N, te(), el = (2,0)

s5,tel
n

£ yarlz]

Further using the fact that E[eZ] = e2 if Z is normal

with mean O ,

2
(9.12) == ap) = ellmomy Il



(n) P2 1 2
ap; - 5 lImyzy |
(9.13) jn EG‘T 4P = e n

Now Hma'mllln is monotone incressing as n  tends to ®

Further, by Theorem 6C,

2
(9.14) Eima-mlﬂn <@ if, and only 1f, m,-m € H(R)

lim
n-3oo

In view of the consideraticns developed we may now state the following

theorem.

Theorem 94: Under the assumptions stated prior to (9.10), the

MeASUres Pl and P:2 are either equivalent or orthogonal. If m,-my

does not belong to H(R), then P, and P, are orthogonsl. If my -y

does belong to H{R), then P, and P, are equivalent, and

4Fy

(9.15) —=— = exp (< X'ml’mE'ml > - ‘;'; ”Hb_ml"H(R)’]

=

where < X—ml,mg—m1 > is defined by
(9.16) <Xy mymmy > lr]im (}{-1111,1112-m1)r1 P

the limit in (9.15) holding both, as & limit in quadratic mesn, and

as a limit with Pl

To complete the proof of. Theorem QA, we need only prove that the

=probability one.
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limit in (9.16) exists. We prove this by proving more generally the
convergence of expressions of the form (Y,g)n, where {Y(t),t ¢ T)
is a Normel random function with mean O and covarlance kernel R,

and g is a function in H(R}.

Theorem 9B: Let {Y(t),t € T] be a random function with
mesn 0, whose covariance kernel R and index set T satisfy the
seme conditions as in Theorem SA. ILet V¥ De the congruence from
H(R) onto Lz(Y(t),t & T) such that
{9.17) WR{*,t)) = ¥(t), teT .

Then for any function g in H(R)
*
(9.18) (T,e), = ¥(2 [g[R(-,2),t e T 1)

(9.19) lim (Y,e) = ¥{g)
n

where the limit in (9.19) exists as & limit in quadratic meen. Further,

for n= 1,2;...
(9.20) (¥,8), = B'{(L,m),,, [¥(t),6 € T]

so that (Y,g)n is a martingale in the wide sense. Further, if

{¥(t),t € T} is Normal, then from {9.20) it follows that (Y,g)n
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is a martingasle in the strict sense,
(9.21) (Y,g), = Bl(T,e) , [¥(t)e e 1)

and the limit in {9.19) exists with probability one.

Proof: That (9.18) holds follows from the fact that, by (7.26),
* -1
E [g|R(+,t},6 € T ) = = &(s)R (s,t)R(+,t)
s,teTn

Teking the limit of both sides of {9.18) we obtain (9.19). We obtain

(9.20) from {(9.18} by noting that for f in E(R} and n = 1,2,...
(9.22)  WEIZIRC,8),0 € T1) = BT LW(r) ¥, 0 € ]

*
Letting f = E [g|R(:,t),s € Tn+l]’ we cbtain (9.20). That (9.20)

implies {9.21) follows by the following formula (see Anderson,

1958,p.28):

(9.23) Elzf¥(t),t € 7)) = =__ py(s )R (s, 8)%(s)

s,teTn

where Z and [¥(t),t € T} ere jointly Normelly distributed random

varisbles with means O and covariances
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(g.2k) pp(t) = B[ZE{t)1,R(s,t) = E[¥(s)¥(t)] .

The proaf of Theorem 9B i1s complete.

The tools are now at hand to discuss minimum variance umbiased
estimation of the mean value function of a Normal random function
{X(t.),t'. e T}, whose proper ccovariance kernel R 1s known, but
whose mean value function m is an unknown member of a known subset
of.//{. TLet Pm be the measure corresponding to mean m, and let
Po be the measure corresponding to the mean value function ldentically
equal to O . WNow for any m in ./{

2
&P <Xm > -2 |l
m ’ 2
(9.25) sp = ¢ .

Therefore for any fixed m,

2
<Xm > - 3 |a

dPﬂl e
(9:26) M E T e s il
oe’o 2 "o

__<nmm > gl

By the considerations of section 8, in order tc find the o ~minimm
variance unbilased estimate of & function f defined on .// it suffices

Lo express I d1n terms of linear operations on the kernel



(my 5,3,

<

il

(9.27) Kz ,m) = B [k{zm Jk(m,)]
[+]

B(2) + % Var(2)
(-]

To prove (9.27) we use the formula E(eZ) = if %

is Normally distributed, and the fact that, for any g in H(R),
(9.28) El<Xe>1=(mg)Var [ <Xg>1={g:e)
To prove (9.28) use the fact that
(9.29) <X%4g>= lim_ (Xg)
f1.— oo n
Of course (9.29) reguires the assumptions on T and R made previously
in this section. In the next section we shall show that (9.28) is
valid withcut any assumptions on T and R .

We are particulariy interested in obtalning the minimum verisnce

estimate of functions £ which are linearly estimstable. A function

f on A{ is said to be linearly estimeble if there exists & random

varisble U in Lg(X(t),t € T) such that
(9.30) E_[U] = f{m), m e \///

Now, because LE(X(t),t € T) eand H{R) are congruent, toc any U in

L2(X(t),t € T) there is & g in H(R) such that U= <X,g >
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Consequently, we may define a function f on j to be linearly estimable

if there exists & function g in H(R) such that
(9.30) Cnl<xg>l=(mg)=em, med.

In particular, m( to) = (m,R(',to)) is linearly estimeble. We now

A
show that the uniformty minimum variance estimate £ of f 1s given

by

(5.32) =< x5 el A1 >

where «1 is the smallest Hilbert sub-space of H(R) containing J/, and

g 1is any function satisfying (9.31). The minimum variance is given by
A * i 2
(9.33) var(e] = I (gl A 1 lgep)

A
It should be clear that the best estimate £ should depend on

j, rather than on -/, since if {9.31) holds for all m in -/, it
then holds for all m in ./% .

To prove (9.32), let ®;:955--» be an orthonormal basis for //

Letting m, =@ end B = (ml-mo,q)n) we obtain

K(ml,m) = exp Zl ﬁn{m-mcs@n)
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Differentiating we obtain

Consequently,

£(n) = (g,m,) + (gm-z_)

= (g;mo) + Zl (g,qin)(m-mo:fpn)

o

(&m) + 3 (e0) 3§—u K(m_,m)

n=1

Consequently the best unbiesed estimate of £ d1s given by

0

W) = (gm) + ST (e0,) 2~ m)

n=1 n o
Now, letting B, = (m—mb,@n)

a(m) = ep { S B, (<Xg, >-(mgp)) -1 3742
n=1

n=1 °

5 xm) = <X, > -(n,,)
n

Finally,
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@

N —
W) = S (me) <%o, > = <LEmAI>
n=
The proof of (9.32) i1s complete.
By (9.32) we may give explicit expressions for the best

estimates of the mean m(to) or its derivative m‘(to):

]

(9.34) ey = <m0 A1 >

<%,8T L R(,3 )| A1 >

—_
o+

—
]

In the Toregoing, we have assumed that the class of possible
means was a set‘Af in H(R}. However, the set M# is in turn often
paramatrized by e vector parameter fp = (Bl,...,ﬁq) varying in a
set B of g-dimensionsl Euclidean space. In particular let us

suppose that d{ consists of the set of functions of the form

m(t) = lml(t) + oo ﬂq?q(t)
for some f 1n B and functions gy,...,¢, in H(R) . Under
suitable conditions on B, one may obtain a formula analogous to

(8.30); for any estimable function

(9.35) (p) = oy By + ...+ cqﬁq
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define
(5.36) e e w,
9-3 - i,;]:]_ Ci 1] q);[
where Mij = (mi,wj) . Then
A *

(9.37) T=<Xf >

4 %, 2 -1
(9.38) Var[f] = |if ]{H(R) = i ciMij e

i,j=1

To conclude this section we point cut how one may formulste
the expressions for g and Var[g] glven by (9.31) and {9.32)
in terms of the representation of the random function {X{t),t € T}
with respect to an orthogonal rapdom set function. Suppose that the

proper covarisnce kernel R admits a representation

{9.39) R{s,t) = fo(s)f(t)du

as in (4.1). Then any function g in H(R) may be represented
*

{9.40) glt) = IQ g £{t)du

*
in terms of a unigue funetion g 1in La(f(e),t € T) . Further



364
{¥{t),%t € T} has an orthogonal decomposition

(9.41) ¥t) = [ £f(t)az
g
in terms of which we may express
*
(2.h2) <X,g>= J'Qg az .
E3
For any set j of functions in H{R), let -/ﬁ be a set of funetions

in Lg(f(t),t ¢ T) which ecorrespond to the functions in J/(under the

eorrespondence (9.40) . Then for any g in H{R)
(9.43) £'lel A1-51A4T .

These formulas will play an Important role in our later study of the

large sample properties of minimum variance estimates.

10. Minimum variance linear unbiased estimetes.

Let [(%{t),t € T} be a random function whose proper covariance
kernel R is known but whose mean velue function m(+%) = E[X(t)] is
not assumed to be known, but is only assumed to belong to a known class
-/% which is a subset of H(R). We do not assume a knowledge of the
probability law of the random function. Consequently, in order to

estimate the value m( to) of +the mean value functlon m &t any point



t0 in T , we consider only random variables which are linear
functionals over the observed random variables X(t}. We then adopt
as our estimate of m(to) that unbiased linear estimate which has
{uniformly) minimum veriance.

In this section we show how the problem of finding the minimum
variance unblased linear estimate may be reduced to 2 minimization
problem in a reproducing kernel Hilbert space. To illustrate the ideas
involved, we first consider the case where the index set T = {1,2,...,n),
and where the inverse matrix [R_l(s,t)} exists.

Given the finite family of random varisbles {X(t),t € T} any

random varisble U= >  c(t)X{t) in L(X{(t),t € T) is calied &
teT

linear estimate. Tt is an unblased linear estimate of m(to) if, for

every m in .//,

(10.1) Em[ S elu)x(t)] = S eltm(t) = m(to) .
1T teT
The variance of an unbiased estimate
(10.2) Var[ > co(t)X{t)] = E e(s)R(s,t}e(t)
teT s,LeT

i1s independent of m . Consequently the uniformly minimum vaeriance
linear unbissed estimates m(to) of m(to) always exist.

Fow any linear estimate U can be written in the form
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U= (g,X)n for some vecktor g in E(R), where the inner product

(a,b)n iz defined by (8.19). Further one may verify that
{(10.3) LL(e:X0, ] = (gm),Verl(e,X), ] = (8.8),

One therefore sees that the minimum verlsnce linear unbiased estimate

mey be represented in the form
A *
(10.4) m{t, ) = (m (£,),%),

*
where m (to) is the vector in H(R) which has minimum norm I|gﬂn

smong all vectors in R subject to the condition
(10.5) {g,m)n = m(to) for &ll m in ‘//

We have thus shown that the problem of uniformly minimum variance

linear unbissed estimation mey be posed as a minimization problem in &

suitable reproducing kernel Hilbert space. Trom this faet we can

immediately write sn explicit formula for ﬁ( to). Let .// = L{m,me .ﬂ)
be the smallest linesr space containing all posssible mean value
funections in -»/{ The vector which has minimum norm smong all vectors
satisPying (1C. 5) may also be characterized as the unique vector in

-1 satisfying {10.5). We ithus see that the space j may just as weil
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To give an explicit formula for ﬁ(to), we write
A _ o, 2
(10.6) fe,) = (B [R{-,e | AT

In particular, if ml,...,¢q are g linearly independent functions

spanning.d# , with nonwsingular covariance matrix Mij = (¢i,¢j)n ,

then
A -1
(20.7) n(t ) = iﬁ)jﬂ oy (e, 5 (95%),
-1
(10.8) var[fi(t_}] = i,;i:ltpi(to)l"{ij pi{ty) -

Comparing (10.6) with (9.31), we see that for a Normal rendem functicn
{%{t),t € T}, the minimum variance unbiased linesr estimate coincides
with the minimum variance unbiassed estimate. This result, proved here
in the case that T d1is finite, will be proved below for arbitrary T.

We next consider the problem of uniformly minlmum variance
linear unbiased estimation in the case of a random function (X(t),teT}
with non-finite index set T, with proper covariance kernel R, and
wsith mean value m belonging to a subset‘i? of H{R) .

The flrst problem is to define what is meant by & linear

estimate. ILet L{X(t),t € T) and L(R(-,%),t € T} be the linear



368
spaces spanned respectively by {X(t),t € T} and {R{',t),t € T}

Any function g in L(R{',t),t € T) is of the form

n

(10.9) g= >_cRi-ty)

for some integer n, real consgtants ¢ .,cn and points

120

t L in T . Define

1277
(10.10) <ig>= > ciX(ti)

Thet < X,g > 1is well defined, no matter whet the truwe mesn m ,

follows by the fact that

n 2 n
{10.11} Em| % ciX(ti)| = i§,j=1 LS [R(ti,tj) + m(ti)m(tj)}
n 2 n 2
= " % ciR("ti)” + i(m, g ciR(.’ti))]

It is clear that <« X,g » defines a one-one linear mepping from
I{R(*,t),t ¢ T} onto L{X{t),t € T) with the following properties:

for eny % in T, and functions g,h in L(R(:,t),t € T),

(10.12) < X,R{*,t) > = X(t)
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{(10.13) El<Xe>] = (mg)

(10.14}) Cov[ <« X,g >, <X,h >] = {g,h) .

Now any function g in H(R) may be represented as the limit
of a seguence B1s8ps---s 1in L{R{*,t},t € T) . The coresponding
random variables < X,gl >, < X,g2 >,... are a Cauchy sequence,
and have a limit which we denote by < X,g > . We have thus defined
a transformation < X,z > from H(R) onto LE(X('t:),t € T) which is
one-one, linear, and satisfies (10.22) , (10.13) , and (10.14) .

By a linear estimate we mean a random varisble which is the
image <« X,g > of some function g in H{R) . ,

We may now define the notion of an estimable function. A real
valued Tunction £ defined on.ﬂ is seid to be estlmsble if, and
only if, there exists an unbiased linear estimeate of f . More

precisely, I 1s estimable 1f, and only if, there exists a function

g in H{R) such that
{10.15) El<Xg>] = (mg} = flu)

for every m in ,/% .
A linear estimate <« X,g > setisfying (10.15) is called an
unbiased linear estimate of f . If we introduce the reproducing

kernel Hilbert space H(KJI ); coresponding to the kernel K g defined
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on .,/(xj by
(10.16) X/ (my ymy) = (my5my)

then f is estimeble if, and only if, f € H(KJ( ) .
In particular, for any to in T ,; the mean

m(to) = Em[X(tO)] = (m,R(‘,to)) is estimable. For any g in H(R),

< X,g > 1s an unbiased linear estimate of m(to) if, and eonly if,
(10.17) El<Xeg>]=(me) = nlt,)

for every m in / .
Using the idess sssembled to this polnt we see immedistely the

validity of the following theorem.

Theorem 10A: ILet (X{t),t ¢ T} have known proper covarisnce
kernel R , and unknown mean velue function m, belonglng to a
subset.//{ of H{R) . To every estimable funetion f defined on j
there exists a unique linear estimate, denoted by f/‘\= < X,f* >,
which is the uniform!y minimum variance linear unbissed estimate of

f 3 further

2
{10.18) var(f] = Iif*llH(R)
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A linear estimate < X,f* > is the uniformly minimum variance
unbilesed linear estimate of § if, and only if, f* satisfies any
one of the following egquivalent conditions (where ﬂ.is the HiTbert
space spanned by the functions m in_/ ):

(i) £ s the function in- H{R) which has minimum norm
among a1l functions satisfying (10.15);

(i1) % is the unigue function in -///_satiSfying (10.15});

(111} - E*[g[ ~;/(-]_, where g is any function in H{R)
satisfying {10.15) .

From Theorem 10A, one sees that the basic formula for the best
estimate of T = (m,g) is

f/'\= < X,E*[gl _/%‘} >

{10.19)
Eguation (310.19) provides a general solution to the problem of minimum
veriance wnblased linear estimation. That {10.19) constitutes &
practically useful formuls can only be shown by exhibiting examples of
its use. We shall do this din later papers.

We note here two important speeial cases of (10.19) . If each

function m in .//f is of the form
(10.20) m(t) = oo, (£) + o0 + %cpq(t)

then for any estimsbls function f£(B) = Cfy +oere 4+ cqﬂq



372

A * * -1 A % 2
(0.21) f=<Xf> f = e.M,, @., Var(f] = £ |
i QJ: ¥
i,j=1

where Mij = (mi,wj) . If each function = inﬁﬁy may be expanded

in terms of orthonomal functions (g} by
n

(10.22) w(t)= > Bo, > B
5]

o~ nn
A M had
(10.23) P=<Xf >, f = ié e0,
‘ll. Minimum variance unbiased prediction.

The problem of prediction of the value of s random varisble
Z on the basis of the observed values of a random function
{X(%),t € T} was mentioned in section & . If one knows the joint
probebility law of Z and (X(t),t € T} , then the predictor which
minimizes the mean square error of prediction is the conditional
expectation E{Z]X(t),t € T] . On the other hand if one only knows
the second moments E[Zzl,E[X(s)X(t)] and E[ZX(t)] for any
s,t in T, then one may form the linear predictor which minimizes

the mean square error of prediction, given by the projection
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*
E [Z|X{(t),t ¢ T] . In this section we are concerned with the problem
of predicticon in the case that the true probebility law or sescond
moments are not known but must be estimated.

We first discuss the problem of wiformly minimum variance

linear unbiased prediction, which arises as follows. Assume, as in

section 10, that (X(t),t ¢ T) is a random function whose proper
covariance kernel R Is known, but whose mean value function m 1is
known only to belong to a class uﬁ of possible mean value functions.

Let Z Ybe a random variable such that
{11.1) Var{z],pz(t) = Cov[2,X{(t)] = Em[(Z—Em[Z])(X(t)-m(t))]

are known and do not depend on the true value of m ; however, the

mean of Z,
{11.2) e,(m) = E [2] ,

depends on the true value of m . The functional form of e, a3 a

function of m dis assumed to be known. One case of particular

importence is when Z = X(to) ; vhere t ¢ T ; then ez(m) = m(to) .
Conditions that the function e, be estimable are given by
equation {10.1%) . We shall see in the course of the dlscussion that

e is estimable if and only if 2Z is predictable.

4
We define a random variable Z %o be predictable if and only if
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there exists an wnbiased linear estimate of Z ; more precisely, Z
is predictisble if and only if there exists a function g in H{R)

such that
(11.3) Em[ <Xg>]= EmIZ] for every m in j
or equivelently
(1r.4) {g,m) = eZ(m) for every m in M
Comparing (11.4) with {10.15), we see that 2 is predictable
if and only if its mean function = is estimable.
A linear estimate < X,z > satisfying {11.3) iz called an
urbiased linear estimate of 7 . The mean square error is then given,
independently of m Dby

2
{11.5) E_|z-<,g>| = Var[2-<X,g>]=Var[Z]+Var[<X,g>]-2 Cov[Z,<X,g>] .
™ ts

We leave 1t for the reader to verify that for any random

variable Z

(11.6) pz(t) = Cov [2,X(%)] e H(R)
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(11.7) cov [2,< X,g > = (py,8) for sny g ¢ H(R)

In view of (11.7), the mean square prediction error of the linear

estimate < X,g > may be writiten

2
E |2- <X,g > = Ver [2] + (g,2)-2(p,,8)

(11.8}

var {2] - [logll « lz-p,]l

We have thus reduced the problem of finding the best unbiased Ilinesar

A
predictor Z of Z +to finding the vector g in H(R) which among all

vectors satisfying {11.4) minimizes the norm ||g—pz|| . Alternately, we
may write

A
{11.9) Z=<Xp, +h>

where h 1s the vector of minimum norm satisfying
(11.10) (hym) = eZ(m)-(pZ,m) for every m in j .

We are thus led t¢ the following theorem.

Theorem 13A: Let {X(t),t ¢ T) have proper coveriance kermel R

and unknown mean value function m, belonging to /C E(R). Let Z
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be & random varisble satisfying (11.1), and whose mesan e, 1z en

estimabie function on j. Then there exists a unique linear estimats,
A *

denoted by 2 = < X,Z >, which is the uniformly minimum variance

unbiesed linear predictor of Z ; further, for every m in «%
A 2 2 %2
(1.11)  2-2}] = var(zl-fip,l + 2"}

A linear estimete Z* iz the wiformly minimum variance linear
unbiased predictor of Z 4if, and only if, it satisfies any one of
the following equivalent conditions (letting /—be the Hilbert space
spanned by the functions m in ./f):

*
{1) z2" = +h , where h is the function in H(R) which

Pz,
has minimum norm smong all functions satisfying (11.8);

*
(i1} Z = + h, where h is the unique function in .%

Pz
satisfying {11.8),
{111) 2" = Py + E*[g-pzi,ﬁ_], vhere g is any function in
H(R) satisfying {11.4) .
To illustrate the use of Theorem 11A, let us note that in the

case that ./ is finite dimensional and {10.19) holds then

4 Sag,
(11.12) L= <pg,X >+ Sy diMiJ. <q3j,X >

where



(11.13) a, = (g,fpj)-(pz,r@j)
Also
A2 2 -1
{11.14) Elz-z| = Var[z]-upzﬂ + 1-22--1 aM, d; .
=

We next gdiscuss briefly the problem of minimum varisnce
unbiased prediction, meinly for the purpose of showing that for
Normally distributed random varisbles the best unbiased predictor

is the best unbiased linear predictor.

The general problem of minimum variance unbissed prediction

may be posed as follows. Let {X{t),t € T} be a random function
defined on a probabilizable space (G,(1) . Assume that the true
probability measure over (0,({} is known only to belong to &
Tamily [PQ,Q eJ4J. Let sz denote the smallest sigme-field,

contained in Cz , with respect to which esch random variable X(t)

is measursble. TFix @0 e_/i. Given a random variable Z 1In

LE(Q,CZ,PQ } , we define the 9, -efficient predictor of Z to
o
be that random variable U in LE(R,QX,Pg ) which is closest to
© 2
Z , in the sense of minimizing the mean squsre error EQ EU—ZI .

It is well kmown that the Qo —efficient predictor of 7 is the

conditional expectation Fy [2|x(t},t € T] . However, this
o

conditional expectation will, in genersl, depend functionally on O .
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If one desires & uniformly efficient predictor of 2 , one may desire

to restirict consideration to unbissed predictors.

Assume that for each QO in /L , the Radon-Nikodym derivative

&P,
{11.15) ke, {g) = N
] OO

exists for each © in_/L, and is square integrable with respect to

P, . A random verisble U in Lg(g, QX’PQ ) iz said to be an
) )

unbaised predictor of Z 1if

(11.16) EQ[U} = EQOIU kOO(O)] = EQ[Z] for every O in/!_.

Writing the mean square error of U as a predictor of Z in the form

2 2 2
(HJX)%|U4§=EQhh%[zm&htﬂﬂ—t% MJb{ﬂquth s

[¢] <] [} o o
we see that the Qo -efficient wnbiased predictor of 7 is equivalent

to the @ -efficient unbissed predictor of Eg [Z2]X(t},t € T], which
o

in turn may be seen to be of the form

(11.18) 5, [2|X(t),6 € 7] + v,
]
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*
where V is the random varisgble in LE(Q"QX’PG ) of minimum norm
o]

among all random variables V satisTying, for all @ in/L .

(11.19) E, [v kg {e)] Eg[z]-Eg 8N 1Z]x(t),t € Tk, ()]
Q Q (o] o]

Q

1

EQ[ZJ-EQIEOO[ZIX(t),t e Tl
To find the solution of (11.19) of minimum norm, one uses the
techneques discussed in section 7 .
Let us apply these considerations to the case of jointly Normally
distributed random varisbles 2 and {X{t),t € T} for which
R(s,t) = Cov[X(s),X(t)],p,(t} = CovlZ,X(t)],Var[Z]
ere known, but

a{t) = E_[x{t}],e (m) = E [Z]

are unknown depending on an unknown menber m of a known subspace

J/{ of H(R). It mey be shown that

(11.20) E [Z]X{t),5 € T] = <5y, X >+ ey(m}-(p,,m)
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) 2
(11.21) Em|Z-Em[Z|X(t.),t e Tl = Var[Z]-"pZ" .
Therefore
(11.22) B [7-E [Z|x(t},teT]] = ey (m)-(py,m-m_)
f]

The m - best unbiased estimater of this paremetric functicn of m

is, in view of (10.12), given by
*
(12.23) < %5 lg-py | M1 > - ey(m) + (pym)

where g is any function in H(R) such that (g,m) = eZ(m) for
all m in .//f Now the best predictor of 2 is given by the sum
of (11.23), and (11.20)with m = m, . Therefore, the best predictor

of Z is
. -
(11.24) < pg,X >+ < X,E [aro, | M >

vhich agrees with Theorem 11A.

The reader should compare (11.24) with {11.20), and note that
the best unbiased predictor of 2 is cbtained from the best predictor
for known m by replacing ez(m) - (DZ,m) by its best unbiased

estimate.
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