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This paper sttempts to develop a philosophy for empirical time series analysis, invelving
the routine use of four data handling procedures {covariunce estimation, spuctral cstimation)
Autoregressive model ftting and speetral cstimation, and trend climination and Estimntiunf

crabodied in a computer program.

The eross-speclral analysis of o pair of time series, ezch consisting of 4000 observations,
Tequires approximately 10 minutes on a 7040, including computation of covariances. Severai
exumples of crmpitical thne series analvsis are given.

1. Introduction

The probabilistic theory of time series iz now
extensively developed, built on the pjoneering work
of Wiener, Khintchine, Kolmogorov, Cramér, Lodve,
and  Karhunen in the 1930's und 1040°s. The
stafistical theory elso enjoys an extensive literature
and a fair shate of benutiful results. While the
probabilistie theory ean be pursued for the suke of
1ts great boauty, it would be 2 mistake if tho statisti-
¢al theory were to be developed only fou its elegance.
The ultimate aim_of the statistical theory must be
to provide dafa hendling procedures for nchieving
the aim of time series nnalysis: synthesis of stochastic
madels which can Do used to deseribe, and perbaps
te control, the mechanisms penernting each time
series and relating various time series.

For this reason, one may define a field, which
may be called empirical dime series analysis, with
aims such as the following:

(i) to develop cfficient computer programs for the
statislical treatment of enypirical time serios, paying
especiul attention to flexibility of input and output,

() to develep a philosophy, based on statistical
theory, for judging and interpreting the statistical
datn reduction provided by the computer output,

(iii} to provide experisnce in the small szmple
applieability of statistical procedures derived from
agympiotic theory,

(iv) to focus attention on the theoratical questions
Tequiring further investization, such as the problem
of how to transform observed dala to put them into
8 form where they satisfy the sssumptions required
Lo apply various statisticl date reduction rovtines,
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The goal of empiricl time analysis is precisely that
enunciated by Richard Hamming [1962] for numerieal
analysis: the seaking of insight rather thun numbers.
Onoe should not expect cmpirical time series anaiysis
to bo n mers matter of grinding out answers. Rather
one desires to obtain a wenlth of answers which
can be temnpered by imagination and judgement to
achieve models for time scifes,

My aim i this paper s to sketcl an approach to
cmpirieal time series analysis whose basic attitude
is: one should analyze the dats in & number of ways,
cach corresponding cesentinlly to a different possible
model for the observed time series. Iach nnalysis
provides estimates of the parameters {or incompletely
spocified probability Iaw characteristics} involved
in the model. Comparing the analyses provides
rough tests of Rypotheses concerning which model
provides a hetter it to the data.

2. Stendard Models
The standard model adoptod for the annlysis of

a time sories {X,(8), t=1, 2,, ..} is to wrile it as
the sum

Xy =m(§)+ ¥i() (2.1)
of its mean value function
me()=HLX{1)] (2.2)
end the residusls or fluctuations
() = X () —m(2). 2.3)

In order to have the possibility of statistical
inference from & single finite sample of o time serfes,
one assumes thai the residuals sre corerience sta-
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tionary {Pargen, 1962] in the sense that (for §, j=1, 2}
there exist functions R ;(z) of integers v=0, £1, ...
such that

Cov [X{t), Xt o)l=E(¥:{)Y {t-+o)]=Ryln).
{2.4)

We call B(p) the covariance functions of the time
series, an

U | 171C) B 5
200 T B,y O T @9

the correlation functions.

The ecovariance functiens K (z} always possess
represenintions as Fourier-Stieltjes integrals. It is
noxt assumned that they are Fourier transforms of
speciral density funetions f,{w):

Ro= | djldde,  i==T. ©28)

The (puto} spectral density Tunction fe(w) is »
nonnegative even funetion of w:

Jul—w)=fula) 20,

The crass-spectral density lunction fi; (w) is In general
complex valued; its real and imagiary parts are
called tespectively the ca-speciral density, denoted
oyife), and guadrature spectral density, dencted g,{w).

hese functions possess the [ollowing properlies
{writing Z tc denote the complex conjugate of 2)

Ful— =Tl = fule),

cy{—wy=cylw),

|| <. (2.7)

gu(—w)=—g.;{w). 2.8

One can deiine for two j“i"ﬂi)’ covarignce slulion-
ury time series X,{-) a vanety of spectral quantities,
us follows:

w15y (= fol)[® _ &w) i (e}

T Ll @) fule)fule)

called the colerency between X,(-) and X,(-) at
{requency o;

7.
it~

(2.9}

{2.10)
called the gain ut frequency o of the prediclor of
XA} given X,(-);

_ Lt
Jilw)

called the gain at frequency « of the predictor of
A0} given Xyf-);

il (2.11)

[P

) 2.12)

wlw)=narc tan

called the phase difference between the two series
at frequency w;

Fnile) =Fula) (1-W;, (w} ],

called the error spectrum of the predictor of X,(-)
given X(.).

In the sequel we shall diseuss the guestion of
estimating the mean value funetions and speectral
functions associated with fime series. In terms of
the spectrum, ene can devise various physieal
mechanisms (especially ifilters) which might have
generated the time series and which might be used
to simulate them.

(2.13)

3. Sample Covariance and Correlation
Funciions

A basic step in empirical time series analysis is
Lo form estimates of the covarianece, correlation, and
srcclml functions. I helieve it correet to say that
these estimation problems do _not ss yet have
gencrally uccepted solutions. One of the aims of
this puper is to stress the points ab issue.

‘The jirst point T desire to raise is that for the sake
of developing a modular computer program we should
adopt the [ollowing definitions for the sample
covariance functions By {.) and Ku{.), and sample
Cross-cOVATIALCe functions Rp(.) and An{-): for
4j=1,2,

|

]
R,,(a):j% = XX, e=0,1,.. . N-%.
(3.1}
Tor negative values of » we define

Ry{—v)=Ry(0). (3.2)

For the sike of distinguishing the estimates [rom
the population quantities they are estimating one
should write RE(#) instend of R,(6) to indieate
that it is an estimate. For cuse of writing we omit
such asterisks. However, they should be inserled
by the render when discussing the properties of the
estimates.

Clomputing the sample covarisnce ind eross-
covariance funetions will be one of the most time
consuining aspects of a time series analyais of read
data, It turns out that one can ¢hoose a convenient
pumber V.. less than A, such that one need
compute enly

Res(v}, ooy Vs

One rarely chooses V', to be greater than 40 percent
of the sample size N, and often it will be 0.25 N.
Some consideraticns on Low to choose Vg, ara
discussed below, We call Vo, the coseriance

truncation point.

v=0,1,
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From the sample covariance and eross-covariance
functions, one forms sample correlation and eross-
correlation functions, defined by

2@} =R, (0 B (O R0 )17

for =0, 1,..., Voax
meaning of (3.3} note that

3-3)

As an example of the

Fxmxa+o
)=, v=0,1,..., N—L
200
13.4)

Tt should be noted that some writers would esti-
mate p,(p) by the ordinary correlation coeflicient
between the two series
{X(t),1=1,2, .., , N—v}and

(X, ft4n,i=52, .., N—2} (3.5
which is given by

EV(X(U)—X?.D) (X () — L)

N—w N-r ¥
{Fwo-xoz Xt }

(3.6}
dafining e
Xum gy B, )
1 ¥ o
=N, }‘,ﬂ)x,(t). (3.8)

The next twoe sections discuss the motivations for
and jmplications of definitions (3.1} and (3.3}, and
why we oppoese definition (3.6).

4, Mean Subtraction

It seems odd that we do not wse in the semple
covarianee function the deviations X(#}—X of the
abservations from the sample mean

¥l <x

=N E {t}

rather then X{(f) itsell. To explain our position on
this point we introduce the notion of detrending.

Tn enulyzing a time sevies { X0, .=1,2, ., ., ¥,}
one usually adopts a model for X(-) of the form,

X{ty=m(t}+e(f),

where m(.) is the mean value function, sometimes
called the trend, and ef-) is the fluctuntion or residwal
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series about the trend assimed to be covariance
stationary.

Ome is interested in the trend for two purposes:

(i) to estimate it, as an important part of the
maodel one is fitting to the time series,

(ii} to eliminata it in such & way as to obtain esti-
mated values of the residusl semes e(:) so thai its
covariance and spectral structure can be estimated,

The optimum procedure for estimating the trend
depends on the covariance structure of the residuals.
Comsequently, in a sense, the problem of trend elim-
ination needs to be solved before one can solve the
problem of trend estimation.

Detrending refers to subtracting an estimnted mean
value function #(f) from a time series X{t} to pro-
duce a new time series Xp() =X(5) —h(f), We call
Xyl a detrended version of X(} abeut its mean
value functien, Detrending methods differ only in
the way in which the estimated mean value function
is formed. Two important ways in which one at-
tempts to eliminate trend (or detrend) are mnean
detrending and linear detrending.

Mean detrending. The estimated mean value fune-
tion is the arithmetic average of the time series
abservations:

r?z(:):%‘zj:; X@=Xfori=1,2,.. ., N @1

The detrended time series is
X=X 0—X;

Kinear detrending. The estimated mean value

Function is a Tegression line fitted to the time series
by the methed of least squares:

1=1,2,.., N

7 %

(4.2

) =X+d(—1) fort=1,2,..., N (4.3)
where
T=Lx
7N§ 0, (4.4)
. 1 X
=y 5 t=VHDE, (4.5)
N _N X .
SUX(—E X)) A O—-NiX
bml=1 + =1 :E:I 3 ) (46)
e NG —1N7L
The detrended time scries is
X=X 8],  t=1,2.. N
(€3]

We now see why in forming sample covariances
one should not necessarily subtract out the mean of
a time series. Wa believe that one should assume
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that the fime series either have zero means or rep-
resent residuals after detrending. TFurther, there
will be aceasions when automuatically subtracting out
the mean limits cur ability Lo compate interesting
estimates. We will often desiro to consider a con-
stant time series

X(f)=1,all ¢, (4.8)
which we do not desire automatieally to replace by
the zero time series.

5. The Divisor Question: N—v or NV

Tn the definitions given by (3.1) for R,;(¢) we have
chesen Lo divide by N {the number of terms in the
serjes) ruther than N--» {the number of terins being
summed Lo form 7,(#)). Many researchers scem Lo
prefer to divide by %% on the grounds that it leads
ta an unbigsed cstimate of the true covariance
R{&) (in the ecase of time series X,{-) with zero
menn):

| T . Vo1 Nee ]
B[t B XXt |- 5 R =Rt

The suggestion that it is ]]Jrcfemblc te use the
divisor N, rather than N—, which is adopted in this
waork, is motivated by the following twe considera-
tions. Let us eall £,(p) with a divisor of N—au the
unbigsed estimate and /;(p) with a divisor of N
the figsed estimate.

One may show that

(i) The unbiased estimate regarded ns a lunction
of # is not a positive definite function whils the
binsed estimante is. This propecty is desirable for
two reasons; first, becruse we are estimaling a posi-
tive definite function, and second, hecause It ulti-
mately leads to nonnegative estimates of the spec-
tral density funciion.

fii) Ome maoy show that in many cases the biased
sstimate has a smaller mean square ervor than the
unbiased estimate. While this scems to be true in

neral, & riporous proof has not as yet been found
g::e Sehnerf, 1063, for procfs in verious special cases].

In her Stanford Ph. D. thesis, Mirella Casini
Schaerl [1963] shows thai while the unbiased sampice
covarianee function usually has n greater mean squure
error than the biased sample covmriance funclion,
neither seems to provide a rewlly sulisfactory esli-
mate of the true covariance funclion. The sample
eovarinnee functions never demp out Lo zere, which
we gssume is the case for the true govariance func-
tion. Schaerf examines various ways of medifying
the sample covariance function to improve its prop-
erties, with somewhat pessimistio reshlts.

Nevertheless it seems that when properly trans-
formed the biased sample covariance function (in
spite of failing to give 2 reasonable picture of the
true govariance function) docs yield estimates of ihe
spectrum which provide a reasonable picture of il.
It possesses the essential property which the sample
covariance function musk have fin order for ils

Fourier transform fo be interpretable as a spectrel
density Tunetion), nanely positive definileness.
The definition of the sample correlation function
given by (3.6) is not positive definite.  There scems
to be no resson to use such an estimate. In what
way Is il relevant $o our aims in time series analysis?

6. Estimates of the Spectrum and Cross
Spectrum

The theory of estimation of the spectrum and
eross spectrum is too extensive to be conveniently
summarized here. We cun only state the estimates
which present theery scem to indicnte should be
formed as the first siep to understanding the spec-
trum (I have tried {0 summarize this theory in
Parzen [1961 and 1964]).

Three methods of computing spectra seem to be
avuilable for consideration:

(i} the indiract or transform method, which Fourier
transforms weighted covariances to estimate spootra,

(H) the divect or jiller Sank method, which esti-
mates spectrz as the varianece and eovarisnes of
various filtered time series,
| (i) the method of gutoregressive spoctrul eslima-
tion.

We discuss method (i) in this seetion and method
(i) in seetion 8. We do not discuss method (i);
see Ormsby [1961], Weleh [1961), und Brillinger
[1983].

Let 7,4(2) denote either the sample cross covariance
or the sumple cross-correletion function.. While in
our opinion one should use the latter for ease of
interpretation, the graphs one obtains have exactly
the same shepe in ejther case since they differ by
constent factors (ussuming (2.3) is used).

As an estimate of the true cross-spectral density
function f{«} one forms the estimate

which depend on a cheiee of two quantities:

{i} an integer M, called the trunecation point of the
speetrul estimate (we usually choose seversl trunen-
tion points in practics),

{ii) » kernel i() known as the lag window of the
spectral estimate; its Fouvier transforim

(6.1)

Kl)=y L :s—”"'k(h:)rlu (5.2)

is the speciral window generafor of the estimate while
)
M

is called the speetral window of the estimate; it way
be shown that approximately

Fo(w) =ME (M),

1 Ly

27 iigir

Kulw)= 6.3)

(6.4)
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There is & third choice te be mada in forming the
estimate fy(w), and this is the number of points on
the interval ¢ to » at which it will be compoted.
FV& adopt the attitude that f;y(«) should be computad

or

—0 22T,
w=0, 725 s (6.5)
where @ i5 an integer io be chosen. We call @

the specirel computation number.
Spectral window generators. In this work, we |
use only the following spestral window gonerator:

E(w) =1—Gut o, 0<u=<0.5
=2(1—u)’, 05<u<l
=0, uw=l
=k(—u)}, =0, {8.6)

A theory of spectral window generators is developed
in Parzen [1964]. It s shown thal the kernel (6.6)
always leads to nonnegetive spectral estimates whose
variance (when praperly nerinalized for cotnparison)
is slightly less than the variance of various other
estimates considered. = In particular a comparison
is made with certain other kernels which have heen
widely used; see Blackman and Tukey [1958], p. 98.
One such kernel is

k(u):%(1+c057.‘u), [ <1

=0, otherwise. (6.7)

Statistical significance of spectral esfimemdes.  Assuin-
ing normality of the observed time series, it may be
shown that the variance of the estimated speetral
density

i S k(G ARG 6

depends on the sample size N, the kernel &), the

truncation point A4, and the true spectral density
Fulw) as follows:

Var (2 ull= 0 73 (o) {f_: ch(u)du} i 0w

LI { .Ji k?(u)cm}

if w=0or w=m.

(6.9

It should be noted (hat the equality in (6.9) is only
approximate; from a rigorous point of view It
slgould be written as » relption that holds in the
limit,

Note that the variance in (6.9) increases
truncation point Af iacveases. Therefore

as the
one is
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tempted to make M small. However the smaller
M the luger is the bias of fu(w) 2s an estimale of
Fulw). Thus arises the crux of the spectral estima-
tion problem—how to choose the truncation point
so us Lo optimally compromise between a number of
eonflicting objectives.

If instead of fi(w) one plots its logavithm log.
Fi{w) one wehieves two advantages:

{i) one mapnifies the graph of the estimated
density in regions where it is small, enabling one to
more easily study the behavior of the spectrum at
these lrequencies,

{ii) one achicves an estimate whose sampling

roperties are the same for all frequencies since by
arge surnpla statistienl theory (6.8) implies

v log @13 [T } 0o,

:L’%{ .f_:l’r"(u)du} ifo=0ore=m.
(6.10}

Wherens & confidence band sbout the estimated
speetral density has n width which varfes with the
heiglt, of the density, a confidence baud about the
Jogavithun of the density has a constant width:

o ) et sz g e}
(8.11)

oan be considered Lo be n confidence band for ench
w in 0 w< % of approximate confidence §5 percent.

For the kerne! (6.6, Jw P uydu=0.5¢. Therefore

the right-hand side of (8.11), herealter denoted a4,
is 0.38 for M/N=0.05 and 0.46 for M{N=0.10.
The value of A for ather vatios M/ is then easily
approximated (thus, & is 0.46+/2=0.92 for M/N=
0.40).

TFrom {6.11) it follows that for cach win 0<Cu<x,
with approximate confidence 95 percent,

c-A—l5';’*‘(“2@;"(“’)555—1. (6.12)

It is worth noting how quickly the limits in (6.12}
increase as A/ inereases; thus

N -1 ed—1
0. 03 04
.10 .8
.20 .8
.40 1.5
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Only for M/ less than 10 percent is the percentage
error of the estimated spectrum of resscnable size.

The statistical significance of cross spectral esti-
mates is discussed by Jenkins [1983], and Goodman
[1963].

Chotee of truneation point. Tt seems te he in-
ereasingly “wccepted among workers in statistical
spnctra% analysis that the speetrum should he
computed for several choices of truncation point .
As yet we do not have routine quantitative {or even
qualitative) procedures for interpreting the spectrs
obtained from several choices of M, Such procedures
are still under development. My experience has
led me 1o feel that o good picture of the spectrum:
tan be obteined by taking three truncation points
M <My M, T choose M) to be an even number
between 5 percent and 10 percent of tho semple
size N. I then choose AM,=2Af, and M.=20f,. In
section 9 we give examples of spectra computed with
several truneation points.

Choice of spectral compulation awmber. The spec-
tral computation point @ has in the past frequently
been chosen to be equal to the Lruncation point M.
One can prove s sampling theorem to the effect that
the estimated spectrum (which s a funetion of «,
teasured in cycles per unit of observation Llime,
in the interval 0<w<0.5) can be recovered [rom its
value at Af equally spaced points. However, this
recevery camnot necessarily be done by linear
interpointion. If the graph of the estimaied spec-
trum is to be obtained by erely drawing line
segmenls connecting Lhe computed values, one needs
to compute the spectrum at (J equispaced frequencies,
where { should be st least 234 and perhaps should
be 414

If one uses 3 truneation peints MMM, 1L
bos seemed reasomable to me to compute each
s?ccu-um at @G=>M; points. However, one should
choose @ {approximately equal to 3,) such that the
frequencies which are nrultiples of «/f) are of physical
interest. Tor economic time series of monthly data
we usually choose § te be o mulliple of 12.

7. Computation Formulas for Cross-Speciral
Estimates by the Transform Method

The time sevies Xi() and X(-) whose cross spectra,
one is estimating are usually not Lhe directly observed
Lime series but rather the resull of varicus detrending
and filtering operations. Assuming thai we gsre
decling with Lwo time serics ready for cross-spectral
analysis, the following compntations are performed.

Stsp 1. Let & be the number of observations in
the two series. Choose an integer Vg <N and
compute, for »=0, 1, 2, ... T, the cross
covarignces

max

Rule), Bulv), Frulv), Ryln) (7.1}
and the cross correlations which we denote by Lhe

notation _ _ - _
Bue), Bn@), Kilo), By, (7.2)

STEr 2. Choese three truncation peints M, M,,
M. For each truncation point, carry oul steps 3
to B.

StEp 3. Choose an integer §. Then for each
frequency

v T
w0, 2122y T (7.3}
e

compute the quantities deseribed in steps 4 and 4.
Ster 4. We prefer to compute normalized cross
spectrn {Lhe transforms of eross correlations rather
than of cross covariances) since they seem to be
ensior Lo graph and to compare.
The normalized spectral density functions, co-
spectruny, and quadrature spectrum

Jola), folw), enlw), gl (7.4)

ab [requency w could be computed by the formulas

Sirw) :i{%ﬁ’f(m"’_é cos (va)k (;%,)E.(v) },
1.5
ot =-{ 3 T+ 25 ons ot ()

(Bult}+Ea()] (7.6)

gt =5 32 sin Gk () Buld)-Fu0] 1)

where 44 denotes the truneation point.

‘These spectral quantitics are niost efficiently coni-
puted not by using the explicit formules ghove but
by using an efficieni procedure for evaluation of
finite Fourier transforms due to Goertzel [1960].

Srer 5. We nexl compute the following spectral
quantities:

Amplitude, Aya(w)=| frole) |={ [craled |*F Iqiafed 2 ]2

Phase, () =1an"1] ga(w)/erele) }

Coherence, Wi(w) =] fis{e}{*ri o) foa ()
Guin 1/2,  Gyalw) =dolw) +Foslw)
Guin 2/1, Gl =Ap )+ f(w).

Computation time, It may be worth explicitly
noting two ways which we have fvund for reducing
the computation time required.

In computing covariances we call upon au external
procedure for computing inner products which exe-
cutes [aster than the equivulent coding in program-
ming language, Figure 7a lists our covariance
computalion routine.

In_comwputing spectru and cross spectra we use
the Goertzel procedure mentioned after (7.7). Fig-
ure 7b lists this computation routine.
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2 PROCEDURE COVARTANCE({NsMsLLsL2oX{) $ RI(Y#R2{IsCT()sCTL)#D140240315
2 COMMEMT TH1S PROCEDURE COMPUTES THE AUTD AND CROSS CORRELATION FUNC-

TIONS.
AT LAG ZERO 1S STORED AT I=1,
T=M+1.

FUNCTIOKS ARE NORMALIZED TO HAVE
IZING FACTORS ARE D1,D2Z AND D3,
ARRAYS RI(14R2Z0)4CTEY
INPROD{KyLoNs ALY SBL))

BEGEN

DI = IMPROD(LISLIsKX1)»X0))E
D2 = INPRODILZsL2:NsX0)sX())S
D3 = SORTIN1.DZY %
FOR KK = (1s1sM+11 8

BEGIN

END $
RETURN END §

WO B R I A I R B R R O A TR R R

Figurs Ta.

The computation time T of the covariances of a
pair of time series Is approxiinately the product of &
(the length of the time series} and M {the truncation
point). Some typical values (on a 7090} are:

N M T
200 80 | 4 see.
1000 200 | 1 min.
4000 500 | 8 min,

The computalicn lime T of a cross-spectral analy-
sig is approximately the produet of M (the truncation
point) and @ {the spectrum computation number).
Some typical values (on a 7690) are:

E I4] r
40 40 | 1 see.
80 B0 | 4 soe.
0 160 | 8 gee.
200 200 | 24 sec.
500 200 | 1 min,
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RE{I)sR2(I3sCItL) AND CT(E}s FOR T=1s2gnensM¥le
THE FURCTION AT LAG M 1S STORED AT

THE TIMF SERIES ARE OF EQUAL LENGTH N AND BOTH ARE STORED IN
THE ARRAY Y{)s ONE BEGINNING AT L1ls THE OTHER AT LZ.

CROSS CORRELATIONS ARE ALSO CONSISTENTLY NORMALIZED.
AND CTt) TO ALLOW POOLING OF COVARIANCES.

IS5 AN EXTERNAL FUNCTION EQUIVALENT TO
TSUM=040y FOR In{0y1eN-2)s SUM=SUMHAIK+T}Bi{L+11" 8

THE FUNCTION.

THE AUTO=-CORR
A VALUE 1 AT THE ORIGIN AND THE
THE NORMAL~-
THE FUNCTIONS ARE ADCED TNTO THE
SuM=

INTEGER TeassJrossKannslanssMonashees 8

RI(KEY=RLIKK)+INPROD LI oL 1+KK=~T4N~KK+14X¢ ) ¢Xt]11/D15
RZ{KKI=R2IKK)+INPROD L2yl 24KK-
CI{KKI=CTKX)+INPROD{L] L2 +KK~
CTIKEI=CT(KE)+INPROD{L2,L1+KK-

14N=KK+19X¢)pXE1 1023
14N=KK+14X{)sX{}}/D35
1ypN=KK+1yX1) X0 13/0D28

Procedure coparianee,

8. Auloregressive Spéctral Estimation

Given guieregression cocficients oy, . - ., . 0D®
A
can form anew time series, denoted X{.), from a given
time series X}, by the fonmula

F—aXt—D4 . .. da.Xi—m). (8.1)

Wo say that )2(-) is obtained by autoregressive filter-
ing from X(-}. The residusls

=X~ X (3.2)

ure seid to be autoregressive residunls. They are

examined to determine how good a predistor X(2)
is of X(2).

The autoregressive coofficicnts &, . . ., an Inay
either be specified a priori or may be estimated from
the date Dy a procedure known as stagewise auio-
regressive estimation. (see fig. Sa for the computation
routine). In this case, one may be able to estimate
the unknown speciral density Tunction of the time
series X(-) by » method called gudoregressive spectral
estimation. ‘1'o describe this method we discuss seme
relations between transfer funetions.
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2 PROCEDURE TRANSFORMIMaH WET+RLITREL)SROLISRZOISFLIEI«F201CAIN0ULENS

2 BEGIAN

2 COMMENT THIS PROCEDURE COMPUTES N+l POIRTS OF TwO ESTIMATED SPECTRAL

FROM R1¢} ANCG R2{}
AND ROL) wWHICH ARE THE EVEN AND
FUNCTION OF TWO TIME SERTES.
ING KERNAL USED [5 Wi)e
RECURSIVELY.

D4 = C2 = SIN(PI/CIE os
P1=Ds5.R113) %
FOR I=(2414H¢]1) 3
BEGIN
A= Wil) 8
P1=Pl+R1{I1.AS
END §
Fltll = Pl.PIV %
CO{1) = PZ.PIV §
FOR 1. = {1s14H)%

Fa2r11
Quill

QULE+]) = D4 UZ34PIV &
Ful+1y

Dl = CleC3=C2.04 § D4 =
€3 = D1 s 06 =
END

RETURN END S

MRMNMNNMNNNN NN RRN N RNRAMMNMMNAMNNNSRNRMNOS A RNRN NR RN R

DENSITY FURCTIONS AND DF THE (G-
WHICH ARE THE AUTO-CORRELATION FUNCTIONS AND RE()

P2a0.5.RE(L} %

PR=PZ+RELIN LAS

SPECTRUM AND QUADRATURE-SPECTRUM

0PD PARTS OF THE CRCOSS-CORRELATION

THE TRUNCATION POINT TS5 My THE WETGHT
THE SINES ANU COSINES YEEDED ARE COMPUTED
REFERENCES 1+ )HAMMING +RaWes *NUMERICAL METHODS FOR
S5CIENTISTS AND EMGINEERS YV 4MCGRAW-HILL 1962+PAGES T1-74 3

ENTEGER  lswer Jowsr Kuawr Luser Maver Nows F
Pl = 341415927 3 PIY¥Y = 0431830989 §
C=K*%s €l = C3 = D1 = COS(RIsC) 3

Z.Ct F
P430s5%.R211)

s
P4xP4+R21])eAS

PaJPIV 3
0«0 %

BEGIN
Ull = Ulz = Ul3 = UlG = Y21 = Y22 = 23 = (24 = 0.0 3%
FOR J = {M+le=1s2:%
BEGIN
A= WiJE %
U3l = DHaUZI-ULI+R1(JIaA &
U32 = OH.U22-ULZ4RE(JI.A §
U33 = $6.U23-ULF+ROIIIA
Udd = D6, U24=YL4+R2(J) A 5
Uil = U2l § Uzl = U3l & ULz = 2z s Uez = uiz s
ul3 = U23 3 uza = Uiz s Uly = U2& & U24 = U3e 5
END §
Flti+]) =0(03aU2) = ULT + R1{11e0514PIV 3

COCI+1) =x(DLeU22 — UI2Z + REIL14D45)1PIV §

=(D1.U28% - Ulk + RZi1).04514PIV §

D&eCl4C3.C2 %
2.D1 3

TFioure Th.  Procediere transform,

If the given time series X(.) actually waus & white
nolse process, with spectral density function

Fld=go o<, )

then the time series e{), defined by (8.2} would have
as its spectral density

Felw)=felehlA{P (8.4)
where A(w) is the frequency transfer funetion
Alw)=l—ae™— . . . —ane ™, {8.35)

representing (up to a factor ¢} the outpub of the
operelion defining ¢ () when the inputis e'**, There-
fore

{{1—a; cos a— ... —@p CoOS ma)?

flwl=

2x

+(a; sin wt . . . Fagsin me)?). {(8.6)
Given auloregressive coefficients a,

denote the righl-hand side of (8.6} by TRW (w) n,nd

call it the whate noise transfer function of the scheme.
We desire to normalize the white noise iransfer

funection to have unit area fover the interval |w| < ).
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PROCEDURE SELECTI R{}s+ Ky L BCOF(}.TNE}r NC JS BEGIN

COMMENT  THIS PROCEDURE COMPUTES THE BEST FITTING AUTO-REGRESSIVE
COEFFICTENTS FOR A TIME SERTES WITH SAMPLE CORRELATION FUNCTION ROY
OF TRUNCATION POINT #s L IS THE LENGTH OF THE TIME SFRIES+ USED FOR
CCMPUTING DEGREFS OF FREEDOM. THE NC SIGNIFIQANT COEFFICIERTS
ARE RETURNED IN COF() WITH THEIR INDICES IN IN()y REFERENCES 1.1
EFROYMSON + M, Aw s "MULTTPLE REGRESSTON ANALYSIS14IN TMATHEMATICAL
METHODS FOR DIGITAL COMPUTERS!,EDITED BY RALSTON A« AND WILFyH.54s
WILEYy 19627 &

GLOBAL Als} §

INTEGER Tawss Joaas Fausr Lavasr Moaus Nows 5

ARRAY CBUI72) &

ARRAY CHIZ21521 2064632 9227+ 11a3s 13439 15414 16485 18254 20ale 21.7,
23223 26475 26423 2TeTy 2941y 30464 32409 33uhr 34284 36424 3TeGe
38495 40,3+ Alshy 4301 44434 45060 47400 4843y 45.6) 50495 5242,
530 54,8y 56419 57435 5Babs 579 61425 62005 63Ty 6500 66522
675+ 68475 70400 T1a2y T2afis 7307y The9y THa2s TTasks 1Beb 1 %

TOL = Q001 & N = K+1 § F2 = €4635 % KF =05

COMMENT PLACING THF COVARIANCE FUNCTIGM TN THE MATRIX 35

FOR I={1.1sN) &
BEGIN
AlLsI) = 1.0 %
FOR J=@lsFul=11¢ AlT«d) = ALJsT) = ROI-J+11)5
FND 8
FIVEW.
F1 = cHIZIK - KP ) 3 PHI = L - KP -1 & RTOT = 0.0 &
YMIN = 2#30 £ VMAX = Ca0 5 MMIN = NMAX = 0 %
FOR I=(141sK}) 5 IF tALT,i) GTR TOL 1%
BEGIN
V s (ALTsMIAINSTIIZALT,T) &
TF v 6TR 0.0 § RTAT=RTOT+V £ COMMENT 1 NOT [N MODEL %
ETITHER TF {¥ LS5 0.0) % COMMENT 1 15 IM MODEL %
BEGIN
CBITI=ACIWN) &
IF {ABS(V}1 LS5 ABS{VMIN) 1% [(VMIN= ¥$ NMIN= IS 13

END $
OR IF iV GTR VMAX)IE (VMAX= V& NMAX=15 CHII)= 0.081%
OTHERWISE % CBUIY = 0.0
ENDS

EJTHER 1F ABS(VMIN) LSS F2,a{N.N)/PH! $§ (K1=NMIN & KP=KP-1% }3
OR TF RTQT GTR Fl+{ACN+MI/PHI)S (K1 = NMAX % KP=KP+1 5 1%
OTHERWISES GO TO ALM $
COMMENT WE COMPUTE THE NEW MATRLIX. IF K1 = NMIN THEN WE ARE DELETING A
VARTABLE. IF K1 = NMAX WE ARFE ADDING A VARIARBLF, [N EITHER CASF TRHE
COMPUTATIONS ARG THE SAME %
PIVOT = 1.0/ AlKIWK1Y $

FOR J=1131sN13% 2{K14J] = A(KIsJ)«PIVOT $ COMMENT CHANGE PIVOTROWS
FOR T={1s1:N1% FF I NEQ K1 %
BEGIN

TEMP = A(T32K1)3
FOR Jif142sN1S Allst)= AtlyJi— TEMPLAIKL1+JIS
ALT K1} ==TEMP.PIVOT §
ENDE
AlKIsR1Y = PIVOT $
GO TO FIVE &
ALMa s
NC =0 §
FOR T={K,-1:1}%
IF {CBIT) NEQ 0,018 (NC=NC+1% COF(NCI=CBILIS IN(NC)=K-T+15)%
If KNC GTR 20 3 NC = 20 $
RETURN END s

Feure 8a.  Procedure zefeel.
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One may verify that

f’ TRW (w)du=1tatt ... tad. (89

Therefore the normatized white noise trangfer function,
denoted by TRWN {u), is given by

TRW (&)
1+ .k

TRWN (w)= (5.8)

Note thut this transfer fenction is normalized to
have unit area over the interval —x <o <,
If X(-} is in fact an autoregressive schere satis-
fying the model
N(O=e, X{{—1)+ ... +e.X{t—m)+e(t), {8.9)
where e} is white noise, then from {8.4) its spectral
density funetion is given by
Frlw)=fe ()| A @)
=[25{ (1—a; cos w— . .. —@n COs Me)®

ol sin wt .. A0 sin ma? L (510}

We dencte the rvight-hand side of (810} by
TRAR {w), and call it the autoregressive lrrmxf('r_j'wmc—

tion of the scheme of coefficients @, . . . G
Note that

TRAR (w)={4x TRW {u)}". {8.11)

We have not been able es yet to find a formula

{convenient for compulation) for the integral

r TRAR (w)dw.  Since we prefer to compute nor-

malized transfer [unctions, in practice we approxi-
mately evaluate this integral by a crude method of
numerieal integration and thus compute the normal-
izgil auturﬁqie.sauf trensfer function, dencted by
TRARN (w) and given by

TRARN () 4 TRW [ }7

f' Lo TR (@)}~

(5.12)

We can deseribe the method of suloregressive
spectral estimation. It consists of (i) determining
autoregressive coefficients a,, . . . @p by stugewise
m]toregressne estimation, {ii) L:'E}H'milllg the 5pccua1
density fum‘tlonf‘(w) of the antoregressive residuals,
1ii) if f.(w) is approximately the :peulrum of while
noise, we take the normalized autoregressive transfer
functmu defined by (8.12), as the estimuted spec-
trum of the original time series A{1).

The statistical theory of stagewise autoregressive
model fitting is considered by Schaerf [1963].

Some Examples of Empirical Time Series
Analysis

Oune_of the major aims of empirical lime series
analysis is lo provide a modern solution to what
classic: hn.\, been called “the search for hidden

periodicities.” Classical approaches to this problem
hawe been discredited because they seented to pro-
vide evidence for the existence of * dpunuux cyeles.”
One way to avoid seeing cycles in data where they
are not present is to compare estimated spectra from
this data with the estimates formed under the sume
sample size and truncation point from data of kuown
properties.

As an example of the above methed, an analysis
of &n cconomic time series will be carried through.
The radio case would he essentially the seme, apart
pertraps from changes in length and time seale in the
serics, and the economic muterinl has already been
aunelyzed by vur wethod.

Given a scrics of lenglh 180 (a5 many economic time serles
are) ong might choost 2 minimnm truntation peint ef 16; the
other truncation points would then be 32 and 64.

Tu obiain some idea of the resolution of dur speelral win-
dows, i is instruetive to first perform a speetral anaivsis of o
eonstant time series

Xe(e)= 1,2, .., N {0.1)

No mean subtrastion is performed.
funetion is given by

The sample covarianee

=
R(u):'?g XX (et

The resulting csthnated speetral densily functions are given
in figure Ya. The carv corresponding to different truneation
points are easily distinguished since at zero freguency the
curves inerease in nmphtude with inereasing truneation point.
The speetral density funetion earcesponding to W =16 has a
luml mm.lmum of 0.175 which wnpht be construed as a
“spurious'" cyele.

Series of stoek priee indexes have been extensively anplyzed
(ser (,mngcr and Morgenstern [1963).  We consider a

series of such an index, denoted .\?(l}, for the 180

in 19181962, (a}nng lugnnthms and meen detrending
stimaled speetra, given in figure Ob, sxactly as in
hgum Ya, except for & Httle additional ]:0|\El at high fre-
quencies.

Similarly we s

imated the spocira of the linear sovics

Ay =i, .., 180 (5.3)
with no detrending.
exactly as in figre Ua,

The eonclusion ta be draw

The estlmated speatra were apain

that for both the steek price
index serics and the linear series, the spectrum cousists csson-
tially of a single line (or spike; ul. zero freqUeney; o more pre-
gise statement of this asseriien might perhaps he made usitig
technigues of mixed speetral analysis such as those currently
being investigated by George Hext [1964].

‘'v eharaclerize more elearly the mechanizn generating the
stock price index series and the linoear series, other than to
say ihey have a speetrum eoncentruted at zero frequeney, one
fits these series by sutorg ve sclhemes using stage
Aautoeregressive imution, IFor the stoek price index
one finds the scheme

Xalt)=0.0885(1—1) ez (1}
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FALQUERET TIC GYGLES FER LNTT

L3

Frause 9a.  Log of estimaied spectral density funetions, consfont series.

.5

.8 u
FRECZENCY IW CYDLES FER UNIT TIRE

Ficure 8k, Fog of eatimeled speelral densily functions, steck price index §6-62, mean deirend.
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)
FRECUEHCT IN ETELTE FLR UNIT TINE

Ticure $e.  Lop of estimated spectral density funclions, steck price stegoauto.

[l z

resaupa B proee ren war T
Fiaure 0d. Loy of estimaled speciral density functions, Fed. cash fron: public 48-62 mean defrend,
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FleekE e,

while for the lncar serics

X(4) = 0.992X (£ 1) 640 1). (9.5

We then estimale the speetra of the residual thne series
et} and e{f).

The estimated spectral density funciions of ihe stock price
index residuals are given in figure 9e; they are well within the
confidenee limits of while noise “peﬁtl’il The truc speetimm
of white nojsc on ihe logarithinic plot nsed in the figure is n
horizentsal ling at
=5.07.

Jog. (1000 (9.6}

From the foregoing snalysis we have cssentially obtained
the often found random walk medel for the logarithms of
stock market prices Xaff):

() =X201— 1)t et} (9.7)
where ex(€) is s white noise sevies. Tt would be inleresting lo
investigate whether the medels (9.4} ancl (9.7) are signilicantly
different.

The estimated speetral densily functions of the linear scrics
residuals arc again exactly 23 in figure Ya.  Examination of
the printed residunls si(zj) shows that they arc given by s
linear scrics

Xty =1+ (1 —1)0.00831, i 2,.

1, . (0.8)
Performing a slagewise antoregression on this sories disclosed
that it pmxu'usbely satisfics the modcl £5{)=0.894¢,({—-1);
one would conclude that the original series X} satisfios

Xy —2Xa0— 1)+ X5(¢—2)=0 and thus is a stmglzt Ina,
949
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Log of rstimated spectral denstty functions, Fed. cash stageauts.

Our last example is intended to illustrate how autore
pressive speetral cstimation is used to gheok the resalts of
the tnnstorm methad of speelrul estimation. Leb X,(4)
denote 7 monthly o of logurilhms of cash payments re-
eeived by the Puieml Government from ihe public. Its
spectra nre graphed in figure 8¢, There are prominent peaks

nt w=0 and a= =0.33. " There arc questionable peaks at
0.083, 0.167, 0.25, 0.42 (for the interpretation of these fre-
queneies in torms "of periods soe the table below).

Fitting an cutorcgrossive scheme to X8 by stagewise
autoregressive estimaiion one finds the scheme

X =0732K.4{—3) +0.825X . (f— 12}

=061 (- 18+ adl).  (9.9)
The spectra of the residuals eq(d), given in figure Se, are not
quile white; there is a slight predominanee of power at low
{requency Which shonld be inv tigated. Nevertheless, it
is white enough for s Lo feel justified in taking the unrmnhzcd
aumwgrcw\ « ransfer funetion as an estimate of the speclmm
af Xy(2). is transfer function is given in the 1 TRRA. l’\ SFER
column of figure 9F. All the peaks previously found are
still present, with their rclative size clearly indicated. The
model glven by (3.0) lends If readily to prodiction.  The
relalive mean squure predietion error is defined {o be

Var [«(8)]_
Var [X.(]

Thuse varianecs are rontinely computed in our program. Their
ratio turps out to be sbout 0.1; the predicior is thus rather
reliable,

Asascioting frequencies and periods.  Consider a time series
chserved at monthly intervals, The following table shows
the frequencies corresponding to several imporkant perioda.
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AUTDREGRESSION COEFFICIENTS USED IN DETRENDING ARE 27322 X(T- 1}
2R2%2 XIT~12}
~.6108 X(T-15}

FREQ. TRANSFER I /TRARSFER LOGETRANS} LOGUL1/TRANS)
-0noo 0002 3.8218 ~B.06%03 1.3407
-0104 0030 221% -5.3020 =1.5074
-0208 -0L85 <C3s2 -3.,9506 -3.3150
-0312 -D553 3121 -2.0949 —4.4147
0417 1025 -0065 =2.2771% =5.0319
0521 Ll27L «Cus3d =2.0062C -5.2471
«0625 .l018 - 0066 ~2,2851 ~5.024%
0729 L0601 .0i67 —3.2163 -4.0933
-0833 L0028 <2403 =5.0840 =1.4257
0937 20571 0017 -2.8636 ~4 24461
<1042 22165 -C03L ~1.5299 =3.7797
1l4a 4123 =CULG —54230
-k250 -9284 -0013 —6.6720
1354 =484l - COL4 —h.5043
«l458 -2948 -coz22 —&6.1050
+1563 0941 - 0071 ~4.9467
~l6567 Q054 <1241 -2.0869
=-1771 =094l - 0071 —4.946T
1875 22958 -00z2 +6.1050
1979 FET: LN S L0014 ~6.5842
»2083 5285 -0013 =6.6720
-2188 4123 «00le ~6.4236
«2292 22145 -0011 -5.7797
12396 0571 0117 —heh461
«2500 0023 24073 -1.425T7
+2604 40401 0167 -4.0333
-2708 -1018 -C06& ~5.0245
2813 a1271 .0Q053 ~5.2471
£2917 » 1025 -Q065 ~5.0319
-3021 0553 -0l21 =Ge 4147
-3125 -0185% <0362 =3.31%0
-3229 0030 2214 =1.5076
-2323 20002 3.8Z18 1.3407
3438 -0030 «221% -1-5077
+3542 =089 -0382 =3.3190
3646 -0553 .0Ll21 =G 4lat
-3720 - 1025 0063 -5.0119
+ 285945 1271 0053 =5.2471
-3958 -1018 - 0066 =5.0245
24063 0401 0Ll6Y =4.,093%
24167 .0028 -2403 =1.4257
4271 «0571 «0L17 ~4.4461
4375 -2ib65 -003] =5.7797
4479 4123 0016 ~6.4236
+%4583 -5285 -0013 —6.6720
+4688 4841 L0014 —6.5843
24192 « 2998 0022 —&6.1050
4896 20941 =0071 =2.3629 =4, 9867
5000 . 0054 1241 -5.2228 —2.0869

Fiaure H. Tranafer functions.
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Period ¢, length
of & cycle

Frequeney =1f#
cycles per month

It is a pleasure to thank Howard Teylor who
contributed the bulk of the computer program that
we use for empirical time series anslysis. I desira
to express my appreciation for the great intelligence,
ingenuity, persistence, and paiience that he brought
to hear on this work.

(Paper 63D9-394)
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