-ON ASYMPTOTTCALLY EFFICIENT COKSISTENT ESTIMATES OF TEE SPECTRAL
DENSITY FUNCTION OF A STATTIONARY TIME SRERIES

BY
EMANUEL PARZEN

TECHNICAL REPORT NO. 36

JULY 25, 1957

As written, this paper consisted of 12 sections and
was organized so that all proofs occurred in Sections
8-12. Only the first seven sections were published,
in Journal of the Royal Statistical Society, Series
B, Vol, 20, 1958. Ve here reprint all 12 gections.

REFRODUCTICN IN WHOLE OR IN PART IS PERMITTED FOR

ANY PURPOSE OF THE UNITED STATES GOVERNMENT

APPLIFD MATHEMATICS AND STATISTICS LABGRATORY
STANFORD UNIVERSITY
STANFORD, CALTFORNIA

56



1958 303

ON ASYMPTOTICALLY EFFICIENT CONSISTENT ESTIMATES OF THE
SPECTRAL DENSITY FUNCTION OF A STATIONARY TIME SERIES
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SUMMARY

SEVERAL general classes of estimates of the spectral density function of a
stationary time series are introduced, which are shown to include most
estimates previously suggested by various researchers. Asymptotic expres-
sipns are given for the mean square error of these estimates. We thus
determine, for each estimate, the class of time series for whose spectral
density it is a consistent estimate. Further, for a given time series, the
minimum integrated mean square error with which its spectral density may
be estimated is determined, and evaluated for large sample sizes. Efiicient
estimates are defined as those which achieve, asymptotically, the minimum
mean integrated square error. The asymptotic formulae derived are used
to make a numerical comparison of some estimates which have been sug-
gested. However, in this paper no conclusions are drawn or principles
enunciated as to how to proceed in practice to estimate the spectral density.

1. INTRODUCTION

The problem of estimating the spectral density function of a stationary time series has
attracted much attention recently (see references) because of its increasing importance in
scientific work. One of the difficulties one encounters in treating this problem is the fact
that it is not clear what is meant by a solution to the problem, Indeed, there are many
senses in which a solution may exist, and it is almost a question of taste (rather than of
science} what constitutes a satisfactory solution from a practical point of view. This is
especially true of the problem of estimating the spectral density function, since it is not
completely clear for what purposes the estimate is desired. No wonder, then, that con-
fusion exists as to what preperties it is desirable that an estimate possess. Tn a sitwation
such as this, it would appear that in first approaching the problem, one should obtain
as many theorems as possible. One’s criteria as to what constitutes a solution may change,
but the theorems endure, as statements of incontrovertible facts which may or may not be
relevant to the problem at hand.

Although it may be read by itself, this paper is a sequel to two previous papers (Parzen,
1957a, &) on statistical spectral analysis and, like them, deals simultaneously with discrete
and continuous parameter time series.

On the one hand, as in (19574), we consider in sections 4-6 the order of comsistency
of various general types of estimates of the spectral density function. The results obtained
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in the present paper constitute a more of less complete solution of the problem of estima-
ing the spectral density from the point of view of obtaining estimates with as high an order
of consistency as is possible, In particular, the notion of the efficiency of an estimate is
intreduced, and asymptotically most efficient estimates are exhibited. It is shown that
the highest order of consistency which may be possessed by a family of estimates of the
spectral density function f{w) of a stationary time series with integrable covariance function
R(v} is determined by the smoothness (differentiability) of f(w) as expressed by the manner
in which R(v) tends to 0 as the lag » tends to infinity. Tt twrns out that the case where
R(z} tends to 0 exponentially is strikingly different from the case where R(p) tends to 0
algebraically.

‘We also determine the consistency class of a fanily of estimates. Let S be one of the
medes of consistency defined in section 4. Given a family of estimates f(w), we define
its consistency class in the sense of S to be the class of covariance functions R(v) with respect
to which the family of estimates is consistent in the sense S.

On the other hand, as in (19575}, we consider in section 7 the consequences of inter-
preting the asymptotic expressions which are obtained for the mean square error of the
various estimates as being valid for finite (although large) sample sizes. We obtain certain
formalae, which are used to compare estimates which have been introduced by various
writers.

However, in the present paper we cannot give an unequivocal answer to the practical
question of how to estimate the spectral density functior. The difficulty is that there is
no unequivocal answer to the question of what properties should the best estimate have;
the reader is referred to Parzen (19575), however, where one possible answer is discussed.

The contents of the paper are as follows. In section 2, we state the basic assumptions
of the paper, namely that the stationary time series under observation have integrable
covariance functions and fourth moment functions. Tn section 3, 2 class of estimates of
the speciral density function is introduced, which is shown to include most estimates
introduced previously. In section 4, various figures of merit of an estimate are stated.
In section 5, we state various smoothness conditions which may be satisfied by the co-
variance function of the time series under observation. We then summmarize the main
theorems of the paper. However no proofs are given in the interest of economy; the
methods of proof are essentially the same as in our paper (19572). Complete proofs are
te be found in a technical report, with the same title as this paper, issued as Technical
Report No. 36 on Coatract N6onr-25140, by the Applied Mathematics and Statistics
Laboratory, Stanford University, A copy of this report has been deposited with the
Library of the Royal Statistical Society. In section 6, we staie the consistency class of
an estimate, The contents of section 7 were described above.

2. AssUMPTIONS, DEFINITIONS, AND NOTATION

Let y(2) denote the stationary time series under observation. We seek to treat simul-
taneously both discrete and continuous parameter time series. Most equations that we
write will hold for both cases, with the proper interpretation, which will be explained as
we proceed.  The domain of the variable ¢, in cases where it is not explicitly mentioned,
is to be taken as the infinite real line — o0 < ¢ << oo, in the continuous parameter case,
and as the set of integers 0, - 1, 4 2, ... i the discrete parameter case.
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It is assumed that the mean value function m(r) = Eyp{t) vanishes for all z. However,
it is easy to extend the method of estimating the spectrum considered in this paper to the
case where mi(f) does not vanish but may be written as a finite sum of known functions of ¢,
with unknown coeflicients to be estimated by a regression analysis.

It is assumed that y{(¢) is wide sense stationary up to order four, in the sense that
E | p{8) | * exists for all 1, and the product moments

E[y(@) ¥t + 5)] = R(v) 2.1
Efy(f) y(t + o1} ¥t + v2) 3(t + pa)] = Plon, vz, vs) (2.2)

do not functionally depend on . The domain of the variables v, »;, v, vz is the same as
that of 7. The fourth cumulant function is defined by

O(e1, v, v3) = P, ve, vs) — R(vr) R{va — vg)
— Rfvg) R{vs — 1) — R{vs) R(tn — va). 2.3)

If the stochastic process 3{(r) is normally distributed, than Q(wm, ve, vs) = 0. Thus
O(v1, va, vs) may be thought of as the non-Gaussian part of the fourth-moment function.
As an example, suppose that y(7) is a discrete parameter linear process,

W) = E ke — 0) Ep), 2.4

where one assurnes that the sequence A(v) is absolutely convergent, and the random variables
£(v) are independent identically distributed random variables with finite fourth moment,
and fourth cumulant k4. Then

Ofv1, vz, v3) = ka 2 A@) A(v + 1) Ay + vo) A(e + v3). (2.5}

One calls R(») the covariance function of the process ¥(#). [t possesses a representation
as a Fourier-Stieltjes infegral (in the continuous parameter case, under the additional
assumption that it is continuous)

R() = f 7o dF{w), (2.6)

where F(w) is a bounded non-decreasing function, called the spectral distribution function
of the process. Physically, the difference F(ws) — F{wn) represents the fraction of the
power (or mean square) of the time series 3{¢) contained between the frequencies wy and
wz. The domain of the variable @ is — oo to <o in the continuous parameter case, and
— 77 to 77 in the discrete parameter case. 'The domain of integration of an integral involving
w is to be taken as the whole domain of «, in cases where it is not otherwise specified.

It is assumed next that R(v) and QO(p1, vz, va) are absolutely summable over their do-
mains.

Under the assumption that R(v) is summable, it follows that the spectral distribution
function F{w) possesses everywhere a derivative f(w), called the spectral density function
of the time series »(rf). The following relations hold:

Ry} = f et f{w) du, 2.7
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Flw) = S e~tov R(y) dv, (2.8c)
2m
1
= — L e R(y). 2,
3 e R(v) (2.8d)

In cases where the limits of integration {or summation) of an integral {or sum) involying
the variables u or v are omitted, they are to be assumed to be — c0 to o0. Henceforth,
we wrile equations of the type of (2.8), involving the variables u or », only once, for the
continsous parameter case, with the understanding that for every such equation a cor-
responding equation may be written for the discrete parameter case by replacing the
integral by 2 sum. For certain important equations we will write, without further explana-
tion, two equations, with a soffix ¢ for the continuous parameter case, and a suffix o for
the discrete parameter case.
Various “smoothness” assumptions that wifl be made are introduced in section 5.

3. A Crass OF ESTIMATES OF THE SPECTRAL DEnsITY FUNCTION

Let »{#), given for 0 =< ¢ = T in the continuous parameter case and fort — 1, ... , T
in the discrete parameter case, be a sample of length T of the time series under observation,
Various authors {e.g., Grenander and Rosenblatt, 1957; Lomnicki and Zaremba, 1957;
Parzen, 19564) have considered estimates fo*(w) of the spectral density function f(w) of
the following general form:

T
f30) = 5 [ e kex) Rato) o ¢.19
-7
1 v
= oy By T 0) Ra) G.1d)

where Ryly} is the sample covariance function, defined fo be 0 for | v| = T, and for
|v| <

T |vl|
Rf(v)z% f POPEL o] ) dr (3.20)
a
— 1w
— 7 B e 1) 629

and where the constants k2{v) are to be chosen (as an even function of ¢} to satisfy some
criterion of optimality.

Other authors have considered esiimates which are either continuous averages over
the periodogram (Grenander, 1951) or even only discrete averages over the periodogram
{Whittle, 1957). We now show that estimates of these forms can be written in the form
of (3.1).

The periodogram jr(w) is defined ir terms of the sample values of (1) by

T
2

So(w) = ﬁ_‘ f et p(r) dt | (3.3c)

it
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L N ) QR y(t)l : (3.3)
20T | =1
In terms of the sample covariance function, it may be written
T
Fal) = = J et Rp(s) d. 3.9
-7

Indeed, the definition of the sample covariance function by (3.2) is motivated by the
notion that R(y) should be the Fourier transform of the periodogram:

Ra(n) = f i fip(w) dow. (3.5)

Substituting (3.5) into (3._1) it is clear that one may write the estimated spectral density
function as a continuous average of the periedogram:

fi@ = [ Katw =2 fo0 a0 3.6
where Ko(w) is defined by
T
Ky(w) = 2-15_ f et op(p) dy 3.7c)
ey
Ka(w) = %T B e k) 3.7d)

We note without proof that fa{e) may be written as a discrete average over the values
of the periodogram at the points

wn(T) = ? (3.8¢)
m=0, +1, £2

_ 2mm

=FET (3.8d)
in virtue of the expressions
f@ =7 E frlwon) Keo — wa(D) (3.99)
= % So(tn(T)) Kelw — wanl(T)) (3.5d)
T D 7l T (1)) .

The class of estimates to be considered in this paper are formed in the following way.
Let A(x) be a bounded, even, square integrable function, defined for all real u, and satisfying
additional smoothness properties to be specified in section 5. Some possible choices for
h(u} are

1
h(u) = r:l'u_l_, {3 11)

VOL. XX. NoO. 2. M
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Wy=1—]u|, [u|=1 (3.12)

=0, otherwise, (3.12)

By = 22 (3.13)

Infinities of other possibilities are to be found in Parzen (19575).
One class of estimates fi(w) of the spectral demsity function that we consider are
defined by (3.1), with k£¢(z) given by

kol(t) = b(dpe=!?) (3.14)

where the 47 are positive constants tending to 0 as 7 —> c0, and « is a positive constant.
We call these the estimates of exponential type. Ar estimate similar to one of this type,
with fi(u) given by (3.11), A = afT, and & = log p, where @ and p are positive constants,
was considered by Lomnicki and Zaremba (1957).

Another class of estimates that we consider are of the form of (3. 1), with

k(@) = H(Bqv) (3.15)

where the Bp are positive constants tending to 0 as T —> c0.  We call these the estimates
of algebraic type; they were considered in Parzen (19574).

4, FIGURES OF MERIT OF ESTIMATES

In this section, we state (without comment in the interest of brevity) various figures of
merit for estimates of the spectral density function. Let f{w) be a sequence of estimates
of the spectral density function f(w), where T denotes the sample size; T =1, 2,
in the discrete parameter case and 0 < T < o0 in the continuous parameter case. Let

oAfpw)] = E | flw) — Efp(e) |2 bLfae)] = Efa(w) — F(w) @.1
PAfr)] = B | £3{0) — f() |? = o fH0)] + BLHw)] 4.2

denote respectively the variance, bias, and mean square error of the estimate fr*(w); we
consider only estimates with finite mean and variance.

Let M(T)— co as T — co. The family of estimates fi(es) is said to be (i) comsistent
of erder N(T) at o if N(T)3%[fa()] tends to a finite limit; (i) boundedly consistent of
order N(T) at @ if N(T)92[fp(e)} is bounded in T; (iif) wniformly consisient of order
MT) if N(T)5%[fi{w)] converges uniformly in w; (V) wniform-boundedly consistent of
order of N(T) if N(T) ?]Z[f;(w)] is bounded in T and w; (v) functionally-uniformly con-
sistent of order N(T) if N(T) Efsup | fp(w) — f{w) |*] is bounded in 7.

Angther criterion which regards the behaviour of the estimate f() as a function of
e is the integrated square error of the estimate, defined by

1AW = j | ) — fle) |2 dho.

A family of estimates is said to be integratediy consistent of order N(T) if N(T) EI[f7(w)
tends to a finite non-zero limit axs I -» co. The integrated mean square efror is particu-
farly easy to treat mathematically. We are able to compuie, for ¢ach sample size T, the
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minimum mean integrated square error, denoted by Efr or E[lr | R(v)], of any estimate
of the spectral density function which may be formed on the basis of a sample of size T.
Further, under assumptions as to form of the covariance function R() for v large, we are
able to compute the order with which Ely tends to 0 as T -> 0.

. Thus we are led to define the asymptotic efficiency of a family of estimates Fata,
given ihat R(p) is the true covariance function of the time series being observed, by

i} . E[lr | R@Y
elfr() | R@Y] = lim EIFH@))

(4.3)

5. SMOOTHNESS CONDITIONS AND SUMMARY OF RESULTS

Given a stationary time series with covariance function R(v} and spectral density
function f(w), the highest order of consistency with which f(w) can be estimated will
depend on the smoothness of f{w) as expressed by the manner in which R(v) behaves for v
tending to infinity. We distinguish two manners in which R(v) may behave; it may de-
crease exponentially or algebraically.

Exponential decrease of coefficient p.—We say that the covariance function R(z) de-
creases exponentially of coefficient p, where p > 0, if for large vit is of the form of e—¢ lol
that is, if for some constant Ry

| R@)| = Roe#iel for all v (5.1)

and for almost all #in 0 <C | ui <1,
lim e | R} | = (5.20)

Y=rod
lim e | R(ur]) | = <o, (5.2d)

i)

where [x] denotes the largest integer less than or equal to x. Unfortunately, (5.2) is not
general enough; it does not hold for the important special case R(p) = cos oo emrlvl,
where @ > 0. We extend the above definition by requiring instead of (5.2) that, for
almost all win 0 < Jur| < |

lim sup e-""] R(uv)| = o0 (5.3
P
and for any constant ¢ > 0
1
X 1
1 . du= .
»Lni f 1 + ¢ &2 Ruv) du =0, (5.4¢)
0
1

. 1
1}_1?3; Ulglse ]+ ¢ e20? R2(t) o
We remark that a stationary time series generated by an autoregressive scheme neces-
sarily decreases exponentially (Doob, 1933, p. 503).
Algebraie decrease of degree r—We say that the covariance function R(y) decreases
algebraically of degree r >> 0 if for large v it is of the form of v=+; that is, for some finite
positive constant R-

(5.4d)

lim v | R{#)| = R~ (5.5)
g

Since R(r) is assumed to be summable one has that necessarily r > L.
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Exponential decrease of degree r and coefficient p.—It should be pointed ont that one
may also consider covariance functions R{(p) which are, for » large, of the form of e-#lvl7
where necessarily 0 << r =22, Using the methods of this paper, there is no difficulty in
treating covariance functions of this form. However, we do not explicitly do so, except
for one remark, in order not to overload the paper.

The asymiptotic minimwum mean integrated squured error—It may be shown that for a
covariance function R(z) which decreases exponentially of coefficient g, the minimum mean
integrated square error E[fr ] R(v)] satisfies

T ot
ilil‘; mEUT | R = Tnp S, (5.6)
where
&= f Riv) dv = 2xr f FHw) dw (5.7c)
=X R¥() = 2n f F(w) dw, (5.74)

-

It may also be shown that for a covariance function which decreases exponentially of
degree r 2= 1 and coefficient p

. T 1
w7 Gog 7yt 2T | RO = i - 69
Throughout this paper we define, for any p>= 1,
alp)=1—1/p. (5.9

it may be shown that for a covariance function which decreases algebraically of degree
r,

lim Tw(er E[Im| R(»)] = L3 R, Lir galer) f (1 + w21 du, (5.10)
Trm o

Thus it is seen that the highest order of consistency which may be possessed by a family
of estimates of the spectral density function of a stationary time series with integrable co-
varience function R(v) is determined by the behaviour of R{(v) for v large. If R(v) decreases
exponentially {(of degree I), then the minimum mean integrated square error tends to 0
at the same rate as does logT/T. However, if R(v) decreases algebraically of degree r,
then there is a highest power a(2r} of T such that the mean integrated square error of any
family of estimates cannot decrease to 0 at a rate faster than does 7-a(2n),

‘We next consider the estimates introduced in section 3, and state how their properties
depend on the smoothness of R(v), as well as the choice of function A(x) and constamts
o, Ap, B,

Mean integrated square error of the estimates of exponential fype.—The estimates of
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exponential type are of the form
T
fiw) = %T J' e h(Ap €1 Ra(o) dv (5.110)
e
L 5 etwpdp el Raw). (5.11d)
2‘.'7 |p]=T

These estimates are of the form of (3.1), with k¢(v) given by (3.14). The function k()
is even, defined for all real u, and assumed to satisfy the conditions for some positive
constants Hy, Hy, and H,

| Ay | < Ho, all (5.12)
|1 —hG) | <H|u|, [u] <1, {5.13)
| uhe) | < H, |u| =1 (5.14)

The constants Az will be assumed for convenience to be of the form
Ap = AT (5.15)

One may prove the following theorem concerning the mean infegrated square error of the
estimates of exponential type.

Theorem.—Let p > 0, and suppose that R(v) is dominated by ¢=2!#! in the sense that
R{v) satisfies (5.1). Let A(w) satisfy (5.12)-(5.14). Choose b > (1/2), and 4 > 0, and
let A7 be given by (5.15). Choose @ > 0 so that o =< 2bp., Then the mean integrated
square error of the estimates f{w) defined by (5.11) satisfies
2t

=5 (5.16)

. T *
::Ell @ EI[fe{m)] =

This theorem has several immediate consequences. Firs, it is seen that the asymptotic
mean integrated square error of estimates of exponential type do not depend on the
particular choice of 4 or of A{x) so long as A(x) satisfies (5.12)~(5.14).

Second, if it is known that R(v) decreases exponentially with coefficient g, it is possible
to choose a non-parametric estimate of the form of (5.11) which has asymptotic efficiency
1; chooce o and b so that p = o/(2b) (say, b =1 and & = 2p}.

Third, we may characterize the consistency class (in the sense of integrated consistency)
of a family of estimates of exponential type, corresponding to a given choice of A{x), A4,
b, and . Let p(z, b) = «f(25). Then the estimates f7(w) are integratedly consistent of
order logT/T for any covariance function R(r) decreasing exponentially with coefficient
p=p (& b). Further, the asymptotic efficiency of the estimates for such a ¢ovariance
function is

elf3{w) | R@)] = ple, Bip. (5.17)

Thus, for a covariance funciion which decreases exponentially, we have an unequivecal
answer to the question of how to estimate its spectral density by means of an estimate of
expeneniial type. For reasons to be explained later we take (3.11) for (). The choice
of b and A are not too important, and we take them both equalto 1. The resulting estimate
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is

T
Sr{w) = % J e—tow (1 -+ %e«lvl)"lﬂT(v) dp, (5.18)

If the coefficient £ of exponential decrease of R(z) is known, choose o — 2p; the estimate
(5.18) has then asymptotic efficiency 1. If the coefficient £ is oaly known to satisfy the
inequality p =pi, one should choose & = 2p;; the estimate (5.17) has then asymptotic
efficiency (p1/p).

Mean integrated square error of the estimates of algebraic type~—-The estimates of

algebraic type are of the form
T

f;‘f(w) = %T f et W By v} Ro(v) do, (5.21c)
-T
-1 I e i(By v) Rolv). (5.21d)
271’| pi=T

These estimates are of the form of (3.1), with kr(v) given by (3.15). The function ()
is even, defined for all #, and assumed to satisfy the conditions, for some pasitive constants
q, €, Hy, Hy, and H,

| AG) | =< Ho, all 4, (5.22)
|1 —h@|<H | ule |u]| <1, (5.23)
| wnG | < H, |u]| =1 (5.24

A funetion h(x) satisfying these conditions will be said to be of type g; the corresponding
estimate (5.21) will be said to be of algebraic type ¢. We define

w

S(hy = f ho(a d, (5.25)
T {1 By
Sp(k)kf ( - ) . (5.26)

-
If A(u) is of type g, Sp(h) is finite for p << ¢ + 1/2. Tt is (o be stressed that these integrals
are the only integrals in this paper involving the variables » or v which are nof to be read
as sums in the discrete parameter case.
The constants By will be assumed (for convenience) to be of the form

Br=RBT"* (5.27)

One may prove the following theorem concerning the mean integrated square error of the
estimates of algebraic type.

Theorem.—Let r>> 1/2, and suppose that the covariance function R(y) decreases
algebraically of degree r, in the sense that (5. 5) is satisfied. Choose psothat 3/2 << p < r,
and fet & = 1/(2p). Choose B>> 0, and let Br be given by (5.27). Choose k(1) of type
g>p—1/2. Then the mean integrated square ervor of the estimate fi{w) defined by



67

1958] of the Spectral Density Function of a Stationary Times Series 313
(5.21) satisfies
Hm 722 E NfHw)] = S(h) + 2 Rg’ B2p-1 So(R). (5.28)
Hezron

This theorem has several immediate consequences.  First, it is seen that the asymptotic
integrated mean square error of estimates of algebraic type depends very strongly on the
choice of #(w) and B, Indeed, the order of consistency of the estimate varies directly
with the choice of B,

Second, if it is known that R(p) decreases algebraically of degree r, and the pasitive
quantities § and Ry are known, then it is possible to choose an estimate of algebraic type
which will kave asymptotic efficiency 1. Choose A() = {1 + #2")~1, which is of type 2r.
Choose p=r, so that &= 1/(2r). Choose B = (S/RA1), The resulting estimate,
siven by (5.29) with ¢ = r, has an asymptotic integrated mean square error which, in
view of (5.30%, may be verified to be equal to the right-hand side of (5.10}.

Third, we may characterize the consistency class (in the sense of integrated consistency}
of a family of non-parametric estimates of algebraic type ¢, corresponding to a given choice
of ) of type ¢. Choose p << g+ 1/2. Let Br be givea by (5.27), with B> 0 and
b= 1/2(p). Then the corresponding estimates f(w) are integratedly consistent of order
Ta22) for any covariance function R(r) decreasing algebraically of degree # = p. The
asymptotic efficiency of the estimate is non-zero only if r = p, in which case it is given
by the ratio of the right-hand side of (5.10) to the right-hand side of (5.28).

Thus, a covariance function which decreases algebraically must be known fairly well,
in terms of the parameters 7, Ry, and S, in order to best estimate its spectral density by
means of an estimate of algebraic type. An estimate of algebraic type which seems to
have desirable properties is

T
s =1 [ew(ir L@l )24) Ralopdo. 5.29)
-7

This estimate is integratedly consistent of order 7222 for any covariance function de-

creasing algebraically of degree r>>g¢. Tis asymptotic integrated mean sguare error
satisfies

. % Ay r - B2a(R2(S) 1t

al2¢g)

-II'T:@ 7o) E [ frden] = 3B f N du. (5.30)
0

As has been pointed out, for a covariance function R(y) for which the parameters r, S and
Ry are known, the estimate {5.29), for a suitable choice of ¢ and B, yi¢lds an estimate of
asymptotic efficiency 1.

Pottwise consistency.—The asymptotic mean square error of the estimates (5.11) and
(5.21) may be evaluated.

Tt will be found that the integratedly-consistent estimates of exponential type are also
pointwise consistent of the same order. Indeed, the following theorem concerning the
asymptotic variance and bias of the estimates (5.11) may be proved.

Theorem.—Let p > 0 and suppose that R{v) is dominated by e~7!7!. Let At satisfy

(5.12)(5.14), Choose b > (1/2), and 4 >> 0, and let A7 be given by (5.15). Choose
o > O so that o < 2bp.
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Then the covariance of the estimate f;.(w), defined by (5.11) satisfies, for any non-
negative frequencies «; and ws,

lim 5;"7 cov [f7(@n, fHon] = 2 fHan)(l + 60, o)) dn, ). (5.3

where (w1, wa) = 1 or 0 according as w1 = o or &; = ws. For every € > 0 the con-
vergence in (5.31) is uniform in oy = ¢ and wz = 6. Moreover, the quantities in (5.31)
are uniformly bounded (in T and w).

The supremum of the bias of the estimate f;(w) satisfies

. T o\ o
Jim (T sup | sirgen| —o. (5.32)

Consequently, the mean square error of the estimate satisfies, for every w,

lim

* 2b
BT TE | Fplw) — f(w) I 2= ;fz(w) {1 4 80, &)} (5.33)

Thus the estimates fa(w) are uniformly-boundedly consistent (and, for any €3> 0, uni-
formby consistent for @ == ¢) of order Tflog T.

For the estimates (5.11) of algebraic type, the situation is more complicated. It has
been stated previously that for a covariance function decreasing algebraically of degree r,
one can find estimates (5.21) which are integratedly consistent of order 7%2r). However,
from the theorems #n section 12, we are at best able to find estimates (5.21) which are
boundedly consistent of order T#2—1)_ Next, if one desires ¢stimates for which the Iimit
in (4.6) exists, one must be content with estimates of order of consistency fess than T=@r-13,
This follows from the fact that if R(y) decreases algebraicaily of degree r, then the pth
absolute covariance moment

f[ 2|7 | R@)}| dv << oo (5.34)

for p<<r—1.

One is able to evaluate the asymptotic variance of estimates of algebraic type without
requiring any smoothness conditions on R(#). The following theorem was proved in
Parzen (1957a).

Theorem.—Let h(u) satisfy (5.22) and (5.23). Let Bz be positive constants tending
to 0 as 7-> oo in such a way that T By - c0. The covariance of the estimate fa(w)
defined by (5.21) satisfies, for any non-negative frequencies w; and ws,

Jim T Bz Cov [ /7o), Flee)] = f2en) SUH{L + 8(0, e1)} 8o, ws). (5-35)
For any € > 0, the convergence in (5.35) is uniform in @) = ¢ and wz = €. Moreover,
the quantities in (5.35) are uniformly bounded (in 7 and ).

‘With the aid of this theorem one may prove the following theorem:.

Theorem.—Let r>> 1, and let R(r) decrease algebraically of degree r. Choose p so
that 1 << p =, and Jet b = 1/(2p — 1). Choose B> 0, and let By be given by (5.27).
Choose h{u) of fype ¢ > p — 1. Then the bias and mean square error of the estimates
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[1{@) defined by (5.21) satisfy, for some finite constant C, for all T and w,
By sup | Bfa@)] | < G, (5.36)

Tter D) E | f3(w) — fw) | 2 < C. (537

One may prove also the following theorem.
Theoren.—Let p > 0. Suppose that R(v} satisfies (5.34). Let h(u) satisfy (5.22)-
(5.24}) and be such that
1 — k)
W) = lim {5.38)
w0 lul?
exists and is finite. Fet b = 1/(2p + 1). Choose B > 0, and let By be given by (5.27}.
Let the generalized pt derivative £®Xw) of the spectral density f(«w) be defined by

fPNw) = % [ e=ive | o | ? R(v) dy (5.39¢c)
- %T ¥ eiv | » | 2 RE). (5.394)

Then the bias and mean square error of the estimate fh(w) defined by (5.21) satisfies
lim Bor? | bif(w)] | = | A% 52 (w) | (5.40)
Treo

lim 7ep+) E | ) — (@) | 2 = L7%0) St {1 + 80, &)

Psrw
+ szl B} Fd () | 2 (5.41)
The convergence in (5.40) is uniform ia 2ll w, and in (5.41) is uniform in @ = ¢, for any
¢ > 0. The integrated mean square error of the estimate satisfies

hm Te2s+) E [ fale)] = — SS(h) + -— | ho |2 f ©27 R%v) dv. (5.42)

Functionally-uniform consistency.—Concerning the functionally-uniform consisteacy of
the estimates (5.11) and (5.21) one has the following theorems.

Theorem.—Let p > 0, and suppose that R(v) is dominated by e—#!v1. Let h(x) satisfy
(5.12)-(5.14). Choose b>> 1/2, and 4 > 0, and let 47 be given by (5.15). Choose
a = 0 so that a =X 2bp. Then

hm  SUp E[sup | foley — Flw) | 2 < o0,

{log T)2
so that the estimate fT(co) is functionally uniform consistent of order Tf{log T)2.
Theorem.—Let r>> 1, and let R(y) decrease algebraically of degree r. Choose p so
that 1 < p = r,andlet b = 1/(2p). Choose B > 0, and let B be given by (5.27). Choose
h(u) of type g > p — 1. Then
lim sup 79¢-1/P) E[sup | Fa(w) — f(w) | 12<< oo,

oo

5o that the estimate f(e) is functionally uniform consistent of order T2-/»),
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Truncoted estimates—Consider an estimate () of the form of (5.11} or (5.21).
By the truncated form of the estimate, denoted by fai(w), we mean the estimate of the
same form corresponding to the truncated function hi(w), defined by hi(x) = () or O
accordingas || =< lor |u| > 1. Asarule, estimates of the form of (5.11) or (5.21)
and their truncated forms will be consistent together, although not necessarily with the
same asymptotic mean square ¢rror or integrated mean square error.

6. THE CONSISTENCY CLASS OF AN ESTIMATE

The theorems in the foregoing have all been concerned with the following problem:
given a covariance function R(v), to find the estimates of the form of (5.11) or (5.21)
which are consistent estimates of the spectral density of R(v). However, these theorems
can all be interpreted to yicld solutions to the following problem: given an estimate of
the form of (5.11) or (5.21), to find the covariance functions for which it is a consistent
estimate of the.corresponding spectral density. In the theorems below we stafe the con-
sistency classes of estimates of exponential type and algebraic type respectively.

Theorem.—Let h(u) satisfy (5.12)-(5.14). Choose > 0, 5> 1/2, and 4 > 0, and
let A be given by (5.15). Let p(a, §) = a/(2b). Then the estimate f;(w) defined by
(5.11)is

(a) integratedly consistent and uniform-boundedly consistent (and uniformly consistent
for @ = ¢, for any &> 0) of order Tflog T for any covariance function R(z) dominated
by e~ @t sta; the asymptotic integrated mean square error is then given by (5.12);

(b} functionally-uniformly consistent of order T(log T)? for any covariance function
dominated by e 2! stem,

Theorem.—Let k() be of type ¢ > 0, and such that 4@ exists. Choose b in the region
specified below. Choose B >> 0, and let B¢ be given by (5.27). Then the estimate Falew)
defined by (5.21) is,

(@) if 1> b> 1/(2¢ + 1), integratedly consistent of order T-b for any covariance
function R(¥) decreasing algebraically of degree r == 1/(2b); the asymptotic integrated
mean square error then satisfies {5.28) with p = 1/(2b);

(b} if 12> &> 1/(2g - 1), uniform-boundedly consistent of order T'-* for any co-
variance function R(v) decreasing algebraically of degree r 22 (1/(28)) + (1/2);

() if 1> 5= 1/(2¢ 4 1), consistent (uniformly in w = ¢, for any € > 0) of order
T1-® for any ¢ovariance function R(v) decreasing algebraically of degree r>> Q/@2e) + 1/2;
the mean square error then satisfies (5.41) and the asymptotic integrated mean square
error satisfies (5.42), with p = ((1/8) — 1)/2.

(d) if 1> &= 1j(2g 4 1), functionally-uniformly consistent of order T%-2 for any
covariance function decreasing algebraically of degree r = 1/(25).

In applying the latter theorem note that the bias terms in (5.28), (5.41), and (5.42)
will often vanish, since for a covariance function R(z) decreasing algebraically of degree r,
Ry = 0for p < r, and for a function k() for which 4@ exists, /ip = 0 for p < q.

7. A CoMPARISON OF SOME SUGGESTED ESTIMATES

We now discuss in the light of these results a number of estimates of the spectral density
which have been suggested by various authors,



71
1958] of the Spectral Density Function of a Stationary Time Series 317

Given an estimate of algebraic type g corresponding to a function A(x) for which A‘@
exists and is positive, we define Br by (5.27), with & — 1f(2g 4- 1). Then the estimate
f(;iw) given by (5.21) is consistent (integratedly, uniform boundedly, and, for any € > 0,
uniformly for @ = €) of order T?¢/2e+1), If we regard the equations (5.41) and (5.42)
as being approximately true for finite values of T, ther the mean square error is approxi-
mately given by

Tt R3] = L 0) SO {1+ 50, W)} + B | Ko f0(w) | 2 .0
and the integrated mean square error is approximately given by
T2 BT w)] = % So S(h) -+ B2 | )] 2 Sag, (7.2)
where we define, forg =0,
Sz = 2117 J‘ w2t RE(y) dv (7.3¢)
- ziﬁ £ o2 Re(). .38

For fixed T, these expressions are functions of B. Let (@) be the minimum mean
square error over all choices of B, and similarly let 7p be the minimum integrated mean
square error over all choices of B.  One obtains the following expressions for the relative
minimum mean square error, and the relative minimum integrated mean square error:

AR _ 1 | 1) | e s
(fz(w) ) FP@TE) | s {1+ 80, o), (7.4)
Ip\1Hiize 1 Sag\Li2e
(5) =7 @7 (‘;5*;) : (7.5
where we define for ¢ > 0
1
Dig) = 172 2 )
(g} = (1 - 2q) ff(l + Zq)’ .6)
T(k) = | A9 | Va S(B). a.n

The minimum value is attained at a vajue B which satisfies

1\ 2g+1 Saq |]1(!1J |9
- =gz 1”1 .
B "= 2% 5w 7.5
Equivalently, the constants By in the estimate (5.21) satisfy
1 \2g+1 13 2e+1 Sogq | ha I (2g+ )/
it =7f{= = 24T 221 . .8
() = @) =2 -5

In Parzen (19575), we stated various general conclusions that could be drawn from
the foregoing equations for the relative minimum mean square error. Here we obtain
similar conclusions from the equations for the relative minimum integrated mean square
error.  'We shall obtain these conclusions by means of the following example.
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Consider a stationary time series which is Markov in the wide sense (Doob, 1953,

P. 90). The covariance function of such a process is necessarily of the form (Doob, 1953,
p. 234

R(v) = R(0) e-# vl (7.9¢)
R(p) = RO r=! (7.94)
for some positive constants g or < 1. 'We obtain
_ROT2¢+ 1)
= o =0 (7.10c)
R0 1 2
=m§,7(}_)1i:2 (7.10d)

Suy =20 Gaag), g0,

where
G@)=2 % (Pevyp =215
(o) = u=1(f9) I >
Consequently
Sz _ TRg+ 1)
BN @19
H=2170 60, g0,
re
=2 m, g=1,
2 2
Y ik L S (7.11d)

(F— i

We next suppose that the discrete parameter process x(n), n = 0, 4 1, + 2, .
whose covariance function is (7.9d) is in reality derived from the continuous parameter
time series x(#) whose covariance function is (7.9¢) by means of sampling et a rate of 2W
samples a second. Tt then follows that

r = e AR2W), (7.12)

Next, if the continuous parameter time series is observed for a time of length T, one has
N =2 WT observations on the discrete parameter time series. In the equations (7.4)
and (7.5) for the discrete parameter case, one should read N for T, )

Under these assumptions we obtain the following expressions for the relative integrated
mean square error. For ¢ = 1, since D(F) = § 382 < 2-598,

(g_i‘)a’z: % 2-6 T(h) Eij (7.13¢)
—p{2W
= Lag gy o2

1
72 TO 3y T {7130
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For g = 2, since D(2) = } 52 = 1-497

FAAE ()4

e 2 ] 7.14c
1. 1 {2e7W(] + 10 e~piW - e=20/W)}114
= p ST o — . (7.14d)

Several conclusions may be drawn from {7.13) and (7.14).

First, one sees that as the sampling rate ¥ tends to infinity, the equations for the discrete
parameter case tend to the equations for the continuous parameter case. Further, the
discrete parameter covariance function tends to 1 as W — oo, Thus the analysis of discrete
parameter time serles is, in our opinion, without meaning, if one does not refer to the
continuous parameter time series which is being sampled, for only the coefficient o has a
physical significance independent of sampling rate.

Second, one sees that the mean square errors in (7. 13} and (7.14) depends, in the con-
tinuous parameter case, inversely on the product of the sample size T and the correlation
coefficient p.  Among the implications of this fact is the following. Let us consider a
discrete parameter time series with covariance function (7.9d), which has been obtained
by sampling a continuous parameter time series with covariance function (7.9c).

From (7.12), — log. r = p/2W. Consequently

Tp=2WT(— log.r) = N (—log. 1}, (7.15)

where T'is the length of sample of the continuous parameter time series and N is the nunber
of samples of the discrete parameter time series. As will be seen below, in view of (7.15),
we are able to evaluate the effect of sampling on the variability of our estimates of the
spectrum. It will be seen that, for a given choice of 7" (or N} and h(z), the mean square
errors in (7.13) and (7.14) are always in the continuous parameter case greafer than in
the discrete parameter case. This fact may be verified algebraically (as well as arithmetic-
ally, as below) for the case of stationary Markov time series. 'We have not been able to
prove a theorem to this effect, but it appears plausible that the result holds in general.
For the spectral density of the discrete parameter time series, which we may denote by
F4(w), is not the same as the spectral density f°(w) of the continuous parameter time series,
but is related to it by the formula, for —r < w =<,

iy = % fefw — dm Win). (7.16)

Thus f2(w) is a kind of smoothing of f#(w}, which may imply that there is a smaller mean
square error invelved in estimating f2(w) than in estimating fe(ew).

Third, it is seen from (7.13) and (7.14} that in order to compare the (minimum inte-
grated) mean. square errors of two estimates of the same type, one need only to compare
the cocflicients (%) of the corresponding functions {u). In Table I we compute (%)
for various functions A(x). As far as estimates of different types are concerned, it appears
that the estimate of higher type number yields a lesser mean square error {at least, for large
sample sizes).

We next study various estimates (of algebraic type) which have been introduced, In
Table 1, we list cight functions #(x). Bartlett’s modified periodogram (Bartlett, 1950,
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1955) corresponds to function 1, Daniell’s suggestion that one average over the periodo-
gram (Bartlett, 1946) correspoads to function 4. Tukey's estimate (see Tukey, 1949)
corresponds to function 5. An estimate suggested by us in Parzen (1957a) corresponds
to function 6. The functions 2, 3, 7, 8 correspond to estimates related to estimates sug-
gested in this paper in section 5.

For purposes of mumerical illustration, we give formulae for the relative minimum
integrated mean square error I7/S, in the case that r2 = /2, which corresponds to an
example treated by Lomnicki and Zaremba (1957). 'We have the following formulae (with
Sg = 12/27) which follow immediately from (7.13d) and (7.14d):

2f3
%23-000(%@), g=1 .17
23-607(%;9)4’5, g=2. .17
TasLe 1

Estimates Listed by Corresponding Function h(u}
24/ {2e+) Lic |1M

)y B (0} | T | PRYTCFE
Estimates of type g = 1
1 . 1—jul, jel<t 1 -666 -163 1-145
0, fjuix>t
1
2 . T+« lef<1 1 [-000 1-000 1-000
0, |ux]>%
1
3 . TFTul 1 2-000 i-587 =794
Estimates of type g = 2
4 o 0167 1-283 £-220 -388
3 . 1—2a-+2acosau, ju|<1 % 28/
0, Ju]>1 (t — 4a + 6a%)
5a . a=-23 2:270 1-197 E-155 1-453
(Tukey’s original choice)
5b . a=-25 2:467 1-178 1-140 1-520
] ]
5 . a='282= _—EO_V 2-780 i-165 1-130 £-617
{minimizes T(k)
5d q = +333 3-290 1-2089 1-164 1-746
6 . 1—luls lu|<l 1 1-067 4053 -987
0, luj=>1
1
7 . T+ jal® lu] =<1 1 1-285 1-222 951
o, luj=>1

8 . ﬂ—}Trz 1 1-371 1435 914
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One may compare the mean square errors in the discrete and continuous parameter
cases. In view of (7.15), Tp = N loge 42, Thus from (7.13c) and (7.14c)

()23 _
3040(N) . g=1,

=4-175 (T(k))ys g=2. (7.18)

A comparison of (7.17) and (7.18) shows numerically that the relative minimum
integrated mean square error is larger in the continuous parameter case than in the discrete
paramefer case.

By means of (7.17) there is no difficulty in evaluating the minimum relative integrated
mean square error [ n/Se for any given sample size N for each of the estimates corresponding
to the finctions A(z) given in Table 1. In Table 2, we tabulate such values of Ir/So, for
N = 500, 2,000 and 5,000.

S

TABLE 2
The Minimum Relative Integrated Mean Square Error

=
IwjSo, given by equation (7.17)

N 500 2000 5000
Hu)
i . . . . -03634 -01442 +00783
2 . . . . -04762 -01890 01026
3 R . . R -Q7560 -03000 01629
4 . . . . 03051 -01006 -00484
S5a . . . . -02888 -00953 +00458
5b . . . . (2850 -00940 (0452
e . . . . 02825 -00932 - 004438
5d . . . . +02911 -00960 +00461
6 . . R . -02633 -00869 -00417
7 . . - . -03056 -01008 00484
8 . . . . 03588 01184 -00569

For functions A(x) which vanish for i u| > 1, the number of sample covariances
R () which must be computed in order to form the estimate (5.21) is less than the sample
size. From (7.8’) it may be seen that the number of sample covariances Mg required
to form the foregoing estimates which achieve the minimum relative integrated mean
square error is given by

_ 1 Seg\1/1420) | p@ |1.'q
Mz = Br (2 T So) TRz’ 7.19
For the Markov process with r2 = 1/2, we obtain
_ /3 | A8 [ _
My=2N T g=1,
@ 12
—saums LR o2 (7.20)

T
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7
8. REPRESENTATIONS OF THE VARIANCE AND BIAS OF THE ESTIMATES

Ta this section, we obtain representations, in terms of the covariance

function R(v) and the fourth-order cumulant Q(vl_,v2

,v3), of the variance
and biss of the estimates of the form of {3,1). These representaticns are
very useful in the proofs of our results.

A basie role in cur proofs is played by the following representaticn of

the sample covariance furnction B,I,(v). Let, for |v|<T,

- v}
z $(8) ylerivl) - R Jat

(8.1) Ry ()

RT(v) -E RT(V).

1 ]
Consequently, Uov [RT(vl), RT(VQ)] = EERT (vl) Ry, (v2)3.
Now, it may be verified by a direct caleulstion (see [12]) that one may

write, for non-negative vl and v2,

(8.2) T B[R, (v;) By (v,)} = au Up(u,v57,)
-T

{Q(vl,u,u-;-va) + R{u) R(u + v - VE) + Rlu + vl) Rlu - va) }

where UT(u’V].’VE) is a function with values between O &and 1 defined as

follows:



UT(u,vl,va) =0 wg - T,

vt u

=1 -5 —'I‘+v25u5min(0,v2-vl)
max (vl,va)

(8.3} =1-—— min(O,vE-vl} <u<g max(O,VQ-vl

Y. + U

~1--L mex(0,v,-v.) € u<T - V.

- T gl =t = 1

=0 T-v, €£u.

1

The study of the properties of fT*(m} defined by (3.1) may be reduced
to a study of the properties of RT!(V). For example, the covariance between

the estimates et two freguencies y and W, may be written
TAT

(8.4) CovlEg*(e ), f*{u,)] Tf;_g av, av, cos wv, cos wv, k(v )k (v,)
" oJo

B[Ry (v, )Ry (w01
Yext, by Parseval’s formula
T
1

(8.5) S EfT*(w) -E fT*(w)[2 du = 5= g ki(v)[RT(v) -E RT(V)]2 dv.
-T

Consequently, one may write the integrated variance by
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T
1

(8.8} S FleHu)law = = S K2(v) BB, v)iav .
-

From the representation {8.2), we msy cbtain two Important facts.
First, there is a Finite cconstant, which we denote by Qo’ which is a upri-

form bound for T E[RT' 2(3)1; that is,
(8.7 T E[R, 2 < q, forall T asd v.
Second, one may infer that (where 8 is defined by (5-7})

(8.8) lim T E[R Bar))] = 8
T »w
for smy function n{T) o as T —o in such & way that n{T)/T - 0.

The expectation of the estimate fT*(m) is given by

T

(8.9) BleKa)] = g
-7

-ivw
e

kT(v) R{v} (1 - l—\Tf—I-)dv.

Censequently the bias is given by

(8.10) blEg*(w)] = E[fp#{w)] - £(w)
7
= ;—ﬂ & gt {kp(v) - 1) R(v)av
-7

T
- —2]::?1‘_ g e-—ivm kT(v) |v) BR(v)av
-7

i ~Lvw
-5 g WisT e R{v)av.
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By Parseval's formila the squared bias Is given by

T

(8.21) Sba[fm*(w)lﬂm - S_ [z - k() (1 - HH1P Pejar
T

+ g-‘; E Rg{v)dv.
vl > 1T

The mean integrated square error E I[fT*(m)] is given by the sum of
(8.6) and (8.11).

The Following representations will be useful. ZLet Ho he an upper
bound for kT(v) for sl1 T and v. Then we have the following upper
bound for the supremum of the blas:

12 + I

it

(8.12) Zx sx;p ]b[fT*(w)]] 2L + K 5

where

T
I, - g 1 - g [ R av

-T

T
o % S [v[|R(v){ av
-

H
1

=)
n

: X - |R(¥)] av-

We have the following upper bound for the integrated squared bilas;



g1

(8.13) an Sba[fT*(w)]dw <3, + (B, T, + £ g,

where

T

3 g (1 - k() B¥(av
-

oy
1l

T
o %g vl RE(v)dv
-T

[
1

T
2
g 1v| Rz(v)dv
-T

w
HI\J! —

g Ra(v)dv.
[vi =T

G. THE ASYMPTOTIC MINIMUM MEAN INTEGRATED SQUARE ERRCR

In order to evaluate the asymptotic minimum mean integrated square
error, we first determine the weights, which we shall denote by KT(V),
such that the corresponding estimete fT*(m) minimizes the mean integrated

square error. Define

(5.1) M[kT] =21 E I{fT*(m)] - 2% & | Rz(v)rlv
v =T

if kT(v) are the weights employed in the definition of fT*{m}. In view

of (8.6) and (8.11) one may write M[kT} as & quadratic functional in kg
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(5.2) Mk ] = g kg(v) e (v)av - 2 X £y {7} ¢ (v)av +&. e (Mav

where all the integrations are over the Intervel |v| < T, and for |v]| < T,

(6.3) ep(v) = B Ry 2(v) + B(v) (1 - L2
(2.4) ey () = B(v) (0 - LY
(9.5) e (v) = B(v).
It is then clear thet if one defines

e, (v) (- BB
9.6) -t o T
( ™ % g R34+ - 11‘1’,—1)2 & (v)
that
{5-7) Mlicp] - Mk T = S L) = Ky ()1 ey(v)av
and

T E RTIE(V) Ra(v)

2
aT(v)
.8 1= e (v - 5 )5“ T,
(9:8) MK K{O(v ENGN a E_T ERE'E(V)+R2{V)@_IVI)2 v
T

It is clear that the choice of weights I{T(v) which minimize the mean

integrated squere error is given by (9.6). The corresponding minimum mean
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integrated square error, denoted by E IT" is given by

{2.9) en B I = M[K;] + Slv| - Ro(viav.

We now prove (5.6)and (5.10).

THEOREM $A: Let the coveriance function R{v) decrease exponentlally
of coefficlent o ; that is R(v) satisfies (5.1), (5.3}, and (5.4). Then

(5.6) holds.

FROOF; From {9.9) it follows that

T T 1
L = lim E[I iR(v}] = 1lim o—=— — MK ].
lT__“:,QlogT T T_’DologT 2n KT

Let n(T) = {log P)/2 ¢. Define

1,0 = 8 B2 k)1 - S av

jri < (1)

and Il(T) = M[KT] - IO(T). Now

inml < 2ent® g,

Rg(v)dv <R e
“ivl > n(T)

Consequently,

T

i 1 1
L= Mm —=—w=-T1 (T)= lin S (v)ar
P oo 18T 2 "0 D oo FX (T |v'|5n(T)ET
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vhere we define, for |v| < T,

lviy L

T BIR, F(v)Iy(v) (1 - L

"

(9.10) ap(¥)

Let S be defined by {5.5). Write aT(v) - 8= aT,l{v) + aT,e(v) + aT,B(v),

where one defines

oo &[R, 2(v)]- 8)7 B(v)
g T E [RT'E(V)]d- T R2{v)(l - ITV".)E

2
) —S%l - (1 - J-‘Tl) }T R2(v)
T2 T sy At T R - )2

T B[R, (V)]
ap 5(¥) = ¥ z V2
’ T E[R, {+)]+ T R (7)1 -T)

The desired conciusion will be at hand if one shows thet for j=1,2,3.

1
{9.11) lim g ‘aT,j(un(T))l du = 0.
-1

T 5w

Now from (8.8) it follows that T E[RT'E(un (T))] tends boundedly to S
as T o, for each u £ 0. Next, from (5.3) it follows that, for each
u# 0, lim sup T Ra(un (T)) = . Conseguently, lim sup IaT,j(un (m))|= 0
for j=1,2. Since 8, J(u) is bounded in u and T, (9.11) follows by
Fatou's lemma. MNext, (9.11) for j=3 follows from (5.4)¢ The theorem is

proved.



REMARK: To adapt the foregoing proof 4o the discrete paraweter case,

one requires the following lemms.

LEMMA 8: Let the constants aT(v), defined for T=l1,2,... and Iv] <T

be wniformly bounded. Let ©O < a(T) < T. Suppose that, for 0 < |uj <1,

lim suj ([ T)]) = 0.
g e

Then

1im sup

a (v} = 0.
T -0 T

L >
ATy -n{T) <v<alT)

The lemma follows immediately from the cbservation that if one defines a

function fT(u) by fT(u) = aT([un(T)]), then the sbove sum is equal to

1
X fT(u}du.
-1

REMARX: To sdapt the foregoing proof to the case of covariance functions
R(v) which decrease exponentislly of degree r and coefficient e s where
r> 1, define n{T) = (log T/ae)l/r, end use the ineguelity
xr
{ 297 4y < LT o2 e
vl > M €
THEOREM 9B: Tet the covarisnce function R(v) decrease algsbraically

of degree r > 1/2; that is, R(v) setisfies {5.5). Taen (5.10) holds.

PROOF: Let ay(v) be defined by (9.10), and let n(T) = T2 nen
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one mey write

(9.12) 2x p&(27) E[T,|R(v)] = E ap(un(T) )au +§ TR (wm(T) s .

u < B/m{T) o> T/a(T)

Define g(u) = Ri w®T, From (5.5), it follows that, ag T >, TR (um(T)) - gfa).

Conseguently, from (8.8}, aT(um(T)) converges boundedly and dominatedly to

a -1
S[l + m] .

That the convergence is dominated follows from the fact thet aT(um(T))
< 'I‘R2{um(T)) < ou®F  for some constent C. The desired conclusion may now

be inferred by letting T —ce in (9.12).

10. THE ASYMPTOTIC MEAN INTEGRATED SQUARE ERROR OF THE ESTIMATES

In this sectlon we prove Theorems 10A =nd 10B on the asymptotic mean
integrated sguere error of the famjlies of estimates (5.11) and (5.71). The
proofs are written out only for the case of continuous paremeter time serles,

but they are easily sdapted to the case of discrete peremeter time series.

PROOF OF THEORSM 10A: Let n(T) %be defined by (6.3). Let q, e
defined by (8.7). We evaluate first the asymptotic integrated variance, given

by (8.6)}). We have

Q
v2(a, Vg g Brpyar « 2 K a1 ¥har 0
(AT By ~ log T 1vlz n(T) (AT €

v |
log T [v1> n{T}
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T P IV v < o B o
log T glvlf n(T)(l a (AT ! I))E RT ( )d STz T Tog T g!.v]gn(T}(lh (ATe Nav-0

14;

I
T S 2 a(T) 2
e E (v)dv —-28 lim == 8.
Log T J < ufm) Fr i Tom W8T @

From these relations, it follows that

‘i‘%ﬁ g U2EfT*(w) -_f;‘ (m)]dm -0

T 2 2b
Tog T \g ¢ [fT*(m)]dm - s.
Next, we evaluate the asymptotle integrated bias, given by (8.11). We
use (8.13). Clearly, for 1=2,3,4, (T/log T).Ti — 0. Ve next show that
(T/1og T)Jl - 0. We have
T g 2. 2 T 2 -2en(T)
P ] [1-k(v)]° R {v)av < ———= (1L + H_) e
Jog T v () k‘l‘ —log T [¢]
29/0:
(1+H) ongT{A‘I‘)
T T 2 =) 2 oy )
—_— f1- (v)] (v)dv-:-—-—-—-—.?Ha R g =T Ry
ngTgIVISH(T) k‘1‘ log T 71 "o 0 J"T
2 2
H R
1 2 2
= a_; log (ag pla B) 50, if a>e,

n(T)
<2z RO logTTATu)O’if a<§:
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PROOF OF THEOREM 10B: We first evaluate {the asympiotic integrated wvari-

ange. We have

e i

TH ns vz R,'2 =§ B2 (WTER, 22w - & s(n).
Tgmgm oy I8y (0 lul< T B4 (a7 2Ry (BT}u (

Thus
T | Pl *(e) law o= 8 8(k).
T 2xB
We next evaluate the asymptotic integrated bias. We have
- 1 S‘ -h( 2 2 2
BT & (t-a(ey v)® B(v) = A2 (L2 R lyay
Jv[< T lal< T§I‘ w T T

2
E_§ (n).
- Ry §,(n)

1/b

Next, since v Rg(v) is beunded, it follows that

g‘vll—b Rg(v) < 0.
4 Tl—b
From this it may be inferred@ that Ji -0 for i=2,3,4. Conseguently
-b 2 2p-1 _2
3|
Tt Sb [fT (w)ldw —» B Bp Sp{h).

The proof of Theorem 10B is completed.



8%
11. THE ASYMPTOTIC BIAS, COVARIANCE, AND MEAN SQUARE ERRCR OF ESTIMATESOF

EXPONENTTAL TYPE.
In this section we prove Theorem 11. The proof i1s again written out
only for the continuous parameter case. To prove the theorem, we need %o

prove (5.31) and {5.32).

PROOF QF (5.31): The desired 1imit is given by the limit, as T -» o0,
of (T/log T) multiplied by (8.4). In view of (8.2), one may write (8.4}
as = sum of three 3-fold integrais. Because of the esbsolute summsbility of
Q(vl ,u,u+v2), the term involving that quantity vanishes in the limit, uni-
formly in wy and .

Next, we show that the term involving R(u+vl) B(u-vl) also vanishes

in the limit uniformly in © and g For this term is less than

T T T

(11.1) Hi Toa © g av, g av, & dulR(u-wl) R(u-vE)L .
0 0 -T

Making the change of variables, for fixed Voar Yy = Zy7Vg and W = 24,

and using (5.1), one obtains that {11.1) is less than

It may be verified that the triple integral in (11.2) is bounded for all T.
Consequently, as T -, (L1.1) tends to O.

The value of {5.31) is then given by the limit of
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T T

1 1
,-CT Tog g S dvy dve cos W,V €08 WV, kT(vl) }gT(ve}
¢ Y0

(]

T
(11.3) g du UT(u,Vl,V2) R(u) R{wtvywv,).
7

To evaluate the limit of (11.3}, we show that it is equal, uniformly in .

and  w,, to the limit of

2
n(T) | n(T)
S dv. dv, cos w v, COS W,V
2 log T 172 1°1 22
n
0 o}
T
(11.4) g du UT(u’vl’VE) R{u) R(u—t—vl—vE)
~T

where n(T) is defined by (6.3).
From (3.12) and (3.13), cne has the inequalities, for constants H3

and Hl;.’

(IVQ

-1 (v, ) xp{vp)] < 5 AT[eavl +e F] for 0<wv, v, <n(r)
1N
|kT(vl) kT(v2)| <E, % e if v a(T)
<, é 2 1 v, > a(T).

Consequently, the difference between (11.3) and (11.4) is in absclute value
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less than, letting W(vl—ve) = EdulR(u) R(u+vl-v2)| ;

N n{T) (1) o, o,
Tog T E_), g av, dv, AT(e +e ) W(vl—ve)
0 o]
w® oo

L

+ Hh g dvl dv2 AT
n{m) 0
o0 >

1
+ Hll g av. g dv, — e
Q t n(T) 2 AT

-ct'Vl
e W(vl_VE)

=XV,
2
W(\rl-v2

which tends to O 88 T — o slnce the foregoing integrals are all bounded
in T.
We next evaluate the limit of (11.4). By the change of varisbles

By o= VTV Uy = Yy, {11.4) may be written

n{T} n(T)—u2
. du, du, cos w (u +u COS W
,12 log T 2 1 1L 2 272
0 -u,
2
T
{11.5) du UT(u,ul+u2,u2) Rfu) R(u+ul) .
-T

By the change of varisble =z = u2/n(T), one obtains that (11.5) is equal to



G2
1 n(T){1-2)
olT

1 )
2 Iog T X dz [ vy
" s -zn(T)

(11.8) {ccs[zn(i‘) (wl—wz) + ulml] + cos[zn([[‘)(wl+m2) + ulml] E

T
g du UT(u,ul+zn(T), zn(T}) R{u} R(u+ul).
-T

By referring to (8.3), it may be verified that, as T — o, UT(u,ul+zn(T},

zn(T)} -1 for fixed u, z, and w -

Now, to evaluate {11.6), one may distinguish three cases: case I,

w, £ wys case TT, w) = Wy = w # 0; case III, w = w, = 0. In view of the

Riemsnn-Lebesgue lemma, the first term in (11.6) vanishes in the limit if

g # 0. TFurther,

for eny € > 0, the convergence to 0 is uniform in Wy and W, such thet

0, -t # 0, and the second term vanishes in the limit if w

W > & and U, > € . Thus, one obtains that, in the Jimit as T — oo, the

velue of (11.6) is O in case I; in case II, it is egual to

o] o0

N a(T)
(11.7) 5 1im Tog du; cos du R(u) R(u+ul)
2 T — oo e oo

and in case IIL, it is equal to twice (11.7). One may verify thet (5.31) =nd

{11.7) are equal.

PROOF OF (5.32): In vlew of the upper bound for the supremuwm of the

biss given by (8.12), if we define
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I, = g bk (o) 1R(v) lav
|vl< n{T)

Ilg

[ 2ok (v 1R() av
s ) R

the desired conclusion may be inferred from the following inequalities:

|13] <R e ?T il < B, T
£
|| < (B;7) % B, e §u(™ _ % (E 1) (a5)%
n{T)
i sam, |
0

2
x

B By (A‘I‘?/a'AT) i oa>e

1A

H R, ATn(T) if a< @

12. THE ASYMPTOTIC BIAS, COVARTANCE, AND MEAN SQUARE ERROR OF ESTIMATES

OF ALGEBRAIC TYPS
The proofs of Theorems 124 and 120 are essentially given in [12]. 1In
this section we prove Theorem 12B. It suffices to prove (5.36). Let

nf{T) = 1/B,, sud let I, I,s and I, be defined by (8.12). fThen

3

T
P+l I, - & M| (%)

u
R{=)au,
T Juf< BTT up ®,

T
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is wniformly bounded in T. Further B;P*'l I, »0 for 1=1,2, since the

covariance moment

-1
g |v|2P'l|R(v)| dv < oo

from which it follews, letting s = {p-1)/2p-1 for the moment, that
-1 I, —0, r® I — 0. From these facts,one immediately obtains (5.36),
and the proof of Theorem 12B is completed.

13. FUNCTIONALLY-UNIFORM CONSISTENCY

In this section copditions are obtained for the estimates (5.11) and
(5.21) o be functionelly-uniform consistent.

We first note that for an estimate of the form of (3.1),
T
1 +
% - ¥ —_
{13.1) szp IfT {w) - B L (0] < 211 g 1kT(v),|RT (v)ldv.
-T

2

Let Q  be an upper bound for TE RT' (v). From (13.1) we obtain by

Minkowski's inequality
T

(13.2) E1/2 [EE}F ifT*(m) - f‘T-)(-(t.u)I]2 <4, T-l/E g lkT(v);ﬁ.v.
0

Now for kT(v) given by (3.1k), and Ay glven Ty {5.15)

T A‘I‘ eaT
{11.3) g h(AT Myav = S h{u} du-ug log T
0

a7
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while for kT(v) given by (3.15), and B, given by (5.27)

T
T By,
- (13.4) h{B v)dv = L hiu)du ~ L
T B, B
0 T Jo

it h{u) is integrable. In view of these facts, and the equations (5.32)
and (5.36) on the asymptotic bias, we obtain immediately the following

theorenms.

THEOREM 13A: Let ¢ > 0, and suppose that R(v) is dominated by
" P . Let h(u) satisfy (5.12)-(5.14). Chosse b > 1/2, and A > O,

and let AT be given by (5.15). Chooze o > 0 so that o < eb?' Then

lim sup 4—1—2-
)

Blsup | %{w) - £(w)] 1% < o0
T e {log T

w

so that the estimate f‘T*(m) is functionally-uniferm consistent of order

T/{log T)Z.

THEOREM 13B: ILet r > 1, and let R(v) decrease algebraically of
degree r. Choose p o that 1< p<r, and let b =1/2p. Choose B> O,

and let By ®e given by {5.27). Choose h(u) of type g > p-l1. Tken

lim sup Tl_(l/p) E[sup ifT*(m) -2 1% < o0
T -0 w

s0 that the estimate fT*(w) is funetionslly-uniferm consistent of order
p2-(1/p)



96

[11

[2]

[3]

[%]

[5]

[€]

[7]

[81

[21

[10]

References

M. S. Bartlett, "On the theoretical specification and sampling
properties of autocorrelated time series,” J. R. Statist. Scc.
Suppl., Vol. 8 (1946), pp. 27-41.

M. S. Bartlett, "Periodogram analysis and continuous spectra,”

Biometrika, Vol. 37 (1950}, pp. 1-16,

M. S. Bartlett and J. Mehdi, "On the efficiency of procedures for
smoothing periodograms from time series with continucus spectra, "
Biometrike, Vol. 42 (1955), »p. 1k3-150.

M. 8. Bartlett, An Introduction to Stochastic Processes, Cambridge,
1935.

J. L. Doob, Stochastic Proecesses, New York, 1953.

U. Grenander, "On Empiriecal spectral analysis of stochastic preocesses,”
Arkiv. fur Matematik, Vol. 1 (1951), pp. 5C3-53L.

U. Grepander and M. Rosenblatt, "Statistical spectral asnalysis of
time series arising from stationary stochastic proeesses,” Annals
Math. Stat., Vol. 2b (1953), pp. 537-558.

U. Grenander and M. Rosenblatt, "Some problems In estimating the
spectrum of a time serieg," Third Berkeley Symposium on Mathematical
Statistics and Probaebility, Berkeley, 1956, pp. T7-93.

U. Grenander and M. Rosenblatt, Statistical Analysis of Staticnary
Time Serles, New York, 1957.

7. A, Lomnicki and S. K. Zaremba, "On estimating the spectral density
function of a stochastic process,™ J. R. Statist. Soc. B, to be

published.



[11]

[12]

f13]

[14]

[15]

[16]

97

References (Cont.)}

E. Parzen, "On consistent estimates of the spectral density of =
stationary time series,” Proc. Nat. Acad. Sci., Vol. 42 (1956),
pp. 154-7.

E. Parzen, "On consistent estimates of the spectrum of a stationary
time serlies,” Annals Math. Stat., to be published.

E. Parzen, "Oplimum methods of spectral analysis of finite noise
samples,” Columbia Universities Hudson Laboratories Technicel
Report No. 39, Issued Summer 1956, 79 pp.

E. Parzen, "A simple proof and some extensions of the sempling theorem,"™

Stacford University Statdsties Department Technical Report No. 7,
December 1956, 1C pp.

J. W. Tokey,"The sampling theory of power spectrum estimates,”
Symposium on Applications of Autccorrelation Anelysis to Physical
Problems , Woods Hole, Mass. June 1G49. Alsc "Measwring noise

n

cclor,” an unpublished memorandum.

P. Whittle, "Curve and periodogrem smocthing,"” J. R. Statist. Soc. B,
+o be published.



