Model-Assisted Estimation of Forest Resources
With Generalized Additive Models
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Multiphase surveys are often conducted in forest inventories, with the goal of estimating forested area and tree characteristics over large
regions. This article describes how design-based estimation of such quantities, based on information gathered during ground visits of
sampled plots, can be made more precise by incorporating auxiliary information available from remote sensing. The relationship between
the ground visit measurements and the remote sensing variables is modeled using generalized additive models. Nonparametric estimators
for these models are discussed and applied to forest data collected in the mountains of northern Utah. Model-assisted estimators that use the
nonparametric regression fits are proposed for these data. The design context of this study is two-phase systematic sampling from a spatial
continuum, under which properties of model-assisted estimators are derived. Difficulties with the standard variance estimation approach,
which assumes simple random sampling in each phase, are described. An alternative assessment of estimator performance based on a
synthetic population is implemented and shows that using the model predictions in a model-assisted survey estimation procedure results in
substantial efficiency improvements over current estimation approaches.
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1. INTRODUCTION

Accurate estimation of forest resources over large geographic
areas is of significant interest to forest managers and forestry
scientists. Nationwide forest surveys of the U.S. are conducted
by the U.S. Department of Agriculture Forest Service Forest In-
ventory and Analysis (FIA) program (U.S. Department of Agri-
culture Forest Service 1992; Frayer and Furnival 1999; Gille-
spie 1999). In these surveys, design-based estimates of quan-
tities like total tree volume, growth and mortality, or area by
forest type are produced on a regular basis. We consider the es-
timation of such quantities within a 2.5 million-ha ecological
province (Bailey, Avers, King, and McNab 1994) that includes
the Wasatch and Uinta Mountain Ranges of northern Utah.
Forests in the area consist of pinyon-juniper, oak, and maple
generally in the lower elevations and lodgepole pine, ponderosa
pine, aspen, and spruce-fir generally in the higher elevations.
Many forest types intermix and swap elevation zones according
to other topographic variables, such as aspect and slope. Be-
sides having ecological diversity, the area hosts numerous large
ownerships, including national forests, Indian reservations, na-
tional parks and monuments, state land holdings, and private
lands. Each owner group faces different land management is-
sues requiring precise forest resource information. Figure 1 dis-
plays the region of interest and the sample points collected in
the early 1990s for the survey that we consider here. Although
this article focuses on this particular example, the general ap-
proach proposed here is applicable to other natural resource es-
timation problems as well.

Currently, forest survey data are collected through a two-
phase systematic sampling procedure. In phase one, remote
sensing data and geographical information system (GIS) cov-
erage information are extracted on an intensive sample grid.
Phase two consists of a field-visited subset of the phase one
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grid. During these field visits, several hundred variables are
collected, ranging from individual tree characteristics and size
measurements to complex ratings on scales of ecological health.

Once the data are collected, estimates of population totals
and related quantities need to be calculated and tabulated for the
overall region, as well as for various domains defined by politi-
cal subdivisions, types of forest, ownership category, and other
factors. There are literally thousands of estimates in the core ta-
bles put out by the FIA, with an even larger number of potential
“custom estimates” that can be requested by data users. It is de-
sirable that these estimates be internally consistent, in the sense
that tables “add up”; that is, the estimate of a sum of subdomain
totals equals the sum of the subdomain total estimates. Herein,
the problem of making sensible estimates for a large number
of quantities in a straightforward and internally consistent way
is called generic inference. This can be contrasted with specific
inference, in which the statistician responsible for producing es-
timates is studying a small number of variables and is able to
build custom models for the dataset at hand.

In the generic inference context, the statistician has neither
time nor resources to conduct detailed analyses of all response
variables. Therefore, often the only practical way to produce
estimates is through design-based estimation, in which survey
weights are constructed and applied to all variables and do-
mains of interest. These weights are derived from the sampling
design but are adjusted based on ancillary information avail-
able for the sampled universe and/or collected as part of the
survey. The ancillary information is used to calibrate the sur-
vey weights (making them sum to population quantities that are
known or precisely estimated) and to improve the efficiency of
the survey estimators. Once the weights are computed, users of
the data can easily produce estimates for any variable of inter-
est. Subdomain analyses are also simplified, because the linear
form of the estimators guarantees internal consistency.

A large number of techniques for adjusting survey weights
based on auxiliary information are available. The use of aux-
iliary information in surveys dates back at least to Laplace
(see Cochran 1978), who used a ratio estimator. The earli-
est references to regression in surveys include those by Jessen
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Figure 1. Representation of the Study Region in Northern Utah. Each triangle represents a field-visited phase two plot. Each dot in the magnified
section represents a remotely sensed phase one plot. In the notation of the text, there are n; = 24,980 phase one plots, located § 1 =52 = 1 km
apart in both horizontal and vertical dimensions, and no = 968 phase two plots, located h16 1 = h252 = 5 km apart in both dimensions.

(1942) and Cochran (1942). Typically, auxiliary information is
incorporated into the survey inference through parametric lin-
ear models, leading to the familiar ratio and regression esti-
mators (e.g., Cochran 1977), poststratification estimators (Holt
and Smith 1979), best linear unbiased estimators (Brewer 1963;
Royall 1970), generalized regression estimators (Cassel, Sérn-
dal, and Wretman 1977; Sarndal 1980; Robinson and Sarndal
1983), and related estimators (Wright 1983; Isaki and Fuller
1982). Fuller (2002) has provided an excellent review. Recent
advances in the use of auxiliary information include nonlinear
estimation (Wu and Sitter 2001), nonparametric survey regres-
sion estimation (Kuo 1988; Dorfman 1992; Dorfman and Hall
1993; Chambers, Dorfman, and Wehrly 1993; Breidt and Op-
somer 2000), and the calibration point of view (Deville and
Sarndal 1992).

The approach currently used for the FIA is based on two-
phase poststratification (Scott et al. 2004), which does not take
advantage of the increasing availability of various inexpensive
auxiliary data derived from remote sensing sources. Thus there
is a tremendous opportunity to both reduce costs and improve
the precision of forest survey estimates. The need for this is all
the more pressing because scientists within the Forest Service
and other institutions have been using remote sensing and other

GIS data to develop predictive and analytical models describ-
ing forest characteristics, often with the help of nonparametric
or semiparametric techniques. This has been done in the spe-
cific inference context, in which significant effort is directed
toward finding appropriate models for a small number of impor-
tant variables. Although these modeling efforts have led to im-
proved understanding of the relationships between key forestry
variables and remotely sensed information, so far this has not
been reflected in corresponding improvements in forest survey
estimates.

This article aims to explain how the results from specific in-
ferential efforts by forestry specialists can be used to improve
the quality of their generic inference outputs as well. We do
this by incorporating multidimensional nonparametric super-
population models into the framework of model-assisted esti-
mation (Siarndal, Swensson, and Wretman 1992) and then ap-
plying the resulting estimation approach to the two-phase FIA
data. This extends the nonparametric model-assisted methodol-
ogy of Breidt and Opsomer (2000), who considered only uni-
variate models and single-phase estimation.

The remainder of the article is organized as follows. Sec-
tion 2 begins by developing the methodological framework
needed for this application, including the two-phase system-
atic sampling design for a continuous spatial domain of in-



402

terest (Sec. 2.1), two-phase model-assisted survey estima-
tion (Sec. 2.2), and nonparametric model-assisted estimation
(Sec. 2.3). We discuss the data and generalized additive model
(GAM) fits for the northern Utah mountains forest inventory in
Section 3.1, and show how to incorporate the fits into a generic
model-assisted estimation strategy in Section 3.2. Evaluation of
the efficiency gains from this procedure is complicated by the
lack of good variance estimators for systematic sampling, as
discussed in Section 4.1, so we evaluate the methodology in a
synthetic population in Section 4.2. A brief discussion follows
in Section 5.

2. METHODOLOGY

2.1 Two-Phase Systematic Sampling From
a Spatial Domain

The northern Utah mountains data were collected in two
phases on a regularly spaced grid (see Fig. 1). We describe
the design properties of model-assisted estimation in this con-
text by first considering a rectangular spatial domain, D =
[0, L1] x [0, L], where Ly = n1x8x = noxhidy, with nj and hy
as positive integers and §; as positive real numbers. On D, we
define two grids: a fine phase-one grid and a coarser phase-two
subgrid. In dimension k, &; denotes the “grid spacing” (in km)
for the phase-one grid, and 4 denotes the number of phase-one
grid points between phase-two grid points, so that s 8x repre-
sents the grid spacing (in km) for the phase-two grid. In the
sampling situation depicted in Figure 1, ; = 1 km is the spac-
ing between two neighboring phase-one dots in both the hor-
izontal and vertical dimensions, and /;8; = 5 km is the corre-
sponding spacing between two neighboring phase-two triangles
in both dimensions. Then n; = ny1n;; is the phase-one sample
size and ny = ny1ny; is the phase-two sample size, both over D.
An irregular spatial domain like that in Figure 1 is handled by
intersecting it with the rectangle D. We continue to use n; and
ny to denote the sample sizes for both phases over the irregular
domain as well.

Implementation of the two-phase systematic sampling design
requires random placement of the phase-one grid on D, fol-
lowed by random selection of the phase-two subgrid. Let uy
represent independent uniform(0, 1) random variables and let
dy represent independent discrete uniform{1, 2, ..., s} random
variables, with the u; and dy independent of each other. Given
u = (u1, uz), the phase-one sample is the randomly located grid

Gi(w) = {((u1 +iy — D81, (uz +ir — 1)82)
fori=(i1,ip) €{l,...,n11} x{1,...,n12}.

Given d = (di, d»), the phase-two sample is the randomly se-
lected subgrid on G (),

Ga(u,d) = {((u1 +di + (i — Dh1 — 13y,
(up+dy+ (o — Dhy — 1)52)}
forj=(1,j2) €{1,...,n21} x {1, ..., n22}.

The union of all possible phase-two subgrids is the phase-one
grid: | J,; G2(u, d) = G (u). Figure 1 shows the realization of
G1(u) (dots) and G2 (u, d) (triangles) for the region of interest in
northern Utah. For this dataset, there are exactly h = hjhy = 25
possible phase-two samples for each realized phase-one sam-
ple.
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2.2 Two-Phase Model-Assisted Estimation

To motivate the model-assisted approach, we begin with a
discussion of the two-phase difference estimator. Let z(s) de-
note the response variable of interest, defined for s € D but ob-
served only for s € G2(u, d), and let 22(s) represent a different
variable that is known for all s € G| (u). Note that neither z(-)
nor z%(-) is assumed stochastic, and in particular neither de-
pends on the random vectors u and d. Define a set of rectangles,
D; =[(i1 — 1)81,i161] x [(i2 — 1)62, i282], which partition the
domain D. Then the population total,

0 := dv= d
/Dz(v) v ;/Biz(v) v
- /[0,1]x[0,1] Z

seG1(u)
can be estimated with the two-phase difference estimator,

z(s)

du, 1
1/(8162) ! )

N zo(s) 2(s) — 20 (s)
0:= = 2§ —z°L8)
seGZ|(u) 1/(3162) se%,d) 1/(8182h)
0 - 0 I —]
=2 2 {1Z3(S; +Z(1S) 5;@) {TZ}}’ )
7 scCotmd’) /(8182) [(6182) 1/

with I{y=q4) = 1if d = d’ and 0 otherwise, where the summation
over d’ is over all possible values for the random pair (d, d2).
This is the continuous-domain equivalent of the two-phase dif-
ference estimator described by Sérndal et al. (1992, p. 358). To
simplify notation, we suppress the dependence of 6 and subse-
quent population total estimators on u and d.

Because the indicator I{y—, has expectation 1/h, we have

z(s) z(s)

E(é|u):z Z - Z )
d' seGy(u,d) 1/(8182) s€G1(u) 1/(8182)
Using (1), it is then immediate that
E@©) = f E@ | u)du=6. 4)
[0,1]x[0,1]

In addition, by standard results on systematic sampling from a
finite population, we have that

6l (1- g 5
Var( |ll)—n—2< —;l> (M), ()

2

where |D| = [, dv,

a5 — O taw)?/h

20,) =
S = h—1

and

=Y (@) =) 6)

s€Gr(u,d)

As shown by (4), the estimator 6 is design-unbiased regard-
less of the relationship between z and z°. Its design variance is
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given by

var(f) = var(E(0 | u)) + E(var(d | u))

=/ (E | u) —0)*du
[0,17x[0,1]

IDI? 1 2

+ —2(1 — E)E(S (u)). @)
3

The first component of the variance does not depend on the
choice of 70, but the second component of the variance will
be small if z¥ is a good predictor of z, because it depends on
“residuals” of the form (6). In the following result, (4) and (7)
are combined to show that 6 is design-consistent under an as-
ymptotic formulation in which the sampling density in D in-
creases (“infill asymptotics™), assuming integrability conditions
on z and z°. This result is similar to consistency results obtained
in design-based stereology (Arnau and Cruz-Orive 1996), but
the two-phase structure is novel.

Result 1. If z(-) and z°(-) are bounded and continuous al-
most everywhere on D, then 6 converges in mean square to 6
as njy — oo with D fixed.

In the absence of useful information from the first-phase
sample, the simple expansion estimator

6,;exp = Z

s€Go(u,d)

_H )
1/(8182h)

obtained from (2) with z° = 0, can be used. In most cases of
two-phase sampling, however, relatively inexpensive auxiliary
information, {X(s)}seG, ), is collected at each phase-one site.
This information can be used to construct predictors of z guided
by a superpopulation model,

E[z(s) | X(s)] = (X(5)). €))

Typically, w(-) is estimated from regression of {z(s)} on {X(s)}
for s € Gy (u, d), and the resulting fits {{i(X(s))} for phase one
are then substituted into (2) to form the model-assisted estima-
tor

. AKG)  2(s) — AKE) laay
=2 2 {1/<5182)+ /G152 1/ }
d seGy(u,d)

(10)

Unlike z°(-), 2(-) usually does depend on u and d, so the un-
biasedness argument in (4) and the variance expression in (7)
no longer hold exactly. However, under mild conditions that we
do not explore further here (see Kim 2004 for the univariate
nonparametric regression case), the model-assisted two-phase
estimator should follow the traditional model-assisted para-
digm and remain asymptotically design-unbiased and consis-
tent, with approximate variance given by

var(fma) = f (EOma | u) — 0)* du
[0,1]1x[0,1]

IDJ? 1\ o
+_2(1_—)E(Se<u>), ()

n; h
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where

S g Bw) — (X4 ta )2 /h
h—1 ’

=" () = AX(s).

s€Go (u,d)

S (u) =

and /i(-) is obtained from the (hypothetical) regression of {z(s)}
on {X(s)} for s € G (u). Expression (11) is the extension of the
linear model-assisted result of Sérndal et al. (1992, p. 362) to
a continuously defined population and a nonparametric super-
population model.

It is now clear why a model can improve the efficiency of the
estimator. If the model fits the data well, then the variance of
the residuals z(s) — 1(X(s)) can be expected to be smaller than
the variance of the z(s). If the model is misspecified, then the
residual variance can be equally large or even (in some extreme
cases) larger than the response variable’s variance. Hence the
efficiency gains of the model-assisted estimator depend on se-
lection of a good model for w(-) in (9). However, regardless of
the correctness of the model, design consistency is maintained.
This characteristic of model-assisted estimation has been estab-
lished in other contexts and stands in contrast to purely model-
based estimation, for which model misspecification can lead to
biased or inconsistent estimators. This is an important consid-
eration for generic inference, because any assumed model is
unlikely to be equally appropriate across all of the variables for
which estimates need to be constructed.

The estimator O, has some additional desirable properties
if the regression method used to obtain fi(-) is linear, in the
sense that 4(X(v)) = erGz(u’d) r(v, s)z(s) for a set of regres-
sion weights {r(v, s)} that depend on the auxiliary variables
{X(5)}seG, ), but not on the {z(s)}sec,u,a)- If () is linear,
then

j (v, ) r(v, 5)
Qma = Z { Z ri — Z -7
s€G(u,d) “veGy(u) 1/152) veGy (u,d) 1/(8182h)
1
T Gian }Z“)

(12)

= > wE)),

s€Gr(u,d)

with survey weights {w(s)} independent of the {z(s)}. This
survey-weighted form holds for generalized regression estima-
tors, including ratio and linear regression estimators, as well
as the poststratification estimator currently used for the FIA.
The survey weights are ideal for generic inference, because
they can be used for any variables collected in the same survey,
and to the extent that such variables follow model (9), they will
benefit from the efficiency gain. Thus it is desirable to specify
model (9) as flexibly as possible.

2.3 Model-Assisted Estimation Using Generalized
Additive Models

Suppose now that 1 (X(s)) is the GAM
w(X(s)) = E(z(s) [ X(s))
=g(m X)) + - +m(X,(s))  (13)

for some known link function g(-) and unknown smooth func-
tions my(-), k =1, ..., r, where the X;(s) are known subsets
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of the vector X(s). Such a model can be fitted using, for in-
stance, the gam () local scoring estimation routines (Hastie
and Tibshirani 1990) in S-PLUS. Given a set of estimated
functions 7y (-),k = 1,...,r, model predictions (X(s)) =
gmi(X1(s)) + - - - + m (X, (s))) are then readily calculated for
all phase-one points.

When the link function g(-) is the identity link, model (13) is
referred to as an additive model, and the resulting regression es-
timator fi(-) is linear in the sense described in Section 2.2. But
if g(-) is not the identity link, then local scoring estimators are
not linear, and the resulting estimator égam is no longer a linear
combination of the {z(s)}seG,(u,4), SO that weights are not avail-
able. In the next section we discuss an approach for obtaining
weights from a GAM for the forestry application.

3. APPLICATION TO FOREST INVENTORY

3.1 Generalized Additive Models for the Forest
Inventory Data

Field data used in this study were collected on a 5-km sam-
ple grid (Fig. 1). On the ny = 968 phase-two sample plots, nu-
merous forest site variables and individual tree measurements
were collected, including a binary classification (FOREST) of
the plot into “forest” or “nonforest.” The FOREST variable is
critical in the inventory because many other response variables
are defined to be zero on nonforested sites. In this article we
consider five additional FIA variables, all of which follow this
definitional constraint: NVOLTOT, total wood volume in cu-
bic ft per acre; BA, tree basal area per acre; BIOMASS, total
wood biomass in tons per acre; CRCOV, percent crown CoOVer;
and QMDALL, quadratic mean diameter in inches. For the pur-
pose of illustration, we develop model-assisted estimators for
these six variables; however, it should be noted that in practice,
our estimation method would be applied generically to all other
variables collected as part of the FIA.

The phase-one data for this study consist of remotely sensed
information extracted on a 1-km grid (n; = 24,980 points) in
which the 5-km grid of field plots is embedded (see Fig. 1). The
ancillary variables used in our models came from three sources:

1. Digital elevation models produced by the U.S. Defense
Mapping Agency, which provided elevation (ELEV90
CU), transformed aspect (TRASP90), and slope (SLP
90CU).

2. 30-m resolution thematic mapper (TM) imagery, from
which we extracted the vegetation cover type of the U.S.
National Land Cover dataset (Vogelmann et al. 2001) col-
lapsed to seven vegetation classes (NLCD7). In addition,
letting MRLCO OBk denote the kth TM spectral band, we
used MRLCOO0BS5 by itself and we computed a Normalized
Difference Vegetation Index (NDVI) as (MRLCO0B4 —
MRLCO0B3)/(MRLCO0B4 + MRLCOO0B3).

3. Spatial coordinates (Xs and Ys).

More details on these variables have been given by Moi-
sen and Edwards (1999) and Frescino, Edwards, and Moisen
(2001). Those works (as well as Moisen and Frescino 2002)
illustrate the use of parametric and nonparametric models re-
lating remotely sensed data to forest attributes observed dur-
ing field visits. Taking a similar approach here, we model
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the response variable FOREST as a nonparametric function of
the ancillary predictor variables mentioned earlier through a
GAM with a logit link function g(-). We fitted model (13) us-
ing gam () in S—-PLUS. Component functions were obtained
through loess smoothers with local polynomials of degree 1 and
a relatively large smoothing parameter. (See Opsomer 2002 for
an explanation of the loess smoothing method and smoothing
parameter selection.) Values for the smoothing parameters were
selected through trial and error to achieve a visually reasonable
fit while trying to avoid a model with excessive degrees of free-
dom. Predictor variables ELEV90CU, TRASP90, SLP90CU,
MRLCO0O0B5, and NDVI entered the model as univariate smooth
terms, whereas Xs and Ys contributed as a bivariate smooth
function and NLCD7 entered as a categorical variable in the
model. Plots of the smooth terms in the FOREST model are
shown in Figure 2.

3.2 Model-Assisted Estimation Using the Generalized
Additive Model Fits

To allow incorporation of the result of the GAM fitting in
the generic estimation for FIA survey variables, survey weights
must be constructed. Because of the presence of the logit link
in the model for FOREST, the regression estimator is not linear
(as noted in Sec. 2.2), so that no regression weights are avail-
able to construct linear survey weights. One possible solution to
this problem is to use a “model calibration” step as done by Wu
and Sitter (2001) in single-phase estimation for nonlinear re-
gression models. This approach uses the GAM predictions for
the FOREST variable on phase one, which we denote here by
[Lr(s), as an auxiliary variable in a linear regression model,

(2()]seGrw,a) = [AF ()X ($))seGy(u,a)B + error

= CB + error, (14)

so that the row vector of ny regression weights is given by
[r(v, $)] = [Ar(MX' (»](C'C)~1C’. Survey weights then can be
constructed using (12) and applied to all survey variables. Be-
cause of the dependence of the regression weights on the 1y (s),
the resulting model-assisted estimator is not strictly linear, but
can be considered approximately linear by treating the jig(s) as
fixed with respect to the design. (Results in Wu and Sitter 2001
suggest that this approximation is legitimate asymptotically.)

Although this is a suitable approach in general, the special
structure of the relationship between the presence/absence of
forest and the other variables suggests a more appropriate cal-
ibration regression model than that given in (14). For every
phase-one site s € G1(u), we construct an indicator variable that
is 1 when the GAM-predicted probability of forest is greater
than the empirical proportion of forest in phase two,

}F(S) _ 1 if llF(S? > OF exp/|D|
0 otherwise,

with ép’exp as in (8) with z taken to be the binary variable
FOREST. Then the regression model (14) is replaced by

[2(9)]seGy .y = [X'(5) X IF(5)]seGyu.a)B +error,  (15)

so that the covariates consist entirely of interactions between
the forest indicator and other auxiliary variables. The variables
that we used in X(s) are linear terms for the same variables as
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Figure 2. GAM Model Fits for Binary Indicator of Forest/Nonforest (FOREST).

used in the GAM FOREST model, with nonforest categories in
NLCD?7 collapsed to ensure full rank. Note that this regression
model predicts O for the response variable at any phase-one site
for which FOREST is predicted to be O by 7F(s).

Regression weights and the model-assisted estimator Opma are
built from this regression model in the same manner as de-
scribed for model (14). Once again, the resulting model-assisted
estimator is not strictly linear, but can be approximated as lin-
ear. This approximation yields a survey weighted form for the
estimator Opa, with weights that can be applied to all survey
variables as required for generic inference. When these survey
weights are applied to the variable FOREST, the estimator is
very close, but not identical, to that obtained directly from the
GAM.

The weighted estimator is internally consistent when applied
to domains within the region of interest; for example, esti-
mated BIOMASS for the entire region is the sum of the esti-
mated BIOMASS for each ownership domain within the region
(national forest, Indian reservation, etc.). Furthermore, the sur-
vey weights are calibrated for the auxiliary variables on the
part of phase one predicted to be forest; that is, the phase-
two estimated totals agree exactly with the phase-one estimated
totals on predicted foiest: Zser(u’ W) X'(s) x Ip(s)) =
8182 ZseGl(u) (X' (s) x Ir(s)).

To evaluate the model-assisted estimation procedure, we
compare four different estimators on the six response variables.
For the FOREST variable, we estimate the mean proportion of

forest in the region of interest using the following four estima-
tors:

1. EXP, the expansion estimator in (8)

2. PS, a two-phase poststratified estimator with the seven
categories of variable NLCD7 as poststrata, representing
a standard estimation strategy in FIA

3. REG, a model-assisted estimator as in (10), with para-
metric regression on the dummy variables for NLCD7
plus linear terms for ELEV90CU, TRASP90, SLP90CU,
MRLCOO0B5, NDVI, Xs, and Ys

4. GAM, the GAM-assisted estimator from (10), with the
model described in Section 2.3 fitted by local scoring.

For the remaining five variables, we estimate the means over
the region using the first three estimators but replace the fourth
(GAM) by the model-assisted estimator that uses the regression
model with interactions (15), denoted by REGI.

Table 1 shows the estimates for all six variables (column 3),
along with the estimated standard errors (column 4). Follow-
ing standard FIA practice, these estimated standard errors as-
sume simple random sampling with replacement in phase one
and without replacement in phase two. The last column in Ta-
ble 1 shows the estimated relative efficiency (i.e., the ratio of the
estimated variances) of the different estimators compared with
GAM or REGI, depending on the variable. These empirical re-
sults suggest that the GAM estimator and the related regression
estimator with interactions (REGI) dominate the simple expan-
sion estimator, the poststratification estimator, and the paramet-



406

Table 1. Estimation Results for Northern Utah Mountains Data

Estimated Estimated relative

Study Estimated standard efficiency of
variable Estimator mean error GAM/REGI
FOREST EXP .51 .02 1.83
(forest/ PS .54 .01 1.38
nonforest REG .54 .01 1.18
binary) GAM .54 .01

NVOLTOT EXP 845.81 44.07

(total wood PS 877.41 39.10 1.41
volume in REG 877.67 35.35 1.15
ft3/acre) REGI 853.85 32.98

BA EXP 45.19 2.01 1.70
(tree basal PS 47.12 1.77 1.33
area per REG 47.29 1.63 1.12
acre) REGI 46.01 1.54

BIOMASS EXP 13.51 .69 1.96
(total wood PS 14.01 .60 1.51
biomass in REG 14.00 .54 19
tons/acre) REGI 13.60 49

CRCOV EXP 21.02 .86 1.73
(percent PS 22.03 77 1.39
crown REG 22.18 68 1.09
cover) REGI 21.64 65

QMDALL EXP 3.77 .15 1.26
(quadratic PS 3.95 14 1.08
mean diameter REG 3.96 14 1.01
in inches) REGI 3.89 14

NOTE: Estimators are expansion (EXP), poststratification (PS), regression with linear terms for
all variables (REG), generalized additive model on the same variables (GAM), regression with
linear terms for interactions between GAM predicted forest/nonforest indicator and all variables
(REGI). The estimated standard error and relative efficiency (estimated design variance of each
estimator divided by estimated design variance of GAM or REGI) use simple random sampling
approximation.

ric regression estimator. In particular, the estimated gain in effi-
ciency over the currently used poststratified estimator is >30%
for all variables except QMDALL.

4. VARIANCE ESTIMATION UNDER
SYSTEMATIC SAMPLING

4.1 Potential Problems With the Simple Random
Sampling Approximation

The estimated efficiencies in Table 1 are somewhat suspect,
because they rely on asymptotic variance approximations, and
they act as if the actual systematic samples were in fact drawn
through simple random sampling. This last point is potentially
serious when the number of possible systematic samples is
small, as in this 1-in-25 systematic subsample. To illustrate this
problem, we reconsider the case of the difference estimator of
Section 2.2 when a nonrandom “model” z%(s) is available for
all s € G1(u), and assume that the residuals z(s) — z°(s) are in-
dependent normal (0, 02) random variables. Conditioning on
phase one, the model average (over all possible realizations
of the normal residuals) systematic sampling variance in (5)
is equal to the model average of the simple random sampling
variance estimator,

2
%(1_%)< 3 ) - )P

s€Gy(u,d)

2
—( > {z(s)—z°<s>}) /n2>/(n2—1) (16)
s€Go (u,d)

Journal of the American Statistical Association, June 2007

(see Cochran 1977, thm. 8.5), a fact often used to justify the
simple random sampling variance estimator for a population
thought to be “random.” But such model unbiasedness is not
so interesting for a given realization of the population. Indeed,
consider

systematic sampling variance in (5)

~ simple random sampling variance estimator in (16) "

Under the foregoing assumptions, it is immediate that this ratio
is F-distributed with & — 1 numerator degrees of freedom and
ny — 1 denominator degrees of freedom. As n, — oo,

12
F=1+ 0,,({72(1;_}1{"2) } >

so that—at least in this simple case—the simple random sam-
pling variance estimator is inconsistent unless /4, the number
of possible phase-two systematic samples, tends to infinity. In
the northern Utah mountains dataset, no, = 968 but h = 25.
The quartiles of the corresponding F distribution are .792 and
1.181. Thus, in about half of the possible realizations of the
population, the simple random sampling variance estimator will
be off by £20% or more. The .025 quantile is .514, and the
.975 quantile is 1.655, so departures on the order of +50% are
easily possible.

This problem of variance estimation is basically intractable
given only the sample, because it amounts to a sample of size 1.
Indeed, all of the variance estimators for systematic sampling
given by Wolter (1985, sec. 7.2.1) will perform poorly, because
they all are forced to rely on within—systematic sample variation
to approximate between—systematic sample variation. There-
fore, we consider an alternative procedure based on generating
a synthetic population.

4.2 Assessing Variability and Efficiency Using
a Synthetic Population

Because the standard variance estimators are potentially un-
reliable in this context, we undertake a numerical experiment to
assess the efficiencies of the various estimators. Our approach is
to construct a synthetic population that closely mimics the one
from which we are sampling, draw all possible systematic sam-
ples from that population, and calculate exact design properties
of estimators across these samples. This will allow us to assess
(1) the performance of the standard variance estimators for a
sampling problem with known design variances and (2) the ex-
act design efficiencies of the various estimators for a synthetic
population constructed to resemble the real population.

This synthetic population approach represents a departure
from generic inference, because it requires specification of a
population model for each variable, and the validity of the re-
sulting variance assessment depends on the model’s correct-
ness. So, although this procedure would be impractical to im-
plement for all variables in a large-scale survey like the FIA,
we believe that performing this type of variance assessment for
at least a few key survey variables might be useful to assess the
overall reliability of the estimation methodology.

We begin by fitting large parametric models to each vari-
able listed in Table 1. The first model is a logistic regression
for the forest/nonforest indicator; it includes six dummy vari-
ables for the categories of NLCD7, fourth-order polynomials for
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ELEV90CU, TRASP90, SLP90CU, MRLCO0B5, NDVI, and
the two spatial coordinates, as well as a first-order interaction
term for the spatial coordinates. The models for the remaining
response variables contain similar terms and are fitted as linear
regressions to the positive responses after suitable transforma-
tion (typically square root).

Using these fitted models, we create synthetic populations of
response variables on all of the phase-one sites. In this proce-
dure, we condition on phase one because its percentage contri-
bution to the empirical variances of the estimators was found
to be small, around 5-7% for all six variables, and its contri-
bution is common to all of the estimators; see (7). The sim-
ulated FOREST variable is generated with unequal probabil-
ity Bernoulli random variables using the phase-one covariates,
yielding a realistic spatial distribution of forest. The remaining
response variables are generated on the transformed scale with
Gaussian noise, then mapped back to the original scale. These
response variables are set to 0 wherever the simulated FOREST
variable is 0.

An alternative procedure for generating the synthetic phase-
one sample would be to use the GAM-fitted model that we ob-
tained previously. But we chose not to do this, so as not to bias
the results in favor of that estimator. Instead, by generating data
from a model for which the GAM only provides an imperfect
fit, we expect to be better able to capture the sample-to-sample
variability induced by the GAM fitting procedure.

Once the complete phase-one sample is populated as a re-
alization from the foregoing model, we draw all 25 possible
phase-two systematic samples, compute the estimated mean
and the simple random sampling estimate of the standard de-
viation for each sample, and then compute averages and vari-
ances of these estimates over the 25 samples. Note that these
25 samples represent the entire conditional randomization dis-
tribution of the estimators, so that empirical means and vari-
ances are exactly the conditional expectation and conditional
variance, given phase one. The expectations of the estimators
for the synthetic populations (not shown) are comparable to the
corresponding estimates for the actual populations given in Ta-
ble 1. Similarly, the expectations of the simple random sam-
pling standard deviation estimates for the synthetic populations
are comparable to the corresponding estimates for the actual
populations given in Table 1. These comparisons suggest that
the synthetic populations reproduce at least the second-order
moment structure of the real data fairly well.

Because these 25 samples constitute all possible samples
from the known population, we can evaluate the design bias of
the estimators exactly. As expected, the expansion estimator is
exactly unbiased for the synthetic population mean, and the re-
maining estimators are all essentially unbiased (relative biases
no more than .25% in all cases) because of their model-assisted
structure.

The synthetic population also allows us to evaluate the appro-
priateness of the simple random sampling approximation for es-
timating the variance of the estimators obtained under system-
atic sampling. The last column of Table 2 confirms that these
estimated variances are indeed quite unreliable, behaving some-
what like the hypothetical F random variable described in Sec-
tion 4.1. Therefore, inference for systematic samples such as
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Table 2. Relative Efficiency (design variance of each estimator divided
by design variance of GAM or REGI) and Percent Bias of
the Simple Random Sampling Variance Estimator

Relative Percent bias
Simulated efficiency of of variance
variable Estimator GAM/REGI estimator
FOREST EXP 4.51 12.62
(forest/ PS 3.13 9.33
nonforest REG 1.92 24.77
binary) GAM —-31.01
NVOLTOT EXP .31 —-23.71
(total wood PS 1.14 —-32.11
volume in REG 07 —43.88
ft3 /acre) REGI —52.71
BA EXP 2.02 19.35
(tree basal PS 1.55 19.81
area per REG 1.19 20.97
acre) REGI 8.93
BIOMASS EXP 1.67 17.48
(total wood PS 1.12 34.31
biomass in REG 1.14 —-1.32
tons/acre) REGI —14.61
CRCOV EXP 1.49 —4.04
(percent PS 1.36 —20.93
crown REG 1.17 —31.38
cover) REGI —44.01
OMDALL EXP 2.55 5.92
(quadratic PS 1.79 23.70
mean diameter REG 1.20 50.32
in inches) REGI 13.27

NOTE: Values are computed over all 25 possible systematic subsamples from the phase one
sample for the synthetic population. Estimators are the same as in Table 1.

those used for the FIA should be done with some caution. Al-
though easy-to-implement but inaccurate generic variance esti-
mators, such as the simple random sampling approximation, are
likely to continue to be used in this type of survey, we recom-
mend at least some evaluation based on alternative procedures
such as that presented here.

Finally, we can exactly evaluate design variances for the
five estimators in the synthetic population. Table 2 (column 3)
shows the relative efficiencies (design variance of each esti-
mator divided by design variance of GAM or REGI) obtained
over the 25 samples. The PS estimator, which is the Forest Ser-
vice standard, is better than the EXP estimator in all cases, but
even the simple regression estimator REG usually offers gains
over both the expansion estimator and the PS estimator. The
GAM estimator is much more efficient than its competitors for
the FOREST variable, and the regression estimator with GAM-
dependent interaction terms (REGI) is more efficient than its
competitors for all of the other variables. Even though the ex-
act sizes of the efficiency gains differ somewhat, these results
confirm those obtained for the different estimators for the orig-
inal sample shown in Table 1: Real gains are obtained with the
GAM-assisted and related regression estimators.

5. CONCLUSION

Auxiliary information from remote sensing or other sources
is becoming increasingly available to organizations involved in
natural resource surveys. Scientists in these organizations are
already developing detailed prediction models for many vari-
ables of interest, but they have tended not to use these prediction
models in their survey estimation procedures. We have shown
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how nonparametric model-assisted estimation techniques can
be used to incorporate the results of such modeling efforts in
the production of survey estimates. Even in the case of fairly
complex models and multiphase designs, estimators can be con-
structed that are generic, in the sense that they can be easily
applied to all variables in a survey and do not depend on a
particular model for statistical validity. The overall approach
of combining complex models and model-assisted estimation
is applicable to a wide range of surveys and can provide large
gains in efficiency for relatively little cost.

In the particular application considered in this article, we
have provided some theoretical justification for GAM-assisted
survey inference in the context of two phases of systematic
sampling from a spatial domain. We applied the GAM-assisted
methodology in a survey of forest resources in the mountains
of northern Utah, a region important for its ecological and land
use diversity.

Theoretical properties of this approach in complex surveys,
whether using GAM or other nonparametric methods, deserve
further investigation. Important open issues include model se-
lection and selection of the smoothing parameters for the non-
parametric regression fitting algorithms, because this affects
both the estimates of the quantities of interest and their esti-
mated variances.

In the course of this research, the unsatisfactory behavior of
the traditional estimator of the design variance under system-
atic sampling became apparent, and we used an alternative ap-
proach, based on a synthetic population, to evaluate our pro-
posed estimation procedure. Future research into these types
of alternative variance estimation methods, including choice of
models and robustness to their selection, certainly appears to be
warranted.

APPENDIX: PROOF OF RESULT 1

Because the estimator 0 is unbiased by (4), it suffices to show that
its variance goes to 0. By hypothesis, both z and zg are Riemann-
integrable on D, so that, from (3),

m E[f|u]l=0 as.,
o0

i
nip,np—
and, from (6),

tq(u)
ny1n

lim  |D|

np1,n—>00

= / ) =L dv as.
D

Because z and 70 are bounded, we have that

i, - (E[é | u] — 9)2 du
n1,112=>0 J10 1[0, 1]
/ lim (E[é | u] — 9)2 du
[0,1]x[0,1] 111,1712—>00

=0
and

DR E[S%(u)]

lim | 3
(n21n22)

nap,n2—>00

2
:|D|2E|: lim S(”)} ,

21,1200 (1191 1192)%

so that mean squared consistency follows.
[Received March 2003. Revised January 2005. ]
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Comment

This stimulating article is an ingenious combination of sur-
vey methods and “mainstream statistics.” The authors use non-
parametric regression to improve estimates from natural re-
source surveys while maintaining the traditional inferential
methods of survey methodology than rely on randomization of
the sample rather than on a model. This is quite an achieve-
ment, and I congratulate them. There is certainly too little con-
tact between survey sampling and the rest of statistics, probably
because many statisticians lack knowledge of sampling theory.
Thus an article such as this combining the two areas is a wel-
come addition to the literature.

The authors’ results clearly demonstrate that the model-
assisted estimator /Q\ma works well in this example. In a case
study such as this, the main goal is, of course, to find a method-
ology suitable for the problem at hand, but it is natural to
wonder whether the methodology can be recommended as a
general-purpose tool. This discussion addresses two related
questions: “When does @\ma work well relative to ’9\exp (and vice
versa)?” and “why does the model-assisted estimator work very
well in this case study?”

The authors’ result 1 assumes that z(s) and zo(x) are continu-
ous almost everywhere. Translating mathematical assumptions
such as this into something operational is challenging. Should
we think of FOREST as continuous almost everywhere or not?
This question may not be fully answerable, but I believe that for
practical purposes, FOREST is discontinuous, and the patchi-
ness of forests is the main reason why the GAM/REGI method-
ology that the authors develop is successful in their case study.
Assuming that z is continuous, the expansion estimator can be
written as

7 z(s) Z{w(s)}
Oexp = Z — = Z WS
seOamay /G1820) = 1/(8182)
z(s)
2 Ty~ (1)
sy 1/ ©4102)

where w(s) is the point on the coarse grid in the same cell as s.
Therefore, the accuracy of Gexp should be greatest when z is very
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smooth, so that z(s) is close to z{w(s)} and ZSEGI(u) % is
close to 6.
The model-assisted estimator can be written as

~ wiX(s)} | z(s) — {X ()} Lig=a)
=2 2 {1/(6162>+ }

4 seGo(u,d) 1/(8162) 1/h
-y {ﬁ{X(S)} +z{W(S)}—ﬁ[X{w(s)}]}
5€G1(u) 1/(162) 1/(8182) '

This estimator is accurate when the model achieves good pre-
dictions, so that zt{X(s)} is close to z(s) and L[X{w(s)}] is close
to z{w(s)}. Smoothness of z is not required for accuraty.

To compare the expansion and model-assisted estimators, we
simulated a one-dimensional example for simplicity. The sim-
ulation model was z(s) = sin{kws(1 + 2s2)}, where k is either
2 (smooth) or 5 (less smooth). Here “smoothness” refers not
to the number of derivatives (which is infinity) but rather to
how fast the function oscillates. When sampled on a fixed grid,
an oscillatory function will appear discontinuous if the oscilla-
tions are sufficiently rapid compared with the spacings between
grid points. Moreover, x(s) = logistic{k2(z(s) — .5)} + o€, € ~
N(0, 1), where k, is fixed at 2 and o is either .01 (model rather
accurate) or .1 (model less accurate). The regression of z(s)
on x(s) was estimated by a penalized spline (Ruppert, Wand,
and Carroll 2003). The coarse grid had 20 points; the fine grid,
100 points.

We start with the case where k =2 and o = .01. The per-
formances of the expansion and model-assisted estimators for
one simulated dataset are shown in Figure 1. Boxplots of the ab-
solute errors of the expansion and model-assisted estimators for
100 simulated datasets are shown in Figure 2. In this case, the
expansion estimator is better than the model-assisted estimator.

Next, we look at the case where k =5 and o = .01 in Fig-
ures 3 and 4. Because k is large, z oscillates rapidly and the
expansion estimator is less accurate than when k = 2. Because
here, as in the previous case, o is small (.01), the model-assisted
estimator is rather accurate and, as shown in Figure 4, more ac-
curate than the expansion estimator.

Finally, we look at the case where k =5 and o = .1 in Fig-
ures 5 and 6. Because k is again large, z the expansion esti-
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