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SUMMARY
High dimension, low small sample size datasets have different geometrical properties
from those of traditional low dimensional data. In their asymptotic study regarding in-
creasing dimensionality with a fixed sample size, Hall et al. (2005) showed that each data

vector is approximately located on the vertices of a regular simplex in a high-dimensional



space. A perhaps unappealing aspect of their result is the underlying assumption which
basically requires the variables, viewed as a time series, to be almost independent. We estab-
lish an equivalent geometric representation under much milder conditions using asymptotic
properties of sample covariance matrices. We discuss implications of the results, such as
the use of principal component analysis in a high-dimensional space, extension to the case
of non-independent samples and also the binary classification problem.

Some key words: High dimension, low sample size; Large p small n; Linear discrimination; Sample

covariance matrix.

1. INTRODUCTION

Datasets with more variables than observations are now important in many fields, such as
genetics (Golub et al., 1999; Furey et al., 2000), medical imaging and text recognition. Such
data have surprising and often counter-intuitive geometrical structures (Hall et al., 2005;
Donoho & Tanner, 2005). For example, zero-mean Gaussian random samples in a very
high-dimensional space are hardly ever located near the population mean. Furthermore,
they also tend to be further away from the mean as the dimension increases, which appears
paradoxical since the standard univariate Gaussian density is largest at zero.

Related asymptotic studies assume that the dimension d increases, whereas the sample
size n can be fixed or increases along with d. In this paper, we let d go to infinity with a
fixed n, which we call the d-asymptotics. Hall et al. (2005) took a d-asymptotic approach
and showed that, as d increases, under some regularity conditions, the geometrical structure
of data becomes deterministic: pairwise distances between data vectors are approximately

constant, so that each vector is located on the vertices of a regular n-simplex in R%. This



geometric representation essentially says that the randomness of data of this type only
lies in random rotations of this simplex. Hall et al. (2005) also applied this result to
the binary classification problem and discussed the asymptotic behaviour of some popular
discrimination methods such as support vector machines (Cristianini & Shawe-Taylor, 2000)
and distance weighted discrimination; see Benito et al. (2004) and a University of North
Carolina technical report by J. S. Marron, M. Todd and J. Ahn.

The results in Hall et al. (2005) require variables to be ‘nearly independent’ in the sense
that, when they are viewed as a time series, the variables must satisfy a p-mixing condition.
This assumption has some obvious shortcomings. First, it is somewhat too strict because
it is common to have severe collinearity among variables. Secondly, the condition depends
on the order of the data entries, which can be arbitrary in many applications.

In this paper, we study d-asymptotic properties of sample covariance matrices to show
the geometric representation in Hall et al. (2005) in more general settings. The new con-
dition is imposed on the population eigenvalues and controls the departure from sphericity
by restricting the relative sizes of dominating eigenvalues.

Some recent high dimension, low sample size asymptotic studies on sample covariance
matrices, including Baik et al. (2005), Baik & Silverstein (2006) and a University of Califor-
nia, Davis technical report by D. Paul, found that, when the ratio d/n goes to a constant,
the sample eigenvalues behave as if the underlying covariance matrix were the identity ma-
trix. This holds if the underlying covariance matrix is not far from the identity. Section
2 shows that this so-called ‘phase transition’ phenomenon also occurs in the d-asymptotic
case. The phenomenon makes principal component analysis with high dimension, low sam-

ple size data often unreliable; see a Stanford University technical report by I. M. Johnstone



and A. Y. Lu. In §4, an extremely non-spherical population model is presented for which
the phenomenon no longer takes place. We show that the first principal component con-
verges to the first true eigenvector as d increases, but its variance, i.e., the first sample

eigenvalue, does not converge to the population counterpart.

2. PROPERTIES OF THE SAMPLE COVARIANCE MATRIX

In this section we examine the asymptotic properties of sample covariance matrices when
the dimension d tends to infinity while the sample size n is fixed.

Suppose we have a d x n data matrix X = [z1,---,2y,] with d > n, where z; =
(@15, ,2q4)",j = 1,--- ,n, are independent and identically distributed from a d-dimensional
multivariate distribution with mean zero and nonnegative definite covariance matrix 3. The
eigenvalue decomposition of ¥ is 3 = VAVT, where A is a diagonal matrix of eigenvalues
A1 = -+ 2 Ag > 0 and V is the matrix of corresponding eigenvectors. A ‘factor matrix’,
which is essentially the square root of 3, is defined as F = VA2, so that ¥ = FFT. We
can write X = F'Z, where Z = A"2VTX is a d x n random data matrix from a distribution
with the identity covariance matrix. Note that, if X is Gaussian, the elements of Z are
independent standard univariate normal variables.

The sample covariance matrix S = n ' X X" is decomposed as S = n ' FZZTFT. Note
that we do not subtract the sample mean vector in order to avoid unnecessary complexity
and also because the population mean is a zero vector. A ’dual’ approach switches the
roles of columns and rows of a data matrix, by replacing X by XT. The n x n dual sample

covariance matrix is defined as S, = n 1 XTX. Note that S, has the same eigenvalues as



S. If we write X as F'Z and use the fact that VTV is the identity,

d
nSy = (Z'F')(FZ)=Z"AZ =) AW (1)
i=1
Here the n x n matrix W; is Z'Z; where Z;, i = 1,--- ,d, are the row vectors of Z. If X

is Gaussian, each W follows independently the Wishart distribution W, (1, I,,).

The following theorem states that, under some mild conditions on population eigen-
values, Sy, approximately becomes a scaled identity matrix as d increases with a fixed n.
Thus all the eigenvalues of S, are approximately the same, and so are those of S. In a
sense, extreme data of this type behave as if the underlying distribution was spherical. An
analogous result when d/n approaches a constant in (0, 00) and the population covariance
matrix is the identity exists in references such as Bai & Silverstein (1998).

The assumption for this theorem involves a well-known measure of sphericity,

_ () (ZL A1')2 2
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The empirical version of (2), with ¥ replaced by S, is a locally most powerful invariant test
statistic of sphericity of multivariate Gaussian distributions (John, 1972). Note that € is
always between d~! and 1. Perfect sphericity of the distribution occurs only when € = 1,
and € = d~! corresponds to the ‘most singular’ case in which only a single eigenvalue is
nonzero. Our key assumption concerns the singular end of the € spectrum: we need € to
be not too close to d~! for large d, in the sense that e ' = o(d). In other words, the

underlying distribution needs to be not too close to the singular case.

THEOREM 1. For a fized n, consider a sequence of dxn random data matrices Xq,--+ , Xq, - - -

from multivariate distributions with dimension d, with zero means and covariance matrices



1,000, Xg, . Assume that the fourth moments of each variable are uniformly bounded
and also the representation in (1) holds for each X;. Let Ay q > --- > Agq be the eigenval-
ues of the covariance matriz g, and let Sp 4 be the corresponding dual sample covariance

matriz. Suppose the eigenvalues of ¥4 are sufficiently diffused, in the sense that
d
> i—1 )"L?,d
4 2
(Zi:l )‘i,d>

Then the sample eigenvalues behave as if they are from an identity covariance matriz, in

(de)™ = —0 as d— oo (3)

the sense that cngD,d — I, as d — oo, where cg =n"" Z?Zl Nid-

2

=, where the

Proof. By (1), any diagonal element of nSp g can be expressed as Z‘ij:l i d%
z;’s are independent and identically distributed with zero mean and unit variance. De-
fine the relative eigenvalues by S\Ld = Nid/ (Zle Aid).  The condition in (3) is equiv-
alent to Z?:l Xid — 0 as d — 0. Then, by Chebyshev’s inequality, for any 7 > 0
and the uniform bound M for the fourth moments condition, pr(’ 2?21 5\,~7dzi2 -1 >
7') < 7 %var (Z?:l 5\”1le> < 172M Z?:l X?,d — 0 as d — oo. Thus a diagonal el-

ement Zf-l:l S\ivdz? converges to 1 almost surely. = The off-diagonal elements of nSp 4

can be expressed as Zgzl Ni.azizir, where z; and zy are independent. Then, similarly,

Pr(| Z?Zl S\i,dzizi’

> 7') < 7 %var (Z?Zl :\i,dzizi/> =772 Z?Zl S\%d — 0 as d — oo. Thus

the off-diagonal elements converge to 0 almost surely. O

The condition in (3) holds for quite general settings, including the following cases: (a)
all the eigenvalues are the same; (b) the first & eigenvalues are moderately larger than
the rest, an example being A\ g = -+ = Ay g = c1d®, Apy14 = -+ = Agq = c2, Where
k< d,a <1, ¢1,c2 > 0; (c) the eigenvalues decrease in any polynomial order. Cases in

which (3) fails to hold include the following: (d) the first k eigenvalues are much larger



than the rest, an example being A\j g = -+ = Ap g = c1d®, Agy1,0 = -+ = Agq = c2, Where
kE <d,a>1, ci,ca > 0; (e) the eigenvalues decrease exponentially; (f) only the first k
eigenvalues are nonzero. The case in (f) has a singular covariance structure, and (d) and

(e) are examples which become nearly singular as the dimension tends to infinity.

3. GEOMETRIC REPRESENTATION OF HIGH DIMENSION, LOW SAMPLE SIZE DATA

In this section we establish the data geometric representation using Theorem 1 and show
that our assumption (3) is more general than that of Hall et al. (2005).

Let xj = (w15, -+ ,24)", j = 1,---,n, be the jth column of the data matrix X, of
which underlying distribution satisfies the conditions in Theorem 1. The squared distance

between xj and x is
d d d d
log = zell® = (wie — 230)® =) _ad + > i — 2w (4)
i=1 i=1 i=1 i=1
Note that the first two terms in (4) are the kth and ¢th diagonal entries of nSy, respectively.
Then, by the theorem, for a sufficiently large d, both terms become similar to 2?21 A Also
since the third term is the (k, £)th entry of nSp, it diminishes as d grows. Thus, after scaling
with Zle i, ||zx — x¢]|?> becomes 2; that is, for sufficiently large d, (4) is approximately
2 Zle i, so that the pairwise distances between the n data vectors are approximately the
same and the data form a regular n-simplex in R
Now we compare the p-mixing condition specified in Hall et al. (2005) with the condition
in (3). The p-mixing condition for the geometric representation states that, for i,j =
1. d with [i — j[ = 7, sup,_j|>, [E(zi,a7j4)| < p(r) — 0, as 7 — oo.  Suppose this

mixing condition is satisfied, and additionally assume that tr(3;) < d, which means that



tr(X4)/d is bounded away from both 0 and oo. This condition is equivalent to the variance

condition in Hall et al. (2005). Then the left-hand side of (3) becomes

> AL i o1 B(wiara)? o(d?)
p i PR :O(dQ)_)O’ as 1 — 00,
(Zi:l )\i,d) Zz’,j:l (mi,d) («ijd)

which implies that our condition in (3) is at least as mild as their mixing condition. Also, by
a random permutation of the data entries, it is easy to construct an example that satisfies
(3) but not the mixing condition. Hence our conditions are strictly milder than their

original conditions.

4. AN EXTREMELY SPIKED POPULATION MODEL

4-1. The problem setting

For high-dimensional data, principal component analysis often fails to estimate the true
eigen-directions and their variances. The condition in (3) characterizes an underlying
structure of the data that leads to the failure of principal component analysis in a high
dimension, low sample size limit. In this section we consider an extremely non-spherical
distribution, in which the first eigenvalue dominates the others so strongly so that (3) does
not hold, and furthermore there is a possibility for principal component analysis to estimate

correctly important eigen-structures.

We consider Gaussian data from the population covariance matrix 45 = Ay = diag(d®, 1, - --

« > 1. This model can be considered as an extreme case of the spiked population
model (Johnstone, 2001) and as a special version of case (d) in §2. Note that we al-
ready looked at the case where 0 < o < 1 in case (b) of that section. Note also that

AMd=d% Aag=---= Agq =1 are the eigenvalues of Ay, and the eigenvectors of Ay are the



d-dimensional unit vectors. In the following two subsections and in §5, all the quantities

depend on d, but the subscript ‘d’ will be omitted for the sake of simpler notation.

4-2. The first sample eigenvalue

Let Ay > --- > )\, be nonzero eigenvalues of the sample covariance matrix S, or of S,. By
(1), the dual sample covariance matrix Sy, can be expressed as n~!(d*W; —1—2?22 W;), where
W;’s are independently W, (1,1,). Let U =W and V = 2522 Wi. Then U ~ W, (1,1,)
and V ~ W, (d—1, I,), independently. Dividing Sp by d® gives d~*Sp = n~'U+n"1d=V.
Note that, as d increases, V' becomes close to (d—1)1,,, and thus the second term tends to the
zero matrix. Also note that U can be expressed as the outer product of an n-dimensional
random vector from N, (0, I,,) with itself, so that its only nonzero eigenvalue is its inner
product with itself, which is a x? random variable. Thus A is approximately distributed
as n~1d*x? when d is large. Note that, with a reasonably large n, A1 can estimate A\; = d°®
-1,2

fairly well since n~"x; will be near 1. The rest of the sample eigenvalues tend to 0 as d

increases since U has rank one.

4-3. The first sample eigenvector

Consider the eigenvalue decomposition of S = GLG™, where G = {g;; : i, = 1,--- ,d}
is the matrix of corresponding eigenvectors, ©; = (g1, - ,94)",J = 1,---,d, are the
eigenvectors, and L = diag(j\l,--- A, 0, - ,0).  Now writing Ay as A to simplify the

notation, define a standardized version of S as

S=A"25A"2 = A\"3GLGTA 2. (5)



Since S =n"'FZZ"FT = n_lA%ZZTA%,
S=n"'ATZA2ZZTA2A"2 = n 227 ~ T Wy(n, 1), (6)

where Z is a d x n data matrix whose elements are independently N(0,1). By (5), the
ith diagonal entry of S is §; = )\i_l(ﬁfl;\l + 4 anj\n) Substituting our underlying
eigenvalues gives 517 = d_o‘@%l;q + -+ Q%njxn), and §j; = (§]2-15\1 + -t f]?njxn), 2 <
j < d. From the results about sample eigenvalues in §4-2, for a large d, 511 = §3,Q, and
8j5 = g?ldaQ, 2 < j < d, where nQ ~ x2. However, each 555, 1 < j < d, is independently
distributed as x2/n by (6). Thus it can be seen that §?, — 1 in probability, and also since
gin = Op(d™?), 2 < j < d, we have maxagj<q gj1 = Op(d'™*) as d — oo; that is, the first

sample eigenvector converges to the population counterpart as d increases.

5. DISCUSSION

5-1. Non-independent samples

Let X be the data matrix from the generalized multivariate normal distribution AV, 4(0, B, X),
ie., vec(X) ~ Ny(0,B®Y). We assume that Xyxq and By, are positive definite matrices
and, especially, that ¥ = Y, satisfies the conditions in Theorem 1. Let F; and F5 be
the factor matrices for B and ¥ respectively, and suppose that Z ~ N, 4(0,I,,1;). Then
ZF; ~ N, 4(0, B®1;) and FoZ ~ N, 4(0,1, ®X). Using similar algebra to §2, we can show
that nSp = Zle AW, where \;’s are the eigenvalues of 3 and each W; independently has
the Wishart distribution W, (1, B). Note that E(W;) = B and each W is the outer product
with itself of a Gaussian random vector y; = (Y14, ,Yni)", i = 1,--- ,d, from N, (0, B).

Let B = {bge}. Then the kth diagonal element of nSp can be expressed as Z?:1 Yz

10



which approximately becomes by, Zle Ai when d is large. Also the (k,¢)th off-diagonal
element is Z;‘i:1 AiYkiYei, k # £, which is approximately by Z;‘i:1 Ai. Then, when d is large,
d
2k — @l = (bgr + bee — 2bke) > N,

=1

which implies that the geometrical structure again becomes deterministic.

5-2. Unstability of binary classification with high dimension, low sample size data

The associated asymptotic properties of the binary classification problem, in particular the
behaviour of some simple linear classifiers, have been studied by Hall et al. (2005), Bickel
& Levina (2004), and J. Ahn’s unpublished 2006 Ph.D. thesis from the University of North
Carolina. Here our interest lies in how sensitive classifiers are to the sample size.

Suppose we have independent samples from two different classes and the underlying
covariance structures for each class satisfy the conditions in Theorem 1. Let X be the d xm
data matrix for class +1, and let Y be the d x n data matrix for class —1 and let N be m—+n,
the combined sample size. Also let ¥ x and ¥y be the underlying covariance matrices for
each class. Denote the traces of £x and Xy, i.e., the sums of population eigenvalues, by o2
and 72, respectively. Then, as d increases, the data vectors from each class approximately
form two regular simplexes, with the number of vertices being m and n and the lengths of
edges being /20 and /27, respectively. Also, the entire dataset asymptotically forms a
convex N-polyhedron with N vertices by the analogous result of Hall et al. (2005). Let
12 be the squared distance between the population means of the two classes. Then, since
the squared distances from each data vector to its class mean are approximately o2 and 72,

respectively, the squared distance between x; and y; is approximately o2+ 724+ 2. This is

11



easier to understand when m = 1,n = 2 or m = 2,n = 1, in which case the N-polyhedron
is an isosceles triangle and we use Pythagoras’ theorem.

Denote the centroids of each simplex by C%¢ and C{:. As shown in Hall et al. (2005),
the ideal separating hyperplane for this case has the normal direction vector which connects
the centroids C'%' and C5:. The ‘basic’ support vector machines, distance weighted discrim-
ination and the nearest centroid rule approximately satisfy this. Note that, as shown in
Hall et al. (2005), in the large-d limit, the expected squared distance between C'¢ and Cy-
is 2 +02/m+712/n. If we consider one more data vector for class +1, by a similar calcula-
tion, the expected squared distance between the centroid C?H of the new (m + 1)-simplex
and O is p? + 0%/(m + 1) + 72/n.  Also the expected squared distance between C% and
C%*! can be shown to be {m(m + 1)}, by calculation of the distance between the
two (m + 1)-dimensional vectors, o2(m~1,--- ,m™1 0)T and o?((m+1)"L,--- ,(m+1)"H)7.
Then as d increases the angle between the hyperplanes based on m and n samples from

each class and the one based on (m + 1) and n samples becomes approximately

1
0 — cos! p2+o?/(m+1)+72/n\?2
p2+o2/m+72/n '

This implies that, when o2, the variation of class +1, is large and m is small, the small
change in the sample size can make a significant difference in the resulting classifiers.

The v-fold crossvalidation method, which is a very common way of tuning classifiers,
uses N — [N/v] samples to fit the classifier and evaluate it using the other [IN/v] samples.
Let k1 = [m/v] and ko = [n/v]. By a similar calculation, in the large-d limit, the angle

between the hyperplanes based on m — k1 and n — ko samples and the hyperplane based on

12



the whole m and n samples is approximately

1
9:005_1< ,u2—|—02/m+72/n >2.
p?+o?/(m—ki)+72/(n — ko)

This angle can also be large when the the sample sizes are small and the variances are large,

and this arouses a serious concern about the stability of the crossvalidation method. More

rigorous investigation is proposed for a future work.
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