Principles of Design of Experiments:

1. Experiments are opportunities to ask nature how she/he works.
Nature does not like to answer alot of questions and frequently
gives short answers. Once in awhile nature rambles and provides
answers to questions not yet asked.

2. Nature responds over anoisy line.
2. Listen to nature’'s answers carefully

3. Before asking the questions, the experimenter should know wha
to do with the answers. Different experimenters will come to
different conclusions.

Game of 20 questions:

Statistical analysis serves as anoise filter. The very best that it can
do isto reduce the noise and interpret the processed answers to the
guestions that were asked.



One factor at atime experiments:
Habit and tradition.
Continuous processes respond immediately.

Fear of making too big of a change at once.

By changing more than one factor at atime interaction effects can k
estimated.

I nteraction effects are equivalent to cross partial derivatives.



Factorial experiments:

Usually each factor istested at k levels. Oftenk = 2. If thereare

factors then a 2P facorial desi gns considers each possible
combination of factors.

Such an experiment allows estimation of all possible interactions of
an additive model.
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+higher order terms.

Fractional factorial designs:

Uses fewer obsevations and not all interactions can be estimated.



Methods of comparing regression experiments:

Let D(E) = (xtax)™L
Experiment = Is preferred to experiment E, If:

1.D(E,) < D(E,)
2. ID(E;)| < ID(E,)|
3.TRACE D(E,) < TRACE D(E,)

4. Max D, 4(Eq) <Max D ,(E,)
5. LtD(El) L < LtD(EZ) L (L may be a matrix).

6. Max _ xD(Eyx< Max x'D(E)x

design space e

7. S x(WIDEYXW) dw < & x(W)DE)x(W) dw

design space design space

Picture:
Let d(w,E) = x(w)!D(E)x(w).

Concept of a continuous design.



Takea =1 (for now).

n
t 2 t
(XX) = aA nm x(w;)x(w;)
i =1
n
where éni = n.
i =1

n

O n

- il t

We use the approximation a n X(wix(wi)" »
| =

1
bxw) xwix(w)! dw . = M(
W

It is easier to work with continuous designs.

Caratheodory's Theorem:

Each point s* in the convex hull S* of any subset S, of R", can be
represented in the form
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If s* isaboundary point then a1 Can be set to zero.

Theorem:

1.For any design E the matrix M(x) is asymmetric positive semi-
definite matrix.

2.The matrix M(X) is degenerate (|[M(x)| = 0) if the measure x
contains less than m points. (The number of parameters = m)

3.The family M(x) of all possible normalized designsis convex. If
the functions x(w) are continuous and W is compact then the family
M(Xx) is compact.

4. For any design matrix M(x) there is a representation

. t
a P X(w;)x(wi)
=1



n
wheren £ [(m+1)m/2] the Ofp,El and G p; = 1.

=1
Equivalence of design criteria:
Lemma
n
1. é P, d(wi,E) = m (m = the number of columns of X'X)
=1

3
2. Mvex d(w,E))3 m.

Define convex function.
Lemma: The function log |[M(x)| is a strictly convex function.

Big Theorem(Keifer & Wolfowitz(1960)):

The following assertions are equivalent:



1. Thedesign x* maximizes |[M(x)|.

2. The design x* minimizes MWax d(w,Xx)).

3. Mvz\?x d(w,x) = m. Any linear combination of designs satisfyin

these criteria all satisfy them.
DETMAX

Suppose that the design space W consists of afinite number N of
elements and we wish to choose only n of them (replicates are
possible) how should we proceed?

n
We can choose (l\ll,] ) possible designs and compare the resulting

M matrices. Such an exhaustive search is not practical. Instead we
use an algorithm. Recall that the function log [M(x)| is a strictly
convex function and that convex hull of the design space is
convex. So we have a convex programming problem on the space
of probability measures x.



How to find the optimal continuous design.

1. For afull rank design (measure) X, calculate M(x).

2. Find the point in Wg In W such that d(wo,x) = Mvex d(w,X).
3.The design Xq = (1- aO) Wyt ag Xg IS constructed where

d(WO,X)
0 ~ [d(wg,x) +(m-1)]m "

4. The matrix M (Xl) IS constructed and steps 2-4 are repeated until

convergence.

Short cut formulas: Each new update does not have to go through ¢
complete recalculation.

The finite design space problem.



