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Abstract

In this paper, we study the strong consistency and rates of convergence of the Lasso estimator. It is shown
that when the error variables have a finite mean, the Lasso estimator is strongly consistent, provided the
penalty parameter (say, A, ) is of smaller order than the sample size (say n). We also show that this condition
on A, can not be relaxed. More specifically, we show that consistency of the Lasso estimators fail in the
cases where A\, /n — a for some a € (0, 0]. For error variables with a finite ath moment, 1 < o < 2, we also
obtain convergence rates of the Lasso estimator to the true parameter. It is noted that the convergence rates
of the Lasso estimators of the non-zero components of the regression parameter vector can be worse than
the corresponding least squares estimators. However, when the design matrix satisfies some orthogonality
conditions, the Lasso estimators of the zero components are surprisingly accurate; The Lasso recovers the

zero components exactly, for large n, almost surely.
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1 Introduction
Consider the following regression model
yi=x,B+e€, i=1,...,n, (1.1)

where, y; is the response, x; = (2;1,...,%;p) is a p x 1 covariate vector, 8 = (61, ... ,ﬂp)' is the regression
parameter and {¢;} are #id errors. We assume that p is fixed. The Lasso estimator of 3 is defined as the

minimizer of the [{-penalized least square criterion function,

Bn = argminz (yi — X;u)2 + An Z lujl, (1.2)
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where, A, is a penalty or regularization parameter. The Lasso estimate was introduced by Tibshirani (1996)
as an estimation and variable selection method. Recently the Lasso has emerged as a very popular method
for both estimation as well as model selection. Two main benefits of the Lasso are: (i) the nature of
regularization used in the Lasso leads to sparse solutions, which automatically leads to parsimonious model
selection (see Zhao and Yu (2006), Wainwright (2006), Zou (2006)) and (ii) it is computationally feasible
(see Efron et al. (2004), Osborne et al. (2000), Fu (1998)), even in high dimensional settings.

The asymptotic properties of the Lasso was first studied by Knight and Fu (2000) for the finite dimensional
regression model (1.1). In addition to finding the asymptotic distribution of the Lasso estimator, Knight
and Fu (2000) also showed that the Lasso was weakly consistent under mild some regularity conditions. In
this paper, we investigate the problem of strong consistency of the Lasso estimator under different moment
conditions on the error variables ¢;’s in (1.1). It is shown that when E|e;| < oo and the regularization
parameter \, = o(n) as n — oo, the Lasso estimator of the regression parameter 3 is strongly consistent.
However, if lim, 4 A,/n — a € (0,00], then the Lasso fails to be strongly consistent, and converges to a
different limiting quantity. Thus, when El|e;| < 00, one needs to choose A, = o(n) to guarantee consistency
of the Lasso estimator.

Next we consider the rate of almost sure convergence of ||f")‘n — 3| when the error variables have a finite

ath absolute moment for some a € (1,2). Theorem 2.3 below shows that for E|e;|* < o0, a € (1,2),

18, — Bl = o(n%a*l)/a) a.s.

Further, for the Lasso estimators of the non-zero components of 3, we also obtain a lower bound on the rate

of convergence (cf. Theorem 2.4), which shows that the ezact convergence rate of the Lasso estimators of

the non-zero parameter components is n~(*~1/@ as n — co0. This is an interesting finding as it allows one to

compare the relative performances of the Lasso estimator and the ordinary least squares (OLS) estimator of

B. Tt can be shown that under the regularity conditions of Theorem 2.4 on the design matrix, for E|e;|* < oo,
€ (1,2), the OLS estimator @SLS of 3 satisfies

18, = Bl = o(n~e%) as.

Thus, the penalization used in the definition of the Lasso estimator results in a loss of accuracy for the
non-zero components of 3 compared to the OLS estimator, which uses no penalty. For the zero-components
of B, however, this is not necessarily true. When the design matrix satisfies an orthogonality condition and
Ele1|* < 00, a € (1,2), Theorem 2.5 shows that the Lasso estimator of the zero-components of 3 recovers
the true values exactly for large n, almost surely. Thus, in this case, the rate of convergence of the Lasso
estimator of the zero-components is O(b,,) for any b, — 0, a.s. On the other hand, when the orthogonality
condition on the design matrix fails, the convergence rate of the Lasso estimator of the zero-components also
can be n~(®~1/* exactly (like the non-zero components), making it worse than the OLS.

Finally, we also consider the case where E|e;|* < oo for some o € (0,1). In this case, the mean of the error
variables may not even exist. Theorem 2.6 shows that under suitable regularity conditions, Bn converges
to the zero-vector, almost surely. Hence, it follows that for the (strong) consistency of the Lasso estimator,
finiteness of Ele1| can not be dispensed with.

We now conclude this section with a brief literature review. For the case of ordinary least squares

estimators, results on strong consistency were studied by Lai et al. (1978) and Drygas (1976). Knight



and Fu (2000) proved consistency of the Lasso estimator and derived its asymptotic distribution under the
moment condition E (e%) < 00, in the finite dimensional case. Recently, Lounici (2008) showed that the
¢, distance ||,@n — B||,, converges weakly to zero, and also derived the rate of convergence. There has been
a large amount work on asymptotic properties of the Lasso in high dimensional settings in the context of
model-selection. For further details, see the works of Huang et al. (2008), Meinshausen and Yu (2008), Zhang
and Huang (2008), Meinshausen and Bithlmann (2006), Bickel et al. (2008) and references therein.

The rest of the paper is organized as follows. The main results on strong consistency and rates of

convergence are stated in Section 2. The proofs of our results are given in Section 3.

2 Main Results

2.1 Strong Consistency

Consider the regression model (1.1) with iid error variables €;’s where Ele;| < 00 and E (¢;) = 0. Although
the Lasso criterion function is used mainly for the case where the second moment of ¢; is finite, the Lasso
estimators (and also the least squares estimators) are well defined even when the second moment of €; does
not exist. Here we consider the problem of strong consistency of the Lasso estimator assuming only finiteness
of the first moment, and some mild regularity conditions on the design vectors x;’s. The first result asserts

strong consistency of the Lasso estimator when the penalty A, is o(n) as n — .

Theorem 2.1. Let {¢;} be iid random variables with E|e;| < 0 and E (e1) = 0. Suppose that there exists a
nonsingular matriz C' such that

1 n
Z x;x; > C, as n— o. (2.1)

n i=1

If >;L—" — 0, then Bn — B, with probability 1.

Theorem 2.1 extends the weak consistency results of Knight and Fu (2000) who established the con-
vergence in probability of an assuming E (e%) < o0. It also shows that strong consistency of the Lasso
estimator holds merely under the finiteness of the first moment of ¢;, provided ”\7“ — 0. When the regular-

ization parameter )\, grows at a faster rate, the strong consistency of f?n may fail, as shown by the following

result.

Theorem 2.2. Let {¢;} be iid random variables with E|e;| < 0 and E (¢1) = 0. Assume that (2.1) holds as

n — 0.
(a) If% — a € (0,00), then

Bn - /6 - argmin VL (uﬂ a) )
u

where Vi, (u,a) =u'Cu+aXl_, (16; + wi| —8i])-

(b) If )‘7" — 00, then Bn — 0, with probability 1.



Theorem 2.2 shows that, in general, the Lasso estimator is inconsistent whenever \,, grows precisely at
the rate n or faster. Under part (a), consider the special case where all §; = 0. In this case, it is easy
to check that argmin, V., (u,a) = 0 and therefore, ,Z‘i'n is consistent for the zero components of 3. Part
(b) says that for A, » n, the Lasso estimators are consistent for the zero components, but not for the
non-zero components. Thus, to ensure strong consistency of the Lasso estimators for all components, the
regularization parameter A\, should be chosen in a such way that it grows at a rate slower than the sample

size n.

2.2 Rates of convergence

In this section, we consider the rate of almost sure convergence of the Lasso estimator under a stronger
moment condition on the error variables, where we assume that E|e;|* < oo for some 1 < a < 2. In this

case, we have the following rate bound:

Theorem 2.3. Suppose that Ele;|* < 00 for some 1 < a <2 and E(e1) = 0. Also suppose that (2.1) holds
and that

max [l 1 <i<n}=0(1), asn— . (2.2)
If, in addition, \,/n"/* — a € (0,00) as n — o, then
1B, — Bl =0(n (), as

Thus for 1 < a < 2, Bn converges to 3 at the rate of O (n(a_l)/“), with probability 1. For a > 2,
the results in Knight and Fu (2000) shows that n'/2(8,, — ) has a non-degenerate limit distribution and
therefore, an almost sure bound on the difference ||@n — (| similar to that in Theorem 2.3 for values of
a € [2,00) is, in general, not possible. Also, note that in Theorem 2.3, we set the regularization parameter

A to grow at the rate n'/

which, in particular, satisfies the requirement of Theorem 2.1.

In general, the rate bound given in Theorem 2.3 can not be improved upon for the Lasso estimators of
the non-zero components of 8. The next theorem gives a lower bound on the almost sure rate of convergence
for the non-zero components of 3 which shows that under some additional conditions, the rate n~(*=1/« ig
optimal. To state the result, let 79 denote the smallest eigen-value of the matrix C (cf. (2.1)) and let ~*
denote the largest eigen-value of the submatrix of C corresponding to the non-zero components of 3. Also,

define

yo=(1-py"), (2.3)

where po is the number of nonzero components of 3, ie., po = |{j : 1 < j < p,0; # 0}|. Note that
yo € [0, 1) for po = 1. Without loss of generality, for the rest of the paper, we will suppose that 3; # 0 for all
j=1,....p0 (if po >0) and B; =0 for j = po+1,...,p. With this notation, we are now ready to state the

lower bound result.

Theorem 2.4. Suppose that Ele;|* < oo for some 1 < a < 2, E(e;) = 0, and \,/n'/* — a € (0,00) as
n — . Also, suppose that (2.1) and (2.2) hold, and that py > 0 and vo/y* > yo. Then, there exists a
constant Ky € (0,00), such that for all 1 < j < po,

Bn,j — ﬁj‘ plo=b/la 5 g5 0, a.s. (2.4)

lim inf
n—o



Thus, for nonzero components of 3, its Lasso estimator Bnd' has an almost sure convergence rate that
is precisely n(*=1/® when the conditions of Theorem 2.4 are satisfied. Note that for pg = 1, yo = 0 and
hence, vo/7* > yo. That is, if 8 has a single non-zero component, then the corresponding Lasso estimator
can not converge at an almost sure rate faster than n(*=1/®_ More generally, the condition 7 /7* > yo holds
in the case of ‘balanced’ designs where the eigen-values of C' are equal. In particular, when the covariates
X;’s are given by realizations of a collection of normalized iid random vectors with the identity covariance
matrix, (2.1) holds with C = I, the identity matrix of order p. In this case, v9/y* = 1, which is greater
than yo, and the Lasso estimator of the non-zero components of 3 has the exact rate n(®=1/® of almost sure
convergence.

The convergence rate of the Lasso estimator from Theorems 2.3, 2.4, may be compared with the cor-
responding rate for the (ordinary) least squares estimator B,?LS of B. For iid, zero-mean error variables
€1,€2,..., with Ele;|* <00, 1 < a < 2in (1.1), by a weighted version of the Marcinkiewz-Zygmund strong

law of large numbers (SLLN) (cf. Lemma 3.2 below), it follows that

18, =Bl =0 (n=1), as. (2.5)

Hence, under the conditions of Theorem 2.4, the Lasso estimator of the nonzero components of 3 has a
slower rate of convergence than the OLS estimator of 3. The penalization leads to a loss of accuracy of the
Lasso estimator of nonzero components, compared to the ordinary least squares estimation with no penalty.

Next consider the zero components of 3. It turns out that the scenario can be drastically different for
the Lasso estimators of the zero-components of 3. Under some structural conditions on the design matrix
C, the Lasso estimators of the zero component can capture the true parameter value ezactly, as shown in
Theorem 2.5 below :

Theorem 2.5. Suppose that the conditions of Theorem 2.4 hold. Let Cia = {((¢i;)), 1 < i < po,
(po + 1) < j < p}, denote the upper left submatriz of C of order py X p1, where p1 = p — po. Suppose
that C12 = O. Then,

anj =0, eventually a.s. forallj=(po+1),...,p,

i.e., there exists a set A with P(A) = 1 such that for all w € A, there exists n, = 1 such that ij(w) =0

forallj=(po+1),...,p, whenever n = n,,.

The condition 'C'12 = O’ can be thought of as some sort of an orthogonality condition and can be
achieved by suitably choosing the matrix X,, in applications that allow design of experiments. Thus, unlike
the Lasso estimators of the non-zero components of 3, the Lasso estimator is more accurate than the OLS of
the zero components, and reproduce the exact true value of the unknown parameter when this orthogonality
condition is satisfied.

It is worth pointing out that the remarkable property of the Lasso estimators of the zero components
may fail when C15 # O. Indeed, for a general C' matrix, the rate bound given by Theorem 2.4 can not be

improved upon as shown by the following example.

Example 2.1. Let {¢;}
hmn—KL Annil/a = a € (0700)7 a’nd tha’t ﬁj > O fOI' all] = 17"'7p0 and ﬁp = 0’ Where p = (pO +1)

be #id with E|e;|” < oo for some a € (1,2), E(e;) = 0. Suppose that

izl



Also, suppose that (2.1) and (2.2) hold and C'is of the form
C- MI, ~1
71 m |
where I, is the identity matrix of order pg, 1 € RP? is a vector of 1’s, and m, M,y € R. Then, there exists a
choice of m,~y and M satisfying 0 < m <y <1 and M > vpg and a constant Ko = Kq (m,y, M, po) € (0,00)
such that

lim inf n(2-@)/
n—x0

Bn,j—ﬁj‘ >Ko>0, forallj=1,...,p. (2.6)

A proof of (2.6) is given in Section 3. This example shows that in general, the Lasso estimators of the zero

components also can not converge at a rate faster than n=(2-®/e,

Thus, for a general design matrix C, the rate bound given in Theorem 2.3 is optimal.

2.3 The infinite mean case

For the sake of completeness, we also investigate almost sure behavior of ,@n when the error variables have a
finite ath absolute moment for some 0 < o < 1. Note that in this case, the mean of the ¢;’s is not necessarily
well defined. As a result, for the regression model (1.1) to make sense, some symmetry conditions ( such as
the median of €; is zero) on the distribution of €; is needed. The next result, is however, valid without such

symmetry assumptions.
Theorem 2.6. Suppose that E|e;|* < oo for some a € (0,1) and that (2.1) hold. Suppose Ap/n'/* — a
€ (0,00]. Then,

~

B, — 0, with probability 1.

Theorem 2.6 shows that even for such heavy-tailed error distributions, the Lasso estimators of the zero

components of 3 are strongly consistent, but those for the non-zero components are not.

3 Proofs

Let C,, = n~! S xix}, n = 1. Let 7, = the smallest eigenvalue of C,, and v = the largest eigenvalue
of the the pg x pg submatrix of C', consisting of the first py rows and pg columns. In the proofs below, we
write C, C(-) to denote generic constants that depends on its arguments, but not on n. Let i.0. stand for
‘infinitely often’. Also, let sgn(-) denote the sign function, i.e., sgn(z) = —1,0,1 according as < 0, z = 0,
2 > 0. Let 1(-) denotes the indicator function. Unless otherwise specified, the limits in the order symbols

and elsewhere are taken by letting n tend to infinity.

Lemma 3.1. Suppose E|ei| < 00 and E (e1) = 0. Also, suppose that
1o 2
D=l =0(1). (3.1)
iz

Then, 137 x;6; —> 0 as n — o0, with probability 1.



PRrROOF OF LEMMA 3.1. Since it is enough prove the almost sure convergence componentwise, for notational

simplicity, w.l.g., we assume that the x;’s are scalars. Let

Since, Ele;| < oo,
P (e # &, i.0.) =P (|e;| > ¢, i.0.) =0.
Note that E(e;1 (Je;| <i)) — E(e1) = 0 as i — c0. Hence,

1< . 1 & .
EiﬂxiE &) = 5;1%1«3{@11 (les] < @)}
1 n 1/2 1 n 2 1/2
<<n;ﬁ> Q;xﬂi(hl)w>
— 0, asn — oo.

& —E(¢)) converges with probability 1. (3.2)

To that end, write s2 = Z?Zl x?, n > 1. By condition (3.1), s2 < Cn for all n > 1. Hence, for any
m>=1,7=>1,

Jjt+m jtm
sz =Z(Sz—s 1)2_2
i=j
Jjt+m Jj+m—1
2 siiT7 — Z s2(i+1)
i=j i=j—1
jtm

. . —2 -
= N (G0 sk Ama )=

CZ Qi+D[iG+1)] 2 +cG+m) G+m+1)2

CZZ +e(i+m)t < il (3.3)

Using (3.3) we can write

ZVar( xi (&) ) <

Mé\‘

~
Il
—

i 2E{61 (|el|<z')}

Il
D8

E{ 20(( - 1) < |ea Sj)}, i}

<.
Il

'M% -

Il
—_

N

¢ Y E{lalt((-1 <l <J)}

J
=CE|€1| < 00.

Hence, by Khinchine-Kolmogorov’s 1-series theorem (cf. Theorem 8.34, Athreya and Lahiri (2006)), (3.2)
follows. O



Lemma 3.2. Suppose that €;’s are iid with E|e1|” < oo for some a € (0,2), and E(e1) = 0, if a > 1.
Suppose that (2.1) and (2.2) hold. Then,

n=Y% 3 xie; — 0, with probability 1. (3.4)
i=1

PROOF OF LEMMA 3.2. Under (2.2), one can easily modify the steps in the proof of Theorem 8.44 of Athreya
and Lahiri (2006) (Marcinkiewicz-Zygmund SLLN) to prove (3.4). We omit the details. O

PROOF OF THEOREM 2.1. Note that

n p
[Ai'n = argmin Z (yi — xgt)2 + A Z |ti]
t i=1 i=1
n 2 p
= argmin Z[ei—xg(t—,ﬁ)] +)\nZ|ﬁi+ti—ﬁi|
t i i=1
n p
~ _ ;N2
_8) = c— )+ A Y18+ il
= (Bn ,6) argmin Z (6; —xiu)” + Z |8: + ;]

{.
Il
—

i=1
Recall that C,, = n™' Y | x;x}, 70,, = is the smalles eigenvalue of C,, and 7, = the smallest eigenvalue

of C. Let W,, =n~! 22;1 X;€;. Since Z?zl 612 does not involve u, discarding this term from the criterion

function above and dividing the resulting expression by u, we have
A DT -
(Bn - ﬁ) = argmin {u'Cnu —2W, u+ — Z [|ﬁz + u;| — |ﬂz|]}
u n «
i=1
= argmin V,, (u), (say). (3.5)
u

Note that for any u € RP,

_ P
2
[ul” = 2|W[[[u] - — D7 i

i=1

_ A,
uf = 2|W, | |u) - — VPlul. (3.6)

Vn (u) Z ’YO,n

= Yo,n

Next fix n € (0,1). Since A,/n = o(1), there exists a ng € (0,00) such that A, /n < n and 7y, > 70/2 for all
n = ng. On the set {|W,| <n}, by (3.6), for any u e RP, with [ul| > 7 (4 4+ 2/p) /v0,n,

Va () > Juf (0,0l = 20 — v/on)

2
[ull

Z Yo,n 2 > 0.

Since V,, (0) = 0, it follows that for n = ng, the minimum of V,, (u) can not be attained in the set {u uf >
n (4 +2p) /’Yo,n}, whenever {|W,| < n}. Hence, it follows that for n > ng, {|W,| < n} implies
1 (4 +2/p) }

(Bn - B) =argmin V,, (u) e{u: Ju| < ———=
u Yo,n



In particular,

~ 2n (4 + 2 ~ 442
P (”ﬂn -8 > M’ i.o.) <P (”ﬂn ~- 8| > M, i.o.)
70 Yo,n
<P ([Wa|>n, io) = 0,

which follows from Lemma 3.1. Since 7 € (0, 00) is arbitrary, this completes the proof. O

PROOF OF THEOREM 2.2. First, consider part (a). Let V,(:) be as in (3.5). Note that for each 4,

1B + wi| — |Bil] < |uil-

Since ’\7" — a € (0,00), for any compact set K c RP,

sup |V, (u) — Vi (u,a)]
ueK

P
2 = _
< sup [ Jul*ICn = €1 + 2W alllul + [0~ An = a] Y Ju]
ueK i=1
=o0(l) asn — o, with probability 1. (3.7)
Let ng > 1 be such that for all n > ng, A,/n < 2a and 9, > Y/2. From (3.6), for all n > ng, on the set
{||Wn|| < a}, we have

. A,
Vi) > ful [0, lul = 209 - 225

70
> ) [ ul - 2a - 2ay/p)

2

Il

= 2 B

for all |u| > [1 +4a (1 + \/p)|/70 = co. Since, V,,(0) = 0, this implies ||@n — B < co, whenever n = ng and
[W,| < a}. Thus, the minimizer of V,,(u) lies in a compact set for all n > ng, provided {HW,LH < a}.

Since V,(+;a) is a convex function, by (3.7) and Lemma 3.1, part (a) follows.

Next consider part (b). Let a? = \,/n. Then, a, — 0. Also, let B,, = {u Cull < an, |8+ wil| =

a, ! for atleast one i = 1,... ,p}. By Lemma 3.1,

p
inf [u’Cnu — oW, u+a Z |6; + uz|]

ueB,, “
> inf a2 i i —2|W,, ]
ot Z 16; + ui| — 2[W,
- P
= inf 2 7 i -2 Wn : eBn ]
Jnf Z 18 + wi| — 2|W, | sup {[u] : ue B,}
- P
— 3 f 2 : ; _9 Wn n:|
f (o5 2016+l = 2[W o
> a, — 2|Wllan
= an[l - 2HWnH] — o, asn— o0, with probability 1. (3.8)



Also, by Lemma 3.1,

inf [u'Cnu - QW;Lu +a? i |6i + uz|]

Jul>an “

> it [wCpu—2[W, | u]

[ul>an

. 2 =7
> int 0. ul® = 209 ul

ul[>an,

= it ul[yo.lul - 2[W,|]

lu>an
> a0, = 2[Wall|

— o0, asn — o0, with probability 1. (3.9)

Finally, with B ,, = {u 2B +uwi| <ajt, foralli=1,... 7p}7

P
inf [u’Cnu — oW, u+a? Z |B; + uz|]

uEBl,n im1

P
—
< uyCrug —2W,ug + a? Z |Bi +uoi|, (where, ug = (ug1,...,u0p) =—0€Bi,),
i=1

—/
= u{C,ruy — 2W ,uy

— B'CBe[0,0), asn — oo, with probability 1. (3.10)

—1
n

(3.10) and (3.5), it follows that there exists a set A with P (A) =1 and for all w € A, there exists a n, > 1

such that for all n = n,,,

Note that for any sequence {u,},>1, with u, € B,,, |u, + 8| < a;,'\/p — 0, as n — c0. Hence, from (3.8)-

(,@n — 5) = argmin V,, (u)

u

p
= argmin [u’Cnu — W, u+a? Z 16i + wil ]

i=1

p
= argmin [u’Cnu —2W, u+a? Z 18i + wil ]
ueB, , i=1

— —08, asn— o,

This completes the proof of part (b). O

PROOF OF THEOREM 2.3. Since

N n 2 P
3,, = argmin Z [ei—x; (t—ﬁ)] +)\n2|ﬁi+ti_ﬂi|a
t i=1 i=1

10



it follows that
nl/a (Zan _ ﬁ)
n 2 p
= argmin Z (ei - n_l/ax;u) + An Z ‘ﬁi + n_l/aui‘
i=1

n n p
n=%u’ <Z XZ-X;> u—2n~ Voo Z Xi€ + A Z (‘ﬁz + nil/o‘ui‘ - |ﬁ2|)]
i=1 i=1 i=1

= argmin V, (u), (say).
u

= argmin
u

Write W,, = n~ 1/ > xi€;. Then, by Lemma 3.2, |W .| = o(1), almost surely. Define the sets

Bi, = {u: Ju] > Kin® e}

B,

)

n= {u cueBS,, max |u| > Kyno/e }
’ 1<i<p
B;, = {u:K =/ < |y | < KonC=/ v i =1, po:
3, 3 |wi 2 Po (3.11)
Jui| < Kon?=9/2 Vi = (po +1),... 7p} and,

By, = {u Dougl < K5n(?=9/® for some i = 1,.. ., po;

luj| < Kon®=®/ forall j =1, ... ,p} ,

» 1/2
Ky = lSa (Z 18i] + 1)%1
i=1

and Ks, K3 are any given real numbers (not depending on n) satisfying

K2€[4a(p+1)701,oo> and K36<0,1— p0<1—%:<>a),
) 2%

where,

The sets B3, and By, would be used in the proof of the next result. Let A = {Hﬁ//nH —0 asn— oo}.

Then for all w € A, there exists n,, > 1 such that for all n > n,,,

inf V, (u)

ueBg

P
> dat [n0 0l = 208l + 0, Y (sl 2051 |

UEBL” i—1

p
> inf |u] [n(lz/a)’)/o,n lu|| = 2|W,|| + /\nnl/a] -2\, Z 3]
ucB; i=1
1-2 a S
>t i 0 lal + 5] =20, ) 15
270 ¢
> i [nufz/a) ] 3] - 2/\n§1 16|

- [% /2] K2p(=2e)pB-a)a _ gy Zp: 16i]

i=1

> Cn'/e, (3.12)

11



Note that for a > 1, (3 — ) /[2a] < a1, and therefore
sup {Hanil/a ‘ue Bfn} = o(1).
Hence for ue Bf ,,,

~

Po p
Voo (0) = n 299 Cru — 2u'W,, + n*l/com[ Z sgn (8;) uj + Z |uj|]

i=1 i=pot1
Po _
=n1"2/yCu + Z u; (sgn(ﬂj)nl/a)\n — 2Wj7n>
j=1
p S~
+ Z ;] (n_l/“)\n - 2Wj’nsgn(uj)>. (3.13)

Jj=po+1

It is easy to check that for any w € A, there exists n,, > 1, such that for all n > n,,,

. f >
weik Vo (u)
2 = g

. 1-2/a -1/«

> i [”( ol =35 fusl (™ An+2|WJ>"|)]
Jj=

> inf [n“2/a>70,nu2—nWxnu<p+1>“2]

UEBQ,"

inf  [ul [n“?/%o,n

u| —n VN, (p+1 1/2]
o, u (p+1)
> Kyna [nuz/a)% (e ey (4 1)1/2]
> On2=/e, (3.14)
Since, by (3.13), V,, (0) = 0,

~

inf V, (u) <V, (0) =0 < min {Cn@*“)/a, C’nl/“} .

¢
uEBzﬂL

Hence by (3.12) and (3.14), infy V, (u) = infuems V,, (u) for n > n,, for all w € A. This completes the
proof. O

PrROOF OF THEOREM 2.4. Next consider Theorem 2.4 and let A be defined as before, i.c.
A= {HVTntIHO asn—»oo}.

Then, for each w € A, there exists n, = 1, such that for all n > n,,, by (3.11),

~

wdBl, Ve ()
> inf | n'"H%,|ul® - i luj| (N, + 2| Winl) + Zp] Juj| LIRS 3
Z ueB., Yo, J n Jmn I\ Un jmn

. j=1 j=po+1

> inf |n!"%e i 2 y 1 (RN, +2|W
Z e Yo,n 2, Uy Z |uj| (n n+ 2[Wa|

ueby n j=1 j=1

Po _

> inf {nlfz/a'yg,nui — |u,| (nil/o‘kn + 2||Wn“>} .

|.IEB4,7,,j:1

12



Now, consider the function f(z) = cjz? — coz, = 0, ¢1,¢2 = 0. This function is strictly decreasing on

(O, 2%), strictly increasing on (2%, oo), and attains its minimum at xz = 2%21 The minimum value of f(-)

is given by f (2%) = —%, and minp<g<q, f(2) = f(zo) for all zg € [0, 2%]
Now, apply this to each of the py terms and use the definition of By, to conclude that for all w € A and
n € (0,1), there exists n,, = 1 such that for all n > n,,, Hence, it follows that for all w € A, there exists

>
n, = 1 such that for all n > n,,,

inf V, (u
uEB4,n n( )
(”_1/0>\n+2HW1LH)2 1-2/ 2. 2(2—a)/ (2—a)/ A gt
2z o~ 1) |~ | [” “yo,n Kgn2Eme)e — Kynl2mal/a (ﬁ + 2||Wn||)]

(nflmn n 2||vvvn||)2
4v0,n

—Q)/x >\ W
= 00 3 K 2+ 21 = = 1)

2

WV

—nme)/e I:_'YOK?? + Ksa+ (po — 1) —

4%] (1+mn); (3.15)

Finally, consider ‘v/n (u) for u e Bg . Let,

/
Ug = < - Sgn(ﬁl)a RS _Sgn(ﬁpo)u 0; SR 0) K4n(2fa)/a,
with K4 = a/2y*. Then, for all w € A and n € (0, 1), there exists n,, > 1 such that for all n > n,,
. f gl
uelgd n Vn (U)

< ‘7” (ug) asugeBs,

YA\

Po
(=2 g | 4 Y w0 (sen(85)n oA — 210

Jj=1

Po
< 7,Ll72/04,)/;1;1270}'{5n2(27a)/o¢ _ ponfl/a)\nK4n(2fa)/a + 2K4n(27a)/a Z |Wj,n|

j=1
Po
= —n)e leonl/a)\n — Kipovi — 2Ky ) |Wj,n|]
j=1
< —n @) [Kipoa — Kipoy*] (1 —n) (3.16)
Now check that by the condition, vg > v* (1 — pgl), we have
_ a2
[K4p0a — K42p0’y*] > —70K32 + Ksa + m .
L 0 i
Hence, there exists ng € (0,1 such that for all € (0, 7),
[ —1)a?]
[Kapoa — Kipoy*] (1 —n) > | —0K3 + Ksa + (po4%) (1+mn). (3.17)
By choosing 1 < 19, and using (3.12)-(3.17), it follows that for all w € A, there exists n,, > 1 such that for
all n = ny,,
inf V,, (u) = inf V, (u). (3.18)
u ueBs
Theorem 2.4 follows from this. O
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ProOOF OF THEOREM 2.5. Write
Cn C
C - 11 12)
Con Ca
where C'11 i pg X po. From the proof of Theorem 2.4 (cf. (3.18)), it follows that
nt/® (ﬁn - ﬁ) = argmin V,, (u)

= argmin V,, (u),
UEB31n

where V, (u) has the representation (3.13), and
B;, = {u  Kanmo/e < lwi| Yi=1,...,po; |uj| < Kon ey j = 1,...,p}

with Ky and K3 as defined in (3.11). Fix u = (uy,... 7up0)' € [Kgn@_")/a, Kgn(Q_o‘)/O‘], and let

1

Bj,, = {“(2) Hug] < Kon=/% (o +1) < j < p}.

Note that, as C15 =0,

argmin ‘7” (u(l), u(2))

N

= argmin n(l_Q/a){(u(z))lczzu(g) + 2(u(1)>/012u(2)}

ueBS")

P
+ Z |uj|[n_1/a/\n—2Wj,nsgn(uj)]
J=po+1
’ P _
= argmin n\1=% (u(Q)) Cou® + Z |uj|[n*1/"‘)\n —2Wj7nsgn(uj)].

1 .
u(Q)EBg,l J=po+1

Since ||ﬁ//n|| = o(1) with probability 1, for every w e A = {||ﬁ7nH = 0(1)}, there exists n,, > 1, such that for

all n > ng,,
n~YoN\, —2|V\[7j,n| > g >0, forallj=(po+1),...,p.

Hence, by the positive definiteness of Cgo, the minimizer of the expression above is u(®?) = 0. This proves
the theorem. O

PROOF OF EXAMPLE 2.1. Let y = n=2=®/y je., u=n"®/*y and,
B3 = n7(27a)/aB3,n
= {leg <|yi|l € Ka, fori=1,...,pg, and |y;| < K3 for i = (PO—i—l),...,p}.
Note that

V, (u) =V, <n(2*a)/"y)

Po _ p _
= n(2 o)/ ly'Cny + 2 [n’l/aknsgn (85) = 2Wj,n] + >yl [n’”akn — 2Wj,nsgn(yj)]] :

j=1 Jj=po+1

14



and u = n(?=%/oy € B3 ,, &= y € B3. Hence,

argmin V,, (u)

u

argmin V,, (u)

ueBs

= argmin n~2~%/°V, (u)
ueBs

= 2=/ argmin
yeB3

~ P ~
y Cny + Z [ _1/a)‘7LSgn (ﬁj) - 2Wj,n:| + Z |yj|[n_1/a)‘n - 2Wj,7LSgn(yj)]1

Jj=1 Jj=po+1

n(z"l)/a(l +0(1)) - argmin ly Cy—i—a{z sgn (6;) y; + Z |y }1 y Q.S (3.19)

y€Bs j=1 j=po+1

Since sgn (B;) = 1 for 1 < j < po, for any y € R?, we have

Po p
Q) =y Cy+a (Z vit Y, ij|>
j=1

Jj=po+1

P po P Po P
= Z ciiyi +2 Z Z CijYiyj +a Z yj + Z |y

i=1 i=1j=po+1 j=1 Jj=po+1

p Po p Po p

2

> eyl =20, 2 cgluillyl —a Xyl +a D) 1yl

i=1 i=1j=po+1 j=1 Jj=po+1
=Q(g),

where, g; (y) = —|y;|, 1 < j < po and g; (y) = |y;], (po + 1) < j < p. Hence, it follows that

argmin y'Cy +a <Z yj + Z |yj>

y€Bs Jj=1 j=po+1

p
argmin 2 C; zyz 2 Z Z CijYiY; —a Z Yi +a Z Yj-
i=1

Ks<y; <K, i=1,...,p0 i=1 +1 +1
Osy;<Ka2, j=po+l1,....p I=po 7=

Next consider the quadratic form

P
Ql(Y) ZCH% 22 Z CijYiY; — azyﬁ-a Z Yj

i=1 i=1j=po+1 Jj=po+1

=y'Ay —2b'y,
where

C -C !

A= 1/1 21 and b—(—, —a,a, )
—-Cy 022 %/_J H_/
Po (p—po)

It is easy to check that Q; (y) attains it minimum (over R?) at yo = A~'b. Now from Rao (1973) (pp. 33),

yE Ci'!+FE'F —-FE!
- —E-'F —E1

15



where,

F = —Cl_llclz = —%1, and,

2
E = 022 —0/1201_11012 =m — ’YM]_,]_ = (m— M)

M

— 2171’
MLy + (31) 5 w5l

1/ E-1

= A"l = l
ME

Thus for all 1 <14 < po,

(A_lb) = the i-th coordinate of A™'b

i

:_G[M_lJr 72100] ay

M?E * ME

a [ pov_ 7P
ME M M
a

== [y -m+ Bl -9

and for i = pg + 1,

]

Clearly
m<y<1l and M > ~py, (3.20)

makes all co-ordinates of A7'b positive. Also, note that the eigenvalues of C are given by (cf. pp. 32, Rao
(1973)):

det (C — AI) = 0
M=NT 1|
71’ (m=X)|

= (M = NP7 [(m = A) (M = \) = +*po] =0

1 1/2
= X\, =M, for (pp — 1) many i’s and )\=2[(m+M)i{(M—m)2+4’yon} ]

1/2
Note that for M large, (M + m) > [(M —m) + 472p0] , and hence,

Yo = % [(M +m) — {(M —m)? + 472170}1/2] and,
Vp = % [(M +m) + {(M —m)? +472p0}1/2] ;

where 7, is the largest eigenvalue of C. Since K, ' and K3 can be chosen arbitrarily small, it is easy to
find a set of m,~y, M such that (3.20) holds, 7y > 0 and yo = A~ 'b € Bs. For any such choice of m, oy, M,
Yo,po+1 = (A*lb)poJrl € (0,0), and therefore, by (3.19), (2.6) holds. O
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PROOF OF THEOREM 2.6. Note that,

~ . 1 L 1.\ 2 /\n ¢
B, = arg:nln i Z (yi - Xit) + i/ ; |ti]

i=1 =1

P
= (,Bn - ,8) = argmin n~V/® (u’X;Xnu) - 2W;Lu +n Yoy, Z |Bi 4 w4

i=1

= argmin V, (u) (say).
Fix n € (0, max{1,d}), where § = max {|0;] : 1 <4 < po}. (Set 6 =0if pg = 0). Let
D, = {u: |Juf > (4ps + 1)},
D2={u: |B; +ui| >n, for some i, 1 <i<p; ueDf}7
D; = {u: |B; +u;| < m, forall i = 1,...,p}.

Then, there exists a set A with P(A) = 1 such that for all w € A, there exists a n, = 1 such that for all

n = n,, the following inequalities hold:

5,7 )

P
> inf| — 2W/nu +n e, Z |6 + U1|]

u .
- i=1

r p
> int |~ 20Wlul + 07, (1l = 33 151) |
L i=1

u

_ P
> inf | |[ul ( — 2| W, + nfl/axn) e, Y |/6’i|]
L i=1

u

P
a
(4pd +1) —2a;|ﬂil

\%

a .
2 )
Similarly,

p
; ¥ > i — oW —1/e ) .
TRACERT B AR IR

éD
nebz i=1

> —2Wa| (ps +1) +n~ YN

an
= 7, a.s. |

and, using the fact that 0 < a < 1,

N

(G C, B+ 2W 3
an
1
Hence, for all w € A (where P(A) = 1), there exists n,, = 1 and that for all n > n,,,

<

argmin V,, (u) = argmin V, (u)
u ueD3

:(Bn_ﬁ)e D3

17



Hence, it follows that (Bn — ﬂ) — — almost surely, which implies Z?n — 0 almost surely.
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