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Abstract

In this paper we obtain valid Edgeworth expansions for a class of spectral density estima-

tors for a stationary time series. The spectral estimators are based on tapered periodograms

of overlapping blocks of observations. We give conditions for the validity of a general or-

der Edgeworth expansion under an approximate strong mixing condition on the random

variables, and also establish a moderate deviation inequality. We also verify the conditions

explicitly for linear time series, which are satisfied under mild and easy-to-check conditions

on the innovation variables and on their nonrandom co-efficients. We also provide two term

Edgeworth expansions for the studentized version of the spectral density estimate. Corre-

sponding two terms expansions for quantiles are also obtained.

1 Introduction

Spectral densities play an important role in the frequency domain analysis of time series

data. Accurate estimation of the spectral density is therefore a central issue for eliciting
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second order characteristics of a time series from the observed data. This has prompted a

large amount of work on consistency and asymptotic normality of spectral estimators. But,

much less is known about higher order asymptotic properties of spectral density estimators,

which are most important for investigating accuracy of different interval estimation methods

for the spectral density. In this paper, we construct valid Edgeworth expansions (EEs) for a

class of lag-window spectral density estimators for a stationary time series. The EE results

of this paper can be used to study coverage accuracy of confidence intervals (CIs) resulting

from the standard Studentization approach and from R.A. Fisher’s Variance Stabilizing

Transformation (VST) approach, and also to investigate higher order properties of various

block bootstrap CIs for the spectral density.

Let {Xt : t ∈ Z} be a real valued time series with E(X1) = 0 and spectral density

f(λ). Let Xn = {X1, . . . , Xn} denote the observations from this time series. We construct

an estimator of f̂n (λ) based on blocks of observations from Xn. Let Xi,l = (Xi, . . . , Xi+l−1),

i = 1, . . . , N = (n − l + 1), denote a block of length l, where l ≡ ln ∈ [1, n] is some integer

sequence with ln ↑ ∞ as n→∞. Let {hr, r = 1, . . . , l} be a data-taper. Based on the blocks

Xi,l and the taper, the estimator f̂n (λ) is defined as

f̂n (λ) =
1

N

N∑
j=1

Yj,n, λ ∈ (−π, π), (1.1)

where, with ι =
√
−1,

Yj,n =

∣∣∣∑l
r=1 hrXr+j−1 exp(ιλr)

∣∣∣2
2π
∑l

r=1 h
2
r

(1.2)

denotes the tapered periodogram for the block Xj,l at frequency λ, j = 1, . . . , N . Thus,

the estimator f̂n (λ) is the average of the tapered periodograms over all blocks contained in

{X1, . . . , Xn} . Estimators of this type of are called lag-window spectral density estimators

and were previously considered by Bartlett (1946, 1950), Welch (1967), Brillinger (1975)

and Zhurbenko (1979, 1980). These lag-window estimators have a close connection with

kernel based estimators pioneered by Grenander and Rosenblatt (1957), Blackman and Tukey

(1959) and Parzen (1961). It can be shown (see Priestley (1981)) by computing a tapered

periodogram of a block of observations with an appropriate choice of taper (lag-window), we

can obtain correspondence with kernel estimators.
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The main results of the paper give valid EEs versions of the tapered spectral density

estimator f̂n (λ) under a set of regularity conditions on the process {Xt}. We also derive

simple sufficient conditions for the validity of the expansions when the time series is a linear

process driven by a sequence of independent and identically distributed (iid) random vari-

ables. These sufficient conditions only involve the co-efficients of the linear process and the

marginal distribution of the innovations and are easy to verify. Unlike the case of the sample

mean of independent or weakly dependent random variables, a striking feature of the EEs

here is that these are given by a series of terms in powers of b−1/2, where b = o(n) (more

precisely, b ∼ n/l as n→∞). This is a consequence of the fact that the dependence among

neighboring overlapping blocks Xi,l’s is very strong, which leads to a behavior that is differ-

ent from sums of weakly dependent random variables. Indeed, the local strong dependence

among the Yj,n results in a slower rate of normal approximation for the spectral density esti-

mator f̂n (λ). Therefore, in this context, statements about second, third, ... order properties

refer to those of the terms of order b−1/2, b−1, etc. With this qualification, we also give

explicit expressions for the polynomials in the second- and third-order expansions, which

are useful for constructing higher-order-accurate large sample tests and CIs for f(·). We

then use the derived EEs to construct two-term Edgeworth expansions for the studentized

version of f̂n (λ). As a consequence we also provide corresponding two term Cornish-Fisher

expansions for the quantiles of the studentized statistic.

In an important work, Götze and Hipp (1983) derived valid Edgeworth expansions for

sample mean of weakly dependent random variables. Extensions and refinements of their

results for the sample mean are given by Lahiri (1993) and Lahiri (1996). Janas (1994)

derived valid EEs for a class of estimators, known as the spectral mean estimators, for

weighted integrals of the spectral density. Unlike the case of the spectral density estimators,

the spectral mean estimators are n1/2 consistent and are amenable to the EE theory of Götze

and Hipp (1983), that gives expansions in powers of n−1/2. For the spectral density itself,

Velasco and Robinson (2001) recently constructed valid EEs for kernel based nonparametric

estimators of the spectral density (and also for studentized sample mean) for a Gaussian

stationary time series. In this paper, we drop the Gaussianity assumption and derive the

EEs under the general set-up introduced in Lahiri (2007) for EEs of estimators based on
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’block’ variables.

The rest of the paper is organised as follows. Section 2 describes the condition used for

deriving the EE for the spectral density and provides simple sufficient conditions for linear

processes. Section 3 gives the main results on the EE and moderate deviation bounds for

the spectral density estimators. In section 4, the results for EEs of studentized version of

f̂n (λ) are described. Proofs of the results are given in Section 5.

2 Conditions for the Edgeworth expansion

2.1 Theoretical framework and general conditions

To derive the EEs for the spectral density estimator for non-Gaussian processes, we adopt a

framework similar to Lahiri (2007) for sums of block variables, which is an extension of Götze

and Hipp (1983)’s framework for sums of weakly dependent random variables. Suppose the

{Xt : t ∈ Z} are defined on a probability space (Ω,F , P ). Also suppose that {Dj : j ∈ Z} be

a collection of sub σ-fields of F . Let Dq
p = σ〈{Dj : j ∈ Z, p ≤ j ≤ q}〉, −∞ ≤ p < q ≤ ∞.

Let Zj,n = Yj,n − EYj,n, 1 ≤ j ≤ N and let Wk,n = 1
l

∑(kl∧N)
j=(k−1)l+1 Zj,n, 1 ≤ k ≤ b0, where

b0 ≡ b0n = dN/le, the smallest integer not less than N/l. The Wk,n is a function (sample

mean) of the block of variables {Z(k−1)l+1,n, . . . , Zkl,n}. Let b ≡ bn = N/l. With this, the

centered and scaled version of the spectral density estimator f̂n (λ) can be written as

Tn(λ) =
√
b

(
1

N

N∑
j=1

(Yj,n − E(Yj,n))

)

=
1√
b

b0∑
k=1

Wk,n. (2.1)

We will use the following conditions.

(C.1) We assume that there exists a constant κ ∈ (0, 1) such that for all n > κ−1,

κ log n < l < κ−1n1−κ and max{|hr| : r = 1, . . . , l} < κ−1. (2.2)

(C.2) There exists a constant κ ∈ (0, 1] and an integer s ≥ 3 such that for all n ≥ κ−1,

max{E|Yj,n|(s+κ) : j = 1, . . . , N} < κ−1. (2.3)
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Further, λ ∈ [0, π), and limn→∞ V(Tn(λ)) = σ2
∞ exists and is non-zero.

(C.3) We assume that there exists a constant κ ∈ (0, 1) such that for all n,m > κ−1 and for

all j ≥ 1, 1 ≤ i ≤ n, there exists a Dj+m
j−m-measurable X†

j,m such that

E|Xj −X†
j,m|2 ≤ κ−1 exp(−κm). (2.4)

(C.4) There exists a constant κ ∈ (0, 1), such that for all n,m = 1, 2, . . ., and A ∈ Dn
−∞ and

B ∈ D∞
n+m,

|P(A ∩B)−P(A)P(B)| ≤ κ−1 exp(−κm). (2.5)

(C.5) There exists a constant κ ∈ (0, 1), such that for all i, j, k, r,m = 1, 2, . . ., and A ∈ Di
j

with i < k < r < j and m > κ−1,

E

∣∣∣∣P(A|Dj : j 6∈ [k, r])−P(A|Dj : j ∈ [i−m, k)∪ (r, j +m])

∣∣∣∣ ≤ κ−1 exp(−κm). (2.6)

(C.6) There exist constants a ∈ (0,∞), κ ∈ (0, 1) and sequences {mn} ⊂ N and {dn} ⊂ [1,∞)

with m−1
n + mnb

−1/2 = o(1), dn = O(l + ba) and d2
nmn = O(b(1−κ)) such that for all

n ≥ κ−1,

max
j0∈Jn

sup
t∈An

E

∣∣∣∣E
{

exp

(
it

j0+mn∑
j=j0−mn

Wj,n

)∣∣∣∣D̃j0

}∣∣∣∣ ≤ (1− κ), (2.7)

where Jn = {mn + 1, . . . , b −mn − 1}, An = {t ∈ R : κdn ≤ |t| ≤ [ba + l](1+κ)}, and

D̃j0 = σ〈{Dj : j 6∈ [(j0 − bmn

2
c)l + 1, (j0 + bmn

2
c+ 1)l]}.

Condition (C.1) states the growth rate of the block size l and allows l to grow at a rate

of O(n1−κ) for arbitrarily small κ > 0. It also requires the taper-weights to be bounded,

which is satisfied in most applications. The first part of Condition (C.2) gives a sufficient

condition for the existence of (s+κ)-order absolute moment of the block variables Wk,n. Part

(ii) of Condition (C.2) ensures that asymptotic variance of Tn(λ) exists and is nonzero. By

symmetry, this covers all λ ∈ (−π, π). Note that the problem of existence of the asymptotic

variance of Tn(λ), when the taper weights hr’s derive from a taper function h : [0, 1] → R as

hr = h(r/l), r = 1, . . . , l. n ≥ 1, (2.8)
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is well-studied and different sufficient conditions for (C.2) are available in the literature. A

set of sufficient conditions for this are given by (cf. Dahlhaus (1985)):

(i) h is continuously differentiable on [0,1] with
∫ 1

0
h2(x)dx ∈ (0,∞)

(ii) l = o(n) and

(iii) f, f4 are bounded and f is continuous at λ,

 (2.9)

where f4 denotes the fourth order cumulant density of {Xt}. Note that in our set up,

existence of a bounded f4 is guaranteed if E|X1|4+κ < ∞ for some κ > 0 and (C.3)-(C.4)

hold. Under (2.9), the asymptotic variance of Tn(λ) is given by

σ2
∞ = c2(h) · f 2(λ)(1 + η(2λ)), (2.10)

where c2(h) = 2
[ ∫ 1

0
h(x)2dx

]−2 ∫ 1

0

[ ∫ 1−x

0
h(y)h(x+ y)dy

]2
dx and η(ω) = 1 or 0 according as

ω = 0 (mod 2π) or not.

Next consider the regularity conditions (namely (C.3)-(C.6)) that are exclusively used

for deriving the EEs for Tn(λ) here. Condition (C.3) is an approximation condition that

connects the variables Xj to the strong mixing property (C.4) of the auxiliary σ-fields Dj’s.

Thus, in our formulation, the variables {Xt} are allowed to be only approximately strongly

mixing. Condition (C.5) is an approximate Markovian condition and is a variant of a similar

condition used in Götze and Hipp (1983). In particular, this condition holds if the σ-fields

Dj’s have the Markov property. Finally, consider Condition (C.6), which is a Cramer-type

condition on the block variables Wj,n. In many applications, the natural choice Dj = σ〈Xj〉

is not the most convenient for verifying (C.6), although this renders verification of (C.3)

trivial (e.g., with X†
j,m = Xj for all j,m). A judicious choice of the auxiliary σ-fields Dj’s

often facilitates the verification of (C.6). For examples of choices of Dj in different time

series models, see Götze and Hipp (1983) and Lahiri (2003).

2.2 Sufficient conditions for linear processes

To give a specific example, we now consider an important case where {Xt} is a linear process

and derive simple sufficient conditions for (C.3)-(C.6). Thus, for the rest of this subsection,
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suppose that {Xt : t ∈ Z} is a linear process, i.e.

Xt =
∑
k∈Z

εt−kak (2.11)

where {εk}k∈Z is a collection of iid random variables with Eε1 = 0 and Eε21 = σ2 ∈ (0,∞)

and where {ak : k ∈ Z} are real numbers satisfying

|ak| = O(|c1||k|) as n→∞, (2.12)

for some constant 0 < c1 < 1. For the process {Xt} in (2.11), we take Dj = σ〈εj〉, j ∈ Z.

Then, the σ-fields Dj’s are independent and consequently, the strong-mixing condition (C.4)

and the approximate Markovian condition (C.5) on the Dj’s hold trivially. To verify (C.3),

we set

Xj,m =
m∑

k=−m

εj−kak, j ∈ Z,m ≥ 1.

Then, it is evident from (2.11), (2.12) and the definition of Xj,m that Condition (C.3) holds.

Next consider condition (C.6). It turns out that by choosing the sequences {dn} and {mn}

appropriately, the conditional Cramer’s condition on the block-variables Wk,n can be ensured

under some mild conditions on the taper and under the following condition on the joint

distribution of (ε1, ε
2
1) :

lim sup
max{|t|,|s|}→∞

∣∣∣E exp(ι[sε1 + tε21])
∣∣∣ < 1. (2.13)

In particular, if the marginal distribution of ε1 has an absolutely continuous component

(w.r.t. the Lebesgue measure on the real line), then (2.13) holds. Thus, for the linear

process in (2.11), the EE results of this paper remain valid under some simple sufficient

conditions on {hr}, {ak} and the marginal distribution of ε1. The result is formally stated

as Proposition 2.1 below and the proof is given in Section 5.

Proposition 2.1. Suppose that {Xt} is the linear process given by (2.11) and the taper

weights {hr : r = 1, . . . , l} are given by (2.8) for some function h satisfying (i) of (2.9).

Also, suppose that for some κ ∈ (0, 1) and an integer s ≥ 3, E|ε1|2(s+1)+κ <∞, κ−1 log n <

l < κ−1n(1−κ)/3, and ε1 satisfies (2.13). If, in addition, f(λ)c2(h) > 0, then condition (C.1)-

(C.6) hold for every a ∈ (0,∞) in (C.6), and V(Tn(λ)) in (C.2) is given by V(Tn(λ)) =

c2(h) · f 2(λ)(1 + η(2λ)) (cf. (2.10)).
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3 Edgeworth expansion for the spectral density func-

tion

3.1 Density of the Edgeworth expansion

We define the Edgeworth polynomials p̃r,n(t) for t ∈ R by the identity (in u ∈ R)

exp

(
s∑

r=3

(r!)−1ur−2b(r−2)/2χr,n(t)

)
= 1 +

∞∑
r=1

urp̃r,n(t), (3.1)

where χr,n(t) = trχr,n and χr,n is the r-th cumulant of Tn(λ) defined by the equation

ιrχr,n =
dr

dur
log E exp(ιuTn)

∣∣∣∣
u=0

. (3.2)

The density of the (s− 2)-th order Edgeworth expansion ψs,n(x) of Tn(λ) is defined through

its Fourier transform ψ̂s,n(t) ≡
∫
eιtxψs,n(x)dx, t ∈ R by

ψ̂s,n(t) = exp(−χ2,n(t)/2)

[
1 +

s−2∑
r=1

b−r/2p̃r,n(ιt)

]
, t ∈ R. (3.3)

It can be shown (cf. Lemma 4.1, Lahiri (2007)) that under conditions (C.1)-(C.5), for any

fixed t ∈ R, the rth order cumulant χr,n(t) is O(b−(r−2)/2) for each 2 ≤ r ≤ s and hence, the

co-efficients of the polynomials p̃r,n(t), 2 ≤ r ≤ s are O(1) as n → ∞. This shows that the

density of the (s− 2)th order EE for Tn = Tn(λ) is given by adding terms order O(b−r/2) for

r = 1, . . . , s− 2 to a normal density function.

It is worth noting that although the choice of the multiplier b(r−2)/2 in (3.1) is a natural

one, by no means it is unique. Indeed, b in (3.1) can be replaced by another factor b∗, say,

such that b/b∗ = 1 + o(1) as n→∞, without altering the functional form of the EE. This is

because the terms b−r/2p̃r,n(t) in (3.3) are invariant w.r.t. b, as implied by (3.1). To illustrate

this fact and for future reference, we now consider the special case s = 4 and write down the

EE explicitly. Let µr,n = E(T r
n(λ)). Since E(Tn(λ)) = µ1,n = 0, µr,n = χr,n for all r = 1, 2, 3

and χ4,n =
(
µ4,n − µ2

2,n

)
. Using the identity (3.1), we find that

p̃1,n(t) =
b1/2χ3,n

6
t3, and

p̃2,n(t) =
bχ4,n

24
t4 +

bχ2
3,n

72
t6, (3.4)
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which yields

ψ̂4,n(t) = exp

(
−t2µ2,n

2

)[
1 +

(ιt)3

6
µ3,n +

(ιt)4

24
(µ4,n − µ2

2,n) +
(ιt)6

72
µ2

3,n

]
. (3.5)

Note that the final expression only involves the cumulants of Tn and does not depend on

the multiplicative factors b−r/2 explicitly. The density ψs,n(x) can now be found using the

inversion formula ψs,n(x) = (2π)−1 ∫
R e

−ιtxψ̂s,n(t)dt and the identity:[
σ−kHk(σ

−1x)
]
φσ(x) = (2π)−1

∫
R

exp(−ιtx)(ιt)kφ̂σ(t)dt (3.6)

for all x ∈ R and k = 1, 2, . . ., where φσ(x) = (2π)σ2−1/2
exp(−x2/[2σ2]), x ∈ R and

φ̂σ(t) = exp(−t2σ2/2), t ∈ R are the probability density function and the characteristic

function of the N(0, σ2) distribution, σ ∈ (0,∞), and where Hk(x) is the kth order Hermite

polynomial. Thus,

ψ4,n(x) = φσn(x)

[
1 +

µ3,n

6σ3
n

H3(σ
−1
n x) +

(µ4,n − µ2
2,n)

24σ4
n

H4(σ
−1
n x) +

µ2
3,n

72σ6
n

H6(σ
−1
n x)

]
, (3.7)

where σ2
n = µ2,n = V(Tn).

3.2 Main Results

We now state the EE results and a moderate deviation result for Tn under the conditions of

Section 2.1. To that end, let s0 = 2bs/2c. For a Borel measurable function f : R → R and

ε > 0, let

ω(f : ε) =

∫
sup

{
|f(x+ y)− f(x)| : |y| ≤ ε

}
φσ2

∞(x)dx,

where σ2
∞ is as in condition (C.2). Let 1(·) denote the indicator function. Then, we have

the following EE result for Tn(λ):

Theorem 3.1. Suppose that conditions (C.1)-(C.6) hold for some a ∈ ((s− 2)/2,∞). Let

f : R → R be a Borel measurable function with Mf ≡ sup {(1 + |x|s0)−1|f(x)| : x ∈ R} <∞.

Then, there exist constants C1 = C1(a), C2 ∈ (0,∞) (neither depending on f) such that∣∣∣∣Ef(Tn (λ)
)
−
∫
f(x)ψs,n(x)dx

∣∣∣∣ ≤ C1ω(f̃ : b−a) + C2Mfb
−(s−2)/2(log n)−2 (3.8)

for all n > C2, where f̃(x) = f(x)(1 + |x|s0)−1, x ∈ R.
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As a corollary to the above theorem, we have the following result for the distribution

function of Tn(λ):

Corollary 3.2. Under the conditions of Theorem 3.1,

sup
u∈R

∣∣∣P(Tn(λ) ≤ u
)
−
∫ u

−∞
ψs,n(x)dx

∣∣∣ = O
(
b−(s−2)/2(log n)−2) . (3.9)

In some applications, e.g., for deriving stochastic approximations to the studentized sam-

ple mean, where the studentization is ensured using the spectral density estimator f̂n (λ)

(with λ = 0), moderate deviation inequalities for the estimator f̂n (λ) are often very useful.

Here we state a moderate deviation bound for f̂n (λ) under the present framework that is

valid without the conditional Cramer condition (C.6).

Theorem 3.3. Suppose that conditions (C.1)-(C.5) hold. Then, for any γ ∈ (σ2
∞,∞), there

exists a constant C3 ∈ (0,∞) (depending only on γ, s, κ, E|X1|s+κ) such that for all n ≥ 2,

E
([

1 + |Tn(λ)|s0
]
1
(
|Tn(λ)| > [(s− 2)γ log n]1/2

) )
≤ C3b

−(s−2)/2(log n)−2. (3.10)

4 Edgeworth expansions for the studentized estimate

It is of separate interest to construct valid EE’s for studentized statistics. We define the

studentized version of f̂n (λ) as

T1,n(λ) =

√
b
(
f̂n (λ)− f(λ)

)
σ̂n

, n ≥ 1, (4.1)

where, σ̂2
n is a suitably chosen estimate of the asymptotic variance of Tn(λ). The studentized

version of f̂n (λ) is useful for constructing valid asymptotic confidence intervals for f(λ),

specially when the asymptotic variance is unknown. Define

Zn(λ) =

√
b
(
f̂n (λ)− Ef̂n (λ)

)
σn

, n ≥ 1,
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which is the normalized form of f̂n (λ). Using Corollary 3.2, we can derive a similar two-

term EE for the distribution function of Zn(λ). For convenience we state this as a separate

corollary,

Corollary 4.1. Under the conditions of Theorem 3.1 and using the relation limn→∞ σ2
n =

σ2
∞, the following expansion holds:

P
(
Zn(λ) ≤ u

)
= Φ (u) + b−1/2p1,n (u)φ (u) + b−1p2,n (u)φ (u) + o

(
b−1
)
, for all u ∈ R,

(4.2)

where,

p1,n (u) = −
√
bκ3,n

6
H2 (u) , and,

p2,n (u) = −
(
bκ4,n

24
H3 (u) +

bχ2
3,n

72
H5 (u)

)
,

κr,n = rth cumulant of Zn(λ) and Hr (u) is the rth Hermite polynomial.

For any tapering sequence {hr : 1 ≤ r ≤ l} of the form (2.8), define

φl(x) =

(
l∑

r=1

h2
r

)−1 l∑
r=1

hr exp (−ιrx) , for all x ∈ Π = [−π, π]. (4.3)

The studentizing sequence is then defined as

σ̂2
n = c2nf̂n (λ)2 , with c2n =

b

N2

∫
|x|≤l−1,|y|≤l−1

τn(x, y) dxdy,

and, τn(x, y) = |φl(x)|2|φl(y)|2
sin
(
N (x+ y)/2

)
sin
(
(x+ y)/2

) .


(4.4)

Now we can state the result on EE’s for T1,n (λ).

Theorem 4.2. Define the following sequence of constants:

B1,n = b1/2σ−1
n

(
Ef̂n (λ)− f (λ)

)
, B2,n =

(
cnσ

−1
n Ef̂n (λ)− 1

)
, n ≥ 1,

with, a0,n = B1,n (1−B2,n) , a1,n = 1−B2,n +B2
2,n − n−1cnB1,n,

a2,n = b−1/2cn (2B2,n − 1) , a3,n = b−1c2n, and

ãj,n = aj,n/a1,n, for j = 2, 3.


(4.5)
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Under the conditions of Theorem 3.1, the following two term EE is valid for T1,n(λ),

P
(
T1,n (λ) ≤ u

)
= Φ (un)+q1,n (un)φ (un)+q2,n (un)φ (un)+o

(
b−1
)
, for all u ∈ R, (4.6)

where un = a−1
1,n (u− a0,n), with

q1,n(u) =
κ3,n

6
H2(u)− ã2,nu

2, and

q2,n(u) = −
(
b2,nH1(u) + b4,nH3(u) + b6,nH5(u)

)
,

 (4.7)

with Hr(u) being the rth Hermite polynomial, and the constants bj,n’s are defined as

b2,n = 3ã3,n +
3

2
ã2

2,n + ã2,nκ3,n,

b4,n =
κ4,n

24
+ ã3,n + 3ã2

2,n +
7

6
ã2,nκ3,n, and,

b6,n =
1

72
κ2

3,n +
1

2
ã2

2,n +
1

6
ã2,nκ3,n,

with κr,n = rth cumulant of Zn(λ).

As a corollary to the above result we can derive corresponding expansions for quantiles

of T1,n(λ). Let ξα,n = α-quantile of T1,n(λ) and τα = Φ−1(α), α ∈ (0, 1).

Corollary 4.3. The following two term expansion holds

ξα,n = a0,n + a1,n

[
τα + h1,n(τα) + h2,n(τα)

]
+ o

(
b−1
)
, for all α ∈ (0, 1), (4.8)

where the hj,n’s can be expressed in terms of qj,n’s (cf. (4.7)) as follows,

h1,n (u) = −q1,n (u) , and

h2,n (u) = q1,n (u) q′1,n (u)− 1

2
uq2

1,n (u)− q2,n (u) .

5 Proofs

Proof of Proposition 2.1. From the discussion in Section 2, it is evident that with the choice

Dj = σ〈εj〉, j ∈ Z, conditions (C.1)-(C.5) holds. Hence, we concentrate on verification of

12



(C.6). The tapered DFT dj(λ) for the set of observations in the j-th block Xj,l is

dj(λ) =
l∑

r=1

hrXr+j−1 exp(ιλr)

=
l∑

r=1

hr exp(ιλr)
∑
m∈Z

εmar+j−m−1

=
∑
m∈Z

εm

(
l∑

r=1

hr exp(ιλr)ar+j−m−1

)
. (5.1)

For j,m ∈ Z, let

cjm =

∑l
r=1 hr(cosλr)aj−m+r−1

[2π
∑l

r=1 h
2
r]

1/2
and sjm =

∑l
r=1 hr(sinλr)aj−m+r−1

[2π
∑l

r=1 h
2
r]

1/2
.

Then, by (5.1), for any k ∈ Z and j ∈ {1, . . . , N}, we can write

Yjn =
(
2π

l∑
r=1

h2
r

)−1∣∣∣dj(λ)
∣∣∣2

=

∣∣∣∣∑
m∈Z

εm(cjm + ιsjm)

∣∣∣∣2

=


(∑

m∈Z

εmcjm

)2

+

(∑
m∈Z

εmsjm

)2


= ε2k(c
2
jk + s2

jk) + An,j,−k + 2εkBn,j,−k, (5.2)

where,

An,j,−k ≡
(∑

m6=k

εmcjm

)2

+
(∑

m6=k

εmsjm

)2

, and

Bn,j,−k ≡ cjk
∑
m6=k

εmcjm + sjk

∑
m6=k

εmsjm.

are independent of εk.

13



Now setting k = j0l in (5.2), the sum in (2.7) is

j0+m∑
j=j0−m

Wjn

=

j0+m∑
j=j0−m

1

l

jl∑
i=(j−1)l+1

Yjn


=

1

l

(j0+m)l∑
j=(j0−m−1)l+1

Yjn

=
1

l

(j0+m)l∑
j=(j0−m−1)l+1

[
ε2k(c

2
jk + s2

jk) + 2εkBn,j,−k + An,j,−k

]
= ε2k

[
1

l

(j0+m)l∑
j=(j0−m−1)l+1

(c2jk + s2
jk)

]
+ 2εk

[
1

l

(j0+m)l∑
j=(j0−m−1)l+1

Bn,j,−k

]
+

[
1

l

(j0+m)l∑
j=(j0−m−1)l+1

An,j,−k

]

≡ en,kε
2
k + 2Bn,−kεk + An,−k. (say), (5.3)

where en,k ≡ en is a constant (that does not depend on j0 and hence, on k) and where

An,−k and Bn,−k are random variables that are measurable with respect to (w.r.t) the σ-field

D−k ≡ ∨j 6=kDj = σ〈εj : j 6= k〉.

Next we consider the asymptotic behavior of en,k. Note that

en,k ≡ en

=
(
2πl

l∑
r=1

h2
r

)−1
ml∑

j=−(m+1)l+1


[

l∑
r=1

hr cos(λr)aj+r−1

]2

+

[
l∑

r=1

hr sin(λr)aj+r−1

]2


=
(
2πl

l∑
r=1

h2
r

)−1
ml∑

j=−(m+1)l+1

∣∣∣∣ l∑
r=1

hr exp(ιλr)aj+r−1

∣∣∣∣
2

=
(
2πl

l∑
r=1

h2
r

)−1
ml∑

j=−(m+1)l+1

l∑
r=1

l∑
s=1

hrhse
ιλ(r−s)aj+r−1aj+s−1

=
(
2πl

l∑
r=1

h2
r

)−1
ml∑

j=−(m+1)l+1

 l−1∑
p=−(l−1)

eιλp

l∧(l−p)∑
s=1∨(1−p)

hshp+saj+s−1aj+p+s−1


=
(
2πl

l∑
r=1

h2
r

)−1
l−1∑

p=−(l−1)

eιλp

l∧(l−p)∑
s=1∨(1−p)

hshs+p

[∑
j∈Z

ajaj+p +Rn(s, p)

]
. (5.4)
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where, Rn(s, p) is defined by subtraction:

ml∑
j=−(m+1)l+1

aj+s−1aj+p+s−1 =
∑
j∈Z

ajaj+p +Rn(s, p). (5.5)

Using the geometric rate of decay of the aj’s for large |j| and Cauchy-Schwarz inequality, we

get

sup
s=1,...,l

|p|≤(l−1)

|Rn(s, p)| ≤ sup
s=1,...,l

|p|≤(l−1)

 ∑
j≤−(m+1)l+s

|ajaj+p|+
∑

j>ml+s

|ajaj+p|


≤ sup

s=1,...,l

|p|≤(l−1)

[ ∑
j≤−ml

|aj||aj+p|+
∑

j≥ml+1

|aj||aj+p|

]

≤ 2
∑

|j|>(m−1)l

a2
j

= O
(
c
2(m−1)l
1

)
as n→∞. (5.6)

Since the bound on Rn(s, p) holds uniformly over all (s, p), by Cauchy-Schwarz inequality

we get

(
2πl

l∑
r=1

h2
r

)−1
∣∣∣∣ l−1∑

p=−(l−1)

eιλp

l∧(l−p)∑
s=1∨(1−p)

hshs+p Rn(s, p)

∣∣∣∣
≤
(
2πl

l∑
r=1

h2
r

)−1
l−1∑

p=−(l−1)

( l∑
s=1

h2
s

)∣∣∣Rn(s, p)
∣∣∣

≤ 2l + 1

2πl
max
|p|≤l−1

∣∣∣Rn(s, p)
∣∣∣

= O
(
c
2(m−1)l
1

)
.

Thus, for m ≥ 2,

en =
(
2πl

l∑
r=1

h2
r

)−1
l−1∑

p=−(l−1)

(
l∧(l−p)∑

s=1∨(1−p)

hshs+p

)
eιλp

∑
j∈Z

ajaj+p

+O(cl1). (5.7)

Next let ω(δ) = sup{|h(x) − h(y)| : |x − y| ≤ δ, x, y ∈ [0, 1]}, δ > 0. By the uniform

continuity of h(·) on [0, 1],

lim
δ↓0

ω(δ) = 0.
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Hence, for hs = h
(

s
l

)
, 1 ≤ s ≤ l, by the bounded convergence theorem,

sup
|p|2≤4l

∣∣∣∣∣∣l−1

l∧(l−p)∑
s=1∨(1−p)

hshs+p −
∫ 1

0

h(x)2dx

∣∣∣∣∣∣
≤ sup

|p|2≤4l

∣∣∣∣∣∣l−1

l∧(l−p)∑
s=1∨(1−p)

hshs+p − l−1

l∑
s=1

h2
s

∣∣∣∣∣∣+
∣∣∣∣∣l−1

l∑
s=1

h2
s −

∫ 1

0

h(x)2dx

∣∣∣∣∣
≤ ω

(
2
√
l

l

)
· l−1

l∑
s=1

∣∣∣h(s
l

)∣∣∣+ 4
√
l

l

(
max
x∈[0,1]

h(x)2

)
+

∣∣∣∣∣l−1

l∑
s=1

(s
l

)2

−
∫ 1

0

h(x)2dx

∣∣∣∣∣
= o(1) as n→∞. (5.8)

Next, for any sequence {am}m∈Z, define the self-convolution sequence a∗a and the Fourier

transform â(·) of {am}m∈Z, respectively, as

(a ∗ a)(j) ≡
∑
p∈Z

apap+j, j ∈ Z and â(λ) =
∑
j∈Z

eιλjaj, λ ∈ [−π, π]. (5.9)

Then the Fourier transform of a ∗ a at frequency λ is given by

â ∗ a(λ) =
∑
j∈Z

eιλj(a ∗ a)(j)

=
∑
j∈Z

∑
p∈Z

apap+je
ιλ(j+p−p)

=
∑
p∈Z

ape
−ιλp

∑
j∈Z

aj+pe
ιλ(j+p)

= |â(λ)|2. (5.10)

Thus, it follows that∑
|p|2≤4l

eιλp
∑
j∈Z

ajaj+p =
∑
p∈Z

∑
j∈Z

ajaj+pe
ιλp −

∑
|p|2>4l

∑
j∈Z

ajaj+pe
ιλp

=
∑
p∈Z

(a ∗ a)(p)eιλp +O
(
c
√

l
1

)
= |â(λ)|2 +O

(
c
√

l
1

)
. (5.11)

16



The last term is of the order O
(
c
√

l
1

)
because of the following:∣∣∣∣ ∑

|p|2>4l

∑
j∈Z

ajaj+pe
ιλp

∣∣∣∣ ≤ ∑
|p|2>4l

∑
j∈Z

|ajaj+p|

≤
∑
|j|≤

√
l

∑
|p|2>4l

|ajaj+p|+
∑
|j|>

√
l

∑
|p|2≥4l

|ajaj+p|

≤ 2
∑
j∈Z

|aj|
∑
|p|2>l

|ap|

= O
(
c
√

l
1

)
as l→∞, (5.12)

Thus combining equations (5.7)-(5.12), we can write∣∣∣∣ ∑
|p|≤(l−1)

eιλp
∑
j∈Z

ajaj+p

(
1

l

l∧(l−p)∑
s=1∨(1−p)

hshs+p

)
− |â(λ)|2

∫ 1

0

h(x)2dx

∣∣∣∣
≤
∣∣∣∣ ∑
|p|2≤4l

eιλp
∑
j∈Z

ajaj+p

(
1

l

l∧(l−p)∑
s=1∨(1−p)

hshs+p

)
− |â(λ)|2

∫ 1

0

h(x)2dx

∣∣∣∣
+
∑
|p|2>4l

∑
j∈Z

|ajaj+p| ·

(
1

l

l∑
s=1

h2
s

)

= o(1) as n→∞

Consequently, it follows that

lim
n→∞

l · en =
|â(λ)|2

2π
6= 0 (as f(λ) 6= 0). (5.13)

Now set dn = l, mn = (log n)2, n ≥ 2. It is easy to verify that the requirements of

condition (C.6) on these sequences of constants hold, provided a ≥ 1/2. Now, by (5.13), the

stationarity of {Xt} and the Cramer’s condition on (ε21, ε1), there exists a κ ∈ (0, 1) such
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that

sup
j0∈Jn

sup
t∈An

E

∣∣∣∣∣E
(

exp
(
ιt

j0+m∑
j=j0−m

Wjn

)
| D̃−j0l

)∣∣∣∣∣
≤ sup

j0∈Jn

sup
t∈An

E

∣∣∣∣∣E
(

exp
(
ιt

j0+m∑
j=j0−m

Wjn

)
| D−j0l

)∣∣∣∣∣
≤ sup

j0∈Jn

sup
t≥l

E
∣∣∣E( exp

(
ιt[en,kε

2
k + 2Bn,−kεk + An,−k]

)
| {εj : j 6= k}

)∣∣∣
≤ sup

t≥l,u∈R

∣∣∣E exp
(
ι[tenε

2
1 + uε1]

)∣∣∣
≤ sup

t≥|â(λ)|2,u∈R

∣∣∣E( exp
(
ι[tε21 + uε1]

)∣∣∣
≤1− κ,

for n large. Hence, condition (C.6) holds for all a ≥ 1/2.

Proof of Theorem 3.1. For proving Theorem 3.1, we shall use Theorem 2.1 of Lahiri (2007),

which gives conditions for valid EEs for the sum of block variables of the form

n−1

n∑
j=1

Ỹjn

for zero mean variables Ỹjn = fjn(Xj,l), j = 1, . . . , n, where fjn’s are Borel measurable

functions from Rl → R and Xj,l = (Xj, . . . , Xj+l−1), j ≥ 1. To this end, we set Ỹjn =

Yj,n−E(Yj,n) for j = 1, . . . , N and Ỹjn = 0 for j = N+1, . . . , n, where recall that N = n−l+1

and where Yj,n’s are as defined in (1.2). Then, it is easy to see that all the conditions in

Theorem 2.1 of Lahiri (2007) are satisfied, provided we show that:

lim
n→∞

V(
∑n

j=1 Ỹjn)

nl
exists and is nonzero (5.14)

and

E|Ỹjn − Ỹ †
jn,m| ≤ κ−1l exp(−κm) for all m > κ−1, (5.15)

for some κ ∈ (0, 1), where Ỹ †
jn,m is a random variable that is measurable w.r.t. σ〈Di : j−m ≤

i ≤ j +m+ l〉. Since l = o(n), by (C.2)

V(
∑n

j=1 Ỹjn)

nl
=
N2V(Tn(λ)

[n/l]nl
→ σ2

∞

18



as n→∞. Thus, the first condition above holds.

As for the second, define Ỹ †
jn,m by replacing Xt’s in the definition of Yj,n by X†

t,m’s,

j = 1, . . . , N and let Ỹ †
jn,m = 0 for j = N + 1, . . . , n. Then it follows that the Ỹ †

jn,m is

measurable w.r.t. σ〈Di : j −m ≤ i ≤ j +m + l〉 for all j = 1, . . . , n. Further, by condition

(C.3) and Cauchy-Schwarz and Jensen’s inequalities,

sup
j=1,...,N

E|Ỹjn − Ỹ †
jn,m|

=
( l∑

r=1

h2
r

)−1

E

∣∣∣∣∣∣∣∣
l∑

r=1

hrXr exp(ιλr)
∣∣∣2 − ∣∣∣ l∑

r=1

hrX
†
r,m exp(ιλr)

∣∣∣2∣∣∣∣∣
≤
( l∑

r=1

h2
r

)−1

×

E

(∣∣∣ l∑
r=1

hrXr exp(ιλr)
∣∣∣+ ∣∣∣ l∑

r=1

hrX
†
r,m exp(ιλr)

∣∣∣)2


1/2

×

{
E
∣∣∣ l∑

r=1

hr(Xr −X†
r,m)
∣∣∣2}1/2

≤ Cl exp(−κm)

for m large, for some constant C ∈ (0,∞). Hence, the second requirement also holds and

the result follows from Theorem 2.1 of Lahiri (2007).

Proof of Corollary 3.2. Note that

sup
x∈R

|ω(I(−∞,x] : δ)| = O(δ)

as δ ↓ 0. Hence the result for the distribution function is implied by the Theorem 3.1 with

f = I(−∞,x], where IA denotes the indicator function of a set A.

Proof of Corollary 3.3. Follows from Theorem 2.4 of Lahiri (2007) and the proof of Theorem

3.1 above.

Proof of Corollary 4.1. Follows from Theorem 3.1 and Corollary 3.2 above and using the

fact σ2
n → σ2

∞ as n→∞.
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Proof of Theorem 4.2. Recall that Zn(λ) = σ−1
n b1/2

(
f̂n (λ)− Ef̂n (λ)

)
and note that we can

write

T1,n(λ) = gn (Zn(λ)) , where gn(x) = (x+B1,n)
(
1 + b−1/2cnx+B2,n

)−1

,

where Bj,n, j = 1, 2, are as defined in (4.5). We can further expand gn(x) uniformly over

{|x| ≤ log n} as follows

gn(x) = (x+B1,n)

[
1−

(
xcn√
b

+B2,n

)
+

(
xcn√
b

+B2,n

)2

+R1,n(x)

]

= x

[
1−

(
xcn√
b

+B2,n

)
+

(
xcn√
b

+B2,n

)2
]

+B1,n

[
1−

(
xcn√
b

+B2,n

)]
+R2,n(x)

= a0,n + a1,nx+ a2,nx
2 + a3,nx

3 +R2,n(x),

where the aj,n’s are as defined in (4.5), with

R2,n(x) = (x+B1,n)R1,n(x) +B1,n

(
b−1/2cnx+B2,n

)2
, and,

R1,n(x) = o
(∣∣b−1/2cnx+B2,n

∣∣2) .
Going a step further, we can write

g2,n(x) = a−1
1,n (g1,n(x)− a0,n) = x+ ã2,nx

2 + ã3,nx
3, (5.16)

with ãj,n, j = 2, 3 defined as in (4.5). Hence we can represent T1,n(λ) as

T1,n(λ) = a0,n + a1,ng2,n (Zn(λ)) +R2,n (Zn(λ)) . (5.17)

Using the polynomials pj,n (cf. (4.2)) define the new polynomials rj,n(t) by using the relation

pj,n(u)φ(u) =

∫ u

−∞
rj,n(t)φ(t)dt, j = 1, 2,

More precisely we will have,

r1,n(t) =

√
bκ3,n

6
H3(t)

r2,n(t) =
bκ4,n

24
H4(t) +

bκ2
3,n

72
H6(t),
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where Hk(x) is the kth Hermite polynomial, κr,n is the rth cumulant of Zn (λ) and φ(t) is

the density of standard normal random variable. Now we can write using Corollary 4.1 and

(5.16),

P
(
g2,n (Zn(λ)) ≤ u

)
=

∫
g2,n(t)≤u,|t|≤log n

φ(t)
[
1 + b−1/2r1,n(t) + b−1r2,n(t)

]
dt+ o

(
b−1
)

=

∫ u

−∞
φ
(
g−1
2,n(u)

) [
1 + b−1/2r1,n

(
g−1
2,n(u)

)
+ b−1r2,n

(
g−1
2,n(u)

)] dt∣∣g′2,n

(
g−1
2,n(u)

) ∣∣ + o
(
b−1
)
.

(5.18)

It can be shown that the function g2,n(x) can be inverted inside a small neighborhood range

of values of x and the inverse will be

g−1
2,n(u) = u− ã2,nu

2 + ã3,nu
3 + 2ã2

2,nu
3, |u| ≤ log n.

By plugging in the inverse function in the right side of (5.18) we can reduce P
(
g2,n(Zn(λ) ≤ u

)
to the following form:

P
(
g2,n (Zn(λ)) ≤ u

)
=

∫ u

−∞
φ(t) [1 + s1,n(t) + s2,n(t)] dt+ o

(
b−1
)
, (5.19)

where, sj,n(t) are polynomials that can be expressed in terms of rj,n(t) as follows:

s1,n(t) = ã2,nt
3 +

(
b−1/2r1,n(t)− 2ã2,nt

)
s2,n(t) =

(
ã3,n − 2ã2

2,n

)
t4 +

ã2
2,nt

4

2
H2(t) +

[
r1,n(t)√

b
− 2ã2,nt

]
ã2,nt

3 − ã2,nt
2

b
r
′

1,n(t)

+
(
6ã2

2,n − 3ã3,n

)
t2 − 2ã2,nt√

b
r1,n(t) +

r2,n(t)

b
.

Define qj,n(.) by using the relation, qj,n(u)φ(u) =
∫ u

−∞ sj,n(t)φ(t)dt, j = 1, 2. Also note the

following recursion relation between consecutive Hermite polynomials:∫
Hj(t)φ(t)dt = −Hj−1(t)φ(t), for all j ≥ 1.

Using this we can rewrite (5.19) as

P
(
g2,n (Zn(λ)) ≤ u

)
= Φ(u) + q1,n(u)φ(u) + q2,n(u)φ(u) + o

(
b−1
)
, (5.20)
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with qj,n(u) defined as in (4.7). Note that, R2,n (Zn(λ))
p−→ 0, and

P
(
g1,n (Zn(λ)) ≤ u

)
= P

(
g2,n (Zn(λ)) ≤ un

)
,

where un = a−1
1,n (u− a0,n). Using these along with (5.20) we can conclude (4.6).

Proof of Corollary 4.3. The result follows by combining the EE result in Theorem 4.2 along

with Theorem 2.4 of Hall (1992) (pp. 70) and after some simple algeabric simplifications.
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