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Abstract In this paper we consider the problem of estimating quantiles of a finite
population of size N on the basis of a finite sample of size n selected without repla-
cement. We prove the asymptotic normality of the sample quantile and show that the
scaled variance of the sample quantile converges to the asymptotic variance under a
slight moment condition. We also consider the performance of the bootstrap in this
case, and find that the usual (Efron’s) bootstrap method fails to be consistent, but a sui-
tably modified version of the bootstrapped quantile converges to the same asymptotic
distribution as the sample quantile. Consistency of the modified bootstrap variance
estimate is also proved under the same moment conditions.

Keywords Quantile estimation - Finite population - Asymptotic normality -
Variance estimation - Bootstrap

1 Introduction

Estimation of quantiles of a finite population has been an important problem in survey
sampling. In this paper, we conduct a systematic and rigorous study of some important
asymptotic properties of the sample quantile when a simple random sample is selected
without replacement from a finite population. Most of the early work in finite popu-
lation quantile estimation has been related to the construction of confidence intervals
for population quantiles. For example, Woodruff (1952) considered the approach of
using confidence intervals constructed by inverting the confidence intervals for the
distribution function. Sedransk and Meyer (1978) considered exact confidence inter-
vals using sample ordered statistics in case of stratified sampling. McCarthy (1965)
and Smith and Sedransk (1983) studied lower bounds for confidence coefficients for
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stratified samples. Rigorous asymptotic results were derived by Francisco and Fuller
(1991), who considered the quantile estimation problem under a complex sampling
design. They showed the asymptotic normality of the estimated distribution func-
tion, the sample quantiles and also showed the consistency of Woodruff’s method
for constructing confidence intervals. Shao (1994) considered the problem of quantile
estimation using the framework of L-statistics under a stratified multistage design and
proved similar results as in Francisco and Fuller (1991), but under relatively weaker
conditions. In both these papers due to the complexity of the survey designs used,
the conditions imposed to prove the asymptotic normality are quite strong. In this
paper we prove the asymptotic normality of sample quantile under some mild condi-
tions, assuming a superpopulation model, where all probability statements have a clear
interpretation, in terms of the underlying probability measure for the superpopulation.
We also show variance of the sample quantile converges almost surely under this
probability measure to the asymptotic variance under a mild moment and smoothness
condition on the super-population distribution function. Another widely used approach
to this problem involves using any available auxiliary information. Using the available
auxiliary information, improved estimates of the distribution function are construc-
ted, which in turn are inverted to give plausibly better estimates of the quantiles. More
information on these methods can be found in the works of Chambers and Dunstan
(1986), Rao et al. (1990), Mak and Kuk (1993) and the references therein. A Bayesian
approach to quantile estimation from a finite population is considered in Nelson and
Meeden (2006).

Variance estimation is one of the most important issues in survey research. When
the parameter of interest is a nonsmooth function like a population quantile, the usual
variance estimation methods like linearization, jackknifing or balanced repeated repli-
cation (BRR) either fail or are difficult to implement. In this situation the performance
of the bootstrap (Efron 1979) is of interest. In this paper we also consider the perfor-
mance of the bootstrap method that has been suggested in the finite population context
by Gross (1980). In both cases, the limiting sampling fraction f is allowed to take
values in [0, 1). We show that the usual version of the bootstrap fails if f >0, i.e., if
the sample size grows as a nontrivial fraction of the population size. We also propose a
modification and show that the modified version of the bootstrap works for all values
of f € [0, 1). Specifically we show that the cdf of the modified bootstrap quantile
converges to the same asymptotic normal distribution and the bootstrap estimator of
the variance of the sample quantile also converges in probability to the asymptotic
variance.

The rest of the paper is organized as follows. In Sect. 2, we establish asymptotic
normality of the sample quantile. In Sect. 3, we consider properties of the bootstrap.
In Sect. 4 we carry out a simulation study to assess the finite sample performance of
the modified bootstrap method. Proofs of all results are given in Sect. 5.

2 Main results

In order to have a suitable theoretical framework for developing asymptotic results
in case of sampling from a finite population, it is common to assume that the finite
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population is a random sample from a superpopulation (see Isaki and Fuller 1982).
We assume that the superpopulation has an absolutely continuous cdf Fy with density
fo- Also denote the underlying probability measure of the superpopulation as Py and
its corresponding expectation and variance as Eg and V. Let r be a positive integer
valued variable, i.e. r takes values in N = {1, 2, .. .}. We suppose that the population
size N and the sample size n, are indexed by r and grows to infinity. For each r € N,

let the finite population Xy, = {X1,..., Xn,} be an iid sample of size N, selected
from the superpopulation Fy. We select a simple random sample without replacement
of size n,, Yy, = {Y1,Y2, ..., Y, } from the finite population X, . The population

and sample cdf’s are defined as,
| &
Fy, (1) = N JZ;I(X'/ <1, teR,

and

~ 1 &
r
1

j=

respectively, where 1(A) denotes the indicator function for a set A. The corresponding
p-th sample quantiles are &, y, = F;yl (p) and Ep,n, = ﬁnjl (p). Forall r € N, define
the standardized sample quantile as,

U, = a;] (Ep,n, - %_p,N,) ,

where, f, = 1’:,—’ is the sampling fraction and a, = I;f L is the norming constant. The

sampling distribution function of U, conditional on the population Xy, , is defined as

G, () =Py, (U <1), 1€R,
where P, x,, denotes the conditional probability distribution given the population Xy, .

Similarly E |x,, and V |x, will denote the corresponding expectation and variance.
The first result gives conditions for the asymptotic normality of U,..

Theorem 1 Leté, = FO_1 (p) bethe p-th superpopulation quantile (0 < p < 1). Assume
that fo(§p) > 0 and that

rll)n;o fr = f forsome f €0, 1). )

Then, U, —d> N(QO, ,02), a.s. Py, i.e.

sup |P.x, (U <1)—®(t/p)| > 0, asr — oo, a.s. Py,
teR

p(1=p)

where p? = 2
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The next result gives conditions under which V |y, (U;) converges to the asymptotic
variance p2.

Theorem 2 Assume that, there exists an o > 0 such that Eo|X|* is finite (where the
expectation is with respect to the superpopulation distribution Fy). Assume that the
condition (1) of Theorem 1 holds. Then for any § € (0, 00)

supE v, (|Ur|2+‘3) <00 as. Py )
r>1

This theorem gives condition under which the sequence {|U, |k},z 1 is uniformly inte-
grable for any k£ € (0, oo) and in particular for k = 2. Hence the above two theorems
imply variance consistency, which we state as a corollary.

Corollary 1 Assume that the conditions in Theorems 1 and 2 are satisfied. Then

Vixy, (Uy) — 0 as r — oo, a.s. Po.

3 Bootstrap

The commonly used methods of obtaining variance estimates for nonlinear statistics
in finite population sampling are linearization (taylor series) method and resampling
techniques like the jackknife method, balanced repeated replications (BRR) and the
bootstrap. The linearization method is inapplicable in case of quantiles. The usual
jackknife method is known to have problems in case of nonsmooth functionals like
quantiles (see Shao and Wu 1989). BRR works well for quantiles (Shao and Wu 1992)
but they need careful construction of balanced subsamples, which is difficult even for
slightly complex designs. Another method suggested by Woodruff (1952) involves
using the estimated (normal) confidence intervals for the population quantiles, in
order to obtain variance estimates for the sample quantile. Sitter (1992) studied the
performance of Woodruff’s method under stratified sampling using simulation based
results and its performance was not satisfactory in some situations (also see Kovar
et al. 1988). Other methods for variance estimation involve using plugin estimates of
the asymptotic variance by estimating the superpopulation density at the population
quantile (Shao 1994). Among all these variance estimation methods, the bootstrap
is the most intuitively appealing method, due to its flexibility and also because it
is applicable to both smooth and nonsmooth statistics. In an important work, Gross
(1980) proposed using the bootstrap for estimating the variance of the sample quantile
in the finite population context. Although Gross (1980)’s work has been extensively
referred to the in the subsequent literature, the performance of bootstrap in estima-
ting the asymptotic variance of the quantile seems does not seem to be known (see
Sitter 1992; Shao and Chen 1998). To overcome the inadequacy of the usual (Efron’s)
bootstrap procedure in finite population setting different modifications like bootstrap
without replacement, the use of different bootstrap sample sizes, rescaling bootstrap
(Rao and Wu 1988) were suggested (see Shao 2003, for more details). But, none of
these methods provide a clear answer in the case of sample quantiles.
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In this paper we show that usual version of the bootstrap fails whenever
f > 0. However with proper rescaling, the bootstrapped quantile converges to the
same asymptotic normal distribution as the sample quantile for all f € [0, 1). We also
show that the bootstrap variance estimate converges in probability to the asymptotic
variance also, for all f € [0, 1). Thus, one can use the modified bootstrap estimator
of this paper to estimate the variance of the sample quantile in a finite population
setting. Related results on the use of bootstrap methods for variance estimation in
finite population setup can be found in Bickel and Freedman (1984), Rao and Wu
(1988) and Sitter (1992). Booth et al. (1994) construct a pseudo-population in the
lines of a method suggested by Gross (1980), and bootstrap this psuedo-population to
construct second order accurate confidence intervals for smooth functions of sample
means. Shao and Chen (1998) establish the consistency of bootstrap procedures for
sample quantiles when the dataset contains nonrespondents, which are imputed using
hot-deck imputation. Lahiri (2003) gives a good review about the impact and use of
bootstrap methods in survey research.

For the sake of completeness, we give a brief description of the bootstrap. Let
y;;r ={Yy, ..., Y,Tr} denote a bootstrap sample of size n,, selected with replacement
from ), . The empirical cdf for the bootstrap sample is

1 <
F,0=—>10j=<n, rek
ro.
j=1

The pth bootstrap quantile is defined as E;m, = F*,;:l (p). The bootstrap version of U,
conditioned on the sample ), is defined as

* -1 * n
Ur =a, (‘i:p,n, - Ep,n,)~

The next result shows that this version of the bootstrap fails for all f € (0, 1).

Theorem 3 Suppose that condition (1) of the Theorem 1 holds. Then,

. d p* . .
U — N |0, ) in probability Py.

Intuitively, this naive bootstrap fails because it does not account for the dependence
in the sample ), , which is obtained by sampling without replacement, while ) is
obtained by sampling with replacement. However resampling without replacement is
not feasible, as there is only one without replacement sample of size n, from Y, , viz.
itself. A simple fix for this problem is to rescale and define the new bootstrap version
of U, as

U = b7 (80, — ).
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where b7! = a~!/T— f. The reason for re-scaling the bootstrap version of U, is
to make the bootstrap version consistent in estimating the asymptotic variance. The
corresponding bootstrap cdf is defined as,

G, ()=P, (U™ <1), 1€R,

where, P, is the bootstrap probability distribution conditioned on ), . Similarly E,
and V. will denote the bootstrap expectation and variance. The next result is about
the asymptotic normality of U;* and consistency of the bootstrap variance estimator
in estimating the asymptotic variance.

Theorem 4 Assume that condition (1) in Theorem 1 holds. Then

@ U* % N(0, p?) in probability Py, where p? = %
0\sp

(b) If we assume that Eg| X |* <oo for some a>0, then V*(U;"*)—>,o2 in probability
Po.

4 Numerical results

In this section, we conduct a small simulation study to compare the performances of
the usual and modified (rescaled) bootstrap methods. A finite population of size N
is chosen from a superpopulation F. Our main interest is to estimate the asympto-
tic variance p? (cf. Theorem 1) of the population median (p = 1/2). The asymptotic
results derived in the previous sections will need to be used in a slightly modified man-
ner for purpose of this simulation. Since the limiting sampling fraction f is unknown
in a practical situation, hence the norming constant b, is effectively taken as /n,.
Note that the limiting value of f € [0, 1) (cf. 1) allows such a modification.

For the simulation study we choose Fo = N(0, 1), two population sizes of N = 300
and 1200 are selected. The sampling fraction f € {0.1,0.3, 0.5, 0.7, 0.9}. For each
choice of N and f, the initial finite population X (selected at random from Fj) is kept
fixed during the simulation, which is expected in a finite population setup. From this
finite population, M sets of samples of sizen = f N are selected without replacement,
with the kth set denoted as )V, x; kK = 1, ..., M. Within each sample ), x, the sample
p-quantile Ep’ » (k) is found. From each sample ), i, B bootstrap samples are selected,
with the jth bootstrap sample denoted as :)):’ kb j =1, ..., B.Thebootstrap quantiles
in each bootstrap sample are denoted as &, , (k, j). The corresponding version of U;" is

n . = .
U = /ﬁ(g;’n(k,])—g,,,n(k)), k=1,...M, j=1,..B,

and similarly U ,f”; =./n (E ;‘,n (k, j) — E,,,,l (k)) ,are defined. The B bootstrap samples

are used to construct a Monte-Carlo (MC) approximation of the bootstrap variance
estimates. Corresponding to each sample ),  the MC approximation of the usual
bootstrap variance estimate is
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Table 1 Simulation results comparing the estimated MSE and bias of the usual and modified (rescaled)
bootstrap variance estimators at N = 300 and different values of f (or n)

; NISE () NESE (-2 T (o) T (o2
0.1 2.0263 1.4554 0.7449 0.5133
0.3 1.8090 0.5156 0.8985 0.1577
0.5 6.8688 0.5373 2.2876 0.3584
0.7 19.1117 0.1506 42113 0.1638
0.9 222.1286 0.0819 14.6348 0.0497

Here p = 0.5, M = 1800 and B = 500. The true variance is p> = 1.5707

Table 2 Simulation results comparing the estimated MSE and bias of the usual and modified (rescaled)
bootstrap variance estimators at N = 1200 and different values of f (or n)

; NESE (%) NSE (-2 ENED T (o2)
0.1 0.7734 0.5566 0.3342 0.1437
0.3 0.7162 0.2167 0.5399 —0.0932
0.5 1.1326 0.2316 0.8509 —0.3599
0.7 12.2376 0.0666 3.4009 —0.0792
0.9 165.8798 0.0406 12.7916 —0.1345

Here p = 0.5, M = 1800 and B = 800. The true variance is p2 = 1.5707

B 2

B
- 1 1
2% P * _ * —
o (k)—B E Uk,j B E Uk,j . k—l,,M

j=1 j=1

Similarly o2 (k) can be defined for the modified bootstrap version. In order to judge
the accuracy of these estimates we make use of the M sets of samples ), . This gives
idea about the average performance of these estimates for a fixed finite population Xy .
Using these M values, a MC approximation of the MSE of these bootstrap variance
estimates can be provided:

e 1 A 2
MSE (02°) = 22 > (2" = 7).
k:l

and similarly for o2,

For comparison, we also include the MC estimate of the bias
of the bootstrap variance estimates (denoted as blas(az*) which can be similarly
defined as the MSE above). Tables 1 and 2 show the estimated MSE and bias of the
usual and modified bootstrap variance estimates at population sizes N = 300 and 1200,
respectively.

From the values in Tables 1 and 2 it is clear that the overall performance of the

modified bootstrap variance estimate is far superior to the usual one. As the sampling
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Usual bootstrap variance estimate Rescaled bootstrap variance estimate
.
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Fig.1 N =300, f =0.1and p =0.5: Figure comparing the relative performance of the usual and modified
(rescaled) bootstrap variance estimates. Here M = 1800 and B = 500. The vertical dotted line represents
the true asymptotic variance ,02 =1.5707

fraction f increases, the usual bootstrap performs worse with gross over estimation
(also see Figs. 1, 2, 3). The extreme differences in the estimated MSE and bias of the
usual and modified bootstrap variance estimates can be explained easily by observing
that 02*(k) = (1 — f)"'o2**(k), for all k and for every choice of f € [0, 1). This
implies that as f increases, the usual bootstrap variance estimate becomes more infla-
ted due to the (1 — f) term in the denomlnator For example, in Table 1, at f = 0.9,

b1as(z72*) + p? = 16.205 and blas(crz**) + p? = 1.6204, which shows that the usual
bootstrap estimate has approximately (1 — 0.9)™ a (= 10) times more bias compared to
the modified bootstrap estimate. The rescaling used in the modified bootstrap variance
estimator overcomes this problem and instead of inflating the estimates, makes it more
accurate as f (or n) increases. As N increases, the comparable performance at same
f values is also better as expected. There is a tendency of slight under estimation by
the modified bootstrap estimator at N = 1200, but it still performs better than the
usual bootstrap estimate. It should be noted that the choice of the number of bootstrap
samples B plays an important part in the simulation setup. The histograms in Figs. 1,
2, 3, compare the distributions of the two types of bootstrap variance estimates at
N = 300 and different values of f. Though the modified bootstrap quantile performs
well in this simple sampling scheme, it is desirable to study the performance of the
bootstrap under more complex sampling designs.
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Usual bootstrap variance estimate Rescaled bootstrap variance estimate
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Fig.2 N =300, f =0.3 and p = 0.5: Figure comparing the relative performance of the usual and modified
(rescaled) bootstrap variance estimates. Here M = 1800 and B = 500. The vertical dotted line represents
the true asymptotic variance p?=1.5707

5 Proofs

5.1 Auxiliary results

We state the following Lemma’s that will be used in our proofs.

Lemma 1 (Singh 1981, Lemma 3.1) Let {V1,..., Vi} are iid with V; = 1 — a or
—a with respective probabilities a and 1 — a, then foranyk < K, a < B, Z < D
with ZK B < D? we have

k
P{ D Vi|=(+e/2D ) <277 A3)
i=1

Proof See Singh (1981). O

Lemma 2 For any fixedt € R,
Fn,GpN, +1ar) — Fn,(§p.N,) — Fo(§p, N, +tar) + Fo(§p n,) = o(ar), (4)

almost surely (Py).
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Usual bootstrap variance estimate Rescaled bootstrap variance estimate
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Fig.3 N =300, f =0.7 and p =0.5: Figure comparing the relative performance of the usual and modified
(rescaled) bootstrap variance estimates. Here M = 1800 and B = 500. The vertical dotted line represents
the true asymptotic variance 0 =1.5707

Proof Using the law of iterated logarithm for sample quantiles (Bahadur 1966) we
can write,

&pn, =&+ 0 (N oglog N))'P2) a.s. (By).

Define the quantity

A, () = Fy, (g,, + jj’v_ + mr) — Fw, (sp + %) +Fy (é,, + %)
—Fy (ép e tar) .

Also define ATN =sup{An, () : [y| < logN,} and A} s, =Inf{AN, (y) © |yl =
log N,-}. In order to prove (4) it will be enough to show that

Aly, =o(ay) as. (Py) fori=1,2.

Consider the intervals B; = («l_ﬁl \iﬁ] where |i| = 0,1, ..., ([/N-log N,] + 1).
So for any y € B;, we can write

r

1 1
An, (y) < Ay, ( ) + Hy, () + f0(91)ﬁ + fo(92)ﬁ,

1
N,
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where,

. . -
Hy, (i) = Fy, (sp+N’—r) —F (sp+N’—r) —Fy, (s,,+ lzv, )
i—1

with 1€(&) + ta, + G 6p + tar + 37) and e, + FHE + ) (are
obtained by using the mean-value theorem). Let,

M = sup{fo(y) : [y —&p| < do}

be the supremum of fj in some §p-neighbourhood of &,. We can similarly obtain a
lower bound on Ay, (y), so that for all y € B; and for large enough r,

A (i_l) Hy, () — 22 < Ay () < A ( i )+H i+ M
N, —Hy, (i) — < Ap,(y) < Ay, N, (i .
JN, N, Y JN, N,

Initially we only consider the upper bound for A y, () in the above inequality. Define,
Ry, = max{Ay, (ﬁ) (il < (Iv/Nrlog N.] + 1)}. Then,

N ) 2M
A N, < Ry, + max Hy, (i) + .
li|<(Lv/Ny log Ny J+1) Ny
Now choose a sequence {e, : r > 1}, so that,
M
A L €a, KM, and ¢ — 0. 5)

r

The precise choice of €, will be determined later. Using the previous upper bound on
AT v, the range of €, and with r large enough, we can write

Po(AT y, > 4€rar)

<Py (Ry, > €rar) + Po( max  Hy, (i) > erar)

li|<«/N; log N,
Ny N,
= Z Py ZS,/(:’) > Nrerar | +Po Z%—J{(i) > Ny€ray
li|<+/Ny log N, j=l j=l
=K+ Ky,  (say), (6)

where,

i i
Sj(i)Zl(Sp—i—ﬁ<Xj§§p+ﬁ+tar)—17i,

r r
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and

i

—1 i

/ _ . _ /
5 = 1(517 Tty st Vr) pjs
with p; = Eo(§1(;)) and p} = EO(E{(,-))- Thus, for a fixed i, {£j) : j = 1,..., N;}
and {& j’ 0" j=1,..., N,}are iid random variables, with the following distribution,

o Lo
7O pi cowp l—pi

and exactly same for Ej’. ; with p;. In order to find bounds on K; and K> in (6), we
will use the inequality derived in Singh (1981) (in Lemma 1 above) on the variables

&) and E}(i) respectively. Using the fact that €, | 0, it can be shown after a careful
choice of constants involved in Lemma 1, that

K1 < 4N, log N, exp (—C2|t|‘1Nre,2ar) : )

And similarly, using Lemma 1 on the & // (i) e can obtain the following bound on K>,

K> < 4\/ﬁ,log Ny exp(—c3N,€ra;). ®)

Here c; are c3 are positive constants not depending on r. Now we choose the sequence
€ as

3 logN, log N, \/7

T Nar T INA=—F)

Using the condition (1) we can say that €, — 0. Also note that €2N,a, = €' log N,.
Using the relations (6)—(8) we can write,

00 00
ZP() (AT,N, > 46,61,) < 24\/ N, log N, [Nr(*cz\tl—ler_l) + Nr(*C3€,_2):| < 00,
r=1

r=1

I coasr — oo. Using Borel-Cantelli lemma we have,

A*
Py ( LN de, i.o.) =0.
ar

This implies, A’f_ N, = o(ay) a.s. (Pp). We can also conclude from the previous steps,
that Ry, = o(a,) a.s. (Pp) and

because €,

max [Hy, ()| = o(a,) a.s. (Po).
li|<v/N; log N,
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Using similar methods it follows that A; N, = o(ay) a.s. (Pp). This completes the
proof of the lemma. O

Lemma 3 For each fixed t € R, t # 0, define the quantities

\/W (pr,t - p)
V(= pr)(T = f)

Prit = I - qrit = FN, (Ep,N, + tar) and Crt = ©)]

Assume that (1) holds. Then, for all 1 < |t| < log N,, there exists an ro € N such that
forallr > ro,

>
W )
|crel = alt]

fO(éfp

witha = and cy; is as defined above in (9).

Proof Using the triangle inequality on (9) we can write (please refer to (12) for defi-
nitions of Iy, ;, I, and I3, ),

It
|cr,t| > VY (|Ilr,t| - |I2r,t| - |I3r,t|) .

N Prtqr,t

Note that for all |¢| < log N,, |ta,| — 0. Thus we can use (13) to say that for large
enough r and all |#| < log N,,

Jo(€p)
2

el = (> 0).

Using Lemma (4) we can say that sup{|/>,,| : | < |t|] <logN,} = Oa.s. (Pp). And,

since (Nrar)_1 4 0, we can say that | /3, ;| — O for all |¢| € [1, log N, ]. Hence for a

fo(ép)

large r we can make (| Io, ;| + |I3,¢]) < in the range 1 < |t| < log N,. We also

use the fact that for any ¢, p, (1 — p,.r) L5 p(l—p) < Z’ so for r large (>r2),

fo(Ep)| i,

[crel >

which completes the proof of the lemma. O

Lemma 4

sup |Fy, (sp,N,‘i‘tar)_FNr (%_p,N,)_FO (gp,Nr + tar)"'FO (é:p,Nr)|:0 (ar),
||<log N,

(10)

almost surely (Py).

Proof The proof can be carried out in similar lines as in Lemma 2 and hence is omitted.
O
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5.2 Proofs of the main results
Proof (Theorem 1) In this proof we consider ¢ as a fixed real number. Let Z;;, =

1(Y; <&, N, +iay) for j =1,...,n,. ThenE x, (Zj,,) = prt (cf. 9). Then, the
cdf of U, can be written as

(1)

Zn‘rzl (Zj,t - nrpr,t)
Gnr(t) =1- P'\XNr ( ./ ) < —Crt |,

\/nrpr,t(l - pr,t)(l - fr

Note that Z'}’zl Zj: ~ Hyp (ny; Nypr:, Ny), where the pmf of a random variable
X ~ Hyp (n; M, N) is given as

Chy .
PX=x)=Plin, M,N) = ) T ¥=01.n
0

otherwise.
Using (9) we can write,
d (L1 + D + I (12)
Crt = (77— [{Irt 2r,t 3rt] >
T =y T
where,
Foép.N, +tar) —Fo(6p N,)
Ilr,t = )
ta,
I . FN,(Ep,Nr +ta,) — FN,(Ep,N,) - F()(Ep,N, +tay) + FO(ép,N,)
2r,t tar )
and

I3 = : o :
3rt = P Na, .

We are interested in finding the limiting value of ¢, ;. Using the Mean-value theorem,
we can write

FO(SJ-p,N, +ta,) — FO(Sp,Nr)
ta,

Iy = = fO(gp,Nr +6tar), (0 <6, <1).

Since ¢ is fixed, we can use §, ., — &, a.s. (Pp), a, | 0 and continuity of fj in a
neighbourhood of &, to say

Iy = fo¢p.N, +6rtar) — fo(§p) a.s. (Po). 13)
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Using the resultin Lemma 2 we can say, 2, ; — 0 a.s. (Pp). And by (1), (Nrar)_1 —0,
which in turn implies /3,; — 0. Combining these we find that

Pr,;a— P _ [Ilr,z + Iy + 13”] — fo(€p) a.s. (Po).
r

As ¢t is fixed we can use (12) and the above limit to conclude that p, ; 45 p. This
gives

Cri — —— fo(&,) a.s. (Py). (14)
P4

N

Using (11), write
|G, (1) — ©(t/p)]
2 (Zja = nepra)

P ! < —cri | = @ (—cy,
1 (mpr,,a o~ ) e
+|® (cre) — @(t/p)|

= Al,r + A2,r, (SaY)~

Since (1) holds and p,; — p almost surely (and p € (0, 1)), we can say or%, =
V-\XN, (Z;’le Zi1) =nrpri(1 = pr)(1 = f) = oo. This ensures that we can use
Theorem 2.2 of Lahiri and Chatterjee (2007), which gives the following Berry-Esseen
bound for Hypergeometric probabilities to bound the first term A; , (solely under the
condition that or%t — 00). Thus we can write

> (Zji—nepr, c
P-lXNr( il su)=®w)| = 1

sup
uelR

\/nrpr,t(l - pr,t)(] - ) B B \/nrpr,tqr,t(l - fr)’

where C; is some positive constant that does not depend on r. This ensures that
A1, — Oa.s. (Pyp) asr — oo for every t € R. We use (14) and the continuity of
®(-) to conclude that A2 , — 0 a.s. (Pp). Now restricting ¢ over a countable dense
subset of R, it follows that £ (U, |Xy,) —>¢ N(0, p?) as r — o0, a.s. (Py). In view
of Polya’s theorem this completes the proof of both assertions in Theorem 1. O

Proof (Theorem 2) In order to prove the theorem, it will be enough to show

o
Sup/ s I (a;1|g,,,,,,_ —Eyn| > t) dr < oo. (15)
reNJ1

Using the moment condition in Theorem 2 and Lemma 3 from Ghosh et al. (1984),
applied to therandom variables {X1, ..., Xy, }, wecan write, max{| X ;| : 1 < j < N,}

— o(N,"/*) with probability 1. Since,

max{[¥V;| 1 1< j <n) < max{|X;]:1<j<N),
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with probability 1, and we can say that

o0
Py (/Nl/“ s I (a;1|s,,‘n,4 — &y > r) dr £ 0 i.o.) —0. (16

Writing [1, er/a] = [1, \/]0g Nr) U [\/log Nrs er/ot], we have
N R
/1 t1+5P'|XNr (“r_l|§p,nr &N | > t) dr
248
JVIog N, NrT R
= /1 + 2456 Px,, (ar_l|$p,n, —&pN, | > M)

= B1,+ By, (say).
Using (9) and (11), we have

P-\XNr (Igp,n, - ép,N,| > tar)
= P'IXNr (|Zn"l| = Cr,t) +P'|XN;- (|Z’1r,—f| > Cr,—t)a

where

_ Zl;r:] (Zj,t - nrpr,t)
o (U= pr (L= f)

Zny 1t

We will use Corollary 2.4 of Lahiri et al. (2006) which gives an exponential upper
bound on the tail probabilities of a Hypergeometric random variable to bound the tail
probabilities in the above expression. The bound states that

C
Py, (12,1 2 1) < ﬁexp (~Csulpra A gri]). weR a7
DPrt NQrt

where, Ca, C5 are universal constants not depending on r and t is a fixed real number
and x A’y = min{x, y}. Define p,,; =1 —g,,j, ] = 1,2 using t = £4/log N, in (9),

pri = Ey, (sp,N, +/log N,ar) and pr, = Ey, (gp,,v, — Jlog N,ar) .
Using (17) at t = x./log N,-, we can have the following

e [ Emrant) y ~(enarast)

By, < T .y
' 2+38 (pr,l A Qr,1)3 (Pr,Z A Qr,2)3

Using the same arguments that we used in proving p,.; 45 p (see (14)), we can say
that (p,,j /\q,,j) L5 (pAngq)asr — oo foreach j = 1,2. Since (p A g) > 0,
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there exists some random R € N (depending on the selected sample Xy, ), such that
0<(pArq)/2 < (prjAqyj)forallr > Ry foreach j = 1, 2. Hence each term on
the right side of (18) can be bounded, for all » > Ry, by

2+4 248

_ Nt (Ol l) 8N csotpnar) s Vji=1,2,

r

(pr,j AClr,j)3 B (p/\Q)3 '

where, ko € (0, 0o) is an appropriately chosen constant depending only on §, o and
p such that By, | 0. For bounding the term in B, we use Lemma 3 in the range

t € [1, /log N,] to write

P-|XNr (|an,t| > Cr,t) = P~|XN,. (|Zn,,t| > a|t|) s

where a = @. Using the exponential bound (17) along with this inequality, we
can have the following upper bound

Py, (a7 Epn, — Epn,| > z) dt < Kiexp(—Kar?) vt e [1, /log N,

for some positive constants K| and K;. Thus for any choice of § > 0, the integral
in (15) is finite. This shows that {Ur2 : r > 1} is uniformly integrable as claimed
in (2). O

Proof (Corollary 1) Using the results of Theorems 1 and 2, the proof of the Corollary
follows. O

Proof (Theorem3) The resultfollows directly from the proof of Theorem 4(a) below.
O

Proof (Theorem 4(a)) Define as earlier (cf. (9))

~ _ —_ /_n (~ : _ )
Prie = Fnr (g:p,m +tb,) and dr,t = #
Vbral = pro)

Also define, V/, = 1 (Y]’." <Ep, +zb,) for j = 1.....ny, with Ex(V}],) = fp.

Then, the d.f. of U* can be written as

Z?r:l(vj{’[ - ﬁr,t) )

nrﬁr,t(l - ﬁr,t)

Gj;,(t)=1—P*(

The {Y;k} are iid random variables and Z?’zl V;r ~ bin (n,, prs). We can use the
Berry—Esseen theorem for iid random variables to write

SV =y
N [ =M ERRCE LA P YD
\/nrpr,t(l - Pr,t)

Co

Ve brie (U= pro)

sup (19)

uelR

=<
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for some finite Co. Now consider the limiting value of d, ;. The numerator of d,; can
be written as,

7 (Bri = ) = Jirs + Do+ 0 (n77), (20)
where,

Jire = Ny (Fx, Epon, + 1by) — Fy, Epon,))
and,

JZr,t = A/Ny @nr (gp,nr + tbr) - FN, (/E\p,n, + tbr) + FN, (/g\p,n,) _i:\n, (gpnr)) .

We can split Ji,; into two parts as follows:

Jire = /n; [Fo@pn, + thy) — FoEpn,)]
+ \/n_r [FNr (gp,n, + tbr) - FO(gp,n, + tbr) + FO(gp,nr) - FN, (gp,n,)]
= Jips + 0, (say).

For all » > 1, define the set

~ 2logn,
Sy = [|§p,ny_§p| < ﬁ ] 2D

Then,

PO(S}?) = Eo (P~|XN, (v nr|gp,nr - ép,N,l > log n,))
+Po(/nrlép. N, — &Epl > logn,).

The first term in the above bound can be shown to converge to zero, by using Theorem 1
along with DCT. The second term converges to zero and that can be shown by the CLT
for sample quantiles for sampling from a continuous population. This implies

Po(S;) - 0 asr — oo. (22)
Using the mean-value theorem we can write

JI=F
-7

T = tfoGEpn, +01tb,), (23)

forsome @ € (0, 1). On the set S,, we can write’é\p,n, =&+ jy’T,where |yr| < logn,.

Hence on the set S, the right side of (23) can be written as fo(§, + \yﬁ + 0tb,). As

n
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tis fixed, f, — f,b, — 0, logﬁ J 0 and fj is continuous in a neighbourhood of &,
we can write for any € > 0 (and on the set S;),

|1 — thoEp)| <€,

for large enough r. Hence, as r — o0,
Po (171, = tfo&p)l > €) = Po ({I/1,, — tfo&p)| > €} N S:) +Po(S;) — 0.

P . .
So, Jl’m N tfo(§p) as r — oo. Using the same argument (on the sets §,) as used in

. P o
proving Lemma 2, we can say that J|’ —2 0as r — oco. This implies that

Tire 5 tfo(€,) asr — . (24)
Now we can write
1 &
Sors = = ; (Wi — E x, (Wi). (25)

where W, , = 1 (’E\p,nr <Y; fgp,nr +1by), j = 1,....ny. Note that Wj,; = 1 or 0
with probabilities w,; = (Fy, (§p,n, +tby) — Fn, (§p.5,)) and (1 — w;,;) respectively.
And Z"" W;i: ~ Hyp (n;; Nywr:, Ny). On the set S,, we can write W;; =
15, + 4 <Y <&+ jr— +tby), j = 1,...,n,. Now using Chebyshev’s

nr
inequality, for any € > 0, we have

C?)r,t(l - d)r,t)(l - fr)
€2

Py, ({12l = €} NS,) <

where @, ; = ( (é} » ) (S » )) is the value of w,; on the
set ;. Using earlier arguments as used in proving (24) we can say @, ; — 0 on the set
S;. Using (22) and DCT it follows that

3

Py
Jorr — 0.

. ~ P .. .
Using these results we can say p,; N p (€ (0, 1)). This implies

dy, 2% % as r — oo. (26)
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Thus we have

|Gy (1) — @(t/p)]| <

P, Z’;lr:l V;,t - nrﬁr,t
nrl;r,t(l - ﬁr,t)
+[@(dy) — D(/p)l

< _dr,t) - <D(_dr,l)

Now, using (19), the continuity of ®(.) and (26) we can say that for all € R,
Gjr (1) &> ® (t/p) as r — oo. This completes the proof of Theorem 4(a). O

Proof (Theorem 4b) It will be enough to show that

o0
sup / (1OPL (U] = ndt, (27)

r>1J1

is bounded for some choice of § > 0. By our earlier argument (see 16) we can say that
o
/1/ (PP (UM = 1)dt — 0 a.s. (Py) asr — oo.
ny

We consider the term, P, (U* > t) and split the range of the integral in (27) into two
parts: [1, n/*) = [1, log n,] U (log ny, n/®).
n]/

A logn, nl/a
/ MOP(UM > 1) de =/ +/ (OPU =) dr. (28)
1 1 1

ogny

We can rewrite P, (U* > ) = P, (\_/n’h, — Pri < —(Pry — p)), where we define
(for notational simplicity)

_ _ 1 <& - i
ViV , =— I(Y’.“Sg r+_b)
ny ny, nr; J p.n \/n_r r

N
and,

By =5, . =T, (?M + br)
Thus,

logn,
/ P (UM > 1) dr
1

i+1
A Hr

Ly/nrlogn, ] (

< 2

i=1

48
) P (V, ()= pr@) < =(pr@) = p)). (29
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From (20) we can write,

(5rti) = p) = —=[1,) + 1) + e ] + 0 (")
r \/n_r Ir 1r r r ’

where, J{,(i), J{.(i), Jar (i) are similarly defined as Jj, ,, Jl//r,t and Jy,, respectively,

with t = Jl_nT Also define W; (i) in a similar way as W, ; (cf. 25). On the set §,, we

can write

Wj(i)zl(ép‘i‘ > <Y;<§,+ 2 +tbr)7

with |y,| < logn,.Now consider any ¢ > 0, we can write using Hoeffding’s inequality
(on the W;(i)’s) for sampling without replacement (see Hoeffding 1963, Sect. 6),

|J2r(i)|
P. max —— >€r NS
| X ([1<i<b/n, logn,| +/Nr "

L/ logn, | n
< D Py [ {12oWi6) —Ejx, (Wi)| > en, t NS,
i=1 j=1

< 26Xp(—2n,€2)./n, logn, — 0 asr — oo.
Using (22), we can say

max[‘]zr?milfiSL\/’TrIOg”rJ]ﬁ’o' 30)

r

Using Hoeffding’s inequality (for sums of independent random variables) on the set
S, and using (22) we can say

max[%: 1§i§L\/E10gnrJ]&>0- G

Using (30) and (31) we can say

. Ji, (@)
_ ) — < __r--
(pri) —p) = N

uniformly for all 1 <i < |./n,logn,]. Now,

J{ (i ~ ib ib
RO _ 6, i)

for some 6; € (0, 1). Since max{|\’}’n’f| 11 <i < |/nrlogn,|} — 0, hence using

the same argument (on the set S.) we can say that fo@p,n, + Bi%) — fo(§p) in
probability Py. Thus on the set S,, using Hoeffding’s inequality we can write
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P. (V, (i) = pr(i) < —(pr(i) — p)) <P (‘—,, O — B0 < _J{,(i))
* ny r r = * ny r _2\/n_r

Jo(&p) ib, )
4 g

<P, (W,:,. (i) — pr(i)| >
2
< 2exp —Mi be
8
= 2exp(—K3i%h}),
for some constant K3 (independent of 7). Using this bound in (29), we have

logn,
/ P (U > 1) dr
1

i+1
A1y

L/nrlogn, | (

146
= > ) 2exp (~K3(ib)?) = O(1), (32)
i=1
which follows from the convergence of the series > ., m!*8 exp(—am?), (for any
a, s > 0). Using i = /n, logn,, we can obtain the following bound for ¢ = logn,,

P. (‘_/n/r’]ognr - I;r,logn, < _(ﬁr,lognr - 17)) =< ZCXP (_2K4(10g nr)2> s

on the set S,, where K4 is some finite constant. Then on the set S, we can write,

1/a

ny 248
/ 'R (U > 1) dr < Ksn,® exp (—2K4(1ogn,)2) = o(l). (33)
1

ogn,

Using (32) and (33) we can say that the integral in (28) is finite. We can similarly
deal with the integral involving P, (U}*< — ). Combining both, we can show that
{lU} *|2: r > 1} is uniformly integrable. Again using (22) and combining this with
the asymptotic normality we have V. (U}*) — 02 in probability Py. O
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