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ABSTRACT. In this paper, we consider simple random sampling without re-
placement from a dichotomous finite population and derive a necessary and
sufficient condition on the finite population parameters for a valid large sample
Normal approximation to Hypergeometric probabilities. We then obtain lower
and upper bounds on the difference between the Normal and the Hypergeo-
metric distributions solely under this necessary and sufficient condition.

1. INTRODUCTION

Consider a dichotomous finite population of size N having M individuals of ‘type
A’ and N—M individuals of ‘type B’. Suppose a sample of size n is drawn at random,
without replacement from this population. Let X denote the number of ‘type A’-
individuals in the sample. Then, X is said to have the Hypergeometric distribution
with parameters n, M, N, written as X ~ Hyp(n; M, N). The probability mass
function (p.m.f.) of X is given by

M N-—-M
(1.1) P(X:c)—P(x;n,M,N){ ( )(( Dot a=0ain,
0 otherwise,

where, for any two integers r > 1 and s,

! .
r ey if 0<s<r
1.2 — sl(r—s)! >S5 T,
2 (5) { 0 otherwise,
M

with 0! = 1 and r! = 1-2---7. Let f = § denote the sampling fraction and let p = %7
denote the proportion of the ‘type A’ objects in the population. The Hypergeoemet-
ric distribution plays an important role in many areas of statistics, including sample
surveys (Burstein (1975) and Wendell and Schmee (1996)), capture-recapture meth-
ods (Seber (1970) and Wittes (1972)), analysis of contingency tables (Blyth and
Staudte (1997)), statistical quality control (Patel and Samaranayake (1991) and
Sohn (1997)), etc. Normal approximations to the Hypergeometric probabilities
P(;n,M,N) of (IT]) are classical in the cases where the sampling fraction f and
the proportion p are bounded away from 0 and 1; see, for example, Feller (1971).
The nonstandard cases correspond to the extremes where f or p take values near
the boundary values 0 and 1. Although the nonstandard cases arise frequently in all
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these areas of application, the validity and accuracy of the Normal approximation
in such situations are not well studied. This paper is devoted to investigating the
behavior of Normal approximation for both standard and nonstandard cases.

The main results of the paper give a necessary and sufficient condition on the
parameters f and p for a valid Normal approximation. It is shown that a Normal
limit for properly centered and scaled version of X holds if and only if

(1.3) Np(1 —p)f(1—f) — o0.

As a consequence, we conclude that for the Normal distribution function to approx-
imate the distribution function of X, all four quantities, namely, (i) the number
M (= Np) of ‘type A’ objects, (ii) the number of ‘type B’ objects, N — M, (iii)
the sample size n, as well as (iv) the size of the unselected objects N — n in the
population, must tend to infinity.

We next investigate the rate of Normal approximation to the distribution of
X. Note that X is the sum of a collection of n dependent Bernoulli random vari-
ables. In Section 2, we establish a Berry-Esseen Theorem on the rate of Normal
approximation to the distribution function of X solely under the necessary and
sufficient condition (1.3). It is shown that under (1.3) the rate of approximation is
O([Np(1—p)f(1— f)]7'/2). It is also shown in Section 2 that this rate is optimal in
the sense that the (Kolmogorov) distance between the cdfs of the Hypergeometric
distribution and the Normal distribution is bounded below by a constant multiple of
[Np(1 —p)f(1— f)]~Y/2. Thus, the accuracy of Normal approximation necessarily
deteriorates as the factor Np(1—p) f(1— f) becomes small. In particular, for a given
value of the population size N, the accuracy decreases as either p or f (or both) ap-
proach the boundary values 0 and 1. Note that the rate O([Np(1—p)f(1— f)]7'/?)
is equivalent to the standard rate O(n='/2) (for sums of n independent Bernoulli
random variables, say) only when p is bounded away from 0 and 1 and f bounded
away from 1. However, for p and f close to these boundary points, the rate of
approximation can be substantially slower. In such situations, the dependence of
the Bernoulli random variables associated with X has a nontrivial effect on the
accuracy of the Normal approximation.

The rest of the paper is organized as follows. We conclude Section 1 with a brief
literature review. Section 2 introduces the asymptotic framework and contains the
results on the validity of the Normal approximation and the Berry-Esseen theorem.
Proofs of all the results are given in Section 3. For results on Normal approximations
to Hypergeometric probabilities in the standard cases where the sampling fraction f
and the proportion p are bounded away from 0 and 1, see Feller (1971). For general p
and f, Nicholson (1956) derived some very precise bounds for the point probabilities
P(;n,M,N) (cf. (1.1)) using some special normalizations of the Hypergeometric
random variable X. General methods for proving the CLT for sample means under
sampling without replacement from finite populations are given by Madow (1948),
Erdos and Renyi (1959) and Hajek (1960). In relation to the earlier work, the
main contribution of our paper is to establish the theoretical validity of Normal
approximation and the Berry-Esseen Theorem under minimal conditions.

2. THEORETICAL RESULTS

Let 7 be a positive integer valued variable and for each r € N = {1,2,...}, let
X, be a random variable having the Hypergeometric distribution with parameters
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(ny, M, N,.). Thus we consider a sequence of dichotomous finite populations in-
dexed by r, with the population of objects of type A and the sampling fraction
respectively given by

(2.1) Pr = ]\]\{: and f, = ]7\1[—: forall reN.

To avoid trivialities, all through the paper, we shall assume that for all r € N,
(2.2) 1<M,<N,,1<n,<N,, and N;'=o0(1) r— oo.

Thus, p, , fr € (0,1) for all » € N. Let

(2.3) o7 = Neprae fr(1— f),

where ¢, = 1—p,.. The first result concerns the validity of the Normal approximation
to the distribution of X..

Theorem 2.1. Suppose that (Z2)) holds and that X, ~ Hyp(n,, M, N,), r € N.
Then there exists a Normal random variable W ~ N(u,0?) for some u € R and
o € (0,00) such that

X_
p(ring)_mwg@

Or

(24) A, =sup
TER

if and only if
(2.5) 0?2 — 00 as T — oo.
When (Z3) holds, one must have 1 =0 and o = 1.

—0 as r— o0

Theorem 2.1 shows that the Normal approximation to the Hypergeometric dis-
tribution holds solely under the condition that the function o2 of the parameters p,
and f, goes to infinity with r. In particular, it is not necessary to impose separate
conditions on the asymptotic behavior of the three sequences {n, },>1, {pr}r>1 and
{fr}r>1. A necessary condition for (23] is that n, — oo and (N, —n,) — oo as
r — oo. This follows by noting that 02 = n,p,.q-(1 — f.) = (Ny — n)prarfr <
min{n,., N, — n,.} for all » > 1. Thus, for the Normal approximation to hold, both
the sample size n,. and the residual sample size (N, — n,.) must become unbounded
as r — oo0. By similar arguments, it follows that for the validity of the Normal
approximation, we must also have

(2.6) min{M,, (N, — M)} — 00 as r — o0,

i.e., the number of objects of type A and type B must go to infinity with r.

Condition (23]) also allows the proportion p,. of ‘type A’ objects in the population
and the sampling fraction f, to simultaneously converge to the extreme points 0
and 1 at certain rates. If the sequence {f,},>1 is bounded away from 0 and 1 and
(2.2) holds, then the CLT of Theorem 2.1 holds if and only if (iff)

1
(2.7) N olgr Npr) as 1 — 00,
i.e., iff (26) holds. Similarly, for {p,}{,>1} bounded away from 0 and 1, the CLT
holds iff
1

(2.8) N = o(fr N1 —fr)) as r— oo.
However, when both {p,}>1; and {f,}{>1} simultaneously converge to some
limits in {0, 1}, neither ([2.7)) nor ([2Z8)) alone is enough to guarantee the CLT. For
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example if f. ~ N, and p, ~ N,~° for some 0 < a,b < 1 with a+b > 1, then (7))
and (2.8) hold, but the Normal approximation is no longer valid.

Next we obtain a refinement of (2.4 by specifying the rate of convergence of A,
to zero.

Theorem 2.2. Suppose that X, ~ Hyp(n,, M,,N;), r € N, and that (Z3]) holds.
Then there exist constants C1,Cs € (0,00) such that for all r € N with o, > 0,

p(Xe=mPr o g
( ) - 2@

Or

<&

(2.9) %o sup <
or

Or z€R
where ®(-) denotes the cdf of the standard Normal distribution.

Y

Theorem 2.2 gives a uniform Berry-Esseen theorem that shows that under (2.3)),
the rate of Normal approximation to the Hypergeometric distribution is uniformly
0] (0;1) as r — o0o. Further, the lower bound in (2Z.9]) shows that the rate O (0;1) is
optimal and cannot be improved upon. A second important aspect of Theorem 2.2
is that the bound on A, holds under the same condition (Z3]) that is both necessary
and sufficient for a Normal limit. Thus, the conditions for the Berry-Esseen theorem
is also minimal, and this cannot be improved upon either.

When both the sequences {p,},>1 and {f,},>1 are bounded away from 0 and
1, the rate of approximation in Theorem 2.2 matches the standard rate O(1/,/n,)
of Normal approximation for the sum of n, independent and identically distributed
(iild) random variables with a finite third moment. Although the Hypergeometric
random variable X,. can be written as a sum of n,. dependent Bernoulli (p,.) variables,
the lack of independence of the summands does not affect the rate of Normal
approximation as long as the sequence {p,},>1 is bounded away from 0 and 1
and {f,},>1 is bounded away from 1. On the other hand, if {p,},>1 converges
to one of the extreme values 0 and 1 or if {f,},>1 converges to 1, then o, =

o(n}«/Q) as r — 00. The lower bound in Theorem 2.2 implies that the rate of
normal approximation to the Hypergeometric distribution is indeed worse than the

standard rate O(nr_l/g) in such nonstandard cases.

3. PROOFS

We now introduce some notation and notational convention to be used in this
section. Let Z, = {0,1,...} and Z = {...,—-1,0,1,...}. Let I(:) denote the

indicator function. For z,y € R, let x A y = min{z,y}, 2 V y = max{z,y}, and let
|| denote the largest integer not exceeding z. For a € (0, 00), write ¢q(z) = L6(%)

and ®,(z) = ®(£), z € R, for the density and distribution functions of a N (0, a?)
variable. Write ¢, = ¢ and &, = ® for a = 1. Let

(3.1) Ai(z) = P (an < x> —®(z), z€R,
Or
(3.2) 6 = (10max(ay,,2))”",  r>1,

where a1, = 4{1@}%‘) and where fr = f.if f < % and ﬁ =1-f.if f. > % We
shall use C' to denote a generic positive constant that does not depend on r. Unless
otherwise stated, limits in order symbols are taken by letting r — oc.

The first result gives a basic approximation to Hypergeometric probabilities

solely under condition ([B.3]) stated below.
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Lemma 3.1. Suppose that X ~ Hyp(n; M, N) for a given set of integersn, M, N €
N such that

(3.3) 0<f<1l, 0<p<1l and 6(npAng)>1,
where f = &, p = % and g =1 —p. Then, for any given § € (0, %},

2
xk,n

(3.4) logP(k;n,M,N) = T

_ %log (2mnpq(1 — f)) + R}, (k)

for all k € {0,...,n}, where P(k;n, M,N) = P(X = k) (¢f (1)), zkn = f/%
Tk,n

and ay n, = T 0 < k < n, and where, for |ay,| < 0, the remainder term
R (k) admits the bound

) 1 1 ) 1 20
‘Rn(k‘)‘ anq(]_ — 5)(1 — f) + §|Gk7n| + A.n {Z + (1 _ 6)3 }]
f 1 2(1+90)
(3.5) + |k’ npg (Z + 1) {5 + (11— } :

The proof of Lemma 3.1 is based on a long and careful analysis of the Hyper-
geometric probabilities in (1.1) using Stirling’s approximation. For the proofs of
Lemma 3.1 and of the next two results, see Lahiri, Chatterjee and Maiti (2004).

Lemma 3.2. Let g : R — [0,00) be such that g is T on (—oo,a) and g is | on
(a,0) for some a € R. Then, for any k € N, b € R and h € (0,00),

k b+hk
(3.6) S glb+ i) < /b g(@)dz + 2hg(x0),

where g(zg) = max{g(b+ih) :i=0,1,...,k}.

Lemma 3.3. Let ¢(z) = \/%exp(—xZ/Z), x € R. Then, for any h € (0,00),
be [0,00), jO € N;

Jo b+(jo+3)h
(3.7) ‘thﬁ(b—i— ih) — / o(x)dz
i=0 b—%

b+j0h+% " ” h h
/ | (x)|dx+(4+h)sup{¢ (x):2<xb<joh+2}
b

_h
2

h2
12

Proof of Theorem 2.1. Suppose that ([23) holds. Fix e € (0,1). By Chebyshev’s
inequality, for all r € N,

(3.8) P (}7)( — Tl

oy

>2 < €2 N,
- 4 N,—-1°
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By Lemmas 3.1 and 3.3, for any r € N with f, < 1,

p <a < Xrm b b) — [®(b) — @(a)]

or

A17-(€) = sup
—2<a<b<2

>

=225 <k—nyp, <278

DS

2 2
—2<a<b<?2

C C (k—np)? [1 C
p > exp(;)exp<—T 2 o

—255 o, pr <2

IN

1 —
P(k;nrerer) - 0__¢ (w) ‘

Oy

> Lo(B) - e - e

ao,<k—n,p,.<bo,

IN

C o 1 2
+a_ﬁ [/_oo|¢ (x)|dx-|—1] +\/%Ur

e’} 2
< g{/ exp(—gc—>dyc—|-1]7
or |J oo 4

provided UQ < i. Hence, there exists an ro € N such that for all » > rg with

fr <3, Al;'(e) < £. Also by Mill’s ratio, ®(—2) +1 — ®(2) < e¢(2). Hence, using
B3) and the above inequalities, it can be shown that for all » > r¢ with f,. < %,
(3.9) A (e) <e.

Next suppose that f. > % Consider the collection of N, — n, objects that are
left after the sample of size n, has been selected from the population of size N,..
Let Y, be the number of ‘type A’ objects in this collection. Then,

(3.10) Y.~ Hyp(Ny —ny; My, N;) and  P(X, = j) = P(Y, = M, —j),
for all r € N and j € Z. Hence,

Var(Y,) =Var(X,) and P(X,<k)=PY,> M, —k).
Thus, for each x € R,

P (Xr — NyPr < x)
Or

= P(X, < |nypr+z0.])
= P(}/r > M, — I_n'r'pr + xo'rJ)
p (l/r - (Nr - nr)p'r' > M, — Lnrpr + erJ - (NT” - n?”)pr)

Or Or
= P(Y, >i,) (say),
YT‘_(NT‘_nT‘)p’V' Mr_LnTPr"rva‘J_(Nr_nr)pT . NOte that

o o

where Y, = and &, =

1 _
Iy < ; [Nrpr - (n'rpr + zo, — 1) — Nypr + nrpr] =—x+o0, !

r

and similarly, Z,, > —x. Hence, this implies,

P(Y, <i&2) < P(Y, <&) < P(Y, < —z+0,")

r

and

P(Y, < &) > P(Y, < —z) > P(Y,

IN

—z—oh).
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Now using the above identity and inequalities, we have

Ai(w) = |P(F: 2 8,) — (1 - @(—a))| = [(-a)  P(T, < 2,)
(3.11) < max|P(Y, <) - €(y)] + max| () - 2(y)]

where A = {—x — 0!, —z + 0 '}. By repeating the arguments leading to (3.9), it
follows that there exists 71 € N such that for all » > r; with (1 — f,) < %,

(3.12) sup [P(Y, < z) — ()| <e.
zeR

Hence, [24) now follows from [23), 3:9), B1I) and (1), with W ~ N(0,1). In

particular, if (2] holds, then one must have =0 and o = 1.
Conversely, suppose that (2.4) holds for some p € R and ¢ € (0,00). Then, for
any sequences {a,},>1,{b;}r>1 C R with a, < b, for all r > 1,

Xp — nypr
Oy

(3.13) ‘P(aT< Sbr)—P(ar<W§br) <2A, -0 as 7r — oo.

If possible, suppose that o, < 1 infinitely often. Then, we can pick a,,b, € [—1,1]
such that for all such r, a, — b, = 1 and L"pi;"p <ar <b, < W
Then,
X _
p(ar<r7nrpr<br> _0
oy

but
P(a, <W <b,) >inf{Pla<W <b):a,be[-1,1],b—a=1} >0,

infinitely often. This contradicts (3I3]). Hence, we may suppose that o, > 1 for

1 2
(D7) ;nrprJr 3 and b’r — (D7) ;nrpr+ 3 .
r r

all but finitely many r’s. Now define a, =
Since P(X, € {0,1,...,n,}) =1,

XT_ rr 1 2
P(ar<#§br) :P(I_nrprj+§<XT§ \_nrprj‘f‘g) =0.

Or
Next using the definitions of a,, b,, and the fact that ‘e — 1 < |z| < « for all
r € R’ we get

2 2
<a,<b, <

o 30,

By BI3) and (B3.14), it follows that

2
min{¢,(x — p) : |z| < E}

r>1.

(3.14) -3

T

br
/ $o (v — p)dz = Pla, <W < by)

IN

Xr* rHMr
’P(a,.<#§br>—P(ar<W§br) —0 as r— .

Or

As a result, 0, — 00 as 7 — 00, and (2.5) holds. This completes the proof of the
theorem. O
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Proof of Theorem 2.2. Let r € N be an integer such that o,6, > 1. First, suppose

that f, < 4. Consider the case x < 0. For k = 0,1,...,n,, let & = T, = k;ﬂ’
and define

Ko, = suplk€Zy:3,<0}, Ky, =inf{k€Z; : 3, > —1},

Ky, = inf{ke€Zy:3,>—0,0.}and J,, = |np+zo],z €R,

where §, € (0, %] is as in (4.2). For notational simplicity, we drop the subscript r
from the indices T, Ko, K1,r, Ko and J, . Note that by definition K; — 1 <
NyPr — Op S Kla KQ -1< NyPr — 57”0'7% S KQa ‘%j,r € [71,0] for all Kl S j S KO

and Z;, € [—6,0,,—1) for all Ky < j < K;. Hence, for any x € [—d,0,,0],

JTE

. L 0@ | NS )
|A7(z)| < P(X, < Ka) + Z P(X, =j) > + Z > ®(z)
i=Ka " =Ko "
(3.15) =h,+ L (z)+ I ,(2), say.

By Chebyshev’s inequality, noting that Ky — 1 < n,p, — 6,02 < K», we have

L, = PX,<Ky-1) SP(‘X’"_”’"Z”“ > ‘K2_”rpr—l‘>
oy o,
V&T(Xr) < NTCTE (6 0_2),2
= r
(K2 —-1- nrp'r')Q N, =1 "
2
(316) < ooy

Next, consider I,.(z) for z € [~6,0,,—1). Note that for z < —1, Z== se—tbr <
z < —1. Hence J, < K; and Z;, < —1 for all j < J,. From Lemma 3.1, wr1t1ng
Ri(j) = Ry, (7), we get

(3.17) |R;(j)| < 602(1 — 6,)

+

RS 20, EHk
> > - LA,
20, + o2 4 + (1-96,)° + 20,

for all Ky < j < Ky, where A, = a1, 1+ 4(1%’},? and a1, = S, easy
J , ,

(1-6,) 1(1—=Fn)"
to verify that 4, < 2—10 and 6,4, < .59 for all r satisfying 6,0, > 1. Hence

Zor1 2
IR:(j)] < (0.2)0,2 + =L~ [— + = (0.3667) + 6TAT}
2 |o, o2
72 6
(3.18) < (0.2)0.% + —; {min{0.86, — +0.59}} .
UT

Now, from BI7), for all Ks < j < K,

(3.19) |R:(4)| < (0.2)0, 2 301,

3 1 1 ai,r
+ —(0.3667) + a1y <A4|z;,
5+ (03000 + 20| <l 1

T

Next note that for any a € (0,00), the function g(y;a) = 3 exp(—ay), y € [0, ),
is increasing on [0, 1/3/2a], and decreasing on (y/3/2a, c0). Hence, by Lemmas 3.1
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and 3.2, BI]) and BI9), with ¢ = .07, we have

Ja 7. .
@) < Y0 |2 g ay) - 2ar)
J=K> " "
1 &
< D 6(F0) [Ry()| exp(| R (5)])
" =K
(3.20) < 4;—71: Z |x”\ exp( cx ) < Ug

j=K2

Also, noting that |R:(j)] < L + [(43)z3,] A 4?’# for all K1 < j < Ky and

oy

Ky — K; < o0,, by Lemma 3.1, it follows that

ZKO Z & exp(|R:(5)])
e Jﬂ“ * r
j:Kl P(X - .7) (rb x]?” j - exp ( 2 ) |R ( )‘ \/%Ur N
5a1’r C

(3.21) < (Kog— Kj)exp(o, -

< —.
V2mo2 T oy

Thus, the bound (B20) on I, (x) holds for all € [—d,0,,0]. Next note that by
definition, #;, , < z and 7k, , < —d,0, + o, '. Hence, for z € [~4,0,,0], by
Lemma 3.3,

1 Iz Zyyrt+(20.) 7"
R S
Ir 2K Trcy,r—(20,)7 1
J 2
Hao@) =@ (304 —— )|+ 0 (#r,0 — —
T ) K )
1 m+i . p B )
< — .
< gz | [ Wy smax(6 W) o <y < 5
1 1 1
+ @ (a:—l— 20T> -¢ (a:— 20T> +<I’(—5,«0,«—|—£)
C
22) < —.
(3.22) < —

Since SUp_oo<yp< 5,0, [A7(7)| < P(X; < K2 = 1) + ®(=b,01) < 5257,

(3.23) sup |AN(z)|<C/o, for f.<1/2.
2€(—00,0]

To establish the upper bound for x > 0 and f, < %, define V, = n,, — X,., r € N.
Note that V,. has a Hypergeometric distribution with parameters n,., N, — M,., N,..
Further, [X, — n.p.|/o, = —[V, — nyq.]/o, for all r € N. Hence, the desired up-
per bound on the right tails of [X, — n,p,]/o, can be obtained by repeating the
arguments above with X, replaced by V,., and p, replaced by ¢, for any r such
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that d,0, > 1. This, together with ([3:23]) proves the upper bound in Theorem 2.2
for all r satisfying f,. < % and 4§, f, > 1. The proof of the upper bound in (2.9)
for ‘f. € [%, 1) and = € R’ follows by replacing the above arguments with X, f,
replaced by Y;., 1 — f,, respectively, and using the bound BI0) and EITI).

To establish the lower bound in (2.9), write = = (|n.p] — nypy) /0. Clearly,
liminf, o o,A, > liminf,_, . O’T‘A;k,(.’b:” = Cy, say. If Cy > 0, then A, > %
for all but finitely many 7’s, and the lower bound holds. On the other hand, if
Co = 0, then, using the fact that a;l(XT — n,p,) is a lattice random variable with
maximal span o, !, we get

liminf 0,4, > liminf 0,«|A:(x: + [QUT]_1)|
T—00 T—00

= liminf o, |A7()) + B(27) — (a} + [20,]71)| = 6(0)/2 > 0.

This completes the proof of Theorem 2.2.
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