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Abstract

In situations involving radiation exposure and acute inhalation exposure of chemicals, among
others, actual exposure to a target organ is not available. Instead, interdisciplinary teams build
complex, often differential equation—-based models relating a measure of exposure to actual
exposure at a target organ. These complex models are themselves filled with uncertainties, e.g.,
in transition rates from one site to the next, in environmental measures, etc. The uncertainties
then impact analysis of dose-response. Uncertainties can be quantified either subjectively or
empirically, but in either case, the result is that the models provide not an actual target—organ
dose, but a distribution for this dose. Although many might base analysis on a representative
value of the target—organ dose, we argue that the fact that these mechanistic models give a
distribution for target—organ dose is easily accommodated in a statistical dose-response analysis.
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1 INTRODUCTION

One aim of radiation studies is to estimate the risk that a specific dose to a target organ (e.g., the
thyroid) has on a health outcome (e.g., thyroid cancer). The difficulty with such analyses is that
for a variety of reasons, the exact dose to the target organ cannot be determined. The purpose of
this article is to suggest an alternative to the common practice of constructing a “representative
value” of a target—organ dose.

This article is structured as follows. In this section, we set the basic framework for the problem.
Section 3 describes the relationship of our approach with Berkson modeling. Section 2 briefly
describes the basic idea of a Bayesian analysis in the context. Section 4 gives details of statistical
analysis. Concluding remarks are made in Section 5.

The classical measurement error literature is only tangentially relevant to this problem. The
typical idea in this literature is that the target—organ dose is measured with error. Generally, the

error is assumed to be either additive or multiplicative, so that either

Observed target—organ dose = True target—organ dose + error (additive) ; (1)

Observed target—organ dose = True target—organ dose x error (multiplicative) . (2)

Within the constraints of such error models, a wide variety of fitting methods are available, see
Carroll, et al. (1995) for a recent review. The most popular idea is to replace the true target—organ
dose by its best estimate given the observed data, and then apply a standard analysis. Forming
a "representative value” in order to apply classical regression models is a technique known in the
measurement error model literature as regression calibration, and is a method with a long history.
The method has been suggested in the statistics literature relevant to radiation problems by Prentice
(1982), Pierce, et al. (1992) and Schafer (1992), who call it a “replacement” method because one
replaces the true target—organ dose by its best estimate. Other researchers call this method “single
imputation”.

Replacement methods are especially well-suited to linear regression, with one caveat described
below. In logistic regression, replacement methods work reasonably well as long as relative risks are
small to moderate, with a tendency to underestimate risk, sometimes severely, see equation (3.24)
of Carroll, et al. (1995). In other models, replacement methods can have drawbacks. In mixed
models, replacement methods overestimate the size of variance components (Wang, et al., 1998),
sometimes severely. In loglinear models, they tend to overestimate the intercept (Carroll, et al.,

section 3.9.3), even in simple cases, and with non-constant error structure can even lead to biased



relative risk estimates. Overestimation of the intercept is serious, because it tends to overestimate
the beneficial impact of ameliorative strategies. Thus, for example, consider a model in which one

believes that the probability of an event is related to target—organ dose by the equation
pr(event) = exp {3y + (1 (target-organ dose) } .

Even if the risk parameter 31 is accurately estimated by a replacement method, if Gy is overesti-
mated, then the total number of events reduced by a change in target—organ dose is overestimated.
Other methods of estimation are required to overcome these problems.

It is not the point of this article to argue about the best method of fitting models under highly
structured measurement error models such as (1) and (2). Our point is to highlight an emerging
class of problems where the use of replacement methods seems unduly restrictive.

In radiation dosimetry and in quantifying environmental exposure (Hoffman, et al., 1995, 1996),
the dose that a specified individual actually receives is unknown. In some instances, researchers
undertake a sophisticated uncertainty analysis combining observables, subjectively derived distri-
butions and Monte-Carlo simulation to arrive at a distribution for the true dose which reflects
the uncertainty in the problem. While the dose received by each individual is a single true but
unknown value, for each individual (and hence for each individual true but unknown dose) there is
a subjective probability distribution that quantitatively expresses the analyst’s state of knowledge
about that value. In their Figure 2, Hoffman, et al. (1995) give a particularly nice illustration of
this process. The key point here is that the outcome of the process is not the actual target—organ
dose for an individual, but the distribution of this dose. In effect, the covariate is a distribution
and not a number. To quote Hoffman, et al.,

Today, Monte—Carlo simulation is the preferred method for error propagation, particularly
for complex models whose input parameters are interdependent. Monte—Carlo simulation
. 18 usually necessary when equations used for dose reconstruction increase in complexity
beyond simple additive and multiplicative chains ... Based on the best information available,
each uncertain model component is expressed as a subjective distribution of values ... a single
value is selected at random for each and every uncertain model component to produce a single
estimate of the dose ... This process is repeated numerous times, producing a distribution of

many realizations.
Sometimes, for dose-response modeling, the results of this uncertainty analysis are summed up
into a so—called “best estimate” or ”best guess” (Hoffman, et al., 1995, pages 110-111) for the

target—organ dose (for example, the median of the distribution), which is then used in a classical



regression analysis. We prefer the term “representative value”, which we use throughout. One can
argue that the median of the distribution leads to biases in a replacement analysis, and that the
mean is theoretically preferable, although in practice the mean may be very much more variable
than the median. We argue below that the distribution itself can be used to form a better estimate
of dose-response than is obtainable from any single ”best guess”.

A similar issue arises in risk assessment for the acute inhalation of chemicals. Simpson, et al.
(1996) and Guth, et al. (1997) describe the problem of relating acute inhalation exposure to PERC
(tetrachoroethylene) to adverse outcomes. The data are a compilation of various studies in which
the animals are exposed in a chamber to a known amount of PERC for a known duration. The
analyses done to date model adverse outcome as a response predicted as a linear function of log-dose
and log-duration. Such modeling is useful, but there is considerable interest in relating exposure to
specific adverse outcomes, e.g., problems with lung functioning. In such a case, it makes sense to
relate adverse outcome for a target—organ to exposure at that target—organ. To do this, we require
a means of converting a given amount of PERC in the chamber for a given duration to animals
of given sex, age and weight to actual target—organ dose. One potentially important way of doing
this is through the use of physiologically-based pharmacokinetic (PBPK) modeling. Any PBPK
model is a complex mechanistic compartment model which involves many layers of uncertainly, not
least of which is in the transition probabilities from compartment to compartment. An excellent
statistical description of PBPK modeling for PERC is given by Gelman, et al. (1997). Recognizing
the impossibility of setting a fixed target—organ dose in the light of all the sources of uncertainty,
Gelman, et al. use Bayesian techniques and subjective information to arrive at a distribution for
the target—organ dose. While this distribution can be summed up into a ”best guess” for target—
organ dose, again we will argue that there is an alternative analysis which directly incorporates the
uncertainty in target—organ dose into the dose-response model.

Both examples illustrate cases where the target—organ dose cannot be summarized from data

as a number, but instead as a distribution. The situation can be described formally as follows.

e There is a response Y, a true but unknown target—organ dose X, and additional variables
(called covariates here) Z such as gender, age, etc. In the PERC example, concentration and

duration of exposure would be included in the covariates.

e Interest lies in establishing a dose-response relationship between the response and target—
organ dose, which is summarized via a statistical model with probability mass or density

function f(y|z, z,3). For example, 5 might be the coefficients in a logistic regression model.



e Target—organ dose cannot be observed, but information about its distribution conditional on
the covariates can be obtained via simulation, subjective analysis, etc. In what follows, we
denote the probability mass or density function of this distribution by f(z|z). We call this
the distribution of the target—organ dose, or DTOD for short.

If the DTOD were known in analytical form (but not the actual doses, only their distribution), then
a simple analysis can be performed. This is discussed in Section 4, where the essential statistical

likelihood functions are summarized in equations (7) and (8).

2 BAYESIAN ANALYSIS OF RISK WHEN THE DISTRIBU-
TION OF TARGET-ORGAN DOSE HAS NO KNOWN FUNC-
TIONAL FORM

In practice, of course, it is more likely that the DTOD will not be known in analytical form. In the
Bayesian framework, we discuss a likely scenario which leads to a simple albeit computationally
complex analysis. More formally, we assume that one can sample from the distribution of an
individual target—organ dose given a set of covariates. Building models for which this distribution
is either known analytically or can be sampled from is a nontrivial exercise in practice, but it can
be done and it is facilitated by the fact that the necessary distribution involves only target—organ
dose and the covariates but not the response. Gelman, et al. (1997) describe a substantial formal
Bayesian analysis of PERC to which these ideas are immediately applicable. Somewhat less directly
Bayesian is a hypothetical case described by Hoffman, et al. (1995). While theirs is not a formal
Bayesian analysis, it is very close to being one, relying as it does on subjective decisions and outside
data.

In this instance, one can draw from a computer Monte-Carlo samples from the (subjective)
distribution of each individual’s target—organ dose given only the covariates. This is for example
what is envisaged by Hoffman, et al., i.e., for each individual one can generate as many observations
as one wishes from the (subjective) distribution of exposures. It is important here to note that the
DTOD itself need not be known analytically in a functional form, but only that one can sample
from it. This is a nontrivial consideration, because in many examples the underlying mechanistic
model will be so complex that to specify the DTOD itself in a functional form is impossible.

Bayesian analysis under this first scenario is simple in principle, based on combining Gibbs
sampling with the Metropolis—hastings algorithm. The basic idea is to use the computer to re-

peatedly sample both § the true target—organ dose’s of all individuals. One can think of this as



first “filling—in” the true target—organ dose’s via Monte—Carlo simulation, then using a standard
analysis to estimate (, then again fill-in the true target—organ dose’s, then get a new estimate of
0, etc. At the end, the mean of all the sampled 3’s is an estimate of the posterior mean of § given
all the observed data. The key point here though is how one performs the “filling—in” step. One
might think that this is just using the DTOD, but this is not quite the case. The details of such

an implementation are given in section 4.3.

3 RELATIONSHIP WITH THE BERKSON MODEL

Except for the fact the the DTOD is derived from a weight—of-evidence approach, the problem
as we have described it is essentially a Berkson—type model. It is not a Berkson model in the
usual sense of a mechanism which is set to a nominal value with the true value varying around
this nominal value, but in a strictly mathematical sense it can be written in such a way as to
correspond to the usual Berkson mathematics. The true target—organ dose is X, and let the mean

of the DTOD be W, the “representative value”. Then, by definition,
X = W + Berkson error. (3)

The distribution of the Berkson error is just the DTOD centered to have mean zero.

Thus, while formally the problem we have described is of Berkson—type, there is one important
difference with the usual Berkson literature. The difference is that the Berkson literature usually
assumes that the DTOD is known analytically (even more usually that it is a normal distribution),
while we recognize that the DTOD is unknown, and one can at best only sample from it using

Monte—Carlo.

4 DETAILS OF STATISTICAL ANALYSIS

4.1 The Basic Statistical Approach

In this subsection, our goal is to describe the mathematical formulation of the problem. We
emphasize that through equation (8), we are pretending that the DTOD is known analytically.
After that, and specifically in subsection 4.2, we discuss an approach that takes into account the
fact the this distribution is not known analytically.

Let us recall the basic statistical setup, which consists of the following components.

e A dose-response model, relating an individual’s health response Y to the target—organ dose

X as well as other predictors Z. Generally these models have a parameter, 3, and can be



summarized in the form of a probability density or mass function f(y|z, z, 3).

e A distribution of target—organ doses, which we call the DTOD. In this section, we assume
that (given the covariates) the distributions of the target—organ doses are independent across

individuals. Exceptions to this are described in section 4.4.

Since the true target—organ doses are unknown, the question is how to use the DTOD to estimate
the dose—response model.

An example might help to understand what is going on. Suppose that X merely represents
whether a person gets a positive dose (X = 1) or not (X = 0). If a person gets a positive dose, no
matter what their covariates are, the probability of an adverse outcome is p 4| x, while those with
no dose have an adverse outcome probability of p4yg. If X were known, the dose-response model
(namely the parameters p Alex and pa N £) would be estimated as the fraction with adverse health
outcomes among those with and without positive doses, respectively.

Here is where the DTOD comes into play. In our framework, every person has a unique set
of covariates Z. For each person, this subjective probability of a positive dose is ppx|z, i.e.,
pr(X =1|2) = PEX|Z-

We now seek to link the dose-response model to the DTOD. The only data we actually have is
the response Y and the covariates Z, and thus we can only compute the probability of an adverse
health outcome for each individual given that individual’s covariates. Specifically, by elementary

probability,

pr(Y =1|Z) = pr(adverse response given covariates )

= pr(Y=1,X=02)+pr(Y =1,X =1|2)

(
(

= pr(Y =1X=0,2)pr(X =0/2)+pr(Y =1|X =1, 2)pr(X =1|2)
(

= pr(Y =1|X =0,2)(1 - ppxz) +pr(Y = X =1, Z)pgx|z

= pane(l —pex|z) + PAEXPEX|Z- (4)

If the (subjective) probability of exposure ppg x|z were known, it is generally a simple matter to use
the observed data to obtain the dose-response function.

For example, suppose that Z itself takes on only two values, say male and female. Then in a
sample, the observed data of Y’s and Z’s for a 2 x 2 contingency table, as illustrated in Table 1.
In this table, a sample of size n is split up into four cell counts, ngg, n19, 01,711 corresponding

to the possibilities (non—adverse outcome, male), (adverse outcome, male), (non-adverse outcome,



Not Adverse (Y =0) | Adverse Y =1
Male, Z =0 100 n10
Female, 7 =1 no1 n11

Table 1: A hypothetical 2 x 2 table for adverse outcomes and gender in a sample of size n, when
exposure status is unknown.

female), (adverse outcome, female), respectively. The estimate of the probability of an adverse
outcome for males is nio/(n10 + ngp) and the estimate for females is 111 /(n11 + np1). We can then

estimate the dose—response probabilities by solving the equations

n1o/(n10 +noo) = paNe(l = PEX|mate) + PAEXPEX|male (5)

ni1/(ni1 +no1) = PA|NE(1 - PEX|female) + PAIEXPEX|female- (6)

Any statistical analysis is basically a generalization of this idea. One uses the observed data
(health outcomes and covariates) to construct an estimate of the dose-response function, even
though individual doses are not available.

Here is how the mathematics work. The dose-response probability density or mass function is

f(yl|x, z, 3), while the DTOD is f(x|z). In our simple example, we have the identifications

B = (pA\NEapA\EX)§
pane = fladverse,i.e.,y = 1|not exposed,i.e.,z = 0);
papx = fl(adverse,i.e.,y = 1lexposed,i.c.,x = 1);
PEX|male = flexposed,i.e.,x = 1|male,i.e.,z = 0);
PEX|fematle = [f(exposed,i.e.,x = 1[female,i.c.,z = 1).

If X is a discrete random variable, then the probability distribution or mass function for adverse
outcomes in the presence of covariates is
fylz, B) = > fylz, z,8)f(z]2). (7)
possible values of x
With a little checking of algebra, one can see that (4) is a special case of (7).
If X is a continuous random variable, then the probability density function for adverse outcomes

in the presence of covariates is
£l 8) = [ Sl 0)f(al2)de, Q
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This discussion has proceeded as if the DTOD were known analytically. However, in the context
of Hoffman, et al., this is not the case, and instead the best that one can do is to simulate observa-
tions from the DTOD. The question is how to use simulated observations to obtain dose-response
estimates. There are a wide variety of possibilities, depending on the problem and whether one
wants to use a Bayesian or a frequentist approach. However, it is important to see that at least
in principle, one can do enough simulation to eliminate any Monte—Carlo effect from the analysis.
Consider our simple example of a binary response (adverse or not), binary dose level (exposed or
not), and binary covariate (male or female). In order to do the analysis (5)—(6), we have assumed
that we knew the probability of dose level for males and females. In the Monte—Carlo context, these
probabilities are not known, but we can simulate them. Thus, we could for example, simulate dose
levels many thousands of times for males, and the fraction of the times that the simulated values
indicate a non—zero dose would be an essentially error—free estimate of the probability of non—zero
dose for males. A similar calculation can be done for females. Thus, brute—force simulation at the
order of many thousands of times can, at least in principle, allow us to compute quantities such as
(7) and (8) essentially exactly.

Once one realizes that brute—force simulation can allow one to compute the essential quantities
(7) and (8), it then becomes a matter of how to do this efficiently. From the frequentist point of
view, the maximum likelihood estimate can be computed via a Monte-Carlo EM algorithm. This

is closely related to the Bayesian analysis described below.

4.2 Gibbs Sampling

The Bayesian approach to statistics treats all parameters as random variables, with the randomness
of a parameter representing uncertainty about its value. In this section, we give a quick introduction
to the Bayesian paradigm. The reader is referred to Berger (1985) for a thorough introduction.

Bayesian analysis of parametric models requires specifying a likelihood that is then interpreted
as the conditional density of the data given the parameters. It also requires a prior distribution
for the parameters, representing knowledge about the parameters prior to data collection. The
product of the prior and likelihood is the joint density of the data and the parameters. Often, one
uses non-informative priors, meaning that the prior tells us extremely little about the parameters,
relative to what is learned from the sample. However, if there is substantial prior knowledge about
some parameters, then using informative priors for them leads to a more effective analysis.

Given the joint density of the data and parameters, one can integrate out the parameters to get

the marginal density of the data. One can then divide the joint density by this marginal density



to get the posterior density, i.e., the conditional density of the parameters given the data. The
posterior summarizes all of the information about the values of the parameters and is the basis for
all Bayesian inference. For example, the mean, median, or mode of the posterior density are all
suitable point estimators. A region with probability (1 —«) under the posterior is called a “credible
set”, and is a Bayesian analog to a confidence region.

Computing the posterior distribution is often a non-trivial problem, because it usually requires
high-dimensional numerical integration. This computational problem is the subject of much recent
research, with many major advances. The method currently receiving the most attention in the
literature is the Gibbs sampler, good introductions to which are given by Smith & Gelfand (1992)
and Casella & George (1992).

The Gibbs sampler generates a Markov chain whose stationary distribution is the posterior
distribution. The key feature of the Gibbs sampler is that this chain can be simulated using only
the joint density of the parameters and the data, e.g., the product of the likelihood and the prior,
and not the unknown posterior density. If the chain is run long enough, then the observations in
a sample from the chain are approximately identically distributed with common distribution equal
to the posterior. Thus posterior moments, the posterior density, and other posterior quantities can
be estimated from a sample from the chain.

The Gibbs sampler is most easily understood when there is no uncertainty about the doses,
and when there are no covariates. Consider a sample of size n independent individuals with known
doses X1, ..., X,, and responses Y7, ..., Y,,. The responses and the doses are related through a model,
which has probability density or mass function f(y|z, ), In this case the likelihood is

=1

Let (3?, 5{) refer to the ensemble of complete data. If 7(/3) denotes a prior distribution for 3, then
the density of (Y, ) given X is

n

=(8) [ [ f(vil X3, ).

i=1
The posterior distribution of § is then
J () Iz f(Yil Xi, v)do

The practical problem is that the denominator of (9) may be very difficult to compute. Numerical

m(8]Y,X) =

integration typically fails to provide an adequate approximation even when there are as few as three

or four components to (.



The Gibbs sampler is one solution to the dilemma, although other methods are possible. The
Gibbs sampler is an iterative, Monte-Carlo method consisting of two main steps:

e Form a sequence of computer-generated observations 31, (o, ... from the posterior distribu-
tion of 7(8]Y,X);

e Quantities such as the posterior mean are estimated by the sample mean of 31, s, ..., while
kernel density estimates are used to approximate the entire posterior density or the marginal
posterior density of a single parameter or subset of parameters.

Generating pseudo random observations is the first step of the Gibbs sampler, and is often done
using the Metropolis-Hastings algorithm, see Smith & Gelfand (1992), and the details listed below.

The mechanics of stopping the Gibbs sampler, and whether one should use one long sequence
as described here or a number of shorter sequences, are currently a matter of controversy and is
not discussed here.

In practice, the doses X are not known exactly. The usual device is to treat the unobserved
X'’s as unobserved random effects (parameters), and at each stage of the Gibbs sampler to generate

new versions of these doses. We describe this more explicitly below.

4.3 Gibbs Sampling When There Are No Parameters In The Distribution Of
Target—Organ Dose, and Observations are Independent
If the target—organ dose (X) were known exactly, then the model relating the response (Y') to dose
and covariates (Z) has a probability density function f(y|z,z,3). The distribution of the target—
organ dose given the covariates is denoted by f(z|z). In this section, we assume that there are
no parameters in this latter distribution, and that one can use a computer to draw Monte—Carlo
samples from it. For the sake of simplicity, we will assume that the study consists of n independent
individuals. Handling more complex situations is difficult in practice but mathematically requires
only more complex notation, which we outline below.
Bayesian analysis requires that we have a prior distribution for 3, and we will let 7(3) be the
prior density or mass function for 5. Then the likelihood for a sample of size n is
n n
{w(ﬁ) [T r(vilx, Zi,ﬁ)} [1r(xilzy). (10)
i=1 i=1

The Gibbs sampling algorithm in this context works in a series of steps, as follows.

1. Construct a series of starting target-organ doses, X o, ..., X;, o. For example, in the Hoffman,

et al. context, these might be the means from simulations of target—organ doses.
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2. Construct a starting value 3,, which would typically be a standard regression pretending that

the starting target—organ doses are exact.

3. Given the target—organ doses, and the current value f3,, generate a new value of 3. Record
the new value and then replace the old 3, by the new value. This step is typically specific to
the problem, but it has a useful property. Specifically, given the current target—organ doses,
updating ( is a standard exercise in Bayesian Gibbs sampling using only the terms inside the
curly brackets in (10) and is not repeated here. Basically one can use algorithms from the

literature for logistic regression, parametric survival analysis, etc.

4. Now one must update the target—organ doses, starting from the new value 3, generated in
the step 3 and from the current values of the target-organ doses, namely X ,,..., X, ,. We
describe here how to update the target—organ doses themselves, using the Metropolis—Hastings

algorithm. The steps are as follows.

e First, remember that as in Hoffman, et al., one is able to draw samples of observations
of target—organ doses given only the covariates, i.e., from f(x|z). Do this, calling them

"candidate” target-organ doses, X1 ¢, ..., Xy c.

e The new target—organ doses will either be the candidates or the current values X o, ..., X;, 5.

To decide which one, for each of i = 1,...,n, define
o = min{1, f(Yi|Xic, Zi, Bo) ) [ (Yil Xio, Zis B0) }-

e Then with probability «;, once accepts the candidate and changes from X;, to X;;

otherwise, the current value of the target—organ dose remains unchanged.

Relabel the new values as X 4, ..., X5, 0.

)

5. Repeat the steps 3 and 4 a large number of times to obtain the posterior distribution of 3.

4.4 Gibbs Sampling When There Are No Parameters In The Distribution Of
Target—Organ Dose, and Observations are Not Independent
In section 4.3, we assumed for simplicity that one could treat all individuals in the study as
independent. In practice though, this might not be the case.
For example, the population may be stratified by a variable which either may itself have un-
certainty in it, or the effect of which might be uncertain. For instance, consider a study made up

of individuals who work in mines. The levels of radiation in a mine are a source of uncertainty in
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dose which would be correlated for all individuals who work in the mine. The uncertainty analysis
might then contain a component for the mine, as well as components for individuals within a mine.

In our notation, it is fairly easy to handle correlations in uncertainties caused by stratification,
at least mathematically. The unit of analysis is the stratification variable (the mine), and what
we have called Y, X and Z become the ensemble of responses, target—organ doses and covariates
for all the individuals within the mine. Not a thing changes mathematically in this framework.
In other words, once the hard work of uncertainty analysis is done, the Bayesian analysis is itself

mathematically straightforward.

5 DISCUSSION

The main points of this article have been the following.

1. In estimating dose-response, there is an emerging class of problems where the information

about the target—organ dose is in the form of a distribution, often subjectively derived.

2. These problems are formally (mathematically) in the framework of the Berkson error model,

with the important exception that the distribution of target—organ dose is unknown.
3. One can drawn samples (via computer) from the distribution of target—organ dose.

4. Tt is relatively straightforward conceptually to go from being able to draw samples from
the distribution of target—organ dose to a dose-response analysis, using either Bayesian or
frequentist techniques. One need not be forced to restrict analysis of dose-response to a

“representative value” of dose.
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