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We consider generalized linear mixed models (GLMMs) for clustered data when one of the predictors is measured with error.
When the measurement error is additive and normally distributed and the error-prone predictor is itself normally distributed, we
show that the cohserved data also follow a GLMM but with a different fixed effects structure from the original model, a different
and moare complex random effects structure, and restrictions on the parameters. This characterization enables us to compute the
biases that result in common GLMMs when one ignores measurement error. For instance, in one common situation the biases in
parameter estimates become larger as the number of observations within a cluster increases, both for regression coefficients and
for varlance components. Parameter estimation is described using the SIMEX method, a relatively new functional method that
makes no assumptions about the structure of the unobservahle predictors. Simulations and an example illustrate the results.
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1. INTRODUCTION

Correlated data are frequently observed in various stud-
ies, such as longitudinal studies, clinical trials, and fa-
milial studies. Generalized linear mixed models (GLMMs)
have become increasingly popular for analyzing such cor-
related and overdispersed data (see Breslow and Clayton
1993 for examples). A potential difficulty in making in-
ference in GLMMs is that a full-likelihood analysis is
burdened by often intractable numerical integration (al-
though see McCulloch 1997 for Monte Carlo computa-
tion). Hence various approximate and Bayesian inference
procedures have been proposed. The approximations in-
clude Laplace’s approximations (Breslow and Lin 1995; Liu
and Pierce 1993), penalized quasi-likelihood (PQL) (Bres-
low and Clayton 1993; Schall 1991), and corrected pe-
nalized quasi-likelihood (CPQL) (Lin and Breslow 1996).
The Bayesian procedures include EM-type algorithms (Sti-
ratelli, Laird, and Ware 1984) and the Gibbs sampler (Zeger
and Karim 1991).

A commaon. problem for analyzing correlated data is the
presence of covariate measurement error. For example, it
has been well documented in the literature that covariates
such as blood pressure {Carroll, Ruppert, and Stefanski
1995), urinary sodium chloride (USC) level (Wang, Car-
roll, and Liang 1996}, and exposure to pollutants (Tosteson,
Stefanski, and Schafer 1989) are often subject to measure-
ment error. In a longitudinal hypertension study, a patient’s
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hypertension status may vary from one hospital visit to an-
other due to different average USC levels prior to the hospi-
tal visit. A child’s respiratory status may change from tume
to time depending on different amounts of pollutants {e.g.,
NO. or ozone) to which the child is exposed at different
times. In the Framingham Heart Study data that we examine
in Section 8, a binary outcame for the presence or absence
of left ventricular hypertrophy (LVH) was observed every
2 years in an 8-year period for 75 coronary heart disease
patients. The primary interest was to study the association
between the risk of LVH and the time-varying covariate
systolic blood pressure {(SBP), after adjusting for other co-
variates including baseline age, smoking status, body mass
index, and exam number {I-4). Because it 15 appropriate
to assume biologically that the risk of LVH depends on
the average SBP prior to the exam rather than on the SBP
measured at the exam, one needs to model the measurement
error in SBP while accounting for correlation among mul-
tiple observations measured repeatedly over time for each
patient.

The problem of measurement error with independent ob-
servations has a vast literature in linear models (Fuller
1987) and a growing literature in generalized linear models
and other nonlinear models (Carroll et al. 1993). Generally,
the literature distinguishes between functional modeling, in
which nothing is assumed about the uncbserved predictors,
and structural modeling, in which specific assumptions are
made about the distributional structure of these unobserved
predictors. The effects of measurement error on the analy-
sis of clustered data and ways to correct for these effects
are not well understood, however.

In this article, we propose a new class of models, general-
ized linear mixed measurement error models (GLMMeMs),
which model the correlation and the measurement error si-
multaneously (Sec. 2). We explore GLMMeMs from two
directions: bias analysis and functional inference using the
SIMEX method {Cook and Stefanski 1994). To illustrate
the fundamental impact of measurement error and our pri-
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mary findings, we concentrate on a simple but represen-
tative GLMMeM in our bias calculations (see Sec. 2.2);
however, the proposed SIMEX method is applicable to the
general GLMMeMs. In Sections 3 and 4 we study the bias
in parameter estimation when the measurement error is not
properly taken into account. The work here is facilitated by
our showing that a GLMMeM can be viewed as a GLMM,
with the same link function but with different fixed-effects
and random-effects structures. This characterization enables
us to compute the biases in parameter estimates resulting
from ignoring measurement error. The bias analysis results
are illustrated using several common GLMMs, including
linear, logistic, and Poisson mixed models. The directions of
the biases are complex and sometimes counterintuitive. For
example, we show that in a particular but common setup,
the biases in parameter estimates increase with the cluster
size.

The description of the GLMMeM brings out the fact that
likelihood estimation in this context requires the specifi-
cation of a cluster-specific joint distribution for the unob-
served covariates. Just as in the ordinary generalized linear
model {GLM}, concerns about robustness to distributional
assumptions arise, but in GLMMeMs there are additional
robusiness concerns with respect to the covariance struc-
ture of the unobservables. In Section 5 in a special case
we compute the biases resulting from a maximum likeli-
hood analysis that accounts for measurement error but in-
correctly specifies the within-cluster covariance structure of
the unchservable.

In Section 6 we pursue functional estimation of regres-
sion coefficients and variance components and investigate
the SIMEX pracedure of Cook and Stefanski (1994). We
also point out that the naive regression calibration approach
often yields inconsistent estimates of certain parameters in
GLMMeMs. We provide numerical results of a simulation
and an example in Sections 7 and 8, and concluding remarks
in Section 9.

2. THE GENERALIZED LINEAR MIXED
MEASUREMENT ERROR MODEL

2.1 The General Model

Suppose that the data are obtained from m independent
clusters with outcome variable ¥;, unobserved true covari-
ate X,;(p; x 1), observed X;;-related covariate W;, and
other observed covariates Z;(py; x 1} and Aj;(g x 1),
where i = 1,...,m identifies the cluster; § = 1,...,n, iden-
tifies subjects within clusters; and (X,;,Z;;) and Ay; are
associated with the fixed effects and random effects. That
15, we consider the situations where the error-prone covari-
ates X,; are associated with fixed coefficients. Given the
covariates X,;,Z;;, A;; and an unobserved ¢ x 1 random-
effects vectar b;, the abservations ¥j; in the ith cluster are
assumed to be independent with means ;sf'jm and variances
qﬁmalv(gf;‘x), where ¢ is a scale parameter, «,; is a prior
weight {e.g., binomial denominator), and »(-) is a variance
function. The GLMM of Y given X and Z 1s constructed
by assuming that the conditional mean ;L'sz is related to
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X5, 24y, and A,;j through a GLM,
g(ni-’;,x) Bo+XLB, +ZLB. + AL, (1)

where ¢{-) is 2 monctonic differentiable link function, the
random effects b; are independent of the covariates and are
independent N(0, D(8)), and 6 is an I x 1 vector of variance
components. Model (1) allows flexible correlation structures
by assuming appropriate design matrix A;; and covariance
matrix D of the random effects b;.

Deﬁne Y,', = (YE]_, PR Eni)T‘ X.;’ = (Xﬂ, - ,Xiﬂ‘:)T,
and Z; and W, similarly. The integrated quasi-likelihood
of Y, given (X, Z;) in the sth cluster is

L{YlX:,Z;;,8) o D[/

x/exp Zsﬁmﬂxﬁ,zﬁ,bﬁ)—%b}"D—lbi db;,
i=1

()

l|
where {;;(Y;;(Xy;, Zi;, by) fv " kg (Y —u)/{do(u) } du
denates the conditional log quasi- llkehhood of Yy; given
(Xsj, 4i;, b;) (see Breslow and Clayton 1993, eq. 2).
The model is completed by adding the measurement error
structure. The most convenient structure is additive error,
sO that

Ws’.j = Xij + Uij: (3)

where the Uj; are independent of the X;; and are inde-
pendent N{0, £,,..}. When W and X are scalar, we write
the measurement variance X, simply as ¢2. Model (3) is
essential to our analytical closed-form bias calculations in
Sections 3-5 but not for numerical bias calculations, estj-
mation, and inference. Neither the independence of the Uy;
nor the additivity is required (see Sec. A.5 in the Appendix).
The joint integrated quasi-likelibood in the ¢th cluster is

Li(Y:, Wi[Zy)
- / Li(Y| Ko, Z0) LW, | X, Ze) Li(X | Z) dXs, (4)

where L;(X;[Z,;) is the likelihood function of X; (so far un-
specified) and L,(W,|X;, Z;) is the error distribution, which
is often assumed to be independent of Z; as in (3). The de-
pendence of the quasi-likelihcod on the within-cluster con-
ditional distribution of the unobserved X's leads to issues
of mode] robustness.

A special case is instructive. Suppose that X,; is scalar
and that X, = 1,y + Z;n, + ey, where 1; is an n; x 1
vector of 1s and e,; given Z; is normally distributed with
mean O and covariance matrix X.,;. Denote an n; x ny
identity matrix by I; and the reliability matrix by A, =
Srri{Bga + cov(U;) 7L Note that 3,,; and A; depend
on i through their dimensions n,, but the set of unknown
parameters in ¥,.; and A, does not depend on 7. We can
Wri[e Xz'. = (I‘L — Ag)(li'fm + Ziﬂz) ~+ Ain —+ b:, WthC
the sum of the first two terms corresponds to E(X;[W,,Z;)
and b: = X_i — E(X”Wi, Z‘e,) = (I,‘_ — Ag’)e‘mj — AiUi, iS
N{0O, (I; — A:)E,.:} and is independent of b; and W;. The
independence between b and W; can be easily checked by
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showing cov{b?, W,) = (1. The expression of X, indicates
that the jth component of X, can be written as, say,

Xy = oo + 0L 2] a5+ Wlean,; +CIb;. (9)
Because b} = X; — E(X;|W,,Z;) and Y; is independent
of W, given X,,(Y;(W;,Z;, b} b;) has the same distri-
bution as (Y;|X,;,Z;, b;) and follows the same conditional
generalized linear model {1), except that X, is replaced by
(5). In other words, the observed data (Y,;|W;, Z,) follow
a GLMM as follows:

(2% ) = (fo + ar0;B) + W 0ty B
+ (nfzgazjﬁz + Zgﬂz) + (Aabn + Cgﬁmb:)u (6)

where bY = {bT b;’T} denotes a vector of the new random
effects.

Equation (6) shows that ignoring the measurement er-
ror may result in misspecifying both the fixed-effects and
random-effects structures. The cluster size n;, which is im-
plicit in the reliability matrix A;, also plays an important
role in the asymptotic bias in maximum likelihood estimator
(MLE) under a misspecified model as m — oo. A general
approach for bias analysis is to maximize the probability
limit of the log quasi-likelihood of the misspecified model,
which is equal to its expectation, when model (6) is true.
Calculations of this expectation often involve numerical in-
tegration. Appendix Section A.5 gives a brief discussion on
numerical integration techniques using Gaussian—Hermite
quadrature. When the misspecified model and the observed
data (Y;|W, Z;) models follow the same type of GLMMs,
bias calculations can be greatly simplified by using the cor-
respondence of their mean madels (see Sec. 3). The forego-
ing general bias calculation strategy applies to an arbitrary
GLMMeM. A more complicated GLMMeM structure re-
quires no extra procedures than the ones used for a simple
structure, except that the results will be more complicated.
We hence consider simple GLMMeMs in our bias analysis
to show the fundamental impact of measurement error and
our primary findings, and to demonstrate the basic tech-
niques used in bias calculations.

2.2 Specific Models Considered in Bias Analysis

In the bias analyses in Sections 3—5, for simplicity we

assume that n; = n, the X;; are scalar, and simple ran-
dom intercept GLMM g(uli ) = fo + BeXi; + b, where
the &; are independent N(0, #). We distinguish between two
cases depending on the likelihood structure L;(X;) of X,
The homogeneous case occurs when the X;; are marginally
independent and have the same distribution irrespective of
the cluster, so that

Xs'.j =ty + €y, (7

where the e;; are independent N(0, a2). In the heteroge-
neous case, conditional on a cluster random effect a,, the
distributions of the X;; differ from cluster to cluster. In the
version that we study here theoretically, we assume that the
conditional cluster means differ, so

Xij = php + 05 + €55, {8)

where the a,, independent of the model random effect &,,
are independent N(0, o3 ).

Although the two models that we consider here have
simple structures, the bias calculation techniques used in
Sections 3-5 are applicable to more complicated cases.
Specifically, as indicated in Section 2.1, we can accom-
modate the covariates measured without ecror Z; by treat-
ing Z; as fixed and further allow for multivariate X;; and
a more complicated structure of the random effects b;.
For example, te accommodate multivariate X,;, we can
define XT = (X7 ..., X7, define W, analogously, and
modify (6).

To appreciate the practical differences between the homo-
geneous and heterogeneous models, we consider an ozoene
exposure example. When the subjects are from the same
site, ane distribution can be used to describe the behavior
of the short-term average ozone exposures for all subjects,
and the homogeneous model is appropriate. In this case the
variations in ozone exposure may be mainly seasonal. On
the other hand, if these subjects are from different neighbor-
hoods, then the heterogeneous model, which accommodates
cross-cluster variation, should be used. Clearly, a homoge-
neous model is a special case of the heterogeneous model
(¢2, = 0), and this seems to indicate that one should con-
sider only the heterogeneous model. However, assuming a
heterogeneous model while the homogeneous model holds
results in estimators with unnecessarily large variance.

The next three sections are devoted to studying the
asymptotic biases in regression coefficients and variance
component estimators under three misspecified models. To
facilitate the bias analysis, it is helpful to rewrite (6) in the
special cases under consideration. The calculations cutlined
in Appendix Section A.1 show that the observed data under
the heterogeneous GLMMeM satisfy

Q(ﬂ?},w) = By + BeWis + ByWo + b + b, 9
where
By = o+ (1= NS,
By = A3z,
= (1= X1 = X)Ba,
A= (0% +a5) /(0% + o] +nal,),

d=az /ol + o),

[

T. —1

Wi. =N E W%‘j,
=1

and

Bi = (b;, ;rh RN b:,I:n)T
The random effects b; and bf; are independent of Wy,
and are mutually independent and distributed as N(Q, &')
and N(0, ), where & = 8 + (1 — X){(1 — \)f2q%/n and
4 = holf3:. The exact expressions of & and b are given
in Appendix Section A.l.
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3. BIAS IN THE NAIVE ESTIMATOR UNDER THE
HOMOGENECUS MQDEL

In this section we study the asymptotic biases in naive es-
timators of regression coefficients and variance component
when the homogeneous model (7} holds. The naive estima-
tor 15 defined as the estimator under the mode] that ignores
the measurement error,

9(uls ) = Bo + BuWij + by (10)
From (9), the homogeneous model has A = 1,85 = 0, and
# = ¢ and thus can be written as
g ) = Bo + B Wi +b; + b, (11)
where the §; are independent N(0, §} and the b;; are inde-
pendent N{O, ).

Because conditional on the b; and the W,;, the model
for the ohserved data (11} corresponds to an overdispersed
GLM, the bias analysis of the naive estimators can proceed
by comparing the conditional mean E(Y;;|W;,;, ;) and the
conditional variance var(Y;;(W;,b;) under the naive model
(10} with those under the homogeneous model (11). Note
that this conditional mean and variance under the homoge-
neous model can be easily obtained by integrating out b
from (11).

Althcugh the naive model correctly assumes that the Y,
are independent conditional on Wy; and b;, it may misspec-
ify both the mean and variance conditional on W;; and &;.
When there is a correspondence between E(Y;;|W;;, b;) and
var(¥;;|Wi;, b:) under these two moadels, they follow the
same type of GEMM, and hence the asymptotic biases in
regression coefficients and the variance component can be
easily derived. Otherwise, the calculations are often dif-
ficult, and closed-form expressions for the biases are not
always available,

3.1 The Linear Mixed Model for Gaussian Data

It can be easily shown that in the linear mixed model,
the observed data also follow a linear random intercept
model, with the terms bg} in {11) absorbed into the within-
cluster variance in the responses. The naive estimators
hence asymptotically converge t0 fgnaive = o + (1 —
AV iz Bz Be maive = Mz, and 8yaive = 8. Thus the naive esti-
mators of the regression coefficients are asymptotically bi-
ased in a usual way, but the naive estimator of the variance
component is asymptotically unbiased.

3.2 The Probit, Logistic, and Lag-linear Mixed Madels
for Binary Data

When Y, given X, follows a probit random intercept
maodel, so too do the observed data Y, given W,. Let
7 = (1+9)Y% = (1 4+ o2 A2)1/2; the derivations outlined
in Appendix Section A.2 show that £y ngive = {fo + (1 —
’\)P'a:ﬁx}z'ra ﬁz,naiue = Af. /7, and fnhive = 6/72- These re-
sults indicate that the naive estimators of both 3, and 8
are asymptotically biased toward 0. For the logistic model,
exact closed-form results are not available. But by approx-
imating the standard logistic distribution function by the
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distribution function of a mean 0 normal random variable
that has standard deviation ¢ = 157/(16+/3) = 1.7, similar
calculations show that the same bias expressions obtain, but
with 7 replaced by 7* = (1 + a2 82 /c*) /%

The log-linear model assumes a log link function and is
useful in ecological studies, where the disease rates may
be low. Using the identity [ exp(a+t) d®(t/o) = expla +
a?/2) for any constants @ and o, where &(-) denotes the cu-
mulative probability function of a standard normal random
variable, similar calculations to thaose given in Appendix
Section A.2 show that (Y,JW,) also follows a log-linear
random intercept model and that the naive estimators con-
verge to fonaive = o + (1 — Mpelz +/2, Bz naive = Az,
and &,,,.. = #. These results, except for the intercept, agree
with those in the linear mixed model.

3.3 The Poisson Mixed Maodel for Count Data

Define 6* = 6 + v,d;; = exp(8/2 + fo + H.X;), and
cij = exp(@°/2 + By + B, Wi,), where f; and [, are
defined in Section 2.2 with A = 1. Then the conditional
mean and covariance of Y, given W, under the Pois-
son mixed model are E(Yy;|W,) = ¢y, var(Yy|Wy;) =
Cig + cfj{exp(ﬁ*] — 1}, and COV(Ej}K;k|Wij'?Wik) =
cicin{exp(6” — ) — 1}, and those of Y, given X, follow
the same structure except that ¢;; is replaced by d,; and
that cov(¥;;, Yir| Xs;, Xin) = digdin{exp(d) — 1}. The lack
of correspondence between the two covariances reveals that
(Y{W) and (Y|X) do not follow the same GLMM struc-
ture. Thus the approach based on the conditional mean cor-
respondence is not applicable.

Using the techniques of reparameterization and apply-
ing the properties of sufficient statistics and maximum
likelihood estimators, the calculations outlined in Ap-
pendix Section A.3 show that fgnuive = G5 + (6 + v —

gnaive)/za ﬁx,naive = )\ﬁa:s and

(n— 1) + exp(B2?)
(n— 1)+ exp(7E2c2) } - 02

gna.ive =6+ lOg {

Equation {12) suggests that the naive estimator fy,ive OVer-
estimates & and that its bias depends on the cluster size n
and decreases monotonically to 0 as the cluster size n 1 co.

4, BIAS IN THE NAIVE ESTIMATOR UNDER
THE HETEROGENEQUS MODEL

In this section we study the asymptotic bias of the naive
estimator when the heterogeneous model {8} holds. We see
from (9) that the heterogeneous conditional quasi-likelihood
(Y|W) also corresponds to a GLMM, with the same
random-effects structure as in the homogeneous case but
with an additional fixed effect—namely, the within-cluster
mean of the W’s. When the heterogeneous model is true,
a comparison of {9} and {11) suggests that the naive model
(10) misspecifies both the fixed-effects and the random-
effects structures. This double misspecification makes the
bias analysis much more complicated, and closed-form so-
lutions are often not available,

Nonetheless, we can calculate the asymptotic bias in
the naive estimator when the cluster size n goes to infin-
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ity. Specifically, our caleulations show that the bias in the
naive estimator becomes the same as in the homogeneous
case when n — oo, except that # is replaced by 9 + (1 —
A)2o2 (2. This can be easily shown by noting that for the
heterogeneous maodel (9), as n — oo, we have A—0 05—
(1= A5, 8 — 8, and W, = . +a; + U + & — g + a4
Consequently, the heterogeneous GLMM in (9) becomes

gl ) = BY + BLWiy + b, + b, (13)

where g = fo + (1 — Npaflo, by = b + (1 — Neay
now follows N(0, 8+ (1— )02 ,47), and bi/; stays the same.
Because within a cluster (13) has the same structure as (11},
and because the cluster size is infinite, the maximum like-
lihood estimated within-cluster intercept (and slope) must
have the same form, except that b; is replaced by &, and
hence ¢ is replaced by 8 + (1 — X)?0Z, 42, In the next two
sections we use analytic and numerical approaches to study
the asymptotic bias in the naive estimator in the linear and
logistic mixed models when the cluster size n is finite.

4,1 The Linear Mixed Model

Denote the residual variance by o2, which corresponds
to the scale parameter ¢ in Section 2. Let the probabil-
ity limits of the naive estimators as m — 00 be Bhuve =
(ﬁﬂ‘naivej )ﬁx,na.ive)T and ¥ = (gnaivea G‘gam)- Then r@na.ive and
¢ are solutions of the following equations, which are the
probability limits of the linear mixed model score equations
as m — oo (Harville 1977):

EWTVTHY — Wihaivwel} =0 {14)

and
: CrgadV
3 {EOY - Wl TV T

1 19V
X VY = Whe) —e (VSN L =0, 09
where W = (1, W),V = g2, T+ 0nJ, Jisan nxn
matrix of 1s, and the expeciations are taken with respect
to both W and Y. For simplicity, here we have removed
the subscripts ¢ of Y; and W, because they are identically
distributed. Repeatedly using the equality

E(XTBX) = w(BV,) + uIBpu,, (16)

which holds for any pesitive definite matrix B and any ran-
dom vector X following N(p,, V. ], the calculations out-
lmed in Appendix Secticn A.4 ylelcl Bopaive = o + (1 —

)f‘l':c‘@ﬂ'..! 164‘]3 naive = )k ﬁﬂ:‘l

8na1ve =0+ (1 - ]2 2 2

J pr o]
and

Thave = 02+ {(1=A)%02 + X2e2}62, (U7

where

AL o= Jip: + G—.?:{]' + (?‘1 - l)gﬂaive/orﬂlaive} (18)
" J%,u. + (0’% + Ji){l + (ﬂ' - l)ﬁnﬂive/ogalve}
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A closed-form solution to {17) and (18) does not seem to
be available. However, defining p = fyaive/02,;. Using (17)
and writing (17) and (18) as joint equations of {A., g}, one
can easily solve them numerically.

Because A < A, < 1, the naive estimator 5, najve i$ still
attenuated, but to a lesser extent compared to that in the
homogeneous case. In contrast, fpaiy. and O—Eaive generally
overestimate their trite counterparts. Qur theoretical calcu-
lations show that the values of g naive, Az naive; fnaive, and
a2 .. all depend on the cluster size n. Some tedious cal-
culations show that dA,/0n < 0. Hence X, is a decreas-
ing funotion of n, and the biases in all naive estimators
except 2. . become more serious when n increases. As
n T 0o, A | A, and we obtain the results in the last para-
graph before Section 4.1.

In Figures la and 1b, we numerically evaluate the hi-
ases in P ngive a0d Byyie for o2 varying between 0 and
1. For each plot, we obtained four curves correspond-
ing to n = 2,5 10, and oco. The parameter configurations
were fo = 0,8, = 2,6 = 5,0° = 1,02, = 1.5, and
pe = 0,02 = 1. The relative bias is defined as the bias of
a parameter divided by its true value. Note the major fea-
tures of the plot—the naive estimator of f; is attenuated,
the naive estimator ... overestimates 4, and the biases in
Bz naive A0d 845106 Increase as n increases.

4.2 The Logistic Mixed Madel

Qur interest here is in calculating the bias in naive esti-
mator in the logistic mixed model when # is finite and the
heterogeneous model is true. Because there is no closed-
form expression for these biases, even in the probit case,
we calculated the asymptotic bias by numerically maximiz-
ing the probability limit of the log-likelthood of the naive
medel, which is calculated by its expectation, when the het-
erogeneous model is true. We briefly describe our numerical
methods in Appendix Section A.5. The parameter configu-
rations used in our numerical calculations are identical to
those used in Section 4.1. As shown in Figures lc and 1d,
the naive estimate ,ﬁx,;.aive underestimates /3, as usual, and
its biag becomes larger as o2 and n inorease, whereas the
bias in fq4ive is noe longer monotonic in o2, and its direction
depends or1 cr and % o For example, fnaive underestlmates
6 when o2 is close to § and overestimates § when g2 in-
creases, For n = 2, the measurement error effect on E?nawe is
less pronounced compared to its effect on 3 naive; however,
there is substantial bias when n = oa. This simply points
out once again that cluster size is important in the bias of
estimates computed by ignoring measurement error.

5. BIAS IN THE HOMOGENEQUS MAXIMUM
LIKELIHOOD ESTIMATOR UNDER THE
HETEROGENEOUS MODEL

In this section we study the asymptotic bias in the MLE
assuming the homogeneous model (7) when the heteroge-
neous model (8) in fact is true. The major issue is: What
happens when one accounts for measurement error in a like-
lihood analysis, but incorrectly models the covariance of
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Figure 1. Asymptolic Relative Biases in Naive Estimates of 5, and 8 in the Linear and Logistic Mixed Models When the Hetarogeneous X Modet
is True. The true parameter values are g = 0, fx = 2,0 = 5,62 = 1, ux = 0,02 = 1, and of,, = 1.5 The four plats correspond ta (a) relative
bias in Oy naive against o2 for the finear model; (b) refative bias in 85, against a2 for the linear madef; (c) relative bias in f, qane against a2 for

the fagistic model; and (d) relative bias in 0,,. against g2 for the ladistic model. The four curves in (a) and (b) are

N R

n= TG; and —- - n = oo The two curves in (c) and (d) are —— = 2and --- n = .

the unobserved predictors? The calculations in this special
case give some idea of the biases that can occur in structural
modeling with an incorrectly specified structural model.
In our calculations we assume for simplicity that o2
-is known. The unknown parameters under the homoge-
neous model are (B, A, 8) and (i, o2). By writing (4) as
Li(Y,, W) = L,{Y,|W,]L;(W,), a comparison of the ho-
mogeneous model {I1) with the heterogeneous model (9)
reveals that the bias in the homogeneous MLE comes from
two sources: one from misspecification of the marginal like-
lihcod of W, and the other from misspecification of the

likelihood structure of Y; given W,. It is easily seen that
the former ignores the cluster-level random effect a;. In
contrast to the naive model, the homogeneous GLMM (11}
assumed by the latter misspecifies only the fixed-effects
structure. .

Denote the asymptotic limits of the homogeneous MLEs
of {8y, A=, 8) and (115, 72, 3} when the heterogeneous model
is true by (ﬁﬂ.ham; ﬁw‘homa gham) and (f—fr:c‘homa Jixhomj'/\homy
Because the W, are sufficient statistics for (j,,02), some

calculations give fohom = MzsOopam = 05 + 05y, and

/\ham oi,hom/(ai,hom + O’i) = (J:% + G%p)/(ag +
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62, +g2). The bias analysis of (85 nom. Bz homs Ohom ) May
then proceed by comparing the hetercgeneous GLMM (9)
and the homogeneous GLMM (11} with X replaced by Ao
in (11). Because the homogeneons GLMM (11) misspeci-
fies the fixed-effects structure, such bias analyses are often
difficult, and closed-form solutions may not be obtained.

But when n — oq, closed-form results are available. A
comparison of the homogeneous GLMM (11) and the het-
erogeneous n — oo GLMM (13} shows that the two models
have the same structure. Consequently, we have fg hom +
(1- )\hom)ﬂva‘,,hamﬁm,hom =5+ (1 - )\J.u:.cﬁ:c; )‘homﬁm,hom =
Mg, and 8pom = 8 + (1 — A)%a2, 82, Simple calculations
give fgnem = fo + {1 — X )itefz and By pom = N Bz, where
AN = M Apem. When the homogeneous model is true, we
have 6%, = 0 and X = 1, and the homogeneous MLEs
of (g, ;,8) ate hence unbiased. Because A < 1, the ho-
mogeneous MLE of 3, always underestimates 3, and the
homogeneous MLE of § always overestimates 4 as n — oc.
Because X > A, the bias in homogeneous MLE of g, is
often less than its naive counterpart as n — oo. The homo-
genecus MLE and the naive estimator of # are the same as
n — oc in the linear and Poisson mixed models, whereas
Bhom is larger than 8. in the logistic and probit mixed
models. In the next two sections we study the bias in the
homogeneous MLE in the linear and logistic mixed models
when. the cluster size n is finite.

5.1 The Linear Mixed Madel

Using (11), it can be easily shown that under the homo-
geneous linear mixed maodel, the observed data Y; given
W, also assume a linear random intercept model. Thus
we can simply use the results in Section 4.1 to calcu-
late the asymptotic bias in homogeneous MLE. Specif-
1caHYa we l'eplace (ﬁﬁ,naivmﬁ:c,na.ive) b}’ (ﬁﬂ,hom + (1 -
)\ho1n)#va:,ham)6a;,hama Abom s hom ) and replace (8qaive, aga_ive)
bY (Bnem: Thom + Mom02fs o) 10 all equations in Section
4.1. This gives

Bahom + (1 — AnomteBzhom = Fo + (1 — M) 022,

)\hamﬁx,hom = )k**ﬁxa

Gﬁom + Ahﬂmo’iﬁi,hom = 62 + {(1 - ’\**)ga—i + )\E*Ji}ﬁis
and
from = 8+ (1 — M) 02,52,

where A, is equal to A, in (18} except that 8.y and a2,
are replaced by fpom and 00, + Anom0 202 o Using the
foregoing equations for (@nom, 0i,,, ), One can easily show
that the value of M., is the same as that of A, in {I8) for a
given set of parameter values.

Simple calculations yield Sopen = fo + (I —
Notte B, By hom = ALz, and aﬁom =a’ + {(1~ /\*)205% +
(A2 — A M)a2} 42, where X, = A./Apom. Because ), <
A, < 1, the homogeneous MLE f, noy 18 still attenu-
ated, but its bias is less than that of its naive counterpart.
The homogeneous MLE &, is identical to the naive es-
timator By a.ive, and both overestimate #. As n T oo, we
have A, [ X and X, | VN, and hence f,pem § N/, and

2

2585

fhom | € + (1 — Xo2,02, which agree with the general
n — oo results in the last paragraph before Section 5.1.
Similar to the naive case, the biases in f; pom and Opgy,
increase with n.

In Figure 2 we numerically study the asymptotic hiases
in Ay wom and fyqy,. The parameter configurations and setup
in Fignre 2 are identical to those used in Figure 1. These
figures reflect our theoretical results. Specifically, the bias
In A hom 18 less than the bias in 4, naive and increases with
n (see Fig. 2a). As expected, Figures 1b and 2b are identical.

5.2 The Lagistic Mixed Madel

We now study the bias in the homogeneous MLE in the
logistic mixed model when the heterogeneous model is true.
Because no closed-form soluticn is available, we evaluated
the bias by numerically maximizing the expectation of the
log-likelihood of the homogeneous model when the het-
erogeneous model is true. We used numerical integration
techniques similar to those in Section 4.2 to calculate this
expectation; see Appendix Section A.5 for details.

The same parameter configurations as those in Figure !
were used in our numerical bias calculations. The results
are given in Figures 2c and 2d. Qur calculations show that
for n = 2, 8z hom slightly overestimates ;. Its bias slightly
increases with ¢ in the range that we consider. Contrary to
the naive case, here the regular attenuation in g, estimator
is not present for n = 2. The homogeneous MLE 8.y,
overestimates @ for both n = 2 and n = o, and the bias
tends ta be larger as n increases.

It is interesting to compare the biases in naive estimates
with the biases in homogeneous MLEs. The naive estimate
of 3, is much more biased than its homogeneous MLE
counterpart. However, in figures not provided here, compar-
isons of Byam and ;... for various values of o7, indicate
that when Jiu is small, the biases for #,, and 8.5 have
different directions.

6. SIMULATION EXTHAPOLATION AND
FUNCTIONAL METHODS

Carrell et al. (1993) have drawn a distinction between
functional modeling, in which nothing is assumed about the
distribution of the X’s, and structural modeling, in which
a parametric model (e.g., homogeneous or heterogeneous
normal} is assumed and the MLE is computed. Functional
methods have the advantage that when they apply, they are
model robust. Two common functional methods are regres-
sion calibration and simulation extrapolation (SIMEX). We
discuss their application in GLMMeMs in this section.

6.1 Inconsistency of the Regression Calibration
Approach

The regression calibration method simply replaces X by
an estimate of E(X[W,Z), and applies the naive method
to these imputed values. Using (6) and (9) and noticing the
sum of the first three terms is E(X,[W,;, Z;), Wang, Lin,
and Gutierrez (1997) showed that regular regression calibra-
tion in GLMMeMs often correctly specifies the fixed-effects
structure but may misspecify the random-effects structures.
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Figure 2. Asymptotic Relative Biases in Homogeneous MLEs of 3, and 8 in the Linear and Logistic Mixed Models When the Heterogeneous
X Madet is True. The true parameter values are fig = 0, B, = 2,8 = 0.5, 0% = 1, py = 0, a2 = 1, and o, = 1.5. The four plots correspond to
{a) refative bias in 3, pam againat a2 for the linear model; (b) refative bias in fyem against a2 for the linear model; (c) relative bias in By hom against
a2 for the logistic modef; and (d) relative bias in 8.m against crﬁ for the logistic model. The four curves in (a) and (b) ate — n=2;---n=5;
———n=10and —- -, n = cc. The two curves in {c) and (d) are ——, n= 2 and —-—, n = cx.

Because the regression coefficients and variance compo-
nents are often not orthogenal in GLMMSs, regression cal-
ibration can yield biased estimates of both (4., 4.) and 4,
especially the latter.

Specifically, under the homogeneous X model, the re-
gression calibration estimators of Ay, g, and 8 are unbiased
in the linear mixed model and biased in the logistic mixed
model, with the asymptotic limits equal to fy/7%, 8. /7%,
and (7*)7?6, where 7* is defined in Section 3.2. Under
the heterogeneous X model, the regression calibration esti-
mators of gy, B, and 8 converge to fi, ., and #' in the

linear case, where 8 is defined in (9), and converge to
Bo/7%, Bp/7*, and (7%)72¢" in the logistic case. (For other
bias analysis results and how to correct for the bias in naive
regression calibration estimatoer, see Wang, Lin, and Gutier-
rez 1997.)

6.2 Simulation Extrapolation Estimation

SIMEX is a simulation-based measurement error method,
a full description of which has been is given by Carroll
et al. (1995) and Cook and Stefanski (1994). Rather than
repeating the content of these references, we explain the
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Figure 3 SIMEX/CPQL Extrapolations in the Framingham Data
When Alf Intra-individual Variability in Systolic Blood Pressures is Due
To Measurement Error (c.rf = 0). The x-axis iz the ratio of the measure-
ment errgr added on fo observed SBP in the SIMEX simuwlation steps
divided by the estimale of measurement grror variance oﬁ =014 @,
4:m, 3 (S8P).

SIMEX procedure using Figure 3, which shows applica-
tion of SIMEX to the ILVH example in Section 8. The two

parameters of interest are the regression coefficient of the -

log-transformed SBP g, and the variance component 6. For
more details about this example, see Section 8.

Let the estimated value of ¢2 be 52. The SIMEX method
consists of two steps. The first step, the simulation step, is to
establish the naive estimates if the measurement errar were
(L+¢)a2. A simple empirical method is to add to the terms
Wy; a normally distributed randem variable with mean 0
and variance £52, then recompute the naive estimates. Do-
ing this only once may be misleading, because it introduces
simulation variability, so instead one repeats the procedure
a large number B times and computes the median of the
resulting parameter estimates. For example, to estimate g,
in Figure 3, one does so far each £ = (0, .5,1.0,1.5, 2.0} and
plots the resulting naive estimates of £, versus £. These are
shown in small solid squares in Figure 3. Comparing the
solid quadratic line connecting them to a plot such as Fig-
ure ¢, which is the bias curve of the naive estimate of 3,
resulting from ignoring measurement error, the solid curve
in Figure 3 corresponds to part of the curve in Figure lc
where o2 > 62. The rest of the curve where o2 < 42 is
“hidden.” Therefore, the solid curve in Figure 3 is referred
as partial bias plot.

In the second step, the extrapolation step, a model is fit
to the partial bias plot. A typical default is the quadratic,
which we used. This is because quadratic curves often ap-
proximate the bias curves in Figure 1 well, and quadratic
extrapolation works well in our simulation. We also ex-
perimented with fitting a quadratic to the log-transformed
naive variance component estimates, to little positive effect
for most of the cases considered. After a model is fit, the
“hidden” parts of the figure are filled in by extrapolating
the model to the values less than &2, which are the dashed
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curves in Figure 3. The extrapolated value at £ = —1 (zero
error variance) is the SIMEX estimator.

Our calculations in Sections 3-5 show that the biases
in the naive estimators ate continuous functions of 2.
Straightforward derivations using the A estimator argu-
ments given by Wang, Lin, Gutierrez, and Carroll (1997,
appendix) indicate that the asymptotic results given by Car-
roll et al. (1995} and Stefanski and Cook (1995} are directly
applicable. Note that both of the latter works accommodate
nonadditive or dependent measurement errors provided that
the exact extrapolants are used and that the error distribu-
tions are normal. In our work we chose the corrected penal-
ized quasi-likelihood method (CPQL.} as our naive estima-
tor, because compared to the naive MLE, it is more stable,
easier to implement, and converges much faster and its per-
formance is comparable to its MLE counterpart when the
variance components are small or moderate. Because the
CPQL estimator is an A{ estimator, the results of Stefanski
and Cook (1995} can be applied. The CPQL procedure is
briefly described in Appendix Section A.6. (For more de-
tails, see Breslow and Lin 1995 and Lin and Breslow 1996.)

7. SIMULATIONS

We conducted a simulation study to evaluate the
finite-sample performance of various estimators. Bi-
nary observations Yj; were generated within each clus-
ter with conditional success probabilities satisfying logit
{Pr(Yi| Xy, Zij, bi)} = Bo + B Xy + B2 + byt =
1,2,...,m,7 =1,2,...,n The following combinations of
experiments were considered: (a) m = 50, 100, » = 3, 8,
which are common sample sizes in longitudinal studies;
and {b) homogeneous model (7) with w,, = 0, within-cluster
variance o2 = 1, and between-cluster variance o7, = 0
and heterogeneous model (8) with g, = 0,42 = 1, and
a2, = 1.5. A moderate measurement error variance 2 = .5
was considered for both the homogeneous and heteroge-
neous models. The exactly measured covariate Z was gen-
erated independently from a standard normal distribution.
Other parameters used to specify the Y |X and W|X models
were § = .5, 0y = 0,8, = 1, and F, = 2. There were 1,000
simulations for each parameter setting. A single run for
one dataset using our C program with m = 100 and n = 3
took about 1.5 minutes on a SUN UltraSparc station, and
ahout 4 minutes when n = 8. The estimators considered in
the simulation study included the (artificial) estimates based
on the true X’s, naive CPQL., and SIMEX/CPQL. For the
SIMEX estimates, we set B = 100 and used quadratic ex-
trapolations for all parameters (SIMEX-Q). The results are
displayed in Tables 1 and 2.

We first comment on the homogeneous case (o7, = 0).
These results are largely consistent with our theory. The
estimates of 3, and 3, reflect attenuation and are reasonably
well corrected by SIMEX/CPQL. The theoretical value of
Braive, » 18 J,/7 .9 (r* defined in Sec. 3.2}, which is less
biased than the estimate of 3,. As expected, there is a bias—
variance trade-off, so that in estimating ., SIMEX /CPQL
is less biased but more variable than the naive estimate,
which ignores measurement error. A similar phenomenon
occurs for estimating the variance compaonent §. The only
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Table 1. Simufation of Logistic Regression in the Homogeneous Case,

that is, the Between-Cluster Variance is o2, = 0

Cluster gize Parameter Mathod Mearn SE MSE Mean 5E MSE
m = ag m = 140

n=23 e =2 TRUE X 2.188 531 310 2.093 313 108

NAIVE 15186 348 356 1.470 217 328

SIMEX-Q 2100 633 411 2010 338 125

B2 =1 TRUE X 1.088 335 120 1.051 218 {350

MAIVE 944 283 083 Ral:t 189 042

SIMEX-Q 1.074 364 138 1.036 232 055

g=05 TRUE X 528 BB0 314 500 380 152

NAIVE 438 A74 229 407 335 a2

SIMEX-Q 570 827 .agv 532 428 170

n=28 Oe = 2 TRUE X 2.090 255 74 2.066 185 038

NAIVE 1.461 175 322 1.447 a3 322

SIMEX-G 1.887 290 .084 1.859 210 .0486.

Az =1 TRUE X 1.038 185 038 1.033 130 .018

NAIVE 807 162 035 802 113 022

SIMEX-Q 1.018 196 038 1.010 136 018

4=05 TRUE X 465 286 083 456 198 041

NAIVE 368 237 073 358 168 048

SIMEX-Q 466 293 087 451 207 045

NOTE: Hare n relars ta the number of absarvations per cluster, A = 0, Ay = 2, 37 = 1, and 4 = 5. The measurement errar variance

is a2 = 5 The Zs are generated as standard narmal and randam variattes.

feature that is somewhat at odds with the theory is that the
naive estimates for n = 8 and n = 3 seem to have biases
of different magnitudes. This discrepancy may be due to a
much larger sampling variation of the variance component
estimates when n = 3 compared to n = 8. As pointed out
by one of the referees, when n = 3, the estimates of § had
large variation even when the true X were used. For a study
with a small cluster size and a small-to-moderate number
of clusters, one needs to be aware that variance component
estimates may not be reliable; however, the fixed-effects
coefficients could be obtained with good precision.

In the heterogeneous case (07, = 1.5), a similar pattern
repeats itself, although the results are less definitive. For
a2 = .5, as expected, there is relatively little bias in es-
timating €. The magnitude of bias in estimating 2 is also
smaller than that in the homogeneous case. SIMEX/CPQL
does a good job of correcting bias in both estimates. Note
that the quadratic extrapolation function works well for all
scenarios considered in our simulations.

8. FRAMINGHAM HEART STUDY

We illustrate the SIMEX/CPQL method using the left
ventricular hypertrophy (LVH) data discussed in Section 1.
The study includes 75 patients who have coronary heart
disease (CHD} developed before or during the study pe-
riod and have not received diuretics treatment. Binary in-
dicators Y for the presence or absence of LVH diagnosed
by electrocardiogram (ECG) were abserved every 2 years
in an 8-year period. Two systolic blood pressure readings
(SBP) were taken during each exam and were transformed
to log{SBP-30) as suggested by Carroll et al. (1995} to
achieve approximate normality. The covariates considered
are X, average log-transformed SBP, and Z, age, smoking
status, body mass index, and the exam number (values 1-

4). A logistic mixed model with random intercept was fit.
Analysis of this dataset using our C program took about 4
minutes. The objective is to study the association between
the risk of LVH and SBP after adjusting for the other co-
variates.

Initial analysis of the observed blood pressures them-
selves, or their residuals after regressing on Z, shows strong
evidence in favor of the heterogeneous model, with approxi-
mately % of the observed variability due to cluster-to-cluster
variation. Thus even in the absence of measurement error,
we would conclude that a7 ~ (1/2)aZ,.

Because blood pressures are obtained only every 2 years,
and it is entirely possible that a person’s SBP changes over
time, there is no direct estimate of ¢2; this would require
that SBP be obtained over a number of days within a rela-
tively shorter period. To see this, consider the following ar-
gument. Suppose that within a cluster, X; given Z; follows
a normal linear model with mean 71 + Z;n, and co-
variance matrix ¢21 + o2, J. Then W, given Z; follows
a normal linear model with the same mean but with covari-
ance matrix (o2 + o2)I + ¢2,J. Thus the observed Fram-
ingham (W, Z) data alone can identify only the sum of ¢2
and ¢2, but not either component separately. One means of
identification is to fix a value of «2, {e.g., o2 = 0}, which
assumes that latent blood pressure does not vary over the
course of the study. Alternatively, identification is possi-
ble only from the assumed model for ¥ given (X, Z) and
(outside the linear GILMM) from distributional assumptions
concerning X.

For illustrative purposes, we vary the measurement error
variance between the two extremes o2 = 0 and o2 = 0, us-
ing the method-of -moments estimator of their sum (.016) to
identify ¢2 exactly. In this illustration o2 is treated as fixed
and known, and we thus used the standard error estimation
methods of Stefanski and Cook (1995).



