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ABSTRACT

In problems where the recorded signal comprises two or more bands (i.e. wavelengths),
it is often the case that the bands are not perfectly aligned in the focal plane. Such misreg-
istration may be caused by atmospheric or oceanographic effects, which refract different
bands to differing degrees; or it may result from features of the design of the record-
ing equipment. This paper develops two methods for estimating the lag, or amount by
which the bands are out of alignment on a pixel grid, in cases where the recorded data
are obtained by pixel averaging. Our two techniques are applicable directly to the signal
domain and are based on penalized least squares (or errors—in—variables) and maximum
cross—covariance, respectively. They employ mathematical interpolation to accommodate
the effect of pixel averaging. We introduce a concise and tractable asymptotic model for
comparing the performance of the two techniques. The model predicts that the techniques
should perform similarly. This is borne out by simulation studies and by applications to

real data.
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1. INTRODUCTION

Most imaging devices record data in at least two different wavelengths, called bands.
For example, a camera recording visible light might register just three different bands,
corresponding to the three primary colours. Certain sorts of devices do such recording
explicitly, using separate recorders each fitted with narrow-pass filters. Transparent ma-
terials such as air, water and glass refract the bands to differing degrees, so that a point
source in the image plane (i.e. the plane of the object) is recorded as multiple or almost—
coalesced points in the focal plane (i.e. the plane at which the camera records the image).
This phenomenon is often known as misregistration. It may be considered to be the result
of misalignment of the bands at the focal plane, although of course the manner by means
of which the misregistration occurs need not be the result of a physical misalignment in-
side the recording device. Chromatic aberration of a lens is a well known, albeit relatively
complex, example of this phenomenon in the context of imaging at the earth’s surface.
Simpler examples that are very important in the case of satellite imaging, or imaging from
a high-flying aircraft, include band-dependent refraction of electromagnetic radiation by

atmospheric effects or water.

For example, certain bands of electromagnetic radiation pass through relatively deep
water with only moderate absorption, and so may be used to investigate underwater fea-
tures. However, water refracts those bands in such a way that they are recorded by a
camera in a satellite or aircraft as though they emanated from a position which does not
quite correspond to the precise latitude and longitude of their source. Therefore, these
bands will be recorded out of register with other wavelengths that emanate from the sur-
face of the water. This can be critical if the precise location of undersea features is to be

determined by comparing their positions relative to surface features, like coastlines.

Thus, even in the absence of systematic errors contributed by the manner of con-
struction of recording devices, significant band—to—band misregistration errors may occur.
These may be compounded by the imaging equipment. For example, different bands might
be recorded in slightly different positions, either because different lenses or pixel arrays
are used to record those bands, or because the same lens or array is used but at slightly

different times, on a moving camera platform.

This kind of misregistration may occur using either analogue or digital imaging equip-

ment. When the image is recorded digitally, the misregistered bands are averaged over



independent picture elements, or pixels. These two forms of image degradation may be
compounded by other problems, which might be conveniently included into a noise com-
ponent of an image model. Our purpose in the present paper is to suggest two different
signal-domain methods for correcting band-to—-band misregistration, in the presence of

pixel averaging and also, possibly, less systematic forms of degradation.

Following standard terminology we shall use the term “signal” to denote the vector of
different bands of digitized data. A more concise, mathematical definition of the signal will
be provided in Section 2. For the sake of simplicity we shall concentrate on the case of just
two bands, although it will be clear that our techniques have straightforward application
to higher dimensional circumstances. We shall use the term “lag” to denote the amount by
which the two bands are out of register. Typically, lag is measured in terms of a fraction
of a pixel width. For example, specifications for some Landsat imaging equipment call for
misregistration to be limited to 0.2 pixels between bands in the same focal plane (Berman

et al. 1990, p. 987).

We shall introduce tractable and concise asymptotic models for analysing our two
methods. These models demonstrate that certain specific conditions must be met if the
lag is to be estimated consistently. For example, in the case of data involving n pixels and
a pixel width h, our model predicts that both h and (nh*)~! must be small (i.e., converge
to zero, in strict asymptotic terms) if the lag is to be estimated consistently, assuming that
lag is expressed as a proportion of pixel width. Again, these limitations are borne out by

our numerical work; see Sections 4 and 5 for the latter.

As indicated above, one of the strengths of our work is the way in which qualitative
conclusions based on intuition or on specific examples of data analysis are given quanti-
tative meaning and accorded general significance using theoretical argument. Our theory
is admittedly a little complex, because the very natures of band—to—band misregistration
and pixel averaging produce an intrinsically difficult problem. Nevertheless, our theoretical
analysis is able to produce substantial information about the sorts of circumstances that
are essential to produce good resolution. We show that pixel width must be small, and
simultaneously, the value of r = (square root number of pixels) x (square of pixel width)
must be large. Asymptotically, pixel width must tend to zero and r must diverge to infinity
if consistency of estimation is to be achieved. Our theory also allows us to quantify the

effect on resolution of image smoothness, and to describe the way in which our techniques



should be modified to make best use of that smoothness. It shows why a penalty term is
necessary in the least squares method, and why maximum cross—covariance does not need

a penalty.

Our first technique involves estimating lag by using penalized least squares. We sug-
gest interpolation methods for accommodating the effect of pixel averaging and employ
penalized least squares as a goodness—of-fit criterion to effect estimation. In this formu-
lation the squared error represents the difference between the recorded signal in one band
and an estimate of that signal computed from another band. The penalty term is necessary
to counteract problems caused by correlation arising from both the natural dependence
structure of noise in the recorded signal and from additional correlations introduced during
signal estimation. The method of penalized least squares may also be interpreted as an

errors—in—variables method.

Our second technique involves estimating, and then maximizing, the cross—covariance
from one signal and its estimate. This method is conceptually more elegant than the
first in that it does not require the treatment of any penalty terms. However, the tech-
niques employ the same methods of interpolation and signal estimation. These aspects
are dealt with in depth in Section 2, which also develops methodology for the penalized
least squares estimator. Section 3 introduces the method of maximum cross—covariance,
Section 4 summarizes simulation studies, and in Section 5 we apply the techniques to real

data.

Signal analysis problems involving misregistered but nonaveraged signals date back at
least to Hamon & Hannan (1974). See also Pham et al. (1987) and Hannan & Thomson
(1988). These authors tackle only the one dimensional case. In problems of image analysis,
the traditional way of aligning misregistered bands is to identify areas of rapid change in
the signals, such as edges, and to concentrate on aligning these. See for example Anuta
et al. (1984), Wrigley et al. (1985) and Tian & Huhns (1986). However, this approach
ignores a great deal of information contained in relatively low—frequency parts of the signal;
see Berman et al. (1990). In contrast, the approach developed in the present paper is
tailored to applications to relatively smooth contexts, for example, to images without

discontinuities.

We should also mention work in the related area of image deformation registration.

Here, two images may be misregistered in a nonuniform way. In particular, two signals



may be perfectly matched in certain regions, but may be lagged in others. See for example

Amit, Grenander and Piccioni (1991), Bajcsy and Kovacic (1989) and Bookstein (1989).

It is possible to construct Fourier—based versions of the techniques described in this
paper. One of these uses interpolation methods to reconstruct the original signal plus an
enhancement of the noise from the pixel-averaged signal and then minimizes the differ-
ence between two estimates of the Fourier transforms of the original lagged signals in the
continuum, noting that, if two functions differ only in terms of a lag, #, then their Fourier
transforms differ only by the multiplicative factor e’*?. Alternatively, one may work directly
with discrete Fourier transforms, using interpolation to accommodate the effect of pixel
averaging on the amount of the lag. However, neither of these approaches has a particular
theoretical advantage over signal-domain methods from the viewpoint of convergence rates
when assessed by using our theoretical model. Furthermore, the computational labors of
signal-domain and Fourier-domain methods are comparable. We have chosen to discuss
signal-domain methods because of their intrinsic statistical as well as engineering interest.
We were motivated in part by a desire to explain the poor performance in a practical image

analysis application of a non—penalized version of the technique developed in Section 2.

2. ESTIMATION BY PENALIZED LEAST SQUARES

2.1. Summary

In Section 2.2 we describe a model for a degraded two—band signal (X1;, Xo;). Here,
¢ denotes a d-vector pixel index with integer elements, and the band Xj; for j = 1,2
represents an average of the jth band of the true signal over the ¢th pixel, plus noise. We
take pixel width h to be small, and the number of pixels n to be large; in asymptotic terms,
this means that h = h(n) — 0 as n — oo. It is supposed that the two bands are out of

alignment by an amount 6h and it is desired to estimate 6.

Section 2.3 describes methods of interpolation that form the basis for our methodology.
Of course, there are ways of interpolating other than those we discuss. Some techniques
based on Fourier analysis are similar to our interpolation methods with » = 2, in the
notation of Section 3, where, in effect, r denotes the number of derivatives required of the
underlying signal. The interpolation methods described in Section 2.3 are intended only

as examples and are not exhaustive.

Section 2.4 introduces the estimation procedure, which is equivalent to penalized least
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squares with a negative penalty or a nonlinear errors—in—variables method. An asymptotic
theory for the estimator is outlined. In particular, we show that, as h — 0 and n — oo,

the bias of the estimator is of order A"~! and the variance is of order (nh*)~1.

2.2. Model

We represent, the signal by a “common part”, which is recorded similarly in each band,
and a “differing part”, which is recorded differently in the bands. The “common part” is
taken to be the average of a function f over respective pixels, albeit lagged by the amount
Oh. The “differing part” of the signal is represented by a random variable €; see (2.1) and
(2.2) below. In effect, certain features (the “common part” of the image) may be matched
by re-alignment, but other features (the “differing part”) cannot be matched so easily.

Suppose that the signal is in d dimensions, with d = 1 representing classical problems
in signal analysis and d = 2 modeling image analysis problems. Let f denote a function
from IR? to IR. The argument of f represents position in the image plane; the value of f
at the position, = say, represents the intensity of the “common part” of the signal at x;
and the corresponding intensity of the signal in the film plane is obtained by averaging
over pixels. If the pixels are of width A in each dimension and if there is a lag () in the
I[th dimension (1 <[ < d), then, in the case of pixel i, the part of the signal common to

both bands and averaged over pixels is given by

1,(0) = b~ / D60 ngad < s 1ynpan, F(@) do for i€ Z7, (2.1)
1<i<d

where superscripts index vector elements. Put simply, this represents the average of f over
the cube of volume h? represented by pixel i.

Of course, the lag represented by 6 could be incorporated into the function f; if we
were to replace f by f(-4+6h), then I;(6) could be replaced by I;(0). However, as explained
in the Introduction our aim is to model the effect of two bands being lagged by different
amounts, or equivalently, being out of alignment.

That part of the recorded signal in the first band is taken to be

X1 =L;(0)+¢; for icTCZ?, (2.2a)
and that in the second band to be

Xoi = Ii(0p) +e; for i€I CZ%, (2.2b)



where {e1;} and {ez;} represent stochastically independent, second-order stationary pro-
cesses with zero means, and )y represents the time lag. Our aim is to estimate 6y. The
index set Z represents the range of pixels over which data are recorded.

The model (2.2) for misaligned bands is similar to one proposed by Hamon & Hannan
(1974), although those authors did not consider the issue of pixel averaging. By regarding
f as a fixed function, rather than a random process, we are in effect conditioning on the
common part of the misaligned bands. The methodology and properties that we shall relate
in the case of fixed f are of course available when f is random. By confining attention to
fixed f we are actually treating a more general result, since convergence rates for random
f may be obtained directly from those for fixed f, and may thereby be seen to be identical.

The processes {€1;} and {ey;} may themselves be derived by averaging. For example
it may happen that, taking I;(6, f) to denote the right hand side of (2.1), we have €;; =
1;(0,&1) and €g; = I;(0p, &2) for random functions &; and &;. Thus, the two bands may be
regarded as averaged and lagged interpolations of processes which are similar in that they
share a component f, upon which we condition. The other components of each band are
such that they are independent and stationary, conditional on the common component.

In practice the ¢ processes will often be small relative to the common part of the
signals. That is, the ratio of the mean square of € to that of I would be small. Our
assumption that the e processes have zero mean is stronger than absolutely necessary; we
require only common mean, and even that may be dropped if the signal components X1;
and Xso; are centered prior to analysis. This change requires only minor modifications to
the asymptotic theory developed in Section 2.5. In particular, the convergence rates are
unaltered.

One of our methods will require us to estimate the covariance function of the €;—
processes, p;(k) = E(€j; €;,i+r). For this purpose it is convenient to assume a multivariate

form of m—correlation, such as
pi(k)=0 if [k®D|>m, forsome I, 1<1<d, (2.3)

where k = (k(l), cen k(d)). The case where the ¢; and €5 processes are dependent may be
accommodated by the penalized least squares method provided we estimate the associated
covariance function. However, the main features of our techniques are much clearer if we

treat the case where ¢; and €5 are independent.



2.3. Interpolation
Our methodology is based on approximating the signal component Xo; by an inter-
polated version of the component Xi;, the interpolation depending on the unknown 6.
We estimate 6y by choosing 6 to optimize the approximation. It is convenient to treat

separately the cases of signals in d = 1 and d = 2 dimensions.

2.3.1 Interpolation in one dimension. We begin by describing interpolation approximations
to derivatives. Let g be a univariate function with at least » bounded, continuous deriva-
tives. Given an integer 0 < j <r —1, let Cj, = {¢jrk, —00 < k < 0o} denote a sequence of
constants, all but a finite number of them zero, such that for any function g as described

above,

WS epngla+ kh) = g9 (@) + i 7 g () + o) (2.4)
k

as h — 0. The constant c;, depends on the collection C;,., not on g.

The reader is referred to Steffensen (1950, Section 7) and Abramowitz & Stegun (1965,
Chapter 25) for a detailed account of different forms of interpolation for numerical differen-
tiation. There are two main approaches: one sided interpolation, where (for interpolation
on the right hand side) ¢, = 0 for £ < 0; and two sided interpolation, where c;,j is
nonzero for both positive and negative values of k.

Examples of one sided interpolation include Newton’s formula, which may be written

in the form
h Z i A7 g(w) = 99 (@) = e 177 g () + o), (2.5)

for some constants c¢;,,where the constants Cj, are given by (2.8) below, and Ag(z) =
g(z + h) — g(x), with successive iterations being defined in the obvious way. In this
notation, c;,i, in (2.4) equals the coefficient of g(x + kh) on the left hand side of (2.4). For
some constants dj, one form of two sided interpolation is given by

r—1 /

, C’ , : ,
h=7 Z (211;2)17 6% g(x) = g () — djTh2r—Jg(2r)(m) + o(h¥—7) (2.6)
p=3%7J '

when j is even, and by

r—1
. C"
h_J Jj+1,2p 62p—1
Z @ -DIG+1) 9(@)
p=3(+1)



when 7 is odd, where r has been replaced by 2r in the first formula and by 2r — 1 in the
second, and where dg(z) = g(z+h/2) — g(z — h/2), Og(z) = § {g(z + h/2) + g(z — h/2)},
and successive iterations are defined in the obvious way. The constants C,,, C’;p are defined

by

p .O.
x(x—l)...(x—p+1):ZxJ%,
— .
" o (2.8)
g(z+3p—1)(z+3ip—2)...(z—3ip+1)= ij%,
7=0

respectively. Formulae (2.5)—(2.8) are taken from Steffensen (1950, Section 7) with minor
modifications. Special cases are given in Table 1.

Next we use these interpolation formulae to develop an approximation to Xs;. Given
constants c;,r with the property (2.4), define

r—1

)?21(9) Xlz + Z GJ/J Z erk Xl Jgi+k — Izr(e) + 777,7'(9) ) (29)
7j=1
where
r—1
L (0) = L;(0) + Y (07/31) D cirk Lig(0) (2.10)
j=1 k
r—1
nir (0) = €1 + Z ej/j!) Z Cjrk €1,i+k - (2.11)
7j=1 k
The random variable 7;,. has zero mean and I;.(f) represents an approximation to I;(0)
with error of size h". To appreciate this point observe that with F(z f f(u) du we
have

L(0) = h t [F{(i + )h+ 0h} — F(ih + 0h)]

(Gh’) F™GR) + o(h7)

+Z 9h “HED{(i+ 1R} — FY(R)] +

2 i h—l([h,—i Xk: Cirke F{(i + 1+ k)h} — FD{(i +1)h}
_ [h—j S i F{(i + k)h} — F(j)(ih)D N @
k
h?"

Jir(0) (2.12)

1 (i) + o(h")

where

Jir () f(’")zh,<z::9—' — >+0(1).



In this notation, )/(\'zi(Q) = L;(0)+h" Jir(0)+1:r(0). As we show in Section 2.4, we estimate
0o by comparing 5521(9) with Xo; = I;(0p) + €2; .

2.3.2 Interpolation in two dimensions. Let Cj, = {cjri, —00 < k < 0o} denote the sequence
introduced in Section 2.3.1, enjoying property (2.4). Now let g be a bivariate function with
r bounded, continuous derivatives of all types. Then for j; + j» < r an approximation to
gULd2) (11, 25) is given by

g (wr,wz) = BTN TN e by Ciarii ke 9(1 + Kb, T2 + kah)
k1 ke

_ g(jl’j2)(zL‘1, T) + pr—Ii—72 {leﬂ“—jz g(r—j2,j2)($1, T2)

+ Cjarmgs g9 T (w1, w0) |+ 0(RTTITR).

By analogy with (2.9) our approximation to Xy; is

_ p(DV1 (9(2))i
Xoi(0M,0) =X+ > ) )2 6) D D Gk Car—iu ke Xith

PR
e N T

= I (99), 952)) + Nir (99)7 9£2)) )

where

(DY (9(2))d2
IiT(9(1)79(2)):Ii(070)+ ZZ (0\1))7r (012))

RN
1<j1+j2<r—1 JitJ2:

X E : E , Cj1,r—ja,k1 Cja,r—j1,k2 [H—k(oao)a

ki ko

(1))d1 (2))J2
nir(e(l)ae(z)) = €1 + ZZ (O70)" (67)°

PR
1<Gir<r-1 I

X § E :le,r—jz,kl Cjar—ji1,ka €1,i+k 3

k1 k2

compare (2.10) and (2.11).
To appreciate that I;, approximates I, first define F(z,y) = [* [Y f(u,v) dudv. The

analogue of (2.12) is

L(OW,0®) = h=2[F{(i1 + D)h + 0Dh, (is + 1)k + 0P}
— F{ith+0Wh, (iy + 1)k + 03h}
— F{(iy + 1)h+ 0B h,ish + 0Ph} + F(ish + 0Wh,ish + 0 h)]
= L, (00,0) — 17 g, (60, 0 |

where



T (00,00) = "% (00) (92))7

| |
1<idjesr—1 IV
X {leﬂ“—b f(r_j2’j2)(ilh Z.2h) + Cjyr—s1 f(jl’r_jl)(ilhv iZh)}

()71 (p(2))72
DN

Ji+je=r

f(jl 2J2) ('1,1 h, Zzh) .

J1! go!

In this notation, Xo; (01,0 = I;(0M),0®) + h" J;,. (00, 02)) 4 1, (01,03, which

represents an approximation to Xoq; = I4 (0(()1), 9(()2)) + €9; .

2.4. Estimation
Section 2.4.1 motivates our estimator @ of the unknown @ in terms of minimizing a
sum of penalized squared discrepancies between the observed signals and linear approxima-
tions. Section 2.4.2 discusses computation of the penalty term and Section 2.4.3 describes
asymptotic theory for the estimator. In terms of asymptotics we assume that the pixel
width h shrinks to zero as the number of pixels n, i.e., the number of elements of the set
T, see (2.2), diverges. It emerges from our analysis that consistency requires nh* — oo as

n — oo and h — 0.

2.4.1 Motivation. In Section 2.3 we defined an approximation )?21'(9) to Xo;. We now
suggest choosing # to optimize the performance of this approximation. To determine
the sense of the “optimum”, consider the simple squared distance measure, Si(0) =
> {X5:(0) — X3;}2, where the sum over values i is the index set Z on which data are
recorded; see (2.2). We claim that minimizing S;(f) with respect to 6 is inadequate. It
produces a biased, inconsistent estimator of 0y, as we now relate.

Recall from Section 2.3 that Xa;(0) = I;(0) + h" Ju;(6) + 1rs(6), and from the model
(2.2) that Xo; = I;(09) + €2;. Therefore,

Xoi(0) — Xoi = I;(0) — I;(00) + h" Jir(0) + 03 (0) — €0 . (2.13)
In the case of d =1 dimensions, as 8 — 0y we have J;,. = J;,.(6p) + o(1),

Iz(g) — I,(g()) = C,h(g — 90) + 0(h|9 — 90|) N (214)
Mir(0) = mir (B0) + 1(0 = 00) > cirk 1,14k + 0p(h]0 — o)), (2.15)
k
where ¢; denotes a constant which, under mild conditions on f, is of order 1. Comparing
the right hand sides of (2.14) and (2.15) we see that both I;(6) — I;(0y) and 7;,(0) contain

10



terms in h(6 — 6y). Thus, noting the form of the right hand side of (2.13), it becomes clear
that the estimator of # which results from simply minimizing S;(#) will not be consistent
unless we do something to take account of the dependence of 7;,.(f) on 6. The same is true
for d > 2.

It is not difficult to see that the most significant contribution to S1(6) of the term
h(6 — 0p) in n;.(0) comes from the square of 7;.(6). The cross—product terms involving
nir(0) make a relatively lesser contribution owing to the fact that the errors €;; have zero
mean. Furthermore the sum of the squares of the 7;,.(6)’s is closely approximated by its
expected value. Thus, we might first estimate 7(6) = Y=, E{n;,(9)?} by 7(6) say, and then

choose 8 = 6 to minimize

S(0) = $1(0) —7(0) = Y {Xui(0) - Xui}” —7(0). (2.16)

7

It is not crucial that 7(0) be consistent for 7(#), but it is essential that 7(0) represent a
good approximation to those parts of 7(0) that depend on 6.

By construction this method uses a linear interpolant of Xi; to approximate Xbs;.
Of course the problem of estimating 6 has inherent symmetry, and we could instead have
approximated X1; by an interpolant of Xo;, say X1;(—6). Arguing thus and letting 7 (6) =
7(0) and 7»(0) denote the respective versions of 7(6), we see that we would choose 6 = 8

to minimize

> [{Zai(0) = Xai}* + {K1s(-0) — X0 }| = 71(0) - 7a(-0) (2.17)

7

instead of S(0) at (2.16).

This approach uses the available information more effectively and so it comes as no
surprise to learn that it reduces mean squared error of the estimator 0. However it does
not reduce the order of magnitude of mean squared error, only the constant multiplying
that order. Working with the criterion (2.17) is notationally cumbersome, and so we shall
develop theory only for the simpler criterion (2.16). The manner of transition from one to
the other will be clear.

Our estimation may also be motivated by consideration of an errors—in—variables
nonlinear regression model (Fuller, 1987). Let Y; = Xg; — Xy4, €5 = €2; — €1; and

Zij = (41 Y & Cirk Lixx(0). Except for terms of order h", Y; = 21<j<T_1 93 Zij + €ix,

11



which is a nonlinear regression model. Consistent estimates of 6y would be obtained by
minimizing

3 { Z i z”} .

i=1

However, Z;; cannot be observed, and instead we estimate it by Zj =yt Yk Cirk X1,i+k
= Z;j + Vi;. Nonlinear regression of Y; on {ZJ} would produce inconsistent estimators

~

of § because of the errors-in-variables phenomenon; Z;; is an error—prone version of Z;;.

Indeed,

,Z:; {Yi—z 67 Z,;)° = ,2:; {)?2,( XQ,} Z (1:(0)— 1,(80) +€0i —mir (0)+ O ()},

has expectation >, .., {L;(0) — I;(0o)}? + 7(), up to terms not depending on . Since
we want to minimize the first term in this sum it makes sense to subtract 7(f) from the

observed sum of squares, leading to (2.16).

2.4.2 Estimation of 7(f). We treat separately the cases of one and two dimensional signals.

In the case d = 1 observe from (2.11) that

(s (07} = p(0) +23 32 (/) es o1
j=1 k

r—1 r—1

PP IPIP Dy,

J1=1 ja=1 Kk

9]1+J2

]1 ,] ! Cjirkys Cjarks p(kl - k2) )

where p(k) = p1(k) = E(€1;€1,i+x). The first term on the right hand side, p(0), does not

depend on 6 and so may be ignored. Therefore we take

.]1 ] ! Cjirky Cjarks ﬁ(kl - kQ)} )

+ZZZZ2

=1 j2=1 ki
where p(k) denotes an estimator of p(k).
Next we describe how to estimate p(k). We assume the m-—correlation model (2.3)
under which p(k) is known to be zero for |k| > m. Let {b,, —0o < k < oo} and b, denote

real numbers such that for a univariate function g having r continuous derivatives,

> bk g(a+kh) = b, B ") (z) + o(h")
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as h — 0. For example we may take b, = ¢, 41, and b, = 1. For integers ¢ > 1 define
Yqz = Z ka Xl,i~|—kq = in + qu
k
where

qu = Z brk; Iz~|—kq(0) - b?“ qr h" f(T) (Zh) + O(h’T) ) qu = Z ka €1,itkq
k k

Put

= ZZ brie, Dy - (2.18)

kq,ko
k1 —kal=j

In this notation
m/q

trq Tq1, Z /BJ p jq (219)

which is estimated by frq =n71 3, Y2 =t,q + Op(n~Y2 4+ br).

Formula (2.19) expresses the estimable quantity ¢,, as a known linear combination of
the unknowns p(k). The m + 1 equations Zogjgm/q B pliq) = i\,nq for 1 <qg<m-+1,
are linearly independent in the m + 1 unknowns p(0), ..., p(m) and may be solved to yield
estimators p(k) which satisfy p(k) — p(k) = Op(n=1/2 + h?") for 0 < k < m. Indeed the
equations may be solved recursively, giving p(0), p(m), p(m — 1),...,p(1), by arguing as

follows:

p(0) = By trmt1 s p(m) = B {{trm — Bo (O},
plm —1) = B " [trm—1 — Bo p(0) — Be p{2(m — 1)}], ...,
p(1) = By H{tr1 — Bop(0) = Bop(2) — ... = Bmp(m)},

where we take p(k) =0 if & > m.

In the case of d = 2 dimensions we take

p(ir (9(2))i2 )
= ”{2 ZZ ( )- '(- , ) Z Z Cjy r—ja by Ciar—ijr ks PUKL, K2)

1<j1+j2<r—1 Jl'jZ' kl k}z

DD IEDID ZZZZ

1<j1+72<r—11<j3+j51<r—1 ki k2 ks k4

9(1) Ji1+7s 9(2))J2+J4

J1! go! js! ja!
X Cj1,r—ja,k1 Cja,r—j1,ko Cjz,r—ja,ks Cja,r—js,ka P (k k37 ko — k4)}
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If the noise process is isotropic so that p(j, k) = p(—j,—k) = p(—j, k) = p(j, —k), and if
we define m—dependence by p(j, k) = 0 if |j| > m or |k| > m, then we use the following
procedure. Let byx = ¢o_[p/2)r+1-[r/21k a0d drx = Cfr/2)fr/21+1,6- FOr ¢ = (q1,q2),
i = (i1,i2) and k = (kq, k2) define

Yy = Zzbr k1 r ko X1it kg = ZZbr k1 @r ko €1,i4kq + O(h") = Cq,i + O(h").

If we define ;1 by (2.18) and ;2 by (2.18) but with b, replaced by d,j then for 1 <

q1, 42 S m + 17
[m/aq1] [m/q2]

Z Z 511,1512,20 J1q1, .]2(]2) .

J1=0 j2=0
Defining i\q =n"2), Yq%i we estimate p(-, -) by solving i\q = t,. Again the bias is of size h?"
and the error-about-the-mean of size n~/2, with these formulae also applying to 7(6).

Estimates of p(-, ) for other covariance structures can be found by similar techniques.

2.4.3 Asymptotic theory. In this section we show that if the underlying signal f has r > 2
bounded derivatives and if the noise processes €1; and €3; have the m—correlation property,
see (2.3), then  has bias of size A1 and error-about—the—mean of size n=Y/2h=2. We

shall treat only the case d = 1 dimension using (2.16); d = 2 and (2.17) are similar.
Define p(k) = p1(k) = E(exi, €1,i4x),

Stt=nt Y fWGER?, Se=nt Y fW(in) fO(in)

r gj or
Ss=Y e ——2,  Si=—555s,

= J! 7!
r—1 9]' r—1 93 1
4y =n""t Z (eu + Z 7(,] Z Cirk €1,i+k — €2i> <Z G 0_ 01 Z Cirk €1 H—k)
i j=1 7" i j=1
a=a; — E@) =0,(n"?,
_ =2 0 , _
B=h"%S Z G > cim{p(k) — p(k)}
7j=1 k
r—1 r—1

_ o
. (j1 + j2)05 72

T2 Z 2 1! ja!

X Cjirky Cjorks 1P(k1 — k2) — p(k1 — k2)}] .
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Let p(k) denote an estimator of p(k) with bias of o(h"*!) and error-about—the-mean of
O, (n_l/ 2). The estimator suggested in the previous section has this property, which means

that 3 = Op(n=2 h=2) + o(h"*+1). We shall prove that
§—0p=—-S1h 2a+[F+Ssh"  +o,(n V2R 4 B77L) (2.20)

which establishes the claim in the previous paragraph.

Our starting point is formulae (2.14)—(2.16) from which it follows that

0 —~
5%5(0):T1+T2+T3—h251_1ﬁ,

where as 0 — 0y, h — 0 and n — o0,
Z {1:(0) = Ti(00) + b7 T (0)H{I(0) + 1 T (6)}

2
= (0—00) Y {Ii“’(ew} + 1737 1(80) Jir (60) + 0(nh*]0 — o] + ")
= (6 — 0p) nh? Sl_l + nh"t! Sy Sz + o(nh?|0 — Oo| + nh" ),

Z [{1:(0) — Li(0o) + b" Jir ()} 12 (0) + {I1V(0) + B TV (0) Y {1 (8) — €2:}]
= Op(”1/2h)

:Z{m’r( —621}77 {Zn““ 771(7}) }:

Combining these results we deduce (2.20).

Q)

3. ESTIMATION BY MAXIMUM CROSS-COVARIANCE
3.1. The estimator
This section presents an alternative to the penalized least squares estimator. The
alternative estimator has two virtues, (a) it is conceptually and computationally simpler
than penalized least squares, and (b) it is consistent for a wide class of error processes
including, but not limited to, m—dependence.

Let Xo;() be given by (2.9) or its analogue in the two dimensional case, let

= n_l Z X2i 5(:21(9) s (31)

and define
f = arg max T(). (3.2)
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To understand the motivation behind 8 notice that by (2.2b) and (3.1),

Since {ez;} and {n;(0)} are independent processes and using the Cauchy—-Schwarz inequal-
ity we can expect that
_121 6o) I —1{212 )ZIE(QO)}I/Z,
i
where the equality holds if and only if I;(0) (as a function of 4) is linear in I;(6y). Unless
F changes rapidly near 0 or nh, Y., I;(#)? is approximately independent of 0, and then
0 ~ 0.

If Xo; is a mean zero process then T'(f) is the sample cross—covariance at lag zero
between X5; and )?zi(e). In what is to follow we assume that X;; and X»; have been
centered to have mean equal to zero, and in practice we shall maximize

T0)=ntY { Xo; Xi(0) + Xli)?u(_e)} . (3.3)
i

This procedure is simple to implement since it does not require an estimator of p(-).
In contrast, penalized least squares could require extensive programming when d > 2 and
the order of dependence, m, is not small. However a disadvantage of the maximum cross—
covariance estimator is that as h — 0 its bias converges to zero more slowly than does the

bias of penalized least squares, for the same value of r.

3.2. Asymptotic theory

Consider the case d = 1. The estimator  satisfies the equation
0=TW@) =TD(0) +T"(0*)(O - bo), (3.4)

for an intermediate point 6*. Asymptotically 6 behaves like 6 = 6y — T3 (8)/T" (6,). We
shall study the asymptotic behavior of .
Observe that

T(j)(go) . Z {I;(60) + 621}{[0) )+ A" J(J) (J)(QO)} ) (3.5)

One can show that

I (00) =O0(1) for j=1,2, (3.6)
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and

Var(n (6)) = 0(1) for j=1,2. (3.7)
We shall show below that
n~ " L(00) IV (00) = O(h®) + O(n ™) (3.8)
=1
and .
n™t " Li(00) I (0y) ~ b2, (3.9)

where the notation a,, ~ b, means that a, /b, is bounded away from zero and infinity. By
(3.5)-(3.9), n 1 TW(6y) = Op(n=1/2) + O (h™nG7)) and n=1 T (0y) ~ h?, assuming that
n~Y2p=2 5 0. Therefore

0— 0y = Op (n—1/2 h—2) + O(hmin(B,r—2)) ) (310)

The first term on the right hand side of (3.9) is the error-about—the-mean, while the
second term is bias. To establish (3.8) define ¢(0) = n~! > i<i<n Li(00) 1;(0). Recall that
L;(0) = h Y F{(i +1+0)h} — F{(i + 0)h}]. To simplify notation take 0y = 0; this does

not cause a loss in generality. Then
oM (0) =n"th Z “UF{(i + 1R} — F@h)] A7 FO{( + 1)h} — FO(iR)))

=n""h Z [FOLG+ L)} + (1/6)FOL (i + 2)h}h* + O(h")]

« [FOL(i+ A} + (1/6)FD(i + L)hIh2 + O(ht)]
=0+ 0™, (3.11)

since for any ji, jo we have
nh
nt Y FOM(i+4)n} FUD{(i+1)} = (nh)_l/o FU) (z) FU2) () dz+0(h?), (3.12)
and for any j,
nh ) ) . 2 nh
/ FO(e) PO () dr = § {FO(@)} dz]" = 0(1).
0

Note that (3.11) proves (3.8). In several places we have assumed that FU)(z) = O(1) for
z = 0 and nh and for j = 1,2,3. Note that FU)(0) is fixed since the signal is fixed, but
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F) (nh) could grow rapidly. Therefore it is necessary to assume that F' () is bounded away
from oo for j < 3. Without this assumption (3.10) could fail to hold. Similar calculations
show that

o' = w2 {nt [ " O PO @ e+ 0()

nh

= w{ — (un)™! / (FO (@)’ dz+ O@h) ™ + 0} ~ 12, (3.13)

since we shall assume that [j_ _ . (F(Z)(a:))2 dz ~ nh and n=! = o(h?). We can think of
the left hand side of (3.13) as the “signal” or “information about #” in the data. Notice that
if F®)(z) =0, then F(z) = F(0)+F®M(0)z and I;(f) = h~{F{i+1+0)h} —F{(i+0)}] =
F®1(0), so that 6 cannot be identified by {(X1;, X2i)}.

4. SIMULATION
To compare the two different methods we undertook a small simulation study. The
data were generated as follows. We let €;; be independent normal random variables with
mean zero and standard deviation o. For an independent uniform random variable U and

for ¢ = 0,1, for x = ih we defined

I;(0) = sin(3z +3h) —sin(3z) +sin {3+ U)(z + h)} —sin {(3+ U)z} +q {(z + h)* — 2°} .

(4.1)
The choice ¢ = 0 in (4.1) is meant to replicate a stationary signal, while ¢ = 1 allows a
nonstationary linear trend in f.

The penalized likelihood method was implemented for » = 4 assuming independent
errors with unknown variances estimated from the data as in section 2. The maximal
covariance estimators were implemented for r = 3,4. We fixed ¢ = .10, n = 512 and we
repeated the simulations 100 times for each of the values h = .05,.10,.20, § = .05, .20 and
q = 0,1. The results are given in Table 2, where we have evaluated median bias, RMSE
(square root, of the mean squared error) and MAE (median absolute error).

An inspection of Table 1 indicates that for small values of h (= 0.05) none of the
estimators is particularly good. This is an expected consequence of the theory, where we
have assumed that nh* — co: small h violates the spirit of this assumption.

For moderate and larger values of h (= .10 and .20), with a stationary signal (¢ = 0),

all the estimators behave similarly. Because the penalized least squares estimator assumes
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m—dependence with the correct choice realized (m = 0), we take these results as positive
for the maximal covariance method. Indeed, with a more reasonable error covariance
structure, e.g. m = 5, we would expect the penalized least squares method’s performance
to deteriorate. To check this, we did repeat the case h = .20, ¢ = 0 and 6 = .20 with
the penalized least squares approach assuming that m = 5. The median bias, RMSE and
MAE were —.003, .0146, and .0092, respectively. Surprisingly, these results are as good as

those with m = 0 known.

For the nonstationary signals (¢ = 1) the penalized least squares method emerged as
clearly superior to the maximal covariance method. In simulations not presented here the
maximum covariance estimator did indeed perform better if X;; and X5; were detrended
by subtracting linear least squares fits from each process. It is interesting to note that the
choice r = 3 in the maximum covariance method is far inferior to » = 4 because of bias

when r = 3. Here we see what our theory predicts: bias reduction for larger values of r.

5. A TWO DIMENSIONAL IMAGE

As an illustration we applied these techniques to two 512 x 512 images provided to us
by Dr. Mark Berman of CSIRO; one of the images is given as Figure 1. The pictures are
aerial views of a suburb in Adelaide, Australia, recorded by a MEIS-II aircraft scanner.
The other image is identical to the first by eye, although misregistration was thought to
be likely, with values of (61, 62) presumed to be in the interval [—1, 1]2. In order to speed
up processing time we computed (2.17) and (3.3) on a 31 x 31 subgrid of the image, the

subgrid consisting of every 16th point in each direction.

The penalized least squares method was computed assuming 2—dependence for r =
2,...,5. The estimates from this method were (—0.539,0.134), (—.472,.111), (—.440,.100)
and (—.454,.107) for r = 2,3,4,5, respectively. The maximum covariance estimator re-
quires r > 3; for r = 3 it was outside the plausible interval [—1,1]2. For r = 4,5, the
estimates were (—0.351,0.092) and (—0.387,0.092), respectively. The functions (2.17) and
(3.3) had no local optima; for example in Figure 2 we plot the negative of the cross—

covariance function (3.3) when r = 5.

The fact that the cross—covariance estimator was unstable for » = 3 is in some agree-
ment with our theory and the simulations of Section 4, both of which suggest that the

cross—covariance estimator requires one extra degree of smoothness to attain the same
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behavior of the penalized least squares estimate.

6. DISCUSSION

We have discussed methods for estimating the lag, or amount of misregistration, in
two noisy signals where the recorded data are obtained by pixel averaging. Both methods
employ mathematical interpolation to accommodate the effect of the pixel averaging, and

both methods use the approximation (2.9) as their starting point.

The least squares method minimizes the averaged squared distance of the signals to
their interpolated estimates, but a penalty is required to take into account the errors—in—
variables phenomenon, thus leading to a penalized least squares criterion. Computation
of the penalty requires estimation of the covariance functions of the error processes {€;}
and {eo; }, which we have assumed to be second order stationary. We have developed such
estimators in the case of m-dependence, exhibiting explicit formulae in the two dimensional
case when the covariance function is isotropic. If the pixel length is h and the averaged
signal has r derivatives then the penalized least squares estimator of misregistration has

bias of order A"~! and error about the mean of order (nh*)=1/2.

A second method maximizes the cross—covariance function of the observed signal and
its interpolated estimate. This estimator is conceptually and computationally simpler than
penalized least squares, is consistent for a wide class of error processes including but not
limited to m—dependence, and avoids the need to estimate the covariance function of the
error processes. Its error about the mean is of order (nh*)~'/2, but its bias is of order
R™in(3:1=2) and hence its bias converges to zero more slowly than does the bias of penalized

least squares, for the same value of r.

For the maximal cross—covariance estimator of Section 3, rough calculations indicate
that if one uses a certain value r in defining the estimators, while the real number of
derivatives is 7’ < r, then one is not hurt in terms of rates of convergence, i.e., one does
as well as if one assumed only r’ derivatives. This issue of robustness of formulation will

be pursued in a later paper.

Finally we comment of the issue of differentiability. Suppose there are a few loca-
tions where the signal is not differentiable. Then the corresponding pixel averages could,
in principle, spoil the estimators, even if they represent only a small proportion of the

data. This reasoning suggests that one might wish to consider robust criteria as possible
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replacements for our penalized least squares and maximal cross—covariance methods. For
example, in the latter one might construct a robust estimator of the covariance function.

We hope to pursue this issue in future work.

We believe that ours is the first formal study of rates of converge in misregistration
problems with pixel averaging, and that the use of interpolation and the resulting estima-
tors are of interest in their own right. However, many open problems remain. Among these
is the development of estimators of the error process covariance functions for situations
other than m—dependence. In addition the asymptotic distribution of the estimates of 0

remains to be developed; the expansions (2.20) and (3.4) should prove useful in this regard.
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CAPTION FOR TABLE 1: Constants Cj, and Cj,, from formulae (2.8).

CAPTION FOR TABLE 2: Bias, root mean squared error and median absolute error for
various estimators. The study is as described in the text, and the model is given
by (4.1). The value ¢ = 0 refers to the stationary case, while ¢ = 1 allows a
nonstationary linear trend. In the table, “Bias” refers to median bias, “RMSE”

is the square root of the mean squared error, and “MAE” is the median absolute
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error. The entry “*”

CAPTION FOR FIGURE 1: Aerial view of Adelaide, South Australia, recorded by a
MEIS-IT aircraft scanner.

indicates an abnormally large value due to a single outlier.

CAPTION FOR FIGURE 2: Negative cross-covariance function, on vertical axis, plotted

against position in square [—1,1] x [—1,1].
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Table 1.a: (—1)i+r S

7!

J
1 2 3 4 5 6 78 9 10
p
1 1
2 1 1
3 2 3 1
4 6 11 6 1
5 24 50 35 10 1
6 120 274 225 85 15 1
7 720 1764 1624 735 175 21 1
8 5040 13068 13132 679 1960 322 28 1
9 40320 109584 118124 67284 22449 4536 546 36 1
10 | 362880 1026576 1173680 723680 269325 63273 9450 870 45 1
Table Lb:
J
1 2 3 4 5 6 7 8 9 10
p
1 1
2 0 1
3 -1 0 1
4 0 -1 0 1
9 5
5 = 0 2 0 1
6 0 4 0 -5 0 1
225
7 —20 0 29 0o -3 0 1
8 0 -36 49 0 -14 0 1
11025 3229 987
9 i 0 3229 0o -2 0 -21 0 1
10 0 576 0 820 0 293 0 30 0 1




Table 2: Results of a Simulation Study

Penalized Least Squares Maximal Covariance, r=3 Maximal Covariance, r=4

Bias RMSE MAE Bias RMSE MAE Bias RMSE MAE
.05 0 .05 —-.039 .520 .226 -.047 2.04 .268 .002 1.31 .280
.05 1 .05 .082 .700 .243 456  3.98 .675 -.027 1.62 .287
.10 0 .05 .0023 .072 .041 .019 .064 .037 .001 .068 .036
10 1 .05 .007 .084 .056 159 .289 171 .011 .107 .062
20 0 .05 .001 .0148 .0096 .001  .0146 .0097 .001 .0146 .0094
20 1 .05 .0007 .0127 .0079 159 .203 .159 .003 .0230 .014
.05 0 .20 129 .552 .270 124 2.92 .353 126 26.9 287
.05 1 .20 —.201 .769 .276 258 8.41 722 -.151 4.70 443
.10 0 .20 .004 .071 .046 .002 .064 .042 .007 .067 .046
10 1 .20 .020 * .059 .160 * .198 .004 * .064
.20 0 .20 .003 .0162 .0120 .000 .0155 .0111 .003 .0156 .0116
20 1 .20 .000 .0146 .0100 .148 .186 .148 .007 .0264 .0181




