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INTRODUCTION
This article is concerned with relating a response or outcome to an exposure and confounders
in the presence of measurement error in one or more of the variables. We focus almost entirely
on measurement error in a continuous or measured variable. When categorical variables
(exposed or not exposed, case or control, quintiles of fat) are measured with error, they are
said to be misclassi ed [see Misclassi cation Error]. There are also many links in this topic
with methods for handling missing data and with validation studies [see Missing data in
Epidemiologic Studies; Validation Study]. For further details and a general overview of the
topic, see Carroll, et al. [19]; Fuller [30] should be consulted for the linear model.
Before describing the problem, it is useful to rst consider a number of speci c examples
that have had an impact on the development of the eld.

 Measurement error has long been a concern in relating error{prone predictors such a

systolic blood pressure (SBP) to the development of coronary heart disease (CHD).
That SBP is measured with error is well{known, and estimates (Carroll, et al. [20])
suggest that approximately 1=3 of its observed variability is due to measurement error.
The Framingham Heart Study is perhaps the best known cohort study in which the
role of measurement error in SBP has been a concern for many years. MacMahon,
et al. [44] describe the important public health implications of properly accounting
for the measurement error inherent in SBP. In an as yet unpublished paper, David
Yanez, Richard Kronmal and Lynn Shemanski have discovered an example also in the
CHD context where the failure to account properly for measurement error leads to
misleading conclusions based on falsely detected statistical signi cance.

 In measuring nutrient intake, measurement error has been a long{term concern, as has

the impact of this error on the ability to detect nutritional factors leading to cancer,
especially breast and colon cancer. Typical cohort studies measure diet by means
of food frequency questionnaires which, while related to long{term diet, are known
to have biases and measurement errors. Other instruments are in use in this eld,
including food records (essentially diaries), 24{hour recalls and (for a limited number
of variables such as total caloric intake) biomarkers. Measurement error in nutrient
instruments can be very large, for example because of the daily and seasonal variability
of an individual's diet, and the biases in and loss of power to detect nutrient{cancer
relationships can be profound. There is still considerable controversy in this eld,
see Hunter, et al. [37], Prentice [54] and Li, et al. [41]. Because of the cost of cohort
studies in nutrition, case{control studies are of considerable interest. However, nutrient
intakes in case{control studies are measured after the development of disease in cases,
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and this might cause di erential measurement error, a topic we discuss in some detail
below.

 There are a number of on{going prospective and case{control studies of disease and

serum hormone levels, and this is an area on considerable potential. Measurement
error is a major concern here, due to within{individual variation of hormones, as well
as various laboratory errors.

 In measuring environmental risk factors, measurement error is a common problem. For
example, measuring household lead levels is an error{prone process, not only because
of laboratory and device error, but also because lead levels are inhomogeneous in both
space and time, while measurement methods tend to be in xed locations at xed
times. Because lead exposure has many possible media (air, dust, soil) with possibly
correlated errors, the e ects of measurement error can be large and complex.

Outline
This article consists of a series of major sections, as follows.
1. We will rst outline the basic concepts of measurement error modeling, making particular distinction between di erential and non{di erential measurement error. We will
also describe the ideas of functional and structural modeling, as well as indicate how
the measurement error problem can be treated as a missing data problem.
2. Following the introductory concepts, we will discuss the problem of measurement error as it pertains to the linear regression model. Here we will introduce the idea of
attenuation of regression coecients, and the biases in parameter estimates caused
by measurement error. We will also discuss hypothesis testing, In the simplest cases,
measurement error causes an often large decrease in the power to detect signi cant
e ects, while as indicated above, and as exhibited through the analysis of covariance,
in an observational study, measurement error in a confounder can cause misleading
inferences about exposure e ects.
3. Having described the e ects of measurement error on estimation and hypothesis testing,
we turn to correcting for the e ects due to measurement error. We rst describe the
two most common methods, known as regression calibration and SIMEX, and also
a group of techniques called corrected score methods. We also describe the use of
instrumental variables.
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4. Maximum likelihood and Bayesian estimation form an important component of the
measurement error problem, and are described in some detail. We de ne the likelihood
function, and show the crucial di erence in the likelihood function between the non{
di erential and di erential measurement error cases, see equations (13) and (14).
5. While most of the article is based on measurement error in predictors, there is an
important literature on response error, which we also review.
6. Case{control studies are important in epidemiology. A distinguishing feature of casecontrol studies is that the measurement error may be di erential. In the di erential
measurement error case, we indicate that a speci c type of data is required, the validation data sets, in which the true predictor can be observed for a subset of the study
participants. If the measurement error is non{di erential, matters are much easier,
and the famous result of Prentice & Pyke [55] on the analysis of case{control studies
is shown to have an analogue in the measurement error context.
7. There is a signi cant and developing literature on measurement error in survival analysis, and we indicate two possible approaches to the problem.
Measurement error models have a common structure. We illustrate the terms using the
breast cancer and nutrition example

 An underlying model for a response in terms of predictors, e.g., linear, logistic, non-

linear regression. This is the model we would t if all variables were observed without
error. In what follows, we will call Y the response. For example, in the breast cancer
and nutrition example, Y is breast cancer incidence t to covariables using logistic
regression.

 A variable which is measured subject to error. This could be an exposure or a confounder. We will call this variable X. It is often called the error{prone predictor or
the latent predictor. In the breast cancer example, X is long{term nutrient intake.
 The observed value of the mismeasured variable. We will call this W, e.g., nutrient
intake measured from a food frequency questionnaire.

 Those predictors which for all practical purposes are measured without error, which
we will call Z, e.g., age, body mass index.
 We are interested in relating the response Y to the true predictors (Z; X). One method,
often called the naive method, simply replaces the error-prone predictor X with its
3

measured version W. This substitution typically leads to biases in parameter estimates
and can lead to misleading inferences.

 The goal of measurement error modeling is to obtain nearly unbiased estimates of

exposure e ects and valid inferences. Attainment of this goal requires careful analysis.
Substituting W for X, but making no adjustments in the usual tting methods for
this substitution, leads to estimates that are biased, sometimes seriously. In assessing
measurement error, careful attention needs to be given to the type and nature of the
error, and the sources of data which allow modeling of this error.

It should be obvious that one should design studies and instruments in such a way as
to best lessen or eliminate measurement error. In this article, we demonstrate some of the
impacts of ignoring measurement error, ranging from bias in parameter estimates (Figure
1), to loss of power requiring therefore much larger sample sizes to detect e ects (Figure 2)
to cases where the Type I errors occur at higher rates than the usual 5% (Figure 3).

COMPUTER PROGRAMS

Splus and SAS computer programs (on SPARC architecture SunOS versions 4 and 5 and
for Windows on PC's) which implement many of the methods described in this article (for
major generalized linear models such as linear, logistic, Probit, Poisson and gamma regression) are available at no cost on the world wide web at http://stat.tamu.edu/qvf/qvf.html.
Bootstrap standard errors are available. They have been developed by Raymond Carroll,
Henrik Schmiedieche and H. Joseph Newton.
A set of programs for logistic regression (in SAS and FORTRAN) is available from Professor Donna Spiegelman (e-mail stdls@gauss.bwh.harvard.edu). Interested readers should
contact her for information concerning extension of these programs to proportional hazards
and linear regression.
Iowa State University (Department of Statistics, Iowa State University, Ames IA 50011)
distributes programs called EV{CARP for linear measurement error models at a cost of $300.

MODELS FOR MEASUREMENT ERROR

A fundamental prerequisite for analyzing a measurement error problem is speci cation of a
model for the measurement error process. The classical error model, in its simplest form,
is appropriate when an attempt is made to determine X directly, but one is unable to do
so because of various errors in measurement. For example, consider systolic blood pressure
(SBP), which is known to have strong daily and seasonal variations. In trying to measure
SBP, the various sources of error include simple machine recording error, administration
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error, time of day and season of the year. In such a circumstance, it sometimes makes sense
to hypothesize an unbiased additive error model which we write as
(the classical model) W = X + U;

(1)

where U, the error, is assumed independent of X. An alternative model, the controlled
variable or Berkson model [6] is especially applicable to laboratory studies. As an example,
consider the herbicide study of Rudemo, et al. [61]. In that study, a nominal measured
amount W of herbicide was applied to a plant. However, the actual amount X absorbed by
the plant di ered from W, e.g., because of potential errors in application. In this case,
(the Berkson model) X = W + U;

(2)

where U, the error, is assumed independent of W.
Determining an appropriate error model to use in the data analysis depends upon the
circumstances and the available data. For example, in the herbicide study, the measured
concentration W is xed by design and the true concentration X varies due to error, so that
model (2) is appropriate. On the other hand, in the measurement of long-term systolic blood
pressure, it is the true long-term blood pressure which is xed for an individual, and the
measured value which is perturbed by error, so model (1) should be used. Estimation and
inference procedures have been developed both for error and controlled-variable models.
This hardly exhausts the possibly error models. See Carroll, et al. [19] and Freedman,
et al. [29] for more details and further examples with more complex structure.

Sources of Data
In order to perform a measurement error analysis, one needs information about the error
structure. These data sources can be broken up into two main categories:
 Internal subsets of the primary data;
 External or independent studies.
Within each of these broad categories, there are three types of data, all of which might
be available only in a random subsample of the data set in question:
 Validation data in which X is observable directly.
 Replication data, in which replicates of W are available.
 Instrumental data, in which another variable T is observable in addition to W.
An internal validation data set is the ideal, because it can be used with all known analytical techniques, permits direct examination of the error structure and tests of critical error
model assumptions, typically leads to much greater precision of estimation and inference,
and has strong links to the well{developed theory of missing data analysis (see below). We
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cannot express too forcefully that if at all possible, one should obtain an internal validation
data set.
With external validation data, one must assume that the error structure in those data
also applies to the primary data (see below).
Replication data are used when it is impossible to measure X exactly, as, for example,
when X represents long-term systolic average blood pressure or long-term average nutrient
intake. Usually, one would make replicate measurements if there were good reason to believe
that the replicated mean is a better estimate of X than a single observation, i.e., the classical
error model is the target. In the classical error model (1), replication data can be used to
estimate the variance of the measurement error, U.
Internal instrumental data sets containing a second measure T are useful for instrumental
variable analysis, discussed brie y later in this article.

Transportability of Models and Parameters

In some studies, the measurement error process is not assessed directly, but instead is estimated from external data sets. We say that parameters of a model can be transported from
one study to another if the model holds with the same parameter values in both studies.
Typically, in applications only a subset of the model parameters need be transportable.
In many instances, approximately the same classical error model holds across di erent
populations. For example, consider systolic blood pressure at two di erent clinical centers.
Assuming similar levels of training for technicians making the measurements and a similar
measurement protocol, it is reasonable to expect that the distribution of the error in the
recorded measure is independent of the clinical center one enters, the technician making the
measurement, and the value of X being measured. Thus, in classical error models it is often
reasonable to assume that the error distribution is the same across di erent populations, i.e.,
transportable.
A common mistake is to transport a correction for measurement error from one study to
the next. Such transportation is almost never appropriate. For instance, while the properties
of errors of measurement may be reasonably transportable, the distribution of the true (or
latent) predictor X is rarely transportable, since it depends so heavily on the population
being sampled. Problems arise because corrections for measurement error involve not only
the measurement error process but also the distribution of X. For example, systolic blood
pressure measurements in the MRFIT study and the Framingham Heart Study may well have
the same measurement error variance, but the distribution of true blood pressure X appears
to di er substantially in the two studies, and the \correction for attenuation" described
below cannot be transported from Framingham to MRFIT. See Carroll & Stefanski [22] for
further details.
6

Is There an \Exact" Predictor?
We have based our discussion on the existence of an exact predictor X and measurement
error models that provide information about this predictor. However, in practice, it is often
the case that the de nition of \exact" needs to be carefully considered prior to discussion of
error models. In the measurement error literature the term \gold standard" is often used for
the operationally de ned exact predictor, though sometimes this term is used for an exact
predictor that cannot be operationally de ned. Using an operational de nition for an \exact"
predictor is often reasonable and justi able on the grounds that it is the best one could ever
possibly hope to accomplish. However, such de nitions may be controversial. For example,
consider the problem of relating breast cancer risk to the dietary intake of fat. One way to
determine whether decreasing one's fat intake lowers the risk of developing breast cancer is
to conduct a clinical trial in which members of the treatment group are encouraged to reduce
fat intakes. If instead one uses observational prospective data, along with an operational
de nition of long-term intake, one should be aware that the results of a measurement error
analysis could be invalid if true long-term intake and operational long-term intake di er in
subtle ways.

Di erential and Non{Di erential Error
It is important to make a distinction between di erential and non{di erential measurement
error. Non{Di erential measurement error occurs in a broad sense when one would not
even bother with W if X were available, i.e., W has no information about the response
other than what is available in X. Non{Di erential measurement error typically holds in
COHORT STUDIES*, but is often a suspect assumption in CASE-CONTROL STUDIES*.
Technically, measurement error is non{di erential if the distribution of Y given (X; Z; W)
depends only on (X; Z). In this case W is said to be a surrogate. Measurement error is
di erential otherwise.
For instance, consider the Framingham example. The predictor of major interest is longterm systolic blood pressure (X), but we can only observe blood pressure on a single day (W).
It seems plausible that a single day's blood pressure contributes essentially no information
over and above that given by true long-term blood pressure, and hence that measurement
error is non{di erential. The same remarks apply to the nutrition examples: measuring diet
on a single day should not contribute information not already available in long-term diet.
Many problems can plausibly be analyzed assuming non{di erential measurement error,
especially when the covariate measurements occur at a xed point in time, and the response
is measured at a later time, as is typical in cohort studies.
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There are two exceptions that need to be kept in mind. First, in case-control studies, the
disease response is obtained rst, and then one measures antecedent exposures and other
covariates. In nutrition studies, this ordering of measurement may well cause di erential
measurement error. For instance, here the true predictor would be long-term dietary intake
before diagnosis, but the dietary interview data are obtained only after diagnosis. A woman
who develops breast cancer may exaggerate her estimated fat intake, thus introducing recall
bias * [see Bias in Case{Control Studies]. In such circumstances, estimated fat intake will be
associated with disease status even after conditioning on true long-term diet before diagnosis.
When measurement error is non{di erential, one can estimate parameters in models for
responses given true covariates even when the true covariates are not observable. This is not
true when measurement error is di erential, except for the linear model. With di erential
error, one must obtain a validation subsample in which both true covariate measurements
and surrogate measurements are available. Most of this article focuses on non{di erential
measurement error models. Di erential models with a validation study are typically best
analyzed by techniques for handling missing data [see Validation Study; Missing Data in
Epidemiologic Studies; Misclassi cation Error].

Prediction
Prediction of a response is di erent from estimation and inference for parameters. If a
predictor X is measured with error, and one wants to predict a response based on the errorprone version W of X, then except for an important case discussed below, it makes little
sense to worry about measurement error. The reason for this is quite simple. If one has
an original set of data (Y; W), one can t a convenient model to Y as a function of W.
Predicting Y from W is merely a matter of using this model for prediction. There is no
need then for measurement error to play a role in the problem.
The one situation requiring that we model the measurement error occurs when we develop a prediction model using data from one population but we wish to predict in another
population. A naive prediction model that ignores measurement error may not be transportable. This context often becomes quite complex, requiring a combination of missing
data and measurement error techniques, and to the best of our knowledge has not been
investigated in detail in the literature. One exception is Ganse, et al. [31].

Is Bias Always Towards the Null?
It is commonly thought that the e ect of measurement error is to bias estimates of exposure
e ects \towards the null". Hence, one could ignore measurement error when testing the null
hypothesis of no exposure e ect, and one could assume that non{null estimates, if anything,
8

underestimate the e ect of exposure. This lovely and appealing folklore is sometimes true
but, unfortunately, often wrong. We discuss this point in detail below. A numerical example
has recently been provided to us by David Yanez, Richard Kronmal and Lynn Shemanski
in a heart disease context with seven covariates and a baseline variable. They found that
while an analysis ignoring measurement error showed highly statistically signi cant e ects
in all variables, none of the e ects were even close to being statistically signi cant when the
analysis takes measurement error into account.

Functional and Structural Models
The words functional and structural have important places in the area of measurement
error models. They act as a short-hand terminology for the basic approach one uses to solve
the problem. In functional modeling nothing is assumed about the X's; they could be xed
constants (the usual de nition) or random variables. In structural modeling, X is assumed to
be random, and a parametric distribution (usually the normal) is assumed. There has traditionally been considerable concern in the measurement error literature about the robustness
of estimation and inferences based upon structural models for unobservable variates. Fuller
[30], page 263, discusses this issue brie y in the classical nonlinear regression problem, and
basically concludes that the results of structural modeling \may depend heavily on the (assumed) form of the X distribution". In probit regression, Carroll, et al. [20] report that if
one assumes that X is normally distributed, and it really follows a chi-squared distribution
with one degree of freedom, then the e ect on the likelihood estimate is \markedly negative",
see also Schafer [63]. Essentially all research workers in the measurement error eld come
to a common conclusion: likelihood methods can be of considerable value, but the possible
non-robustness of inference due to model misspeci cation is a vexing and dicult problem.
The issue of model robustness is hardly limited to measurement error modeling. Indeed,
it pervades statistics, and has led to the rise of a variety of semiparametric and nonparametric
techniques. From this general point of view, functional modeling may be thought of as a
group of semiparametric techniques. Functional modeling uses parametric models for the
response, but makes no assumptions about the distribution of the unobserved covariate.
There is no agreement in the statistical literature as to whether functional or structural
modeling is more appropriate. Many researchers believe that one should make as few model
assumptions as possible and favor functional modeling. The argument is that any extra
eciency gained by structural modeling is more than o set by the need to perform careful
and often time-consuming sensitivity analyses. Other researchers believe that appropriate
statistical analysis requires one to do one's best to model every feature of the data, and thus
favor structural modeling.
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We take a somewhat more relaxed view of these issues. There are many problems, e.g.,
linear and logistic regression with additive measurement error, where functional techniques
are easily computed and fairly ecient, and we have a strong bias in such circumstances
towards functional modeling. In other problems, for example the segmented regression problem (Kuchenho & Carroll [38]), structural modeling clearly has an important role to play,
and should not be neglected.

Measurement Error as a Missing Data Problem
From one perspective, measurement error models are special kinds of missing data problems, because the X's, being mostly and often entirely unobservable, are obviously missing
as well. Readers who are already familiar with linear measurement error models and functional modeling will be struck by the fact that most of the recent missing data literature
has pursued likelihood and Bayesian methods, i.e., structural modeling approaches. Readers
familiar with missing data analysis will also be interested to know that, in large part, the
measurement error model literature has pursued functional modeling approaches. We feel
that both functional and structural modeling approaches are useful in the measurement error
context, and this article will pursue both strategies.
The usual interpretation of the classical missing data problem (Little & Rubin [42]) is
that the values of some of the variables of interest may not be observable for all study
participants. For example, a variable may be observed for 80% of the study participants,
but unobserved for the other 20%. The techniques for analyzing missing data are continually
evolving, but it is fair to say that most of the recent advances (multiple imputation, data
augmentation, etc.) have been based on likelihood (and Bayesian) methods.
The classical measurement error problem discussed to this point is one in which one
set of variables, which we call X, is never observable, i.e., always missing. As such, the
classical measurement error model is an extreme form of a missing data problem, but with
supplemental information about X in the form of a surrogate, which we call W. Part of the
art in measurement error modeling concerns how the supplemental information is related to
the unobservable covariate.
Because there is a formal connection between the two elds, and because missing data
analysis has become increasingly parametric, it is important to consider likelihood and
Bayesian analysis of measurement error models, topics taken up later in this article.

LINEAR REGRESSION AND THE EFFECTS OF
MEASUREMENT ERROR

A comprehensive account of linear measurement error models can be found in Fuller [30].
10

Many textbooks contain a brief description of measurement error in linear regression,
usually focusing on simple linear regression and arriving at the conclusion that the e ect of
measurement error is to bias the slope estimate in the direction of 0. Bias of this nature is
commonly referred to as attenuation or attenuation to the null.
In fact though, even this simple conclusion has to be quali ed, because it depends on
the relationship between the measurement, W, and the true predictor, X, and possibly
other variables in the regression model as well. In particular, the e ect of measurement
error depends upon the model under consideration and on the joint distribution of the
measurement error and the other variables. In multiple linear regression, the e ects of
measurement error vary depending on: (i) the regression model, be it additive or multiple
regression; (ii) whether or not the predictor measured with error is univariate or multivariate;
and (iii) the presence of bias in the measurement. The e ects can range from the simple
attenuation described above to situations where: (i) real e ects are hidden; (ii) observed
data exhibit relationships that are not present in the error-free data; and (iii) even the signs
of estimated coecients are reversed relative to the case with no measurement error.
The key point is that the measurement error distribution determines the e ects of measurement error, and thus appropriate methods for correcting for the e ects of measurement
error depend on the measurement error distribution.

Simple Linear Regression with Additive Error: Regression to the
Mean
We start with the simple linear regression model Y = 0 + xX + , where the scalar
X has mean x and variance x2 , and the error in the equation  is independent of X, has
mean zero and variance 2. The error model is additive as in (1). In this classical additive
measurement error model, it is well-known that an ordinary least squares regression ignoring
measurement error produces an estimate not of x, but instead of x =  x, where
2
 = 2 +x 2 < 1:

x

u

(3)

Thus ordinary least squares regression of Y on W produces an estimator that is attenuated
to 0. The attenuating factor, , is called the reliability ratio.
One would expect that because W is an error-prone predictor, it has a weaker relationship
with the response than does X. This can be seen both by the attenuation, and also by the
fact that the residual variance of this regression is increased, being not 2 but instead
var(YjW) = residual variance of observed data = 2 +  x2u2 :
11

Error
No Error

Filled=No Error
Open=With Error

Figure 1: Illustration of additive measurement error model. The lled circles are the true
(Y; X) data and the dashed (steeper) line is the least squares t to these data. The open
circles and solid (attenuated) line are the observed (Y; W) data and the associated least
squares regression line. For these data x2 = u2 = 1, ( 0 ; x) = (0; 1) and 2 = :25.
This facet of the problem is often ignored, but it is important. Measurement error causes
a double-whammy : not only is the slope attenuated, but the data are more noisy, with an
increased error about the line.
To illustrate the attenuation associated with the classical additive measurement error,
the results of a small simulation are displayed in Figure 1.
Ten observations were generated with x2 = u2 = 1, ( 0 ; x) = (0; 1) and 2 = :25. The
lled circles and steeper line depict the true but unobservable data (Y; X) and the regression
line of Y on X. The empty circles and attenuated line depict the observed (Y; W) data and
the linear regression of Y on W.
Figure 1 is indicative of a phenomenon called Regression to the Mean. Intuitively, what
this means is that the extremes in the observed (W) data are too extreme, and that the
true X is closer to the mean of the data. In fact, in normally distributed data, if X has a
population mean x, then having observed the fallible instrument, the best prediction of X
12
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Figure 2: Sample size for 80% power in a one{sided test of level 5% in linear regression, as
a function of the measurement error variance. Here the true slope = 0:75, the true variance
of X is 1:0, the true variance about the line is 1:0.
is x(1 , ) + W, where  < 1 is de ned in (3). The net e ect is that the best (linear)
predictor of X is always closer to the overall mean than any observed W.
The foregoing is one facet of regression to the mean. A more common de nition is
complementary. In a study participant with an an unusually large observed W, if one repeats
the measurement and obtained a second (replicated) measure, this replicate is generally less
(and often much less) than the original extreme value.
For instance, in a study of true long-term fat intake (X) using a 24-hour recall instrument
(W), if one focuses on the person with the highest reported fat intake, then (i) that person's
true fat intake is most likely less than the the observed intake; and (ii) if one repeats the
24-hour recall instrument, the new reported fat intake is likely to be less than the original
reported fat intake.
The second part of the \double{whammy" is a loss of power. The following example is
meant to illustrate this loss of power, and it is easiest to do this illustration in the special case
that all variances are known. Suppose that one wants to test the null hypothesis H0 : x = 0
13

of zero slope against the one{sided alternative H1 : x > 0, using a test with 5% level (Type
I error) which has power 80% to detect that the slope x = 0:75. With known variances, in
the absence of measurement error, the required sample size is

n = (z:95 +2z:802 )  ;
2 2

x x

where z is the usual percentile of the normal distribution. With measurement error, the
same formula applies, except that with x = 0:75, one replaces 2 by 2 + x2u2 , x2 by x2 +u2
and x by  x. In Figure 2, we plot the sample sizes as a function of the measurement error
variance in the case that X has variance x2 = 1 and the error about the line has variance
2 = 1. In the absence of measurement error, approximately 10 observations are required
to obtain the desired power. However, if the measurement error variance u2 = 1 and thus
the reliability = 1=2, approximately 30 observations are required. Thus, measurement error
causes a loss of power. In planning a study with large measurement error in a covariate, one
will typically require a much larger sample size to meet power goals than if there were no
measurement error.
It is a common belief that the e ect of measurement error is always to attenuate the slope
of the regression line, but in fact attenuation depends critically on the assumed classical
additive measurement error model. Very di erent results are obtained if measurement errors
are di erential. One example where this problem may arise is in dietary calibration studies.
In a typical dietary calibration study, one is interested in the relationship between a selfadministered food frequency questionnaire (FFQ, the value of Y) and usual (or long-term)
dietary intake (the value of X) as measures of, for example, the percentage of calories from
fat in a person's diet. FFQ's are thought to be biased for usual intake, and in a calibration
study researchers will obtain a second measure (the value of W), typically from a food diary,
a 24-hour recall or a short-term biomarker. In this context, it is often assumed that the diary,
recall or biomarker is unbiased for usual intake. If, as sometimes occurs, the FFQ and the
diary/recall are given very nearly contemporaneously, it is unreasonable to assume that the
error in the relationship between the FFQ and usual intake is uncorrelated with the error
in the relationship between a diary{recall{biomarker and usual intake. This correlation has
been demonstrated (Freedman, et al. [29]), and gives rise to di erential error. It can be
shown [19] that if there is signi cant correlation between the measurement error and the
error about the true line, then the regression of Y on W can have a slope biased away from
the null. Thus, correction for bias induced by measurement error clearly depends on the
nature, as well as the extent of the measurement error.

Multiple Regression: Single Covariate Measured with Error
14

In multiple linear regression the e ects of measurement error are more complicated, even for
the classical additive error model.
We now consider the case where X is scalar, but there are additional covariates Z measured without error. In the linear model the mean is 0 + xX + z Z. Under the usual
conditions of independence of errors, the least squares regression estimator of the coecient
of W consistently estimates 1 x, where
2
2
1 = 2xjz = 2 x+jz 2 ;
(4)
u
w jz
xjz
and w2 jz and x2jz are the (residual) variances of the regressions of W on Z and X on Z,
respectively. Note that 1 is equal to the simple linear regression attenuation  = x2 =(x2 +u2 )
only when X and Z are uncorrelated. The basic point is that the attenuation depends on the
relationships among the covariates.
The problem of measurement error-induced bias is not restricted to the regression coecient of X. The coecient of Z is also biased in general, unless Z is independent of X
(Carroll et al. [15]). In fact, naive ordinary least squares estimates not z but rather
z

=

z + x (1 , 1 ) z ;

(5)

where z is the coecient of Z in the regression of X on Z.
This result has important consequences in epidemiology when interest centers on the
e ects of covariates measured without error. For example, consider the case that Z is a
binary exposure variable (exposed or not) which is classi ed correctly, and X is an important
confounder measured with signi cant error. Then Carroll, et al. [15] show that ignoring
measurement error produces a consistent estimate of the exposure e ect only if the design
is balanced, i.e., X has the same mean in both groups and is independent of treatment.
With considerable imbalance, the naive analysis may lead to the conclusion that: (i) there
is a treatment e ect when none actually exists; and (ii) the e ects are negative when they
are actually positive, and vice-versa. In most observational studies the confounder and
the exposure are correlated, see Greenland [34] and Greenland & Robins [35]. Errors in
measuring the confounders can produce very misleading results.

Multiple Covariates Measured with Error

If multiple covariates are measured with error, then the direction of the bias induced by
this error does not follow any simple pattern. One may have attenuation, reverse-attenuation,
changes of sign, or an observed positive e ect even at a true null model. This is especially the
case when the predictors measured with error are correlated or their errors are correlated. In
such problem, there really seems to be no substitute to a careful measurement error analysis.
15

Correcting for Bias
As we have just seen, the ordinary least squares estimator is typically biased under measurement error, and the direction and magnitude of the bias depends on the regression model
and the measurement error distribution. We next describe two commonly used methods for
eliminating bias.
In simple linear regression with the classical additive error model, we have seen in (3)
that ordinary least squares is an estimate of  x; recall that  is called the reliability ratio.
If the reliability ratio were known, then one could obtain a proper estimate of x simply by
dividing the ordinary least squares slope by the reliability ratio.
Of course, the reliability ratio is rarely known in practice, and one has to estimate it.
If bu2 is an estimate of the measurement error variance (this is discussed below), and if
bw2 is the sample variance of the W's, then a consistent estimate of the reliability ratio
is b = (bw2 , bu2 )=bw2 . The resulting estimate is x=b . In small samples the sampling
distribution of this estimate is highly skewed, and in such cases a modi ed version of the
method-of-moments estimator is recommended (Fuller [30]).
The algorithm described above is called the method-of-moments estimator. The terminology is apt, because ordinary least squares and the reliability ratio depend only on moments
of the observed data.
The method-of-moments estimator can be constructed for the general linear model, as
well as for simple linear regression. Consult the book by Fuller [30], especially Chapter 2.
Another well publicized method for linear regression in the presence of measurement
error is orthogonal regression . It is fairly rare in epidemiological situations that the model
underlying orthogonal regression holds (Carroll & Ruppert [18]), and we will not discuss the
method any further.

Bias Versus Variance
Estimates that do not account for measurement error are typically biased. Unfortunately,
correcting for this bias often has a price. In particular, the resulting corrected estimator
will be more variable than the biased estimator, and wider con dence intervals result. For
example, Rosner, et al. [60] describe a problem in logistic regression, where the response is
the development of breast cancer, and the predictor measured with error is daily saturated
fat intake. Ignoring measurement error, they obtained an estimated odds ratio for saturated
fat of 0:92, with a 95% con dence interval from 0:80 to 1:05. The corrected estimated odds
ratio was 0:83 with a con dence interval from 0:61 to 1:12, which is twice as wide as the
previous interval.
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Attenuation in General Problems
We have already seen that with multiple covariates, even in linear regression the e ects
of measurement error are complex, and not easily described. In this section, we provide a
brief overview of what happens in nonlinear models.
Consider a scalar covariate X measured with error, and suppose that there are no other
covariates. In the classical error model for simple linear regression we have seen that the
bias caused by measurement error is always in the form of attenuation, so that ordinary least
squares preserves the sign of the regression coecient asymptotically, but is biased towards
zero. Attenuation is a consequence then of (i) the simple linear regression model; and (ii) the
classical additive error model. Without (i){(ii), the e ects of measurement error are more
complex; we have already seen that attenuation may not hold if (ii) is violated.
In logistic regression when X is measured with additive error, attenuation does not always
occur, but it is typical and generally much like that of linear regression.
Dosemeci, et al. [28] give an example of MISCLASSIFICATION ERROR* that shows
that trends are not always preserved under non{di erential measurement error. Suppose
that 1,348 subjects are exposed at no (X = 0), low (X = 1) and high (X = 2) levels to
a harmful substance. Suppose the chance of an adverse outcome is 1=2, 2=3 and 6=7 for
no, low and high exposures, while the chances of the exposures themselves are :0059347,
:8902077 and :1038576, respectively. If true exposure could be ascertained, the expected
outcomes would be as in the section of Table 1 labeled TRUE. If we were to regress Y on
the dummy variables X1 indicating low exposure (X1 = 1), and X2 indicating high exposure
(X2 = 1), then the true logistic regression parameters for X1 and X2 would be log(2) = :69
and log(6) = 1:79, respectively, indicating that the two higher exposure levels have response
rates higher than the response rate associated with the no-exposure level. The true data
clearly indicate a harmful e ect due to exposure.
Now suppose, however, that measurement error (in this case misclassi cation) occurs, so
that 40% of those truly at high exposure are misclassi ed into the no exposure group, and
40% of those truly at low exposure are misclassi ed into the high exposure group. Let W
be the resulting variable taking on the three observed levels of exposure, with corresponding
dummy variables W1 and W2 . This is a theoretical example, of course, and one can criticize
it for not being particularly realistic, but it is an example of non{di erential measurement
error. The observed data we expect to see using the surrogates W1 and W2 are also given
in Table 1.
The observed logistic regression parameters for W1 and W2 are log(:46) = ,:78 and
log(:53) = ,:63, respectively, indicating that the two higher exposure levels have response
17

Disease
Status

Exposure Exposure Exposure
= None = Low = High

True
Y=1
Y=0

4
4

800
400

120
20

Observed
Y=1
Y=0

52
12

480
240

392
172

Table 1: A hypothetical logistic regression example with non{di erential measurement error.
The entries are the expected counts. The true logistic parameters for dummy variables low
and high exposure are log(2) and log(6), respectively, while the observed coecients for the
error prone data are log(:46) and log(:53), respectively.
rates lower than the response rate associated with the no-exposure level. The observed data
suggest a bene cial e ect due to exposure, even though the exposure is harmful!

HYPOTHESIS TESTING

In this section, we discuss hypothesis tests concerning regression parameters. To keep the
exposition simple, we will focus on linear regression. However, the results hold in some generality, especially for logistic and Poisson regression. We assume non{di erential measurement
error and the classical additive error model.
The simplest approach to hypothesis testing calculates the required test statistic from
the parameter estimates obtained from a measurement error analysis and their estimated
standard errors. Such tests are justi ed whenever the estimators themselves are justi ed.
However, this approach to testing is only possible when the indicated methods of estimation
are possible, and thus requires either knowledge of the measurement error variance, or the
presence of validation data, or replicate measurements, or instrumental variables.
There are certain situations in which naive hypothesis tests are justi ed and thus can be
performed without additional data or information of any kind. Here \naive" means that we
ignore measurement error and substitute W for X in a test that is valid when X is observed.
This section studies naive tests, describing when they are and are not acceptable.
We use the criterion of asymptotic validity to distinguish between acceptable and non{
acceptable tests. We say a test is asymptotically valid if its Type I error rate approaches its
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nominal level as the sample size increases. Asymptotic validity, which we shorten to validity,
of a test is a minimal requirement for acceptability.
The main results on the validity of naive tests under non{di erential measurement error
are as follows.

 The naive test of no e ects due to X is valid. This means that if one wants to test
whether all components of X together have no e ect, then it is valid to ignore non{
di erential measurement error. Thus, for example, if X is the exposure, then a valid
test of the null hypothesis for X is obtained by ignoring measurement error and performing the standard test for the problem at hand.

 The naive test described above is also fully ecient if X is linearly related to W and
Z, but not otherwise (Tosteson & Tsiatis [79]). Thus, while in principle one can obtain
additional power by a measurement error analysis, many times in practice the naive
test of the null hypothesis for X is reasonably ecient.

 In many problems, more than one covariate is measured with error. For example, sup-

pose that the exposure and one of the confounders are measured with error. Generally,
the naive test of the null hypothesis for the exposure is invalid, except under special
circumstances, e.g., the exposure and confounder are statistically independent, as are
their measurement errors.

 In general, naive tests for Z are invalid, except possibly if Z is uncorrelated with X.
Thus, if X is the exposure and Z is a confounder, then naive tests for signi cance of the

exposure are valid but they are not valid for testing the signi cance of the confounder.
Somewhat more troubling though, is the case that X is a confounder related to the
exposure Z; here the naive test for the exposure is generally invalid, even if exposure
is measured without error. We already have mentioned this example previously in the
case that the exposure is binary, see Carroll, Gallo & Gleser[15].

The last point can be demonstrated in the analysis of covariance, in which Z is a binary
exposure variable, and X is a confounder with strong predictive ability. In the analysis of
covariance, the model is

Y=

0

+ z Z + xX + ;

where  is the error{about{the{line, with variance 2 . The binary indicator Z takes on the
values 1, with 50% of the data being unexposed (Z = ,1) and 50% of the data being
exposed (Z = 1). Within the unexposed group, X has mean ,=2 and variance x2 , while
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within the exposed group, X has mean =2 and variance x2 . The di erence between the
means for X in the two groups is . In a randomized clinical trial, one would expect that
 = 0, since randomization insures that the population means of X are the same in the
exposed and unexposed groups. In non{randomized studies, one would expect that  6= 0.
Thus, the larger the value of , the more unbalanced is the study. In Figure 3, we plot the
level (Type I error) of the test for exposure e ect which ignores measurement error, as a
function of the di erence in group means . This calculation is done for the case that n = 20
(10 exposed and 10 unexposed), 2 = 1, x2 = 1 and x = 1, for reliability ratios  = 1=2
and = 2=3. The graph shows that if the means of the confounders are suciently di erent,
then instead of a Type I error of 5%, the test for exposure e ect which ignores measurement
error in the confounder can have Type I error rates higher than 10%, even for such small
sample sizes.

REGRESSION CALIBRATION AND SIMEX

We now describe two simple, generally applicable approaches to non{di erential measurement error analysis, regression calibration and simulation extrapolation (SIMEX).

Regression Calibration
The basis of regression calibration is the replacement of X by the regression of X on (Z; W).
After this approximation, one performs a standard analysis. This regression calibration
algorithm was suggested as a general approach by Carroll & Stefanski [21] and Gleser [33].
Prentice [52] pioneered the idea for the proportional hazard model, and a modi cation of
it has been suggested for this topic by Clayton [25]; see below. Armstrong [4] suggests
regression calibration for generalized linear models, and Fuller [30], pages 261{262, brie y
mentions the idea. Rosner, et al. [59], [60] have developed the idea for logistic regression into
a workable and popular methodology, complete with a good computer program. Because of
the importance of their contribution to epidemiological applications, regression calibration
is often referred to as \Rosner's Method". Other interesting and important applications and
methodology related to regression calibration include work by Whittemore [83], Pierce, et
al. [51], Liu & Liang [43] and Kuha [39]. In some special cases, regression calibration is
equivalent to the classical method of moments bias correction.
The main justi cations of the regression calibration approximation are that for some
models, e.g., loglinear mean models and linear regression, the regression calibration approximation is often exact except for a change in the intercept parameter. For logistic regression,
in many cases the approximation is almost exact.

The Regression Calibration Algorithm
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0.15
Reliability = 1/2
Reliability = 2/3

Test Size

0.10

0.05

0.0
0.0
0.1
0.2
0.3
0.4
0.5
Group Mean Difference in X

Figure 3: The actual level of a test for exposure e ect with a highly predictive covariate
measured with error, based on a sample of size n = 20. Here the true slope for the covariate
X = 1:0, the true variance of X is 1:0, the true variance about the line is 1:0, and the
reliability is either 2=3 (dashed line) or 1=2 (solid line). The term "Group Mean Di erence
in X" is the di erence in the mean of X in the exposure group minus the mean of X in the
control group.
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The regression calibration algorithm is what Pierce, et al. [51] call a \replacement
method".

 Using replication, validation or instrumental data, estimate the regression of X on
(Z; W) (see below). This is called the calibration function.
 Replace the unobserved X by its estimate from the regression model, and then run a
standard analysis to obtain parameter estimates.

 Adjust the resulting standard errors to account for the estimation at the rst step,
using either the bootstrap or asymptotic methods (Carroll, et al. [19]).

The simplest form of regression calibration is the \correction for attenuation" used in
linear regression. It is easiest to describe in the following situation:
(i) X is a scalar;
(ii) The measurement error is additive with estimated error variance bu2 .
For estimating the e ect of X, the regression calibration estimator is formed by three
steps: (a) Form the naive estimator by ignoring measurement error; (b) Let bw2 jz be the
regression mean squared error from a linear regression of W on Z (this is the sample variance
of the W's if there are no other covariates Z); (c) The regression calibration estimator is
de ned by multiplying the naive estimator by bw2 jz =(bw2 jz , bu2 ).

Estimating the Calibration Function Parameters

With internal validation data, the simplest approach is to regress X on the other covariates (Z; W) in the validation data. While linear regression will be typical, it is not
required.
In some problems, an unbiased second instrument T is available for a subset of the study
participants. For instance, one might be interested in X = caloric intake over a year, but
have available only T = the result of a biomarker experiment using a technique known as
doubly-labeled water over a two-week period, which does not equal X because it does not
take into account the variability of diet over a year. In this case one uses the regression of
T on (Z; W) as the calibration function. This is the method used by Rosner, et al. [59] in
their analysis of the Nurses' Health Study.
Finally, in the classical additive error model, one often has merely a second measurement
(a replicate) for a subset of the study population. One could treat this replicate as an
unbiased second instrument and apply the method described in the previous paragraph. If
the W's are not too far from normally distributed, a more ecient method is to use the
so{called best linear approximation to the calibration function, see Carroll, et al. [19], pages
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47{48. This takes into account that some of the study participants do have a replicated W,
and hence uses the data in a reasonably ecient fashion.
Suppose there are ki replicate measurements of Xi, and Wi is their mean. Replication
enables us to estimate the measurement error covariance matrix u2 by the usual components
of variance analysis, as follows:

Pn Pk W , W 2
ij
i
bu2 = i=1 Pj=1
:
n (k , 1)
i

i=1 i

(6)

The calibration function is de ned as follows. Suppose the observations are (Zi; Wi), where
Wi is the mean of ki replicates. We use analysis of variance formulae. Let
n
n
X
X
bx = bw = kiWi= ki; bz = Z;
i=1
i=1
n
n
n
X
X
X
 = ki , ki2 = ki;
i=1
i=1
i=1
n 
2
X
bz2 = (n , 1),1 Zi , Z ;
i=1
n 


X
bxz = ki Wi , bw Zi , Z = ;
i=1
#
"(
n 
2)
X
2
2
bx =
ki Wi , bw , (n , 1)bu =:
i=1

The resulting estimated calibration function which is used to replace X in the standard
analysis is

 2 2
,1  W , b 
i
w :
bw + (bx2 ; bxz ) bx +b bu =ki bbxz2
Z
,
Z
xz
i

z

Expanded Regression Calibration Models

(7)

Rudemo, et al. [61], Carroll & Stefanski [21] and Carroll, et al. [19] all describe renements to the regression calibration algorithm. Rudemo, et al. [61] describe a bioassay
problem with a heteroscedastic Berkson error model. Racine-Poon, et al. [56] describe a
similar problem.
There is a long history of approximately consistent estimates in nonlinear problems, of
which regression calibration and the SIMEX method are the most recent such methods.
Readers should also consult Stefanski & Carroll [70], Stefanski [67], Amemiya & Fuller [3],
and Whittemore & Keller [85] for other approaches.

THE SIMEX METHOD
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We now describe a method that shares the simplicity of regression calibration and is
well suited to problems with additive or multiplicative measurement error. Simulation extrapolation (SIMEX) is a simulation-based method of estimating and reducing bias due to
measurement error. SIMEX estimates are obtained by adding additional measurement error
to the data in a resampling-like stage, establishing a trend of measurement error-induced
bias versus the variance of the added measurement error, and extrapolating this trend back
to the case of no measurement error. The technique was proposed by Cook & Stefanski [26],
and further developed by Carroll, et al. [16] and Stefanski & Cook [73].
An integral component of SIMEX is a self-contained simulation study resulting in graphical displays that illustrate the e ect of measurement error on parameter estimates and the
need for bias correction. The graphical displays are especially useful when it is necessary to
motivate or explain a measurement error model analysis.
This section describes the basic idea of SIMEX, focusing on linear regression with additive
measurement error. For this simple model the e ect of measurement error on the least squares
estimator is easily determined mathematically,, as we have shown. The key idea underlying
SIMEX is the fact that the e ect of measurement error on an estimator can also be determined
experimentally via simulation. If we regard measurement error as a factor whose in uence
on an estimator is to be determined, we are naturally led to consider simulation experiments
in which the level of the measurement error, i.e., its variance, is intentionally varied.

The SIMEX Algorithm

Suppose that in addition to the original data used to calculate the naive estimate bx;naive,
there are M , 1 additional data sets available, each with successively larger measurement
error variances, say (1 + m )u2 , where 0 = 1 < 2 <    ; < M . Of course, the least squares
estimate of slope from the mth data set ignoring measurement error, bx;m, consistently
estimates xx2 =fx2 + (1 + m )u2 g.
We can think of this problem as a nonlinear regression model, with dependent variable
bx;m and independent variable m, having a mean function of the form
2
G ( ) = 2 + (1x+x  )2 ;
  0:
x
u
The parameter of interest, x, is obtained from G ( ) by extrapolation to  = ,1. We describe
the process schematically in Figure 4.
SIMEX imitates the procedure just described. In the simulation step additional independent measurement errors with variance mu2 are generated and added to the original
data, thereby creating data sets with successively larger measurement error variances. For
the mth data set, the total measurement error variance is u2 + mu2 = (1 + m )u2 . Next,
estimates are obtained from each of the resulting contaminated data sets. The simulation
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Figure 4: A generic plot of the e ect of measurement error of size (1 +  )u2 on parameter
estimates. The value of  is on the x-axis, while the value of the estimated coecient is on
the y-axis. The SIMEX estimate is an extrapolation to  = ,1. The naive estimate occurs
at  = 0.
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and reestimation step is repeated a large number of times (to remove simulation variability)
and the average value of the estimate for each level of contamination is calculated. These
averages are plotted against the  values and regression techniques are used to t an extrapolant function to the averaged, error-contaminated estimates. Extrapolation back to the
ideal case of no measurement error ( = ,1) yields the SIMEX estimate.
The rst part of the algorithm is the simulation step. As described above, this involves
using simulation to create additional datasets with increasingly large measurement error
(1 +  )u2 . For any   0, de ne

q
Wb;i( ) = Wi +  Ub;i;

i = 1; : : : ; n; b = 1; : : : ; B;

(8)

where the computer-generated pseudo errors, fUb;igni=1, are mutually independent, independent of all the observed data and identically distributed, normal random variables with mean
0 and variance u2 .
Having generated the new predictors, we compute the resulting naive estimates, component by component. For each  , do this B times (B = 100 usually works ne) and compute
their average, b( ). It is the points f b(m); mgM1 that are plotted as lled circles in Figure
4. This is the simulation component of SIMEX.
The extrapolation step of the proposal entails modeling each of the components of b( )
as functions of  for   0, and extrapolating the tted models back to  = ,1. In Figure
4 the extrapolation is indicated by the dashed line and the SIMEX estimate is plotted as
a cross. Carroll, et al. [19] describe practical modi cations of the algorithm, and how to
estimate variances of parameters. Inference for SIMEX estimators can also be performed
via the bootstrap. Because of the computational burden of the SIMEX estimator, the bootstrap requires considerably more computing time than do other methods. Without ecient
implementation of the estimation scheme at each step, the SIMEX bootstrap may take an inconveniently long time to compute. On our computing system for measurement error models
the implementation is ecient, and most bootstrap applications take little time.
We have described the SIMEX algorithm in terms of the additive measurement error
model. However, SIMEX applies more generally.
For example, consider multiplicative error. Taking logarithms transforms the multiplicative model to the additive model. SIMEX works naturally here, in that one performs the
simulation step (8) on the logarithms of the W's, and not on the W's themselves.
With replicates, one can also investigate the appropriateness of di erent transformations.
For example, after transformation the standard deviation of the intra-individual replicates
should be uncorrelated with their mean, and one can nd the transformation (logarithm,
square root, etc.) which makes the two uncorrelated.
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Example

To illustrate SIMEX, we use data from the Framingham Heart Study, correcting for bias
due to measurement error in systolic blood pressure measurements. The Framingham study
consists of a series of exams taken two years apart. We use Exam #3 as the baseline. There
are 1,615 men aged 31{65 in this data set, with the outcome, Y, indicating the occurrence
of coronary heart disease (CHD) within an eight-year period following Exam #3; there were
128 such cases of CHD. Predictors employed in this example are the patient's age at Exam
#2, smoking status at Exam #1 and serum cholesterol at Exams #2 and #3, in addition to
systolic blood pressure (SBP) at Exam #3, the latter being the average of two measurements
taken by di erent examiners during the same visit. In addition to the measurement error
in SBP measurements, there also is measurement error in the cholesterol measurements.
However, for this example we ignore the latter source of measurement error and illustrate
the methods under the assumption that only SBP is measured with error.
The covariates measured without error, Z, are age, smoking status and serum cholesterol,
with W = log(SBP , 50). Implicitly, we are de ning X as the long-term average of W. We
illustrate the analyses for the case where W is the mean of the two transformed SBP's, and
u2 is estimated using (6). The estimated linear model correction for attenuation, or inverse
of the reliability ratio, is 1.16; if only one SBP measurement were used, the correction would
be 1.33.
b  ) for eight equally spaced
Figure 5 contains plots of the logistic regression coecients (
values of  spanning [0; 2] (solid circles). For this example B = 2000. The points plotted
at  = 0 are the naive estimates b naive . The nonlinear least-squares ts of GRL(; ,) to
b m); mg81 (solid curves) are extrapolated to  = ,1 (dashed curves)
the components of f(
resulting in the SIMEX estimators (crosses). The open circles are the SIMEX estimators
that result from tting quadratic extrapolants. To preserve clarity the quadratic extrapolants
were not plotted. Note that the quadratic-extrapolant estimates are conservative relative
to the rational linear-extrapolant estimates in the sense that they fall between the rational
linear-extrapolant estimates and the naive estimates.
We have stated previously that the SIMEX plot displays the e ect of measurement error
on parameter estimates. This is especially noticeable in Figure 5. In each of the four graphs in
Figure 5, the range of the ordinate corresponds to a one-standard error con dence interval
for the naive estimate constructed using the information standard errors. Thus Figure 5
illustrates the e ect of measurement error relative to the variability in the naive estimate.
It is apparent that the e ect of measurement error is of practical importance only on the
coecient of log(SBP , 50).
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Figure 5: Coecient extrapolation functions for the Framingham logistic regression modelb m); mg81 are plotted (solid circles) and the tted rational
ing. The simulated estimates f(
linear extrapolant (solid line) is extrapolated to  = ,1 (dashed line) resulting in the SIMEX
estimate (cross). Open circles indicate SIMEX estimates obtained with the quadratic extrapolant.
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CONDITIONAL AND CORRECTED SCORES FOR
FUNCTIONAL MODELING
Regression calibration and SIMEX are easily applied general methods for non{di erential
error.. Although the resulting estimators are consistent in important special cases such
as linear regression and loglinear mean models, they are only approximately consistent in
general.
For certain generalized linear models and measurement error distributions there are easily
applied functional methods that are fully (and not just approximately) consistent, and make
no assumptions about the distribution of X.
We focus on the case of additive normally distributed measurement error with measurement error variance u2 . Although the problem has this parametric error assumption, it also
has a nonparametric component: no assumptions are made about the true predictors X.
Suppose for the sake of discussion that the measurement error variance u2 is known.
In the functional model, the unobservable X's are xed constants, and hence the unknown
parameters include the X's. With additive normally distributed measurement error, one
strategy is to maximize the joint density of the observed data with respect to all of the
unknown parameters including the X's. While this works for linear regression (Gleser [32]),
it fails for more complex models such as logistic regression. Indeed, the logistic regression
functional maximum likelihood estimator is both inconsistent and dicult to compute (Stefanski & Carroll [70]). An alternative approach is to change to the structural model and
apply likelihood techniques (see below).
In this section, we consider two functional methods, the conditional-score and correctedscore methods. We start with logistic and gamma-loglinear modeling as important examples
for which these techniques apply. The conditional methods exploit special structures in
important models such as linear, logistic, Poisson loglinear and gamma-inverse, and then
use a traditional statistical device, conditioning on sucient statistics, to obtain estimators.
The corrected-score method e ectively estimates the estimator one would use if there were
no measurement error.
First consider the multiple linear regression model with mean 0 + xX + z Z, and
write the unknown regression parameter as  = ( 0; x; z ). When the measurement error is
additive with non{di erential measurement error variance uu , the usual method-of-moments
regression estimator can be derived as the solution to the equation
n
X
i=1

 (Yi ; Zi ; Wi ; ; uu) = 0;
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(9)

where

0 1 0
1
1
0

C
t
t B C B
 (Y; Z; W; ; uu) = Y , 0 , x X , z Z @ Z A + @ 0 A


W

uu x
is the corrected score for linear regression. If uu is unknown, one substitutes an estimate of
it into (9) and solves for the regression parameters.
The key point to note here is that in solving (9), we need know nothing about the X's.
This feature is common to all the methods in this section.
Equation (9) is an example of an estimating equation approach for estimating a set of
unknown parameters. The reader can consult the appendix of Carroll, et al. [19] for an
overview of estimating equations, although this is unnecessary for the purpose of using the
methods. Asymptotic standard errors for the estimators can be derived using either the
bootstrap or the sandwich formula.
Logistic regression is best handled using the conditional-score method. For example, consider the usual linear-logistic model, where Y is binary and has success probability following
the logistic model H ( 0 + xX + z Z). The conditional score is

2 3
1
oi
6
7
2
t
t
2
t
 (Y; Z; W; ; u) = Y , H 0 , x () , :5 x u x , z Z 4 Z 5 ;
h

n

()

(10)

where () = (Y; W; x; u2 ) = W + Yu2 x. Equation (10) is substituted into (9), and
the resulting equation is solved numerically.
When Y has a gamma distribution with loglinear mean exp( 0 + xX + z Z), it has
variance which is  times the square of the mean. For this important example, the correctedscore estimator is obtained from the corrected score
0 1
0
1
1
Y
n
o
B C
B
CA ; (11)
2
2
ZY
 (Y; Z; W; ; u) = @ Z A , exp (Z; W; ; u ) @
W
Y(W + :5u2 x)
where (Z; W; ; u2 ) = , 0 , xt W , zt Z , :5 xt u2 x.

Unbiased Score Functions via Conditioning

The conditional estimators of Stefanski & Carroll [71] are discussed in detail in Carroll,
et al. [19], Chapter 6. They apply to linear, logistic, Poisson loglinear and Gamma inverse
regression (the mean is 1=( 0 + xX + z Z)). There methods have simple formulae for
standard errors, although of course as usual the bootstrap applies.

Exact Corrected Estimating Equations
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Suppose that it is possible to nd a function of the observed data, say  (Y; Z; W; ),
having the property that

E f  (Y; Z; W; ) j Y; Z; Xg = (Y; Z; X; );

(12)

for all Y, Z, X and . Then corrected score function estimators simply replace by  .
Corrected score functions satisfying (12) do not always exist and nding them when they do
is not always easy.
One useful class of models that admit corrected functions contains those models with
log-likelihoods of the form
log ff (yjz; x; )g =

2 n
X

k=0

o
ck (y; z; )( xt x)k + c3(y; z; )exp( xt x);

see the examples given below. Then, using normal distribution moment generating function
identities, the required function is

"X
2 n
o
@
ck (y; z; )( xt w)k
 (y; z; w; ; u) = @ t
k=0
#
,c2 (y; z; ) xt u2 x + c3(y; z; )exp( xt w , :5 xt u2 x) :
2

Regression models in this class include:

 Normal linear with mean = , variance = , c0 = ,(y , 0 , zt z)2 =(2) , log(p ),
c1 = (y , 0 , zt z)=, c2 = ,(2),1, c3 = 0;

 Poisson with mean = exp(), variance = exp(), c0 = y( 0 + zt z) , log(y!), c1 = y,
c2 = 0, c3 = ,exp( 0 + zt z);
 Gamma with mean = exp(), variance = exp(2), c0 = ,,1 ( 0 + zt z) + (,1 ,
1)log(y) + ,1log(,1) , log f,(,1)g, c1 = ,1, c2 = 0, c3 = ,,1 yexp(, 0 , zt z).

Comparison of Methods
The methods are applicable at the same time only in linear regression (where they are
identical) and Poisson regression. For Poisson regression the corrected estimating equations
are more convenient because they are explicit, whereas the conditional estimator involves
numerical summation. For Poisson regression the conditional-score estimator is more ecient
than the corrected-score estimator in some practical cases.

INSTRUMENTAL VARIABLES
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We have assumed that it was possible to estimate the measurement error variance, say
with replicate measurements or validation data. However, it is not always possible to obtain
replicates or validation data and thus direct estimation of the measurement error variance is
sometimes impossible. In the absence of information about the measurement error variance,
estimation of the regression model parameters is still possible provided the data contain an
instrumental variable T, in addition to the unbiased measurement W = X + U.
There are three basic requirements that an instrumental variable must satisfy: (i) it must
be correlated with X; (ii) it must be independent of W , X; (iii) it must be a surrogate,
i.e., subject to non{di erential measurement error
One possible source of an instrumental variable is a second measurement of X obtained
by an independent method. This second measurement need not be unbiased for X. Thus the
assumption that a variable is an instrument is weaker than the assumption that it follows
the classical additive error model.
Instrumental variable estimation in linear models is covered in depth Fuller [30]. The
work described here outside the linear model is based on that of Carroll & Stefanski [22] and
Stefanski & Buzas [69]. Other references include Amemiya [1], [2] and Buzas & Stefanski
[13].
We have found that instrumental variables require a slightly di erent notation. For
example, Y j1ZX is the coecient of 1, i.e., the intercept, in the regression of Y on 1, Z
and X; Y j1ZX is the coecient of Z in the regression of Y on 1, Z and X. This notation
allows representation of subsets of coecient vectors, e.g., Y j1ZX = ( Y j1ZX ; Y j1ZX ) and
X j1ZT = ( X j1ZT ; X j1ZT ; X j1ZT ).
Our analysis is based upon regression calibration in generalized linear models, e.g., linear, logistic and Poisson regression. It might be useful to simply think of this section as
dealing with a class of important models, the details of tting of which are standard in many
computer programs.
The approximate models and estimation algorithms are best described in terms of the
composite vectors

f
f = (1; Z; W) and Te = (1; Z; T):
X = (1; Z; X); W
De ne Y jX~ = ( Y j1ZX ; Y j1ZX ; Y j1ZX ).
We note here that in addition to the assumptions stated previously, we will also assume
that the regression of X on (Z; T; W) is approximately linear. This restricts the applicability of our methods somewhat, but is suciently general to encompass many potential
applications.
The simplest instrumental variables estimator starts with a (possibly multivariate) re32

f on Te to obtain bW~ jT~ . Then Y is regressed on the predicted values bW~ jT~ Te ,
gression of W
which results in an estimator of Y jX~ .
This estimator is easily computed as it requires only linear regressions of the components
f
of W on Te , and then the use of standard regression programs to regress Y on the \predictors"
bW~ jT~ Te .
Carroll, et al. [19] describe somewhat more elaborate methods of instrumental variable
estimation, which can be more ecient than this simple method, especially if the number of
components of T di ers from the number of components of W .

LIKELIHOOD AND BAYESIAN STRUCTURAL
METHODS

This section describes the use of likelihood methods in measurement error models. There
have been a few examples in the literature based on likelihood. See Carroll, et al. [20] and
Schafer [63], [64] and Tosteson, et al. [78] for probit regression, Whittemore & Gong [84] in
a Poisson model, Crouch & Spiegelman [27], Satten & Kupper [62] and Wang, et al. [81] in
logistic regression, and Kuchenho & Carroll [38] in a change point problem. The relatively
small literature belies the importance of the topic and the potential for further applications.
There are number of important di erences between likelihood methods and the methods
described in previous sections.

 The previous methods are based on additive or multiplicative measurement error models, possibly after a transformation. Typically, few if any distributional assumptions
are required. Likelihood methods require stronger distributional assumptions, but
they can be applied to more general problems, including those with discrete covariates
subject to MISCLASSIFICATION ERROR*.

 The likelihood for a fully speci ed parametric model can be used to obtain likelihood

ratio con dence intervals. In methods not based on likelihoods, inference is based on
bootstrapping or on normal approximations. In highly nonlinear problems, likelihoodbased con dence intervals are generally more reliable than those derived from normal
approximations.

 Likelihood methods are often computationally more demanding, whereas the previous
methods require little more than the use of standard statistical packages.

 Robustness to modeling assumptions is a concern for both approaches, but generally
more dicult to understand with likelihood methods.
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 There is a belief that the simpler methods described previously perform just as well

as likelihood methods for many statistical models, including the most common generalized linear models. There is little documentation as to whether the folklore is
realistic. The only evidence that we know of is given for logistic regression by Stefanski & Carroll [72], who contrast the maximum likelihood estimate and a particular
functional estimate. They nd that the functional estimate is fairly ecient relative to
the maximum likelihood estimate unless the measurement error is \large" or the logistic coecient is \large." One should be aware, however, that their calculations indicate
that there are situations where properly parameterized maximum likelihood estimates
are considerably more ecient than estimates derived from functional modeling.

Likelihood Speci cation: Di erential and Non{Di erential Error
We consider here only the simplest problem in which X is not observable for all subjects,
but there are sucient data, either internal or external, to characterize the distribution
of W given (X; Z) (with validation data, we are in the realm of missing data). To perform a likelihood analysis, one must specify a parametric model for every component the
data. Likelihood analysis starts with a model for the distribution of the response given
the true predictors. The likelihood (density or mass) function of Y given (Z; X) will be
called fY jZ;X (yjz; x; B) here, and interest lies in estimating B. For example, if Y is normally
distributed with mean 0 + xX + z Z and variance 2 , then B = ( 0 ; x; z ; 2) and

fY jZ;X (yjz; x; B) = ,1 f(y , 0 + xx + z z)=g ;
where (v) = (2),1=2exp(,:5v2 ) is the standard normal density function. If Y follows a
logistic regression model with mean H ( 0 + xX + z Z), then B = ( 0; x; z ) and

fY jZ;X (yjz; x; B) = H y ( 0 + xx + z z) f1 , H ( 0 + xx + z z)g1,y :
A likelihood analysis starts with determination of the joint distribution of Y and W
given Z, as these are the observed variates. There are three components required:

 A model relating the response to the \true" covariates, see just above.
 An error model, here called fW jZ;X (wjz; x; ~1). In many applications, the error model
does not depend on Z. For example, in the classical additive measurement error model
(1) with normally distributed measurement error, u2 is the only component of ~1 ,
and the error model density is u,1 f(w , x)=u g, where () is the standard normal
density function. In the classical error model with independent replicates, W consists
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of the k replicates, and fW jZ;X is the k-variate normal density function with mean zero,
common variance u2 , and zero correlation. A generalization of this error model that
allows for correlations among the replicates has been studied (Wang, et al. [81]). In
some application areas, error model structures are studied independently of their role
in measurement error modeling, and one can use this research to estimate error models
for the problem at hand.

 A model for the distribution of the latent variable, here called fX jZ (xjz; ~2 ). Specifying
a model for the distribution of the true covariate X given all the other covariates Z
is more dicult. Diculties arise because: (a) the distribution is usually not transportable, so that di erent studies yield very di erent models; and (b) X is not observed.

Having hypothesized the various models, the likelihood of the observed data under non{
di erential measurement error is

Z
fY;W jZ (y; wjz; B; ~ 1; ~2) = fY jZ;X (yjz; x; B)fW jZ;X (wjz; x; ~1 )fX jZ (xjz; ~2 )d(x): (13)

The notation d(x) indicates that the integrals are sums if X is discrete and integrals if X
is continuous. The likelihood for the problem is just the product over the sample of these
terms.
There is a signi cant di erence between the likelihood function in the di erential and
non{di erential cases. This can be expressed in various ways, but the simplest is as follows.
In general, and dropping parameters, the likelihood of the observed data is

Z

fY;W jZ (y; wjz) = fY;W;X jZ (y; w; xjz)d(x):
Using standard conditioning arguments, this becomes

Z
fW jY;Z;X (wjy; z; x)fY jZ;X (yjz; x)fX jZ (xjz)d(x)
Z
= fY jZ;X (yjz; x)fW jY;Z;X (wjy; z; x)fX jZ (xjz)d(x):

fY;W jZ (y; wjz) =

(14)

Note that the only di erence between (13) and (14) is in the error term. In the former, under
non{di erential measurement error, W and Y are independent, so that fW jY;Z;X (wjy; z; x)
= fW jZ;X (wjz; x).
What makes di erential error so dicult is that, under di erential measurement error,
we must ascertain the distribution of W given the other covariates and the response Y. This
is essentially impossible to do in practice unless one has a subset of the data in which all of
(Y; Z; X; W) are observed, i.e., a validation data set [see MISSING DATA IN EPIDEMIOLOGIC STUDIE
and VALIDATION STUDY*].
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Numerical Computation of Likelihoods
Typically one maximizes the logarithm of the overall likelihood in the unknown parameters. There are two ways one can maximize the likelihood function. The most direct is
to compute the likelihood function itself, and then use numerical optimization techniques
to maximize the likelihood. Below we provide a few details about computing the likelihood
function. The second general approach is to view the problem as a missing data problem,
and then use missing data techniques, see for example Little & Rubin [42] and Tanner [75].
Computing the likelihood analytically is easy if X is discrete, as the conditional expectations are simply sums of terms. Likelihoods in which X has some continuous components
can be computed using a number of di erent approaches. In some problems the loglikelihood
can be computed or very well approximated analytically. In most problems that we have
encountered, X is a scalar or a 2  1 vector. In these cases, standard numerical methods such
as Gaussian quadrature can be applied, although they are not always very good. When sufcient computing resources are available, the likelihood can be computed using Monte-Carlo
techniques.

Bayesian Methods

Bayesian estimation and inference in the measurement error problem is a promising
approach under active development [see Bayesian Methods].. Examples of this approach are
given by Schmid & Rosner [65], Richardson & Gilks [57], Stephens & Dellaportas [74], Muller
& Roeder [47], Mallick & Gelfand [45] and Kuha [40].
Bayesian analysis of parametric models requires specifying a likelihood (as described
above) and a prior distribution for the parameters, the latter representing knowledge about
the parameters prior to data collection. The product of the prior and likelihood is the joint
density of the data and the parameters. Using Bayes' Theorem, one can in principle obtain
the posterior density, i.e., the conditional density of the parameters given the data. The
posterior summarizes all of the information about the values of the parameters and is the
basis for all Bayesian inference. For example, the mean, median, or mode of the posterior
density are all suitable point estimators. A region with probability (1, ) under the posterior
is called a \credible set," and is a Bayesian analog to a con dence region.
Computing the posterior distribution is often a non-trivial problem, because it usually
requires high-dimensional numerical integration. This computational problem is the subject
of much recent research, with many major advances. The method currently receiving the
most attention in the literature is the Gibbs sampler, see Smith & Gelfand [66] and Casella
& George [24]. Also, see Tanner [75] for a book-length introduction to modern methods for
computing posteriors distributions.
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In the Bayesian approach with Gibbs sampling, the X's are treated as \missing data"
(they just happen to be missing for all study subjects unless there is a validation study!).
The approach for the classical additive error model is:

 Assuming non{di erential error, write the likelihood of Y given (X; Z). the likelihood
of W given (X; Z), and the likelihood of X given Z depending on parameters, just as
in a regular likelihood problem.

 If X were observable, the likelihood would be the product of the three terms given
above.

 Select a starting value for the parameters, e.g., from SIMEX.
 Use a simulation approach to ll in the \missing" X's, i.e., from the posterior distribution of X given the observed data and the current values of the parameters. In this
step, it is rare that the posterior distribution is known exactly, and so one has to use
a device such as the Metropolis{Hastings algorithm.

 Now one has complete data, with X's all lled in, and one uses simulation to draw

a sample of parameters from the posterior distribution of the parameters given the
observed data and the current X's.

 Repeat the process of generating X and the parameters. These multiple samples of
parameters are used to evaluate features of the posterior distribution.

While the procedure is easy to write down, the computations may be dicult.
More importantly though is the need to consider the distribution of X given Z. As we
emphasized above, the simplest structural approach assumes that X is normally distributed,
but this is often a strong assumption. The popularity of functional methods lies in the fact
that such methods require no distributional assumptions about the X's. There is considerable
current e ort being made to get around the problem of model robustness by specifying a
exible distribution for X.

Mixture Modeling

When there are no covariates measured without error, the nonlinear measurement error
problem can be viewed as a special case of what are called mixture problems; see Titterington, et al. [77]. The idea is to pretend that X has a distribution, but to estimate this
distribution nonparametrically. Applications of nonparametric mixture methods to nonlinear measurement error models have only recently been described by Thomas, et al. [76] and
Roeder, et al. [58].
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An alternative formulation is to let X have a exible distribution, which covers a wide
range of possibilities including the normal distribution. The simplest such model is the
mixture of normals, which has been applied by Wang, et al. [81] and by Kuchenho &
Carroll [38].

RESPONSE ERROR

In preceding sections we have focused exclusively on problems associated with measurement
error in predictor variables. Here we consider problems that arise when a true response
is measured with error. For example, in a study of factors a ecting dietary intake of fat,
e.g., sex, race, age, socioeconomic status, etc., true long-term dietary intake is impossible
to determine and instead it is necessary to use error-prone measures of long-term dietary
intake. Wittes, et al. [86] describe another example in which damage to the heart muscle
caused by a myocardial infarction can be assessed accurately, but the procedure is expensive
and invasive, and instead it is common practice to use peak cardiac enzyme level in the
bloodstream as a proxy for the true response.
When the response is binary (case or control say), see MISCLASSIFICATION ERROR*.
The exclusive attention paid to predictor measurement error earlier in this article is
explained by the fact that predictor measurement error is seldom ignorable, by which is meant
that the usual method of analysis is statistically valid, whereas response measurement error
is often ignorable when the response is continuous. Here \ignorable" means that the model
holding for the true response holds also for the proxy response with parameters unchanged,
except that a measurement error variance component is added to the response variance. For
example, in linear regression models with simple types of response measurement error, the
response measurement error is confounded with equation error and the e ect is simply to
increase the variability of parameter estimates. Thus, response error is ignorable in these
cases, although of course power will be lost. However, in more complicated regression models,
certain types of response error are not ignorable and it is important to explicitly account for
the response error in the regression analysis.
Although the details di er between methods for predictor error and response error, many
of the basic ideas are similar. Throughout this section, the response proxy is denoted by S.
We consider only the case of measurement error in the response, and not the more complex
problem where both the response and some of the predictors are measured with error.
We rst consider the analysis of the observed data when the response is subject to independent additive or multiplicative measurement error. Suppose that the proxy response
S is unbiased for the true response. Then in either case, the proxy response has the same
mean (as a function of exposure and confounders) as the true response, although the variance
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structure di ers. In models such as linear regression, or more generally for quasilikelihood estimation [see QUASILIKELIHOOD FUNCTIONS], this means that the parameter estimates
are consistent, but inferences may be a ected. For example, in linear regression, additive,
unbiased response error does not change the mean and simply increases the variance by a
constant, so that there is no e ect of measurement error other than loss of power. However,
for multiplicative, unbiased response error, while the mean remains unchanged, the variances now are no longer constant, and hence inferences which pretend that the variances are
constant would be a ected. The usual solution is to use a robust covariance estimator, also
known as the sandwich estimator, [see GENERALIZED ESTIMATING EQUATIONS].
If the proxy response S is not unbiased for the true response, then a validation study is
required to understand the nature of the bias and to correct for it. In a series of papers,
Buonaccorsi [8], [9], [11] and Buonaccorsi & Tosteson [12] discuss the use of adjustments for
a biased response. See Carroll, et al. [19] for further details.
We will call S a surrogate response if its distribution depends only on the true response
and not otherwise on the covariates, i.e., the information about the surrogate response contained in the true response is the same no matter what the values of the covariates. In
symbols, if fSjY;Z;X(sjy; z; x; ) denotes the density or mass function for S given (Y; Z; X),
then fSjY;Z;X(sjy; z; x; ) = fSjY (sjy; ). In both the additive and multiplicative error models, S is a surrogate. This de nition of a surrogate response is the natural counterpart to a
surrogate predictor, because it implies that all the information in the relationship between
S and the predictors is explained by the underlying response. See Prentice [53] and Carroll,
et al. [19] for further details.
In general, i.e., for a possibly nonsurrogate response, the likelihood function for the
observed response is

Z
fSjZ;X(sjz; x; B; ) = fYjZ;X(yjz; x; B)fSjY;Z;X(sjy; z; x; )d(y):

(15)

There are a number of implications of this formula.

 If S is a surrogate, and if there is no relationship between the true response and the

predictors, then neither is there one between the observed response and the predictors.
Hence, if interest lies in determining whether any of the predictors contain any information about the response, one can use naive hypothesis tests and ignore response error.
The resulting tests have asymptotically correct level, but decreased power relative to
tests derived from true response data. This property of a surrogate is important in
clinical trials; see Prentice [53].

 If S is not a surrogate, then there may be no relationship between the true response
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and the covariates, but the observed response may be related to the predictors. Hence,
naive tests will not be valid in general if S is not a surrogate.
Note that one implication of (15) is that a likelihood analysis with mismeasured responses
requires a model for the distribution of response error. Except for additive and multiplicative
error, understanding such a model requires a validation study.

CASE-CONTROL STUDIES*

A case{control study is one in which sampling is conditioned on the disease response; it is
useful to think that the response is rst observed and only later are the predictors observed.
A similar design, choice-based sampling is used in in econometrics. We will use case{control
former terminology and concentrate on logistic regression models. A distinguishing feature
of case-control studies is that the measurement error may be di erential.
Two-stage case{control designs, where X is observed on a subset of the data have been
studied by Breslow & Cain [7], Zhao & Lipsitz [87]. Tosteson & Ware [80], and Carroll, Gail
& Lubin [14], among others. These designs are signi cant because the validation, if done on
both cases and controls, frees us from the non{di erential error assumption.
We assume that the data follow a logistic model in the underlying source population,
although the results apply equally well to the more general models described by Weinberg &
Wacholder [82]. For such models, Prentice & Pyke [55] and Weinberg & Wacholder [82] show
that when analyzing a classical case-control study one can ignore the case-control sampling
scheme entirely, at least for the purpose of estimating relative risk. Furthermore, these
authors show that if one ignores the case-control sampling scheme and runs an ordinary
logistic regression, then the resulting relative risk estimates are consistent and the standard
errors are asymptotically correct.
The e ect of measurement error in logistic case-control studies is to bias the estimates.
Carroll, et al. [23] show that for many problems, one can ignore the case-control study
design and proceed to correct for the bias from measurement error as if one were analyzing
a random sample from the source population. With non{di erential measurement error,
this result applies to the methods we have described previously for prospective studies.
Regression calibration needs a slight modi cation, namely that the regression calibration
function should be estimated using the controls only.
Michalek & Tripathi [46], Armstrong, et al. [5] and Buonaccorsi [10] consider the normal
discriminant model. Satten & Kupper [62] have an interesting example of likelihood analysis
for non{di erential error validation studies when the validation sampling is in the controls.

SURVIVAL ANALYSIS
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One of the earliest applications of the regression calibration method was discussed by Prentice
[52] in the context of survival analysis. Further results in survival analysis were obtained by
Pepe, et al. [50], Clayton [25], Nakamura [49] and Hughes [36]. While the details di er in
substantive ways, the ideas are the same as put forward in the rest of this article, and here
we provide only a very brief overview in the case of covariates which do not depend on time.
Suppose that the instantaneous risk that the time T of an event equals t conditional on
no events prior to time t and conditional on the true covariate X is denoted by
(t; X) = 0 (t)exp ( xX) ;

(16)

where 0 (t) is the baseline hazard function. When the baseline hazard is not speci ed, (16) is
commonly called the proportional hazards assumption, [see PROPORTIONAL HAZARDS
OVERVIEW]. When X is observable, it is well-known that estimation of x is possible
without specifying the form of the baseline hazard function.
If X is unobservable and instead we observe a surrogate W, the induced hazard function
is
 (t; W;

x) =

0

(t)E fexp ( xX) jT  t; Wg :

(17)

The diculty is that the expectation in (17) for the observed data depends upon the unknown
baseline hazard function 0 . Thus, the hazard function does not factor into a product of an
arbitrary baseline hazard times a term that depends only on observed data and an unknown
parameter, and the technology for proportional hazards regression cannot be applied without
modi cation.
The problem simpli es when then event is rare, so that T  t occurs with high probability for all t under consideration. As shown by Prentice [53] and others, under certain
circumstances this leads to the regression calibration algorithm. The rare event assumption
allows the hazard of the observed data to be approximated by
 (t; W;

x) =

0

(t)E fexp ( xX) jWg :

(18)

The hazard function (18) requires a regression calibration formulation! If one speci es a
model for the distribution of X given W, then (18) is in the form of a proportional hazards
model (16), but with xX replaced by log (E fexp ( xX) jWg). An important special case
leads directly to the standard regression calibration model, namely when X given W is
normally distributed.
Clayton [25] proposed a modi cation of regression calibration which does not require
events to be rare. At each time ti , i = 1; :::; k, for which an event occurs, de ne the risk
set Ri  f1; :::; ng as the case numbers of those members of the study cohort for whom
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an event has not occurred and who were still under study just prior to ti . If the X's were
observable, and if Xi is the covariate associated with the ith event, in the absence of ties the
usual proportional hazards regression would maximize

Yk
i=1

xXi )
P exp(exp(
X ):
j 2Ri

x j

Clayton basically suggests using regression calibration within each risk set. He assumes that
the true values X within the ith risk set are normally distributed with mean i and variance
x2 , and that within this risk set W = X + U, where U is normally distributed with mean
zero and variance u2 . Neither x2 nor u2 depend upon the risk set in his formulation.
Given an estimate bu2 , one applies the usual regression calibration calculations to construct an estimate of bx2 .
Clayton modi es regression calibration by using it within each risk set. Within each risk
set, he applies the formula (7) for the best unbiased estimate of the X's. Speci cally, in the
absence of replication, for any member of the ith risk set, the estimate of the true covariate
X from an observed covariate W is
2
c
X = bi + b 2 b+x b 2 (W , bi) ;
x
u
where bi is the sample mean of the W's in the ith risk set.
As with regression calibration in general, the advantage of Clayton's method is that no
new software need be developed, other than to calculate the means within risk sets.
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