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Abstract

We discuss robust estimates based on leverage downweighting of the coe�cients in logistic regression

case-control studies when the true predictor X is an unobserved continuous random variable, and

instead a surrogateW is observed with nondi�erential measurement error. The asymptotic theory of

the estimates is derived, and consistent standard error estimates obtained. An illustrative example

shows that the adverse e�ects of outliers upon standard methods can be somewhat ameliorated by

our techniques.
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1 INTRODUCTION

Prospective studies and retrospective (case{control) studies are two important tools for the study

of factors related to diseases. Somewhat simplistically, the di�erence between the two is a matter of

conditioning. One version of a prospective study is a random sample from a source population. In

a retrospective study one obtains groups of individuals with and without the disease (usually not

by random sampling), and then one ascertains the values of the covariates. A classical case{control

sample contains no information about the marginal probabilities Pr(D = 1).

We consider robust estimation in case-control studies where some of the covariates are subject

to nondi�erential measurement error. Let D be disease status, where D = 0 refers to controls and

D = 1 to cases. There are n1 cases and n0 controls, and n = n0 + n1. Let X be the continuous

true exposure variable and denote other covariates not subject to error by Z. By the nature of the

design of a case{control study, the distribution of the covariates (X;Z) is conditioned on case or

control status D. We assume that X is a continuous random variable.

The problem of interest here is the case that one cannot easily ascertain X, but instead one can

observe a value W , assumed to be a surrogate, i.e., W and D are independent given (X;Z). The

fact that W is a surrogate is equivalent to the notion of nondi�erential measurement error, i.e., the

distribution of W given (X;Z;D) depends only on (X;Z) but not otherwise on D.

For most purposes in this paper (except x5), the observed data consist of two types. In the

primary study, we observe (Z;W;D), while in addition there is a smaller validation study for which

we observe X as well. The data are gathered by �rst observing (Z;W;D) for all study participants,

and next X is measured in the validation data. Let the dimensions of Z, X and W be k0�1, k1�1

and k2 � 1 respectively.

A standard analysis is to start with a prospective model for the source population, and then

use the case{control data to estimate the parameters of that model. We base our analysis on a

prospective logistic regression model

Pr(D = 1jZ;X) = H(�0

0 + �t1Z + �t2X); (1)

where H(�) is the logistic distribution function. Prentice and Pyke (1979) show that if X were

observable then the retrospective density of (Z;X) given D = d in the validation data is

fZ;XjD(z; xjd) = (n=nd)q(z; x)H
d(�0 + �t1z + �t2x)f1 �H(�0 + �t1z + �t2x)g

1�d; (2)
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where if �d is the unidenti�able probability that D = d in the source population, then �0 =

�0
0 + log f(n0�1)=(n1�0)g is a new intercept and q(z; x) is the marginal density of (Z;X) in the

population induced by the case{control sampling scheme. Because we cannot estimate (�0; �1)

using a case{control design, the underlying intercept �0
0 in the source population is not identi�ed.

Prentice & Pyke showed that ordinary logistic regression applied to (X;Z;D) data yields consis-

tent estimates of (�1; �2) with asymptotically correct standard errors, even though the retrospective

sampling scheme is ignored. Wang & Carroll (1993) showed that standard robust logistic regres-

sion estimates appropriate for prospective designs are also consistent with asymptotically correct

standard errors when applied to case{control studies.

In x2, we review one such class of robust estimates, based on downweighting observations on

the basis of their leverage and, in the logistic model, on a misclassi�cation model.

For the measurement error problem, Rosner, et al. (1989), Carroll, et al. (1993) and Satten

& Kupper (1993) have proposed di�erent methods for estimating (�1; �2). These methods are

nonrobust, in the usual sense that leverage points and outliers can have large e�ects on the estimates

of (�1; �2) and their standard errors. We illustrate this phenomenon in an example described in x6.

Our paper considers robust estimation when X is continuous. Carroll, et al. (1993) assume that

E(XjZ;W;D) is linear in (Z;W;D). They propose to use an estimate of m(Z;W ) = E(XjZ;W )

as an estimated value for X in the primary data. Their algorithm factors naturally into a linear

regression of X on (Z;W;D), followed by a logistic regression. One could robustify each step

using the linear results of Simpson, et al. (1992) and the logistic results of Carroll & Pederson

(1993). We take a slightly more general approach. Using calculations of Satten & Kupper (1993)

for the case that X is normally distributed, we show that the estimating equations for maximum

likelihood are of a particularly convenient linear form. This immediately suggests the development

of robust estimation methods with bounded in
uence functions, these being based on separately

downweighting leverage and residuals. In x3, the estimation methods are de�ned and asymptotic

distribution theory is stated in x4. In x5, we extend the results to the case that X is not measured.

An illustrative example is considered in x6. Some extensions are outlined in x7.

2 LEVERAGE DOWNWEIGHTING

The robust estimates we use are based on downweighting observations on the basis of their outlying-

ness in factor space. In linear regression of a variable Y on X, leverage based estimates downweight
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observations separately on the basis of the distance of the Y 's to the line and the distances of the

X's to their center, see Simpson, et al. (1992). In logistic regression, the estimates take the form

of weighted logistic regression estimates with weights depending on the X's and the regression pa-

rameter but not otherwise on disease status D, see Carroll & Pederson (1993). Generally, for some

vector-valued function b� of the X-sample, the weights for a given value of the regression parameter

B = (�0; �1; �2) are of the form �(X;B; b�).
For example, in logistic regression of D on (Z;X) in a case{control study, the leverage{based

estimates of B = (�0; �1; �2) solve the equation

0 =
nX
i=1

�
�
Xi;B; b�� (1; Zt

i ;X
t
i )
t
n
Di �H

�
�0 + �t1Zi + �t2Xi

�o
: (3)

3 NONROBUST METHODS

If (X;W ) are continuous, Rosner, et al. (1989), Carroll & Stefanski (1990), Gleser (1990) and

Pierce, et al. (1992) note that for rare diseases with moderate e�ect (�2 not too large), a good

approximation to the prospective model (1) is

Pr(D = 1jZ;W ) ' Hf�00

0 + �t1Z + �t2m(Z;W )g: (4)

In (4), the intercept �00
0 for the regression depending on (Z;W ) is deliberately allowed to be di�erent

from the intercept �0
0 in (1) for the regression depending on (Z;X).

Applying the same logic that led to (2), there is an intercept �00 such that the retrospective

likelihood of (Z;W ) given D is approximately proportional to

fZ;W jD(z; wjd) � Hdf�00 + �t1z + �t2m(z; w)g

�
1�Hf�00 + �t1z + �t2m(z; w)g

�1�d
: (5)

Our main results are for the case that selection into the validation sample, i.e., observing X,

depends only on case or control status and not otherwise on (Z;W ), but see x7 for a description of

some alternatives. Under this sampling framework, we can use the validation data in an intuitively

pleasing fashion, as well as not be restricted only to a likelihood analysis. We will condition on the

number in the primary and validation data sets. There will be nP1 cases and nP0 controls in the

primary data, and nV 1 cases and nV 0 controls in the validation data; nP = nP0 + nP1 and nV =

nV 0 + nV 1. In what follows, we will let (XV id; ZV id;WV id) and (ZPid;WPid) denote observations

for the ith individual having D = d in the validation and primary data sets, respectively.
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The algorithm of Carroll, et al. (1993) assumes that the distribution of X given (Z;W;D) is

linear with an intercept depending on D but constant variance:

Xj(Z;W;D) = �00 + �01D + �1Z + �2W + �; (6)

where � is has conditional mean zero and covariance matrix ��, and (�00; �01; �1; �2) are matrices

of dimension (k1� 1), (k1� 1), (k1� k0) and (k1� k2), respectively. Satten & Kupper's results can

be used to show that if (6) holds among the controls with normally distributed error and variance

�2, then it also holds among the cases, with �01 = �2�2.

It is possible to robustify a likelihood approach. However, the results would depend heavily

on the assumption of normality, and we instead have chosen to take an approach which yields

approximately consistent estimates in a variety of circumstances.

In most applications of case{control studies the disease is necessarily rare, so that regressions in

the source population are similar to regressions among the controls. Hence, in particular, m(Z;W )

� E(XjZ;W;D = 0). Using (6) and absorbing �00 into the intercept in (5), we �nd that the

likelihood of (Z;W ) given D is approximately proportional to

fZ;W jD(z; wjd) � Hd(�) f1�H(�)g1�d ; (7)

where H(�) = H
�
�0� + �t1z + �t2 (�1Z + �2W )

	
, and �0� = �00 + �t2�00 is a new intercept. De�ne

T =
�
1; Zt; (�1Z + �2W )t

	t
. The likelihood is fXjZ;W;D(�)fZ;W jD(�). Thus, from (7), if (�1; �2)

were known, an approximately unbiased estimating equation for (�0�; �1; �2) is

0 =
1X

d=0

nV dX
i=1

TV id

h
d�H

n
�0� + �t1ZV id + �t2 (�1ZV id + �2WV id)

oi
(8)

+
1X

d=0

nPdX
i=1

TPid

h
d�H

n
�0� + �t1ZPid + �t2 (�1ZPid + �2WPid)

oi
:

We will exploit (8) in x7.

However, we are mainly interested in the estimation of �1 and �2 since they measure the e�ects

of covariates Z and X. In the validation data we actually observe X, so it is intuitively appealing

to use the X{data in the �rst term in (8). We will use a di�erent intercept for each of the two

terms, because the likelihood (2) and the approximation (5) have potentially di�erent intercepts.

If we de�ne TV id = (1; 0; Zt
V id;X

t
V id)

t and TPid =
�
0; 1; Zt

P id; (�1ZPid + �2WPid)
t
	t
, this leads to

the estimating equation

0 =
1X

d=0

nV dX
i=1

TV id

n
d�H

�
�0 + �t1ZV id + �t2XV id

�o
(9)
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+
1X

d=0

nPdX
i=1

TPid

h
d�H

n
�0� + �t1ZPid + �t2 (�1ZPid + �2WPid)

oi
:

We now turn to constructing estimating equations for (�1; �2). In the validation data, ordinary

least squares can be used. De�ne Sid = (1; d; Zt
V id;W

t
V id)

t, eV idj = the jth component of eV id,

where eV id = XV id � (�00 +�01d + �1ZV id +�2WV id). De�ne A = (�00; �01; �1; �2), then the

estimating equation for A in the validation data is

0 =
1X

d=0

nV dX
i=1

(Sid 
 eV id) ; (10)

where 
 denotes a Kronecker product. Solving (9){(10) simultaneously yields the estimate of

Carroll, et al. (1993). There is, however, information about A in the primary data, the derivative

of the score function being

1X
d=0

nPdX
i=1

APid

h
d�H

n
�0� + �t1ZPid + �t2 (�1ZPid + �2WPid)

oi
; (11)

where

APid =
h
0; 0; fvec(ZPid�

t
2)g

t; fvec(WPid�
t
2)g

t
it
: (12)

The appeal of solving (9){(10) is that no special software is necessary. The linear regression

parameters (�1; �2) are estimated by least squares. The logistic regression parameters (�1; �2) are

estimated via logistic regression with a dummy variable indicating whether one has validation or

primary data, and predictors X or (�1Z + �2W ) in the validation and primary data, respectively.

In this paper, our numerical computations will be based on the simplicity inherent in this

method. While we have not encountered them, there may be situations where the extra information

in the primary data for estimating (�1; �2) will be worth the additional computing complexity.

Hence, we will allow for the use of the extra information in the unbiased estimating equation (11).

The combined estimating equation is

0 =
1X

d=0

nV dX
i=1

�
TV id
0

�
fd�H(�0 + �t1ZV id + �t2XV id)g+

1X
d=0

nV dX
i=1

�
0

Sid 
 eV id

�

+
1X

d=0

nPdX
i=1

�
TPid
APid

� h
d�H

n
�0� + �t1ZPid + �t2 (�1ZPid + �2WPid)

oi
; (13)

where APid is set equal to zero if one wants to use the simple linear{logistic method, and equal to

(12) if one wants to attempt a more complex but possibly more e�cient analysis.

It is obvious that the estimates which solve (13) are not robust. In the next section, we will use

leverage downweighting to construct new estimates with bounded in
uence functions.
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4 ROBUST ESTIMATION

We will construct a bounded in
uence estimate for � =
�
�0; �0�; �

t
1; �

t
2; vec(A)

t
	t

by leverage

downweighting of each of the components of (13). Let B = (�0; �0�; �
t
1; �

t
2)
t. As in Carroll &

Pederson (1993), the weights for the �rst component are �1(TV id;B; b�V ), while that for the third
component is �3(TPid; APid;B; b�P ). Following Simpson, et al. (1992), we will denote the linear

regression weights for the second component by �2(Sid;A; b�W ).

With robust linear regression estimates as de�ned by Simpson, et al., we downweight residuals

using a �xed odd function  (�), which are scaled by an estimate of variability for each component

of the residuals. De�ne b� = (b�1; � � � ; b�k1), where each component b�j (j = 1; : : : ; k1) denotes

the variability of the jth component of the residuals, and we assume b�i converges to �j . These

estimates of scale should be fairly robust, e.g., the median absolute deviation of the residuals from

their median.

The resulting estimating equation is

0 =
1X

d=0

nV dX
i=1

�1(TV id;B; b�V )� TV id0
�
fd�H(�0 + �t1ZV id + �t2XV id)g (14)

+
1X

d=0

nV dX
i=1

�2(Sid;A; b�W ) bFV id +
1X

d=0

nPdX
i=1

�
�3(TPid; APid;B; b�P )� TPidAPid

�
�
h
d�H

n
�0� + �t1ZPid + �t2 (�1ZPid + �2WPid)

oi�
;

where

bFV id =

0@ 0

Sid 


�b�1 (eV id1b�1 ); : : : ; b�k1 (eV idk1b�k1 )

�t1A :
Starting values for estimating � can be obtained as follows. First, we estimate A by applying to the

validation data any of the robust linear regression techniques described by Simpson, et al. (1992).

Then we estimate (�0; �0�; �1; �2) by a dummy variable logistic regression using any of the robust

logistic regression techniques described by Carroll & Pederson (1993). We use a scoring algorithm

to update the initial estimates and hence solve (14). Let b� = (b�V ; b�W ; b�P ) and let hn(�; b�; b�) be
the right hand side of (14). De�ne H(1) = H(1�H). Then a scoring{type algorithm updates the

current b� via the formula:

~� = b�+G�1
n (b�; b�; b�)hn(b�; b�; b�); where
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Gn(�; �;�) =
1X

d=0

nV dX
i=1

�1(TV id;B; �V )

�
TV id
0

��
TV id
0

�t
H(1)(�0 + �t1ZV id + �t2XV id)

+
1X

d=0

nV dX
i=1

�2(Sid;A; �W )

 
0 0

SidS
t
id 


�
 (1)(

eV id1

�1
); : : : ;  (1)(

eV idk1
�k1

)

�
0

!

+
1X

d=0

nPdX
i=1

�3(TPid; APid;B; �P )

�
TPid
APid

��
TPid
APid

�t
�H(1)

n
�0� + �t1ZPid + �t2 (�1ZPid + �2WPid)

o
:

Let the total sample size be n = nV +nP , and (n�=n)! �; 0 < � < 1. Let G be the asymptotic

limit of Gn(�; �)=n as n!1, which is assumed necessarily to exist.

THEOREM 1: Under the conditions stated in the appendix,

n1=2( ~���)) Normal(0; G�1LG�t);

where L = L1 + L2 + L3 + L4 + Lt4; with the terms de�ned as follows:

L1 = (nV =n)fL12 �

1X
d=0

nV

nV d
L11L

t
11g; (15)

L12 =

Z
�21(TV ;B; �V )

�
TV
0

��
TV
0

�t
H(1)(�0 + �t1z + �t2x)dQV (z; x);

L11 =

Z
�1(TV ;B; �V )

�
TV
0

�
H(1)(�0 + �t1z + �t2x)dQV (z; x); TV = (1; 0; zt; xt)t;

L2 =
1X

d=0

(nV d=n) E[�
2
2(S1d;A; �W ) bFV 1d

bF t
V 1djD = d];

L3 = (nP =n)fL32 �

1X
d=0

nP

nPd
L31L

t
31g;

L32 =

Z
�23(TP ; AP ;B; �P )

�
TP
AP

��
TP
AP

�t
H(1)f�0� + (�t1 + �t2�1)z + �t2�2wgdQP (z; w);

TP =
n
0; 1; zt; (�1z + �2w)

t
ot
; AP =

h
0; 0; fvec(z�t2)g

t; fvec(w�t2)g
t
it
;

L31 =

Z
�3(TP ;B; �P )

�
TP
AP

�
H(1)f�0� + (�t1 + �t2�1)z + �t2�2wgdQP (z; w);

L4 =
1X

d=0

(nV d=n) E

�
�1(TV 1d;B; �V )

�
TV 1d

0

�
fd�H(�)g�2(S1d;A; �W ) bF t

V idjD = d

�
;

where in L4, H(�) = H(�0 + �t1ZV 1d + �t2XV 1d).

A consistent estimate of G is given by bG = Gn(b�; b�; b�)=n. An estimate of L is given in the

appendix. This estimate has the properties that if there is no primary data set and hence the

X's are fully observable, then the parameter estimates are the same as those of Wang & Carroll
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(1993) and the covariance estimate is the same as that obtained from a weighted logistic regression

analysis. The same is true if the �0s are known.

5 NO AVAILABLE VALIDATION

In many instances, it is impossible to measure X on even a subset of the data. Instead, in a small

subset of the data we observe an unbiased measure T = X + U , where E(U jZ;W;D) = 0 and

hence E(T jZ;W;D) = E(XjZ;W;D); an example in a prospective study is given by Rosner, et

al. (1989). This suggests that one perform a linear regression of T on (Z;W ) in the validation

data, and then pool all the data and perform a logistic regression of Y on Z and (�1Z + �2W ).

Necessarily, the weight function for this logistic regression has the same form in the validation and

primary data sets, and we enforce this by using a common � in de�ning the leverage weights. If we

de�ne TV id =
�
1; Zt

V id; (�1ZV id + �2WV id)
t
	t

and AV id =
�
0; 0; fvec(ZV id�

t
2)g

t; fvec(WV id�
t
2)g

t
�t
,

this algorithm leads to the estimating equation

0 =
1X

d=0

nV dX
i=1

�
�3(TV id; AV id;B; b�)� TV id0

�
�
h
d�H

n
�0� + �t1ZV id + �t2 (�1ZV id + �2WV id)

oi�
+

1X
d=0

nV dX
i=1

�2(Sid;A; b�W ) bFV id

+
1X

d=0

nPdX
i=1

�
�3(TPid; APid;B; b�)� TPid0

�

�
h
d�H

n
�0� + �t1ZPid + �t2 (�1ZPid + �2WPid)

oi�
;

where the residuals are from the regression of T on (Z;W ).

The limiting distribution of the resulting estimates takes the same form as that of Theorem 1.

Formulae for estimates of G and L are given in the appendix.

6 AN EXAMPLE

As an illustrative example, we use data described by Satten & Kupper (1993). These data were

extracted from the Lipids Research Clinics (LRC) prospective study concerning blood cholesterol

levels and risk of heart disease, and we used the nonsmokers. Let D be coronary heart disease
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history, X the value of elevated low density lipoprotein cholesterol level (LDL), Z participant's age

(range 60{70), and W total cholesterol (TC).

In this particular data set, X is available for all study participants, and the study is prospective,

so our intent is to illustrate what might happen to a case{control analysis if there were outliers

and leverage points. In Figure 1, we plot X against W for all study participants. Note that there

are two unusual points, one a clear outlier to the main trend in the data, the other a large leverage

point. We will call the former #1, and the latter #2.

To simulate a case{control study, we randomly divided the data into a primary data set of size

nP = 232 and a validation data set of size nV = 26. The validation data consists of 13 cases and 13

controls. In this scheme, the outlying observation #1 was allocated to the validation data, while

the leverage point #2 was allocated to the primary data.

Since X is continuous, in this example leverage weights were constructed basically along the

lines of Simpson, et al. (1992), as follows. Let XV id� = (Zt
V id;X

t
V id)

t; and let �V = (�V ;MV ) be

the center and covariance matrix of XV id�. We de�ne

�1(TV id;B; �V ) = u1b

�n
(XV id� � �V )

tM�1
V (XV id� � �V )=2

o1=2�
;

where u1b is de�ned in x9.5 and b = 8. Let WV id� = (Zt
V id;W

t
V id)

t; and let �W = (�W ;MW ) be the

center and covariance matrix of WV id�. We de�ne

�2(Sid;A; �W ) = min
h
1;
n
c=f(WV id� � �W )tM�1

W (WV id� � �W )g
oi
;

where c = 2. Let WPid� =
�
Zt
P id; (�1ZPid + �2WPid)

t
�t
; and let �P = (�P ;MP ) be the center and

covariance matrix of WPid�, then we de�ne

�3(TPid; APid;B; �P ) = u1b

�n
(WPid� � �P )

tM�1
P (WPid� � �P )=2

o1=2�
:

We estimated � iteratively by the median absolute residual times 1.48. For  (�), we used the

Hampel function with cuto� points (1.5,3.0,8.0), see Carroll & Welsh (1989).

We applied the nonrobust technique with estimating equation (13), setting APid = 0 for compu-

tational convenience, and compared it to the more robust technique with estimating equation (14).

In Table 1 we list the e�ects of deleting the unusual points. Fairly clearly, the robust estimates are

far less sensitive to case deletion, the reason being that the two unusual cases are given nearly no

weight in the analysis.
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7 DIFFERENT VALIDATION SAMPLING SCHEMES

In some circumstances, selection into the validation study may depend on (Z;W;D) and not just on

D, see Zhao & Lipsitz (1992) for a review. Under such sampling schemes, for continuous exposures

the estimation methods we have proposed will no longer be consistent.

Breslow & Cain (1988) and Zhao & Lipsitz (1992) describe nonrobust estimates using only

validation data. These methods are weighted logistic regression, and as such are easily robusti�ed.

With X continuous, solving (8) and (10) simultaneously will also result in a consistent estimate.

Leverage downweighting modi�cations are clear. Asymptotic distribution theory can be obtained

via the same techniques used in the appendix.

8 CONCLUSIONS

Our focus has been on showing that standard ideas from robust estimation lead to useful and

computable methods in case{control studies with errors in predictors. The methods rely on de�ning

approximately unbiased estimating equations for the parameters of interest. We extended the

methods of Carroll, et al. (1993) to allow more e�ective use of validation data. In x5, we showed

how to extend previous techniques to allow for the possibility that X cannot be measured, and that

instead an unbiased version of it is available for part of the study. Such methods are particularly

important in diet studies, where it is e�ectively impossible to record diet for a long period of time.

Finally, for a continuous exposure, in x7 we brie
y considered the possibility that selection into the

validation study depends on more than just case{control status.

It is possible to improve e�ciency somewhat in the continuous case by weighting the primary

and validation data separately. For example, in (9) the validation data might be given a higher

weight than the primary data, because the former produce direct information about the parameters

of interest. Obtaining optimal weights is easy enough in principle, although doing so will result in

some computational complications. We plan to explore this issue in a future paper.
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9 APPENDIX

9.1 Technical Conditions for Theorem 1

(A1) The initial estimates b� and b� converge to their limits at the rate op(n�1=4).

(A2) The parameter space of (�; �) is open and convex.

(A3) The weight functions �1; �2 and �3 are bounded and continuous.
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(A4) �1; �2 and �3 are smooth enough such that the second derivatives with respect to parameters

are bounded in absolute value by a statistic which has �nite expectation at the true parameters.

(A5) Z and W have bounded third moments.

(B1) The score function  is bounded and continuous.

(B2)  has derivative  (1) such that (i) k (1)ksup <1 and (ii)k(�) (1)(�)ksup <1; where k � ksup

is the supremum norm.

(B3)  (1) has derivative  (2) such that k (2)ksup+ k(�) (2)(�)ksup+ k(�)2 2(�)ksup <1:

(B4) E[ (�v)jD] = 0 and E[�v (1)(�v)jD] = 0 for any v > 0.

(B5) Ek(Z;W )k4�22 = O(1) and Ek(Z;W )k3�2 = O(1):

The condition (B4) is essentially equivalent to symmetry of the errors �. Under this condition,

the asymptotic distribution theory and covariance estimates which we obtain are appropriate even

when the �'s are heteroscedastic.

If the �'s are homoscedastic and independent of (D;Z;W ), it can be shown that symmetry is

not required. Following Carroll & Welsh (1989), it can be shown that the distribution theory of

the intercept terms is a�ected by asymmetry because the method of estimating (�1; � � � ; �k1) comes

into play. However, asymmetry does not change the distribution theory of the other parameters.

9.2 Sketch Proof of Theorem 1

Under the conditions (A1) { (B4), it is easy to prove that

n1=2( ~���) = G�1fn�1=2hn(�; �;�)g+ op(1):

Write hn(�; �;�) as hn1(�; �) + hn2(�; �;�) + hn3(�; �). Then

cov fhn(�; �;�)g = cov fhn1(�; �)g+ cov fhn2(�; �;�)g+ cov fhn3(�; �)g

+cov fhn1(�; �); hn2(�; �;�)g + cov fhn1(�; �); hn2(�; �;�)g
t :

By easy calculations, we have

n�1cov fhn1(�; �)g = (nV =n)cov
n
n
�1=2
V hn1(�; �)

o
= L1;

n�1cov fhn2(�; �;�)g = L2;

n�1cov fhn3(�; �)g = (nP =n)cov
n
n
�1=2
P hn3(�; �)

o
= L3;

n�1cov fhn1(�; �); hn2(�; �;�)g = L4:
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9.3 Covariance Estimates with Validation

De�ne H
(1)
Pi (�) = H(1)

nb�0� + b�t1ZPid + b�t2 (b�1ZPid + b�2WPid)
o
. For estimating L, we use bL =bL1 + bL2 + bL3 + bL4 + bLt4, where

bL1 = (nV =n)fbL12 �

1X
d=0

nV

nV d
bL11

bLt11g; (16)

bL12 = n�1
V

1X
d=0

nV dX
i=1

�21(TV id;
bB; b�V )� TV id0

��
TV id
0

�t
H(1)(b�0 + b�t1ZV id + b�t2XV id);

bL11 = n�1
V

1X
d=0

nV dX
i=1

�1(TV id; bB; b�V )� TV id0
�
H(1)(b�0 + b�t1ZV id + b�t2XV id);

bL2 = n�1
1X

d=0

nV dX
i=1

�22(Sid;
bA; b�W ) bFV id

bF t
V id;

bL3 = (nP=n)fbL32 �

1X
d=0

nP

nPd
bL31

bLt31g;

bL32 = n�1
P

1X
d=0

nPdX
i=1

�23(TPid;
bAPid; bB; b�P )� TPidbAPid

��
TPidbAPid

�t
H

(1)
Pi (�);

bL31 = n�1
P

1X
d=0

nPdX
i=1

�3(TPid; bAPid; bB; b�P )� TPidbAPid

�
H

(1)
Pi (�);

bL4 = n�1
1X

d=0

nV dX
i=1

�1(TV id; bB; b�V )�TV id0
�
fd�H(b�0 + b�t1ZV id + b�t2XV id)g

��2(Sid; bA; b�W ) bF t
V id:

9.4 Covariance Estimates with No Validation

De�ne H
(1)
V i (�) = H(1)

nb�0� + b�t1ZV id + b�t2 (b�1ZV id + b�2WV id)
o
and let beV idj be the jth component

of the estimated residuals. Then the quantities necessary for estimation of the covariance matrix

are

bG = n�1

� 1X
d=0

nV dX
i=1

�3(TV id; bAV id; bB; b�)� TV id0
��

TV id
0

�t
H

(1)
V i (�)

+
1X

d=0

nV dX
i=1

�2(Sid; bA; b�W )

 
0 0

SidS
t
id 


�
 (1)(

beV id1b�1 ); : : : ;  (1)(
beV idk1b�k1 )

�
0

!

+
1X

d=0

nPdX
i=1

�3(TPid; bAPid; bB; b�)� TPidbAPid

��
TPidbAPid

�t
H

(1)
V i (�)

�

bL = bL1 + bL2 + bL3 + bL4 + bLt4, where bL1 = �V fbL12 �
P1

d=0

nV

nV d
bL11

bLt11g,
bL12 = n�1

V

1X
d=0

nV dX
i=1

�23(TV id;
bAV id; bB; b�)� TV idbAV id

��
TV idbAV id

�t
H

(1)
V i (�);
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bL11 = n�1
V

1X
d=0

nV dX
i=1

�3(TV id; bAV id; bB; b�)� TV idbAV id

�
H

(1)
V i (�);

bL2 = n�1
1X

d=0

nV dX
i=1

�22(Sid;
bA; b�W )

0@ 0

Sid 


�b�1 (beV id1b�1 ); : : : ; b�k1 (beV idk1b�k1 )

�t1A
�

0@ 0

Sid 


�b�1 (beV id1b�1 ); : : : ; b�k1 (beV idk1b�k1 )

�t1At

;

bL3 = �P fbL32 �

1X
d=0

nP

nPd
bL31

bLt31g;

bL32 = n�1
P

1X
d=0

nPdX
i=1

�23(TPid;
bAPid; bB; b�)� TPidbAPid

��
TPidbAPid

�t
H

(1)
Pi (�);

bL31 = n�1
P

1X
d=0

nPdX
i=1

�3(TPid; bAPid; bB; b�)� TPidbAPid

�
H

(1)
Pi (�);

bL4 = n�1
1X

d=0

nV dX
i=1

�3(TV id; bAV id; bB; b�)� TV idbAV id

�
fd�H(b�0 + b�t1ZV id + b�t2XV id)g

��2(Sid; bA; b�W ) bF t
V id:

9.5 Weights for Logistic Regression

Carroll & Pederson (1993) consider the following method. Let p = dim(Z;X). Let (b�; cM ) be a

\robust" estimate of the center and covariance matrix of the (Z;X)'s. Let  1b be any odd function,

and de�ne  2b(v) =  2
1b(v)=�, where � = E 2

1b(kZp�1k) and Zp�1 is a (p� 1){dimensional normal

random variable with zero mean and identity covariance. De�ne uib(v) =  ib(v)=v. De�ning

Xi� = (Zt
i ;X

t
i )
t, the estimates b� = (b�; cM) which we use are the solutions to:

n�1
nX
i=1

u1b

�n
(Xi� � �)tM�1(Xi� � �)

o1=2�
(Xi� � �) = 0;

n�1
nX
i=1

u2b

n
(Xi� � �)tM�1(Xi� � �)

o
(Xi� � �)(Xi� � �)t = M:

One possible choice is the trisquared redescending function  1b(v) = v
�
1� (v=b)2

	3
I(jvj � b).

The leverage{based weights are �(Z;X; �) = u1b

h�
(Xi� � �)tM�1(Xi� � �)=(p� 1)

	1=2i
. Note

that these weights can redescend to zero, so that points which are extremely outlying in the design

space receive zero weight. Di�erent estimates of center and location can be used, for example those

with higher breakdown as discussed in Simpson, et al. (1992).
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Nonrobust Nonrobust Robust Robust

Points Deleted Estimate Std. err. Estimate Std. Err.

None 1.6965 .8912 .3785 .2227

#1 .4383 .2403 .3481 .2283

#2 1.5628 .8185 .3615 .2315

#1, #2 .3738 .2573 .3283 .2373

Table 1: The e�ects of deleting observations on estimates of the e�ect of LDL, when treated as a

continuous variable.
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Figure 1: Plot of X = LDL against W = total cholesterol in the example. In the examples, the

leverage point was assigned to the primary data, while the outlier was assigned to the validation

data.


