More Efficient Local Polynomial Estimation in
Nonparametric Regression With Autocorrelated Errors
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‘We propose a modification of local polynomial time series regression estimators that improves efficiency when the innovation process is
autocorrelated. The procedure is based on a pre-whitening transformation of the dependent variable that must be estimated from the data. We
establish the asymptotic distribution of our estimator under weak dependence conditions. We show that the proposed estimation procedure
is more efficient than the conventional local polynomial method. We also provide simulation evidence to suggest that gains can be achieved

in moderate-sized samples.
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1. INTRODUCTION
Consider the regression model

Yy =m(Xy) + us, t=1,....T, ey

where the stationary residual process u; is autocorrelated but
satisfies E(u;|X1,...,X7) = 0 almost surely. The function
m(-) is assumed to be unknown but smooth and is the object of
central interest. There are two leading sampling schemes with
regard to the process {X;}: the “fixed design” case where X;
is time or some smooth function thereof [i.e., X; = f(¢/T) for
some smooth f], and the “random design” case where X; is
a stationary stochastic process itself with a nondegenerate mar-
ginal distribution. (Opsomer, Wang, and Yang 2001 have dis-
cussed the related case where the regressors are multivariate
and random but the error covariance is a smooth function of the
regressors. This case is more like the fixed design in some re-
spects.) In the fixed design case, both the standard least squares
parametric and kernel nonparametric estimator have variances
proportional to the long-run variance (i.e., the spectral den-
sity at frequency 0) of the process {u;}. However, adjusting
for serial correlation brings no advantage in terms of estima-
tor variance in either the parametric or nonparametric method.
Specifically, when the regressors are polynomials in time, or-
dinary least squares (OLS) = generalized least squares (GLS)
(see, e.g., Andersen 1971, p. 581). Much methodologic work in
nonparametric statistics has focused on this sampling scheme,
especially with regard to bandwidth selection (see Hart 1991
for references).

The focus of this article is the second sampling scheme,
where X; is a nondegenerate stochastic process. This setting
arises in many applications, because time itself is often not
the only relevant covariate. Indeed, in the 1970s, the linear re-
gression model with autocorrelated disturbances was one of the
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central models of interest, and numerous procedures were cre-
ated to deal with the estimation and testing issues that ensued,
including Cochrane—Orcutt, Hildreth-Lu, Prais—Winsten, and
Durbin—Watson. As is well known, when the regression func-
tion is parametric, the variance of the parameter estimators is
proportional to the long-run variance of the process {X;u;}, and
least squares standard errors that ignore this fact are inconsis-
tent and need to be modified in a nontrivial way. Also, one can
generally improve the efficiency of least squares estimators by
using a GLS weighting scheme that reflects the error autocorre-
lation function. Compare this with the case where m(-) is non-
parametric, which has been analyzed by, for example, Robinson
(1983) and Masry (1996a,b). In this case, standard kernel re-
gression smoothers do not take into account the correlation
structure in X; or #; and estimate the regression function in the
same way as if these processes were independent. Furthermore,
the variance of such estimators is proportional to the short-run
variance of u;, ouz = var(u,;) and does not depend on the regres-
sor or on error covariance functions yx(j) = cov(X;, X;_j),
Yu(j) =cov(us, u;—j), j # 0. Practitioners accustomed to cor-
recting standard errors for dependence believe that the stan-
dard errors in nonparametric regression are therefore suspect.
As Conley, Hansen, Luttmer, and Scheinkman (1997, p. 548)
stated, “although theoretically correct, the practice of ignoring
serial correlation is not likely to work well for the temporal de-
pendence present in our short-term interest rate data.” The pur-
pose of this article is to show that the autocorrelation function
of the error process has useful information for improving esti-
mators of the regression function. As a byproduct, one might
hope to obtain more accurate standard errors, given that the re-
sulting error process is purged of all correlation.

There is a related literature on estimating nonparametric re-
gression with longitudinal or panel data, including works by
Severini and Staniswalis (1994), Zeger and Diggle (1994), Wild
and Yee (1996), and Wu, Chiang, and Hoover (1998), among
others. The first authors estimated the covariance matrix of
the correlated observations and used this in their kernel con-
struction of the nonparametric regression estimate. The other
authors effectively ignored the correlation structure entirely
and “pretended” that the data were really independent, the so-
called “working independence” method. Ruckstuhl, Welsh, and
Carroll (2000) and Lin and Carroll (2000) provided theoretical
evidence in support of the working independence method. In
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fact, they showed that for many situations and different meth-
ods of kernel estimation, the working independence method is
most efficient in terms of mean squared error (MSE). That is,
for the kernel methods proposed in the literature, it is generally
better to ignore the correlation structure entirely. Carroll, Lin,
Linton, and Mammen (2004) constructed a kernel-type method
that can take advantage of the correlations among the data. The
method is a simple modification, and a generalization to an ar-
bitrary covariance matrix, of a method proposed by Ruckstuhl
et al. (2000). The resulting estimator is asymptotically more ef-
ficient than the working independence estimator.

In this article we propose a new kernel-based procedure for
estimating m(x) in the time series regression model (1) that
takes into account the correlation structure of the error terms
and is asymptotically more efficient than the usual methods.
The basic idea of the proposed estimation is to transform or
“prewhiten” the original regression model, so that the filtered
regression has a residual term that is uncorrelated. However, be-
cause of the nonlinear feature of the regression function m(-),
the transformation depends on both the function m(:) and on
the parameters of the autoregressive representation of u. Thus
we first estimate these quantities, and then construct a feasi-
ble transformation of the dependent variable Y;. We shown the
resulting estimator to be asymptotically normal and more effi-
cient than the conventional kernel estimator. We allow for an
error correlation structure of unknown form; that is, the autore-
gressive representation of the process need not be of finite order.

The rest of the article is organized as follows. The proposed
estimation method is introduced in Section 2. Regularity as-
sumptions and the limiting distribution of the estimator are
given in Section 3. An even more efficient estimator is dis-
cussed in Section 4. Some numerical results on simulated data
are reported in Section 5. Conclusions are given in Section 6.
All proofs are given in the Appendix. A technical report (Xiao,
Linton, Carroll, and Mammen 2003) contains more detailed
proofs and more numerical evidence.

2. ESTIMATION METHOD
2.1 Motivation and an Infeasible Estimator

Suppose that we have a sample {(X{, Y1),..., (X7, Y7)},
where X; € R? and Y; € R, from the nonparametric regression
model (1). We assume that the residual process u; is stationary,
has mean 0, and has an invertible linear process representation

o
=y ciej, 2
j=0

where &; are independent identically distributed with mean 0
and variance %2~ Without loss of generality, co = 1. It is con-
venient for this discussion to assume that the process {u;}
is independent of the process {X;}, but the main results are
true under some forms of mutual dependence. The coefficients
{c J} o and the regression function m(-) are unknown except
that m( ) is a smooth function and the coefficients c; satisfy
certain summability conditions (e.g., the process is short mem-
ory), as specified later in our assumptions. Our assumptions per-
mit u; to be any finite-order ARMA(p, g) process, but we allow
for the full class of linear processes as is common in much of
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the literature on estimating linear regression with correlated er-
rors. The objective is to estimate m (x) at some interior point x
and to provide confidence intervals for such estimates.

Let ¢(L) = Z?’;O chj, where L is the usual lag operator.
Inverting ¢(L), we obtain an autoregressive representation of
u; of potentially infinite order. Let

c(L)"'=a(L)

:ao—alL—ow—aij—

oo
- =ap — Zaij
j=1

be the inverse, and define that ap = 1 withoutloss of generality,
so we have a(L)u; = &;. Applying a(L) to regression (1), we
obtain

a(L)Y; =a(L)m(X;) + &. “)

The error term in this transformed model is now uncorrelated;
however, the immediate usefulness of this is unclear because m
is nonlinear and so does not commute with the operator a(L),
as would be the case in a linear model.

We rewrite (4) as

Y, =m(X) + e, 5)

where Y, is the filtered series
oo
Y, =Yi—) aj(Yij—m(X, ).
j=1

The transformed model (5) is also a valid regression equation
because ¢, is independent of X;. If Y, were known, as shown
by Theorem 1, then a nonparametric kernel regression of Y,
on X; would be more efficient than the conventionalkernel es-
timation.

The approach proposed in this article may be applied to a
wide range of nonparametric estimators, including the local
polynomial estimator and the Nadaraya—Watson procedure. In
this article we give asymptotic analysis based on the local poly-
nomial procedures. (See Fan 1992 and Fan and Gijbels 1996
for discussion on the attractive properties of local polynomials.)
For any dataset {Z;, X,};_,, the local polynomial regression of
Z; on X; (of order p, where p is an integer) can be obtained
from the multivariate weighted least squares criterion

S oo (5 o

t=1 0<l|k|<p

where K (1) is a nonnegative Welght function on RY and £ is
a bandwidth parameter. Let m (x) = bo, where bo is the mini-
mizing intercept in (6) with Z; = Y;, and let m(x) be the cor-
responding estimator when Z; =Y. For simplicity, we assume
that K ((x — X,/ h) = ]—[‘;:1 k((xj — Xj;/h), with k the uni-
variate kernel function.

Following the notation of Masry (1996a,b),let Ny = (£ +d —
1)!/€!(d — 1)! be the number of distinct d-tuples j with |j| =¢.
Arrange these Ny d-tuples as a sequence in a lexicographic
order and let ¢, ! denote this one-to-one map. For each j
with 0 < |j| <2p, let p;(K) = [y u/ K@) du, vj(K) =



982

Joau? K% (u) du, and define the N x N dimensional matrices
MandT and N x 1 vector B, where N =) _}_, Ny x 1,by

[ Mo,0 Mo,1 - Mo,
Mio Mi,1---Mip,p
M: . . 3
| MpoMp,1---Mpp
[ Too To1---To,
Ciol1---T1p
= . . , @)
L Tpolpi---Tpp
_MO,p+1
M, p+1
B: . 9
LMy pt1

where M;, j and I'; j are N; x N; dimensional matrices whose
(£, m) elements are (g, (0)+6;(m) and vy, O+ ;(m)- Note that the
elements of the matrices M = M(K) and I' = I' (K) are simply
multivariate moments of the kernel K and K2. In addition, we
arrange the N, elements of the derivatives

1 "m(x)
rd

rile-rglox]t - 0x]

forri+---4rg=r

as a column vector m”’(x). Theorem 1 gives the asymptotic
distribution of 7(x) and shows that it is asymptotically more
efficient than 7 (x).

Theorem 1. Suppose that the assumptions given in Section 3
hold. Then

VTh ([ (x) —m(x) —h4[M~'Bm@ ()] ;)
2

:>N(0 % _[m'rm!) )
" fx() 00

where ¢ = p + 1 and [A]o,o signifies the upper-left element of
matrix A.

Theorem 1 shows that the bias term [M’1 Bm© (x)]o,0 of the
estimator 772 (x) is the same as that of the conventional pth order
local polynomial estimator 7 (x). In the case with a local linear
estimator, p = 1, and the bias term is simply wa(K)m” (x)/2.
The smoother#z(x) has a variance proportional to %2 and hence
is more efficient than the traditional kernel estimator 7 (x),
which has variance proportional to

oo
2 2 2 2
o, =0, E cjzog.
Jj=0

Therefore, the relative efficiency (of the proposed estimator
relative to the standard estimator) in purely variance terms is
%2/0“2 < 1. For example, when u; = au;_1 + &, we have ouz =
%2/(1 —a?), which strictly exceeds %2 except when a = 0. We
now turn to a comparison of the asymptotic MSEs (integrated
or pointwise); we make the comparison at the respectively op-
timal bandwidths. For 7z, this bandwidth is the same as for 1,

but with 0.2 in place of 0.2, and hence is larger. The relative ef-
ficiency is then {02/02}?4/(4+D  assuming that the bias term
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is nonzero. The percentage efficiency gain is less if measured
in MSE than in variance, but the two relative efficiencies are
monotonically related. In the sequel we will focus on variance
comparisons for simplicity.

2.2 The Estimator

In practice, Y, is unknown, and thus the regression (5) and
m(x) are infeasible. Here we propose a feasible estimator of
regression (5) by replacing the left side of this equation by an
approximation of Y, based on estimates of the coefficients a;
and a truncation of the infinite sum to a finite but large-order

sum. The proposed estimation procedure is as follows:

1. Obtain a preliminary consistentestimate of m by local pth
order polynomial smoothing Y; on X; with corresponding
kernel K¢ and bandwidth hg. Denote the preliminary es-
timates as 7 (X;) and calculate the estimated residuals

=Y — (X))

2. Let T = ©(T') be some truncation parameter suitably small
relative to the sample size 7' but large enough to avoid
serious bias (see Assumption 6 in Sec. 3). Conducta tth
order autoregression of iy,

W, =a\u;_1 + - - - +a;u;_; + residual. )

Define the estimate A; = (ay,...,d:) of A; = (aj,

...,az), where
- o gy
A = (U/TUT) U/Tu,
whereu = (#y,...,ur) and U; is the (T — 1) x T matrix

of regressors with typical element t; ;.
3. Construct an approximationof Y, by

T
Y, =Y, =) a;(Yij—m(X,—)).

j=1
The proposed estimator of m (x) is then obt/a\ined from the
local pth order polynomial smoothing of ¥, on X; with
corresponding kernel K; and bandwidth A1, calling the
resulting estimator 7 (x).

The foregoing procedure may be iterated to achieve better
finite-sample performance in practice. Also, when estimating
the coefficients (ai, ..., ar), for reasons of parsimony, it may
be advantageous to “model” the residual process u; by some
parametric autoregressive moving average (ARMA) process
A(L)u; = B(L)g;; estimates of a; may be obtained from in-
verting B(L).

In Section 3 we show that under appropriate assumptions,
the proposed estimator 72 (x) is asymptotically equivalentto the
infeasible estimator 72 (x), which is more efficient than the con-
ventional kernel estimation. In fact, the transformation that we
propose is also effective in parametric models, although not as
effective as a full GLS transform (see Kristensen and Linton
2001).

Recently, Vilar-Fernandez and Francisco-Fernandez (2002)
analyzed an alternative modification of standard local polyno-
mial regression. They included a “GLS weighting” for auto-
correlation in the criterion function. The resulting estimator
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involves transformation of both ¥ and X processes by a ma-
trix P, which is the square root of the inverse covariance ma-
trix of (1, ..., ur). This transformation does not improve the
first-order properties of the estimator, although these authors
have shown in simulations that it can improve the finite-sample
MSE.

3. MAIN RESULT

We assume that the error process {u,} is independent of the
process {X;}, but discuss some extensions at the end of this sec-
tion. To proceed, we assume that {X;} is an @-mixing process.
Let .7-'},’ be the o-algebra of events generated by the random
variables {X;; a < j < b}. The stationary process {X,} is called
strongly mixing (Rosenblatt 1956) if

sup |Pr(AN B) —Pr(A)Pr(B)| =a(k) — 0,

0
Ae]-:oo,Be]-'fo

ask — oco. (10)

To facilitate the asymptotic analysis, we make the following
assumptions on the residuals and regressors, the kernel function
k(-), and the bandwidth parameters ko and 5.

1. The kernels K=K;, i=0,1, satisfy K;(u) =
]—[‘;z1 ki(u;), where k = k;, i =0, 1, are bounded, have
compact support [—1, 1], and are symmetric about 0.
They also satisfy the property that [ k(u)du = 1. The
functions H;;(u) = u/ K;(u) for all j with 0 < |j| <
2p + 1 are Lipschitz continuous; that is, there exists
a positive finite constant C such that |H;; (u) — H;j (v)| <
Cllu — vl

2. The process {X;} is strongly mixing with > 2 i x

{a(i)}'7%/" < 0o for some 2 < v and § > 1 — 2/v. The
density fx of X; and the joint densities of (X;, X;4¢),
(X, Xiqe, Xi4j), (Xi, Xeqe, Xe1j, Xiys) are uniformly
bounded and are bounded away from O on their supports.

. Forsome 6 > v, E(Ju;|?) < 0.

4. The functionm(-) is (p + 1) times partially differentiable,
and the (p + 1)st-order partial derivatives are Lipschitz
continuouson X' The first-order partial derivatives of fx
exist and are continuouson X,

5. The process {u;} is a stationary invertible linear process
representable in the form of (2) and has inverse (3). In
addition, there exists some A € (0, 1) such that the linear
process coefficients |a| are bounded by a constant multi-
ple of /.

6. The truncation parameter 7 satisfies (7)) = «logT for
some k > 0.

7. Bandwidths ho and h; satisfy that ho/h; — 0, T1/? x
h*hi (og T) — 0, and T~2h5 90 (logT) — 0,
where g =p + 1.

w

The stationarity condition rules out examples like X; =
f(t/T) for smooth f. Assumption 1 is a standard assumption
for kernel functions in nonparametric estimation. Under the
mixing conditions of assumption 2, the temporal dependence
among {X,} decreases sufficiently fast as the time distance in-
creases and thus is asymptotically ignorable. In particular, the
strong law of large numbers and the central limit theorems
continue to hold for standardized summations, and uniform
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convergence results on the kernel smooth quantities still hold.
The differentiability of assumption 4 ensures a Taylor expan-
sion to appropriate order. Whereas assumption 5 is stronger
than the summability conditions of, say, Phillips and Solo
(1992), the dominance requirement that |a;| are bounded by a
constantmultiple of A/ is sufficiently general to include leading
cases like the widely considered stationary invertible ARMA
process. This dominance condition is useful in our technical
development and in particular provides a sufficient condition
for controlling the order of magnitude of various summations
involving ¢ ;. No doubt this condition could be weakened, but
we do not attempt to do so or to find minimal conditions under
which our results hold. The expansionrate of the truncation pa-
rameter given in assumption 6 is also for convenience, and our
results hold for a much wider range of 7. In fact, from the proof
in the Appendix, we can see that as long as the tail summation
(Z?’;T 414;) of the sequence a; is controlledunder appropriate
order, our results still hold. Assumption 7 assumes that we un-
dersmooth in the preliminary estimation stage, so that the bias
term coming from preliminary estimation will be smaller than
the leading bias term. Consequently, the feasible estimator has
the same asymptotic MSE as the infeasible estimator 7z. Note
that if we take b1 = O (T~ 1/24+4) then assumption 7 is satis-
fied for all ¢, d and many sequences ho(T').

Theorem 2. Suppose that assumptions 1-7 hold. Then,

VT (i) = m(x) — k| [M~'Bm@ ()], )

2
O¢

fx(x)
where M, I', B are defined by (7) with kernel K.

= N(o, M~ FM1]0,0>,

We have a sort of “oracle” property here: The feasible esti-
mator 7 (x) is asymptotically equivalent to 772(x) and hence is
more efficient than 7 (x). By undersmoothing the pilot estima-
tor m(x), we can make the bias of 7(x) the same as the bias of
m (x). Therefore, i (x) should be preferred to 7 (x).

The asymptotic normal distribution given by Theorem 2 can
be used to calculate pointwise confidence intervals for estima-
tors described here. To do this, we require an estimate of the
asymptotic variance. (For literature on variance estimation un-
der dependency, see, e.g., Miiller and Stadtmiiller 1988). Let
M 1 and G be the N x N-dimensional matrices

Moo Mo - Mo,
MioMig---My,

Mr= . .
MpoMpi--Mp,

and

Go,0 Go,1 ---Go,p

G1,0 G1,1---G1p
Gr = . . ,

GpoGpi---Gpp

where M ; j and G; j are N; x N;-dimensionalmatrices whose
(I, r) elements are

XT:(X_XZ ¢\j\(l)+¢\k\(r)K (x—X,)
h "\

t=1
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and

T /e X, \ 2O+ @) x —X; 2~2
) ki "
t=1 h "

where & = Y, — i (X;). Let 9(x) = [M 7'Gr M 70,0 and let
Zo be the standard normal 1 — « critical value. Then

m(x) £ zg/2v/V(x) (11

is a valid two-sided level o pointwise confidence intervals
provided that the estimation is undersmoothed, i.e., h| =
o(T~1/2a+d) By definition, &; is supposed to be an uncor-
related sequence, so we might expect these standard errors to
be more accurate than those for 7 (x).

One may substitute different smoothers and may use a differ-
ent estimation scheme to obtain the ZZ\J/»S. One can also expect
some improvement by iterating the process. Specifically, define
again

T
Y, =Y -y aj(Yi—; —wi(X,—))),
j=1

where (d1, ...,d;) are obtained from the least squares regres-
sion of Y; —m(X;) on (Y;_; —ji(X,,]), LY —m(X )
and local polynomial smooth Y , against X;.

Finally, we discuss the assumption of independence of {X;}
from {u;}. As we stated after (1), the main assumption is that
E(us| X1, ..., X1) =0, which effectively rules out X; contain-
ing lagged Y;. This is quite natural, because when X; contains
lagged Y; and u; is autocorrelated the standard local polyno-
mial estimation method may not even be consistent. For ex-
ample, consider the case where Y; is an ARMA(1, 1) process;
even the OLS estimator of ¥; on Y;_1 is inconsistent. In these
cases, we need an alternative estimation strategy. Alternatively,
we can include sufficient lagged Y’s in m so that the error
term is approximately uncorrelated. Either way, our method
and approach are not directly relevant. However, there are other
types of dependence between the error process and the co-
variate process that we can allow for, like heteroscedasticity.
For example, suppose that u; = o (X;)v; with o(X;) a smooth
function bounded away from 0 and E(v;|X1,..., X7) =0 and
cov(vg, v¢| X1, ..., X1) = Yy (|]s —t]) for some covariance func-
tion y,. Under some further regularity conditions (see, e.g.,
Masry 1996a,b) on the dependenceof the jointprocess (¥;, X;),
it can be shown that our main result continues to hold with the
same Y ;, and indeed (11) is still valid as stated.

4. EFFICIENT ESTIMATION

We now discuss how we can improve the efficiency of our
estimator even more and approach a sort of GLS bound. Notice
that for each j where a; # 0, we can rewrite (4) as

; 1
Y =m(X,—j) +—e,
aj

(12)

where

Yi=— |:a(L)Yz - Zakm(Xlk):|,
“ k)
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That is, the transformation that we discussed in Section 2 is just
a special case of a whole family of transformations, one asso-

ciated with each lag. Given some estimate of Y, denoted by

Zﬁ, we can now smooth this against X;_; and call the result-
ing estimator 7 j(x). Then we have under the same conditions
as before that m j(x) has asymptotic variance proportional to
ng/ajz. for any j where a; # 0. Furthermore, 7 j (x) and nig(x)
for j # k will be asymptotically independent, because they are
smoothers on different random variables X;_; and X;_x; that
is, the sets {x : |x — X;_j| < h} and {x : |[x — X, | < h} have
an intersection that contains fewer observations than either set
itself by an order of magnitude. The bias of each m j(x) is the
same, because the target function is the same. By combining
the estimators, we can improve efficiency, specifically the vari-
ance. Consider the class containing all estimators of the form
ZJJ»:O wjm j(x) for some weighting sequence w; that satisfies

ZJJ»:O wj =1, where J is a given integer. It is easy to see that
the member of this class of estimators with the smallest asymp-
totic variance (they all have the same bias) is

J a2
Mefy (x) = ijﬁ%j(x), where wj»ﬁ = J_12
=0 j=04;

Indeed, it follows from the same arguments as in the proof of
Theorem 1 that

VT (e () = m(x) = B{[M™'Bm? (x)] )

2

=N(0, ———— M 'TM ! ) 13

( IS ZJJ':() a? [ loo ) (13)
for any fixed J. Under some conditions, it may be possible to
extend this result to the case where J — oo and where one has
estimated weights @; instead of ;. We would expect to just re-
place J by oo in (13), and that the estimation of weights would
have no effect. (See Chen and Linton 2001 for a result of this
type in a different context.) Anticipating this result, we expect
that because ag, co = 1, we would have [setting J = oo in (13)]

avar[igg(x)] !
avar[m(x)] 720 ajz' 250 C?
avar[m(x)] 1 <1
= avar[m(x)] 720 C? T

We expect that avar[nif(x)] providesa lower bound achievable
by this sort of method rather like that achieved in the linear re-
gression case by Hannan (1963). In the AR(1) case, the asymp-
totic variance of 7 (x) is (| K [|*/fx (x))o2/(1 — a?), whereas
that of e (x) is (|1 K |12/ fx (x))o2 /(1 4+a?). Compare this with
the linear regression model Y; = X, + u,;, where X, is an iid
process with mean 0. The variance of the OLS estimator of Bx
is (xz/af()af/(l — az), and that of the GLS estimator of Sx
is (x2/02)a2/(1 + a?). This is suggestive that g (x) is like
GLS.

In practice, the gain of 2. (x) over 711(x) may not be so great
in comparison with the gain of 712 (x) over 7 (x). For example, in
the AR(1) case, the improvementof 7(x) over the usual kernel
smoother m(x) can be arbitrarily large, but 77 (x) can have at
best only half the variance of 7 (x). Therefore, it may be that in
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practice, the benefit from computing %gﬁ (x) may be exceeded
by its small sample cost. We investigate this in the simulation
experiments reported in the next section.

5. NUMERICAL RESULTS

We investigate the proposed estimator 7(x) on simulated
data, as well as the estimator V%gﬁf (x) considered in Section 5.
We compare these estimators with the conventional local poly-
nomial estimator #2(x). We have not tried to optimize the per-
formance of either the conventional estimator or our own, more
efficient modifications. Rather, we have taken what are fairly
common choices, in real applications, of bandwidth, and other
variables, and demonstrate that even with these implementa-
tions there are finite sample gains to be made. The technical
report version of this article (Xiao et al. 2003) contains more
results and an application to financial data. Here we just report
a selection of our results.

The error process u; is various special cases of the
ARMA(1, 1) process

Ur=0o;—1 +& + y1&—1,

where & is iid N (0, 1). Various values for «q, y; are con-
sidered. We take m(x) = x, where X; are chosen to be iid
U[—1, 1]. We report the results for just the 7 = 100 and 500
cases. The number of replicationsis 200.

Regarding the implementation of the estimators, we chose
exactly the same kernel and bandwidth in all these three esti-
mators, that is, # = hog = h1, and so on. Specifically, we use the
Gaussian kernel and bandwidth & = 1.06sxT~'/>. We used a
third-orderlocal polynomialin the results presented here. In our
estimator we consider AR(2) prewhitening. The AR parameters
in the prewhitening process are estimated by least squares. In
computing mm.q, we take J =7 = 2.

We report the average squared errors (denoted by ISE) (the
average over all sample points X1, ..., X7), and the relative ef-
ficiency calculated based on the ratio of average squared errors
(denoted as RE). Tables 1 and 2 correspond to the different sam-
ple sizes. In these tables, ISEO, ISE1, and ISE2 give the average
squared errors of the conventional local polynomial estimator
m(x) and the proposed efficient estimators 71(x) and g (x),
REI1 reports the relative efficiency of the proposed efficient esti-
mator 7 (x) over the conventional estimator 7 (x), and RE2 re-
ports the relative efficiency of %gﬁ (x) over m(x). Qualitatively

Table 1. Comparison With the Conventional Estimator, n= 100

ARMA parameters Integrated squared errors Relative efficiency

a4 Y1 ISEO ISE1 ISE2 RE1 RE2
0 0 .0641 .0658  .0661 1.027 1.031
0 A .0770 .0776  .0778 1.007 1.010
0 .2 .0912 .0905 .0901 .992 .988
0 5 1413 1363  .1331 .964 .942
0 .7 .1809 1733 .1660  .957 916
0 9 2255 2157 2044 956 .906
A 0 .0784 .0789 .0791 1.006 1.009
2 0 .0983 .0968 .0970 .984 .986
5 0 2393 2216 .2227  .926 .931
7 0 .6073  .5409 .5375  .891 .885
.9 0 3.6257 3.1559 3.1297 .870 .863
2 2 .1402 1343 1341 .957 .956
2 5 1789 1701 1675  .951 .936
5 2 .5012 4601 4616 .918 .921

NOTE: AR(2) prewhitening, m(x) = x, estimate all points.
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Table 2. Comparison With the Conventional Estimator, n= 500

ARMA parameters  Integrated squared errors  Relative efficiency
aq Y1 ISEO ISE1 ISE2 RE1 RE2
0 0 .01463 .01498 .01487 1.024 1.016
0 A .01802 .01775 .01792 .985 .994
0 2 .02143 .02076 .02110 .968 .984
0 5 .03345  .03150 .03140 942 .938
0 7 .04295  .04018 .03940  .935 917
0 9 .05360  .05006 .04870  .933 .908
A 0 .01838  .01806 .01827  .982 .994
2 0 .02323 .02231 .02281 .960 .982
5 0 .05895  .05318 .05399  .902 916
7 0 .16130 .14000 .14021 .868 .869
.9 0 1.32120 1.10900 1.10240  .839 .834
2 2 .03340 .03122 .03168 .934 .948
2 5 .03812  .03579 .03499 939 918
5 2 12181 .10829 .10951 .889 .899

NOTE: AR(2) prewhitening, m(x) = x, at all points.

similar results are obtained from other cases (see the working
paper version of this article for more details).

Some general conclusion can be drawn from our simulation
experiments:

1. The results show that the relative efficiency improves with
sample size. There is likely a considerable small sam-
ple effect that is dominating in this range of parameters,
and this requires a very large sample indeed before the
asymptotic predictions become reality. Nevertheless, in
most cases apart from the iid case (where all parameters
are 0’s) our estimator improves on the standard kernel pro-
cedure.

2. When the underlying process has a nontrivial moving av-
erage (MA) part, our method is likely to be quite far from
matching the true autocorrelation structure in the errors.
Nevertheless, even in those cases there are positiveresults.

3. In general, the more serial correlation, the larger effi-
ciency gain achieved from our prewhitening procedure.
However, consider the autocorrelation 1 [AR(1)] case, for
example; note that the relative efficiency first improves as
the AR coefficient increases, and then warsens as it ap-
proaches 1. This is due in part to the large downward bias
in estimating « in this region. We could perhaps improve
the relative efficiency by taking a larger bandwidth in the
second step, as would be permitted by our theory.

4. Both m(x) and meg(x) improve the estimation in the
presence of serial correlation, especially for large sam-
ple sizes, but none of them dominates the other. It seems
that m (x) performs slightly better than nZ.g(x) when the
true error process is actually an AR process. This is in-
tuitive, because an AR prewhitening was used. But dif-
ferent results were obtained when the error terms are MA
processes.

6. CONCLUSIONS

We have proposed a new method for improving the efficiency
of local polynomial estimators in time series nonparametric re-
gression. The asymptotic improvement in the variance depends
only on the autocorrelation function of the error process, and
the improvement can be arbitrarily large depending on this. In
simulation experiments, we have shown that some improvement
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is possible in small samples even with the sort of bandwidth
choices and other choices that are widely used in practice but
are suboptimal for our method. We expect that the numerical
performance of our method can be considerably improved in
small samples. First, better bandwidth choice and order of the
autoregression should make a big difference to the performance
of our method. (Some approaches to this are discussed in the
working version of the article.) Second, iterating the procedure
may confer benefits through more accurate estimates of the au-
toregressive coefficients. In summary, we think our method can
deliver performance benefits for a wide variety of time series
situations in which nonparametric methods are applied.

APPENDIX: PROOFS OF THEOREMS

We use || o || to denote the Euclidean norm of e and C to signify
a generic positive constant whose exact value may vary from case to
case. We denote ¢ (x, y, z, ... ) as a general function whose exact form
may change from case to case. For two random variables X7 and Y7,
we say that X7 >~ Y7 whenever X7 = Y7 (1 + 0p(1)) as T — oo.
Given kernel function K and bandwidth /&, we define the N x N-
dimensional matrices M and I' and N x 1 vector B by (7) and de-
note M~ ! = (Mi*j)gjzl, where the partition of submatrices in M ™!
is conformable to that of M. The asymptotic properties of local poly-
nomial estimator have been well developed and documented (see, e.g.,
Fan and Gijbels 1996; Masry 1996a,b; and the references therein).

Proof of Theorem 1

The proof follows work of Masry (1996a). The pth-order local
polynomial regression of ¥; on X; gives m(x) = e’lM;lgT, where
e; = (1,0,...,0) and M7 (x) and W (x) are a symmetric N x N
(N = Zf:o Nyg x 1) matrix and an N x 1-dimensional column vector
and are defined as

[MT,O,O(X) M70.1(x) ... MT’O’p(X)—I
MT(x):| . MT,],](x)---MT,l',p(x) |
I;MT,p,()(x) . 'MT,p,p(x)J
and
Yr o)
Yy (x)

Yr(x)=|

. Ly
LET,p(x)J

where Mr |j| |k|(x) is an N|j| x N||-dimensional submatrix with the

(I, r) element given by
T &1 D+ (r)
1 x —X; \"W! Ikl (x—X,-)
Y -— K
M7 1.1k 11, Thi i_l( Y ) Y

and W7 1l (x) is an N‘j‘—dimensional subvector whose rth element is
given by

_ ¢m(") — X
x x i
(Y7, 1= th ( ) (T>Xi-

Note thatY ;, =m(X;)+e&¢; we obtainm (x) = m(x) +Bx +Vy,where
M, (x)Br(x) and By (x) is an N x 1

Brokx)
Br 1(x)

BT(X)=L : J
Br a(x)

B, is the bias term B, = 4
vector
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where BT,\j\(x) are an N)j|-dimensional subvectors whose rth ele-

ments are given by
—X; éj1(r) x—X;
K W Aj(x),

1 " /x
Br|jlr=—=
Br,j11r Thdl;(

where A; (x) =m(X;) — 1 Xo<jij<p(DFm) () (X; — )% and V is
M;l (x)U7r (x). The stochastic

the variance effect defined by Vy= e’1
term Uy (x) isalsoan N x 1 vector

Ur o)
Ur 1)
Urx) = | ) [,

HT,p(x)J

where Uz 1l (x) isan Nm—dimensional subvector whose rth elements

are given by
xl.)‘f’j(r) (x—Xi>
K 3 &i.

1 &fx—
[HT,\j\]r:_Thd Z}( 3
i=

By the results of Masry (1996a), My (x) converges in mean

square to f(x)M, and hf(p“)BT(x) converges in mean square to
£)B-mP*D(x). In addition,

ThiIMZ! (1)U (x)—d>N<O U—EM*IFM”)
T T fx @) '
thus
VTh ([ (x) = m(x) — P M Bm P (0] )
2 1
=N M~IrM~ .
( oL ]°’°>

Proof of Theorem 2

First, note that m(x) = e’1 M;l \TIT, where M and \TIT are defined
similarly to M7 and ¥ 7 in the proof of Theorem 1 but with K, &, and
Y ; replacedby K1, hy, and zi . We decompose i (x) into m(x) plus
error terms coming from the preliminary estimation and the truncation,
and show that these terms are small-order terms. First, we write

T
Y, =Yi—Y aj(Yi—j —im(X;—)))
j=1
T
=Y — Zaﬂlz it Z aju;—; Z(Ej—aj)ul,j

j=t+1 j=1

T
+ Y aj (X)) —m(X;— )
j=I

T
+ Y @ —ap(mX,—j) —mX;_j)).
j=I
Then \TIT = \Tlr(x) may be decomposed as
() =¥y x) + U7 (x) — Uro(x) + ¥r3(x) + ¥ra(x),

where again \Tlrl(x), 1=1,2,3,4, are defined similarly to ¥ (x),
with the rth element of W7y |j|(x) given by

hdz( .>¢j(f)

[‘I’Tl \J\
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A\ P11 (1)
v
[¥7251], ThdZ( )
—Xi\ [+~
(5) (Z(“f ‘“’”“"”)’
j=1
&1 (r) x—X;
(%7311, = hdZ( ) Kl( 7 )
T
X (Z aj(n?(xij)_m(xij))>s
j=1
and
i) —X;
[¥ra,1), = hdZ( ) Kl( hi )

T
x (Z(aj —aj)(m(X;_j) — m(Xij))>-
j=1
Substituting the foregoing expression into 712(x), we have

m(x) =mx)+ Qr1 — Q12+ 013 + QOT4,

where Q7; = €|M; ' W7, 1=1,2,3,4.
We analyze the asymptotic propertiesof Q7;, [ =1,...,4,in Lem-
mas A.1-A.4, which are key results for proof of the theorem.

Lemma A.1. Under assumptions 1-7,

_ —d/2
071 =0, 2074,

Proof of Lemma A.1. Q71 is of smaller order because of the tail
properties of the summable sequence a; . First, note that

Or1 =e{M; W7y =} M fx ()1 W7 (1 +0,(1)),

by the uniform convergence result of M7 (x) (Masry 1996b). Because
fx(x) > 0, we need only verify, for each r, the order of

T
1 x—X:\"
Thdz( n ) Kl( )( 2 ajtic ’)
1i=I Jj=t+1

Note that this has mean 0 and

S k() £
() | 2 () (5]

00
Z alajyu(|l _Jl)}

T+l j=1+1

2R 5
(e ()]

o0 o0
x Z Z aja,-yu(lt—s-i—i—jl)}.

i=t+1 j=1+1

) z ajur ]]

2 M)~

t=s

[ng I

i

+(le‘11> {

Mw

t
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d) because

() [ (52w (552)]

t=1

oo oo
IS aiajyu(li—jl)}

i=t+1 j=1+1

(52 m (2]

The first term is o(T*Ihlf

IA
N
=]

N k.

—

N———
[\)

ﬂ

es|

o o
dy v } wp [yl = 1)
i=t+1 j=1+1 0=i,j<00
and
sup |y (lj —1D] < o0,
0<j,l<oco

by the stationarity/mixing property of u;

(=X (x—X1>2:|_ J
T E[( h1 ) K ¥ = O(ThY),

by a direct calculation of expectation,

_ 2r _ 2
E[(xhxz> [(l(xhxz> :|=h‘11/Merl(M)zfX()C—hu)du;
1 1

and

o o
Z Z ajaj =o(l) ast — 00,
i=t+1 j=1+1

by summability of {aj}?’;l,

The second term is o(T’lhfd) because

(Fe) {2 2 () ()
(52 (52)

oo oo
x> Y ajaivu(t—s+i —jl)}

i=t+lj=1+I
2 T T
( ) > [/“rUrKl(u)Kl(v)fx,\zfs\
t=1s#t,5=1

x (x—uh1,y—vh1)dudv:|

o o
x> > ajaivu(t—s+i—jl

i=t+1 j=1+1
2 T (o) 00
<c(7 )z >3 ajard—s+i- .
t=1s#t,s=li=t+1 j=1+1

where the last inequality follows from the boundedness assumption of
the density and joint densities and the fact that

Z Zmn—sw—m

s#t t=1s=1

sup o(T), (A.1)

0<i,j<oo
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where, again, the result (A.1) comes from the stationarity/mixing prop-

erty of u. Thus
T r
1 x — X
[ a5 £ o)
Thy o ! j=t+1
=o(T~'hy9).

Therefore, the magnitude of Q71 is as stated.

Lemma A.2. Under assumptions 1-7,
—1/2,—d/2
012 =0, (=20 42).

Proof of Lemma A2. We decompose Q77 into e’lM;l\TlrzA +
e’lM;l\TITZB, where

A\ P11 (1)
(¥ r2a,171], ™ Z( )
x— X; i
XKl( h l)(Z@ a]MzJ)
j:
and
r ¢ (r)
~ 1 x—X 171
[‘I’TzB,m]r—ThdZ( 7 )

X\ [
x Kj (x l)(Z@ —Ej)uiJ'),
j=1

and show that both e’lM;1 V724 and e’lM;l\TlmB are op(T’l/2

hy%7?). First, we denote A; = (U,Up)"'ULu = @y,..., a0,
,ut)’ and Uy is like U with u; replaced by
—Ej)+(ﬁj —aj); thatis, A; — A;r =

where u = (U741, ...
u;, and write @; —a; = (a;
Ar A0+ Ar — Ao).

Fore/lM;l\IlrzA, letU¢r = (us—1q, ...
matrices

1
Gy = 7U’TUT = ZUUUU = (

,us—7) and define the Tx

Z Ur—jur— l)
Jil

t=t+1

and

1 1
Te=—E(UUp) == 3 EUUp = Bl jur—1)j1
t

Then there exists a ¢ > 0 such that Anpin(Fz) > ct ™% for some a > 0.
Therefore, ||l";1 | <c 172, and
I:ll=0p(01),

where Q7 = /(loglogT)/T, provided that T < (logT)* for some
k > 0 (Hannan and Deistler 1988, sec 5.3). Note that

A: —A; =G; [ ZU-[[(81+ > ajus ]ﬂ

j=t+1

G — (A2)

We verify the magnitude of % > Urrer and % > UU(Z?';TH ajx
u;— j). For the first component,

1 2 1 T 2
E“?ZUU& ZEZE[ZMZ,I'&}
t i=1 t

T 2 T .
= 7)44(0)08 = 0(7)

(A.3)
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thus % > Uzrer is of order Op(Til/zfl/z). For the second compo-
nent, note that u, is a stationary invertible process whose linear process
coefficients satisfy the given summability assumption,

1 - g
E 7ZUU( Z ajulj>
t

Jj=t+1

3 3

i=1

Z Z alalzzul iUp—jlus lusli|

j=t+li=1+1

Using the linear process representation of u;, we obtain

[ Ty 0 3 SR ,}

j=t+ll=1+1
o
o] 3 3 g n N Seanrr)(Sereso)
j=t+1lil=1+1 s \r=0 p=0

)

2D 3D SRT75 35 3/ 3) 3p 3p oL

j=t+ll=1+1 S \r=0p=0g=0h=0

x E[slirsljpssigsslh]>- (A4)

Note that the ¢;’s are iid with mean O and the expectation E[&;_; _, x

&t—j—pEs—i—g€s—I—h] is nonzerowhen (a) s —i —g=s —[/—hand
t—i—r=t—j—p,(b)s—i—g=t—i—randt—j—p=s—1—h,
(c)s—i—g=t—j—pandt—i—r=s—l—h,(d)s—i—g=

—l—h=t—i—r=t— j— p.By the summability condition of

{Cl}

— o direct calculations show that

. %zu( 3 a,»uz,») zzo(f[jglaﬂ).

j=1+1
Under assumption 5, there exists some 0 < A < 1 such that |a;]|
2 _

is bounded by a constant multiple of A/, and we have ZJ 4145
O(\Y). Thus, under assumption 6 that T = « log T, with approprlately
chosen k (say, k = —In 1 > 0), Z?’;TH a? = O (T). Thus, combin-
ing the result of (A.3),

ZUU(sz—l— Z ajus— J>”=OP(T1/2t1/2).

j=t+l1

Given our choice of 7, we have, for any small v > 0, Az — Az =
op(Tfl/zJ“”). This concludes the first part that e/lM;l‘I’TzA =

op(@ 20 4%,

Next, we show that e’lM;1 Vg = op(Tfl/zh;d/z). We have
Ar-A: =G '8 — G g
=—G; '[Gr — G11G; 'gr +G; ' [8r —gr]
+G7'[Gr — G167 '[Gr — G11G; 'g:
—G;'[Gr — G167 '[8r —g:1,

where

~ 1,
Gr =—UUr =

Z Ur— ]“z l) ,
J.l

z T+1
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1 1 <
G = ~Ua= (— 7 @) ,
T T .
J

1
gr::?

Further, define the v x 1 vector y, =

and

z T+1

FEWU,u) = (E(u,—jup));.

Then
lgr —v-Il=0,(Q7). (A.5)
Note that
(Gr—Gr 11— Z (ore ]ul [ —Up—jUs— 1)

t=t+1

and
1 T
(8 —80)j == D @ jii — ui—jur).

t=1+1

Now write 71y = us — V; — By, where

Bi=e\Mi '(XBS (X)),  Vi=e|Mi '(X)UR(X1)  (A.6)

and M7, B}, and U7, are defined as M7, By and Ur but with kernel

K and bandwidth /¢. Then
il\zfjﬂzfl —Ur—jUr—|

=—uj—jVii —us—jBr —us— Vi j—us—Bi—;j

+ViiViej+Bi—jBi— |+ Vi Bi—j+ Bi—jVi—y.

Clearly,

T
1 ~ o~ ~ o~ ~ o~ ~ o~
T Z ViViej+Bi—jBi—1 +Vi—iBi—j+ Bi—; Vi)
=1+1

1 & ~\2 \2 - ~
== > (suprSI) +<sup|Bs|) + 2sup | Vs|sup |Bs|
t=1+1 N N N N

= 0,(Qog YT 1y + 1Y), (A7)

by virtue of the uniform rate of convergence of the terms Vs and By
overs.
The cross-productterms require more detailed analysis. Note that

1 < ~
T Z ur—jVi—i

t=1+1

1 I
~ = ) ur [ IM(K0) fx (X, DI UF (X, ).
t=1+1
where M(K() is defined as M but with kernel K. Letting
[...,wg‘K, . betheﬁrstrowofM(Ko)’l,wehave
1 I
T, Z [} IM(Ko) fx (X, —D)1~ " U5 (X, —p)]

i i;m 1)(u>
Thg = ho
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where the sum over « is over a finite index set. Note that u, has linear
. o0 .
process representationu; = ijo cje—j. Denoting

Xi—i

1 =X \“ X1 — X
r> KO( t—1 r>
ho ho

1 1
— fx XD (
Thi

as wy ;[ r, we have

el IM(Ko) fx (Xr—n17"US (X, —p)]

t=t+1
_ 0,k
—Z“’o $x.T.j.l>
K
where
o0
PRSTEEE S U zr(zm ,s)(z%srb).
z T+1r=1 b=0

In addition, notice that X and ¢ are independent; thus

2
Eloi, T, j11

00 0 00 T T

LYYYY Y Y Y e

a=0b=0g=0s=0t=1+1 p=1+1r=1h=1
x E(wKJALruMgpfhh)
x E(e1—j—sEp—j—g€r—bEh—a)-

Because the ¢’s are iid, the foregoing expectation is nonzero when
@r—b=h—-—aandt—s=p—g,b)r—b=t—j—s and
h—a=p—j—g C)r—b=p—j—gandh—a=t—j—s,
dh—a=r—b=t—j—s=p—j— g. Simple calculations show
that

¢K7‘]l—

l T+1r=1
=0p( =)
For the term with bias effects,

T o~
Z ur—jBr—i

t=1+1

T
szg‘K% Z Uur
K

t=1+1

X, =X\ [ X, — Xs\9He1
y ( ! ;l ’)( = ") hqm(q)(X11)>.
0 ho

By verification of moments, we show that %ZzT=r+1 ul,jglfz =
Op(h?). Therefore, we have

(A.8)

( ] > X~ ko

0 s#t—1

~ _ 1, — 2
IGr = Gell = 0p(T ™' 2hE + Qog )T hy? + hy!)z.  (A.9)
Similarly, we have
~ - —1, — 2
IEe —gel = 0p (TR + Qog )T~ 'ng? + hy")e.  (A.10)

Note that

Ar —Ar = -GG — G167 g + G [Er —g0]

+G;'[Gr — G-1G7'[Gr — G-1G[ 'g;
GG - GoIG; ' [8r — g1l
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Furthermore, we can substitute l";l and y, for G;l and gr. Using

(A.9), (A.10), (A.2) and (A.5), we obtain
”Kr _Kr + r;l[ar _Gr]r;l)’r - r;l[gr _gr]H
=0,(A2), (A1)

where Ay = ((log )T~ 'hg? + o).
We can then write each element of W7, p as

T T
1 Z X—Xl r X X[ Z —_
Th(lj = hl = J J J

T
1 x—Xz)r (x—Xz) /
=— E K U
Thd z=1( hi hi o

<« [T71G,

— G 'y, — T8 —g01]

Note that

T r
1 X—Xl X_X[ y
Th‘fl_zl( hy )Kl( hi )UU

« [F7NGe = GeIry, — T [8r — g1 H

—d 1 rz
A hi

< [IT7HNIG: — G T Yyl + 1T M IE:

Thus elM \IITZB is of order Op((log T)Tflh d +h q)r where
1/2

_gr”]-

¢ is a constant. Under assumption 6, elM ‘I’TzB isop(T™
hid/z) which completes the proof.

Lemma A.3. Under assumptions 1-7,
_ —d/2
013 = 0p(hl) + 0,7~ 203,

Proof of Lemma A.3. We substitute m(X;) — m(X;) = Vz + Bl
into \IIT3 _where Bz and Vz are defined as in (A.6), and decompose
\IIT3 into \IIT3V + \IIT3B, where

[®73v.1],

B () ()

1 t=1

(x—’(l>;j() (x— Xl)
Tld — ll Z ] - ]
\;Veha\/e

073~ €| IMfx ()" " W73y + ¢/ Mfx ()]~ Wr3p
+ e Mfx ()] (M7 () — Mfx(0))¥r3y
+ e Mfx ()] (M7 (x) = Mfx (1)) ¥r35.
We start with the first (“variance”) term, which can be written as

e M fx ()]~ " Wr3y

DD zz

r—l
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where

1
])fX(x)

-X X —X
()
h ho
(7)) (5)
X 9
hi ho
and wg‘K are elements in the first row of M~! and M(KO)’I,

and the sum over v and « are over finite index sets. We need to verify
the boundedness of E(IwK wT,j.rD

fx,ji—rx—uhy,z,z—
Elw/(vT]rl— /
l—l

1 T
w =
kv, T, jor = T(li g X(Xz

wO,v

vho)

fx(x) fx ()

x Kiw)Ko)u' v dudzdv.

Again, under assumption 2, that the densities are bounded,
Elwg,v,T,j,r| is uniformly bounded over all j and r. Because
Wy, v, T, j,r depends only on X1, ..., X7, and # and X are mutually
independent we have

Var|: Zurza]w/cv T]ri|

r=1

1 00 00 2 2
f;(n(@HZyMu))(Z ) (sup E<|w”T,r|>>
j=1 =1
=or™h
by the summability of aj and y,(j) and the boundedness of
E(lwg,v,1,j,r]). Thus the first term e’l[fo(x)]fl\Ilmv =
0,112,
‘We now turn to the leading bias term. Note that

€] M fx ()]~ Wr3p

0.« h? 1

T v
_ 0,v g x— Xt x — X;
_;w P “0 Th‘ffx(x)g( hi )Kl( hi )
X — Xy
Lol T

j=1

(Xzfj —Xs>q+“ m“”(xzj)]
X -_— _,
ho fx Xe—j)

conditional on X;_ j, for each « and v,

1 1 Xi—i— X5 Xi_i—
_Z_KO( = S)( =
T 5 nd ho ho

@ I s (Xi—j)
m X)) fx(Xe—j)

T v
1 1 X_X[> (X—Xl>
—_— K
Th‘f z=z1 fX(x)< hi "\
fx—j—s(Xe—j)
fxXe—j)

1 1 x—Xz v x—Xz
“rmm () o (%)
nd fx\ h h]

fX,tfjfs(Xzfj)]
fxX—p) 1

X >11+K1 m@ X¢—j)

Fx(Xe—j)
I(()(u)uqJ”(f1 du,

and

x m@ (X, )

x m@ X, )
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Thus

)M fx(x)] "Wr3p

T
=Y 0" W) g1 (Ko) Y aj
v K J:1

|: 1 1 (x—Xl>v (x—Xz>
« E|— K,
hl fx(x) hi hy
fX,tfjfs(Xzfj)]
fxXe—j)

« m D (X, )

= 0p(h}),

because Z?’;l laj| < oo and

E[L 1 (x—X[>vK (X_X[>
W fxe\ h N\

« m @ (X;_))

fx—j—sXi—j)

=0(1).
fx(Xe—j) ] M

Finally, we turn to the remainder terms
€M fx (0] (M7 (x) = M fx (1)) ¥r3y
and
e} [Mfx ()]~ (M7 (x) = Mfx(x)¥r35.
Note that

sup M7 (x) — FOM| = Op(hy + T~ 20 10gT),  (A.12)
xeX

sup Vil = 0p (17"2hg P og 1)), (A.13)
t

sup|Bi| = Op(h}), (A.14)
t

T
1 Z (x—Xi>KK1<x—Xi>|
Th‘fl.=1 hi hi
1 (x—X1\“ x— X
hg hi hi

=/|K1(u)|u|K|fx(x —uhy)du.

and

Under our assumptions, fx (x) is bounded away from 0, and we have

lej M fx )17 (M7 (x) = Mfx (x)¥r3v ||

o
<leiM | sug(l\ (M7 (x) =M fx ()] sgp|@|(z |a,»|>
Xe J=1

T K
1 1 x —X; x —X;
<y —> K
= Thi = fx<x>( i ) 1( hi >|

= 0y + T~ 20108 )0, (171205 P log T)1/?)

and

M fx ()]~ (M7 (x) =M fx(x))¥r3p

o0
<lefM~1| sup |(Mr(x) =M fx (x))] sup |B;| (Z la ,»|>
xXe t .
Jj=1
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1 & 1 (=X [(x—X;
x Z d Z f (x) h K h
o« Thi 5 fx& 1 1
= 0p(hy + T 2010 T) 0, (h)).
Lemma A.4. Under assumptions 1-7,
_ —d/2
Ora=o0p(r~ 12012,
Proof of Lemma A.4. By definition, Q74 = e’lM;1 W14, where

r @1 (r)
~ 1 x—Xl- 11 (x—X,-)
7] . :_E K
[ T4x‘]‘]r Th(lj iz]( hi ) 1 h

1

x (Z(aj —aj)(m(X;—;) — m(Xij))>-

Jj=1
We have
A et 557
Q4] = lle;M; ¥4l

1 1 &
< leyM ™| —
fx) T rad Z=Zl

K
h hi

. 1/2
< Ar — Ar |||:Z("7(ij)_m(xzj))21|

j=1
K1
hy h

<l Ar — Al Tmax |(Xs) = m(Xs)l.

1 1 &
leyM ™| —
fx@) Th‘f 1=Z1

=<

Note that |[Ar — Az || < |Ar — Azl + Az — Az |, and, from the
proofof Lemma A.2, we have [|A; —A7|| = op((log T)T*I/zhad/z—l—
i) and [Ar — A || = 0,(T~1/273/2). In addition,

max 7 (Xs) = m(Xs)| = 0p (hf + T~ 2ng " 10g T)!12);

thus | Q4] =0, (T ™1/ 20,43,

[Received June 2002. Revised August 2003. ]

REFERENCES

Adersen, T. W. (1971), The Statistical Analysis of Time Series, New York:
Wiley.

Carroll, R. J., Lin, X., Linton, O. B., and Mammen, E. (2004), “Accounting for
Correlation in Marginal Longitudinal Nonparametric Regression,” in Second
Seattle Symposium on Biostatistics, ed. D. Lin, forthcoming.

Chen, X., and Linton, O. B. (2001), “An Alternative Way of Computing Ef-
ficient Semiparametric Instrumental Variables Estimators,” working paper
available at http://www.econ.lse.ac.uk/olinton.

Conley, T. G., Hansen, L. P., Luttmer, E. G. J., and Scheinkman, J. A. (1997),
“Short-Term Interest Rates as Subordinated Diffusions,” The Review of Fi-
nancial Studies, 10, 525-577.

Fan, J. (1992), “Design-Adaptive Nonparametric Regression,” Journal of the
American Statistical Association, 87, 998-1004.

Fan, J., and Gijbels, 1. (1996), Local Polynomial Modelling and Its Applica-
tions, London: Chapman & Hall.

Hannan, E. J. (1963), “Regression for Time Series,” in Time Series Analysis,
ed. M. Rosenblatt, New York: Wiley.

Hannan, E. J., and Deistler, M. (1988), The Statistical Theory of Linear Systems.
New York: Wiley.


http://www.econ.lse.ac.uk/
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0893-9454^28^2910L.525[aid=1543539]

992

Hart, J. D. (1991), “Kernel Regression Estimation With Time Series Errrors,”
Journal of the Royal Statistical Society, 53, 173-187.

Kristensen, D., and Linton, O. (2001), “An Alternative GLS-Like Transforma-
tion in Regression Models With AR(1) Errors,” Econometric Theory, 17, 853.

Lin, X., and Carroll, R. J. (2000), “Nonparametric Function Estimation for
Clustered Data When the Predictor Is Measured Without/With Error,” Journal
of the American Statistical Association, 95, 520-534.

Masry, E. (1996a), “Multivariate Regression Estimation: Local Polynomial
Fitting for Time Series,” Stochastic Processes and Their Applications, 65,
81-101.

(1996b), “Multivariate Local Polynomial regression for Time Series:
Uniform Strong Consistency and Rates,” Journal of Time Series Analysis, 17,
571-599.

Miiller, H., and Stadtmiiller, U. (1988), “Detecting Dependencies in Smooth
Regression Models,” Biometrika, 75, 639-650.

Opsomer, J., Wang, Y., and Yang, Y. (2001), “Nonparametric Regression With
Correlated Errors,” Statistical Science, 16, 134-153.

Phillips, P. C. B., and Solo, V. (1992), “Asymptotics for Linear Processes,” The
Annals of Statistics, 20,971-1001.

Robinson, P. M. (1983), “Nonparametric Estimators for Time Series,” Journal
of Time Series Analysis, 4, 185-207.

Journal of the American Statistical Association, December 2003

Rosenblatt, M. (1956), “A Central Limit Theorem and Strong Mixing Condi-
tions,” Proceedings of the National Academy of Science, 4, 43-47.

Ruckstuhl, A., Welsh, A. H., and Carroll, R. J. (2000), “Nonparametric Func-
tion Estimation of the Relationship Between Two Repeatedly Measured Vari-
ables,” Statistica Sinica, 10, 51-71.

Severini, T. A., and Staniswalis, J. G. (1994), “Quasi-Likelihood Estimation in
Semiparametric Models,” Journal of the American Statistical Association, 89,
501-511.

Vilar-Fernandez, J. M., and Francisco-Fernandez, M. (2002), “Local Polyno-
mial Regression Smoothers With AR-Error Structure,” TEST, 11, 143-165.
Wild, C. J., and Yee, T. W. (1996), “Additive Extensions to Generalized Esti-
mating Equation Methods,” Journal of the Royal Statistical Society, Ser. B,

58,711-725.

Wu, C. O., Chiang, C. T., and Hoover, D. R. (1998), “Asymptotic Confidence
Regions for Kernel Smoothing of a Varying Coefficient Model With Longitu-
dinal Data,” Journal of the American Statistical Association, 93, 1388-1402.

Xiao, Z., Linton, O. B., Carroll, R. J., and Mammen, E. (2003), “More Efficient
Local Polynomial Estimation in Nonparametric Regression With Autocorre-
lated Errors,” working paper, available at http://www.econ.lse.ac.uk/ olinton.

Zeger, S. L., and Diggle, P. J. (1994), “Semiparametric Models for Longitu-
dinal Data With Application to CD4 Cell Numbers in HIV Seroconverters,”
Biometrics, 50, 689-699.


http://www.econ.lse.ac.uk/
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0266-4666^28^2917L.853[aid=5485495]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0304-4149^28^2965L.81[aid=5485496]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0883-4237^28^2916L.134[aid=2866918]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/1017-0405^28^2910L.51[aid=2733013]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0162-1459^28^2989L.501[aid=1312921]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0006-341X^28^2950L.689[aid=1312915]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0304-4149^28^2965L.81[aid=5485496]
http://www.ingentaselect.com/rpsv/cgi-bin/linker?ext=a&reqidx=/0162-1459^28^2989L.501[aid=1312921]

