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We propose a modi� cation of local polynomial time series regression estimators that improves ef� ciency when the innovation process is
autocorrelated. The procedure is based on a pre-whitening transformation of the dependent variable that must be estimated from the data. We
establish the asymptotic distribution of our estimator under weak dependence conditions. We show that the proposed estimation procedure
is more ef� cient than the conventional local polynomial method. We also provide simulation evidence to suggest that gains can be achieved
in moderate-sized samples.
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1. INTRODUCTION

Consider the regression model

Yt D m.Xt / C ut ; t D 1; : : : ; T ; (1)

where the stationary residual process ut is autocorrelated but
satis� es E.ut jX1; : : : ;XT / D 0 almost surely. The function
m.¢/ is assumed to be unknown but smooth and is the object of
central interest. There are two leading sampling schemes with
regard to the process fXt g: the “� xed design” case where Xt

is time or some smooth function thereof [i.e., Xt D f .t=T / for
some smooth f ], and the “random design” case where Xt is
a stationary stochastic process itself with a nondegeneratemar-
ginal distribution. (Opsomer, Wang, and Yang 2001 have dis-
cussed the related case where the regressors are multivariate
and random but the error covariance is a smooth function of the
regressors. This case is more like the � xed design in some re-
spects.) In the � xed design case, both the standard least squares
parametric and kernel nonparametric estimator have variances
proportional to the long-run variance (i.e., the spectral den-
sity at frequency 0) of the process fut g: However, adjusting
for serial correlation brings no advantage in terms of estima-
tor variance in either the parametric or nonparametric method.
Speci� cally, when the regressors are polynomials in time, or-
dinary least squares (OLS) D generalized least squares (GLS)
(see, e.g., Andersen 1971, p. 581). Much methodologicwork in
nonparametric statistics has focused on this sampling scheme,
especially with regard to bandwidth selection (see Hart 1991
for references).

The focus of this article is the second sampling scheme,
where Xt is a nondegenerate stochastic process. This setting
arises in many applications, because time itself is often not
the only relevant covariate. Indeed, in the 1970s, the linear re-
gression model with autocorrelateddisturbances was one of the

Zhijie Xiao is Associate Professor, Department of Economics, Univer-
sity of Illinois at Urbana-Champaign, Champaign, IL 61820 (E-mail:
zxiao@uiuc.edu). Oliver Linton is Professor of Econometrics, Department of
Economics, London School of Economics, London WC2A 2AE, U.K. (E-mail:
lintono@lse.ac.uk). Ray Carroll is Professor, Department of Statistics, Texas
A&M University, College Station, TX 77843 (E-mail: carroll@stat.tamu.edu).
Enno Mammen is Professor, Institute für Angewandte Mathematik, Ruprecht-
Karls-Universität Heidelberg, 69120 Heidelberg, Germany. The authors thank
the editor, an associate editor, two referees, M. Francisco-Fernandez, Jean
Opsomer, and Michael Schimek for very helpful comments and suggestions.
The authors also thank the Cowles Foundation, the National Cancer Institute,
the National Institute of Environmental Health Sciences, the National Sci-
ence Foundation, the Economic and Social Science Research Council of Great
Britain, and the Deutsche Forschungsgemeinschaft, Sonderforschungsbereich
373 for � nancial support.

central models of interest, and numerous procedures were cre-
ated to deal with the estimation and testing issues that ensued,
including Cochrane–Orcutt, Hildreth–Lu, Prais–Winsten, and
Durbin–Watson. As is well known, when the regression func-
tion is parametric, the variance of the parameter estimators is
proportional to the long-run variance of the process fXt utg, and
least squares standard errors that ignore this fact are inconsis-
tent and need to be modi� ed in a nontrivial way. Also, one can
generally improve the ef� ciency of least squares estimators by
using a GLS weighting scheme that re� ects the error autocorre-
lation function. Compare this with the case where m.¢/ is non-
parametric, which has been analyzed by, for example, Robinson
(1983) and Masry (1996a,b). In this case, standard kernel re-
gression smoothers do not take into account the correlation
structure in Xt or ut and estimate the regression function in the
same way as if these processes were independent.Furthermore,
the variance of such estimators is proportional to the short-run
variance of ut ; ¾ 2

u D var.ut/ and does not depend on the regres-
sor or on error covariance functions °X.j/ D cov.Xt ;Xt¡j /,
°u.j / D cov.ut ;ut¡j /; j 6D 0: Practitioners accustomed to cor-
recting standard errors for dependence believe that the stan-
dard errors in nonparametric regression are therefore suspect.
As Conley, Hansen, Luttmer, and Scheinkman (1997, p. 548)
stated, “although theoretically correct, the practice of ignoring
serial correlation is not likely to work well for the temporal de-
pendence present in our short-term interest rate data.” The pur-
pose of this article is to show that the autocorrelation function
of the error process has useful information for improving esti-
mators of the regression function. As a byproduct, one might
hope to obtain more accurate standard errors, given that the re-
sulting error process is purged of all correlation.

There is a related literature on estimating nonparametric re-
gression with longitudinal or panel data, including works by
Severini and Staniswalis (1994), Zeger and Diggle (1994), Wild
and Yee (1996), and Wu, Chiang, and Hoover (1998), among
others. The � rst authors estimated the covariance matrix of
the correlated observations and used this in their kernel con-
struction of the nonparametric regression estimate. The other
authors effectively ignored the correlation structure entirely
and “pretended” that the data were really independent, the so-
called “working independence”method. Ruckstuhl, Welsh, and
Carroll (2000) and Lin and Carroll (2000) provided theoretical
evidence in support of the working independence method. In
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fact, they showed that for many situations and different meth-
ods of kernel estimation, the working independence method is
most ef� cient in terms of mean squared error (MSE). That is,
for the kernel methods proposed in the literature, it is generally
better to ignore the correlation structure entirely. Carroll, Lin,
Linton, and Mammen (2004) constructed a kernel-type method
that can take advantage of the correlations among the data. The
method is a simple modi� cation, and a generalization to an ar-
bitrary covariance matrix, of a method proposed by Ruckstuhl
et al. (2000). The resulting estimator is asymptoticallymore ef-
� cient than the working independenceestimator.

In this article we propose a new kernel-based procedure for
estimating m.x/ in the time series regression model (1) that
takes into account the correlation structure of the error terms
and is asymptotically more ef� cient than the usual methods.
The basic idea of the proposed estimation is to transform or
“prewhiten” the original regression model, so that the � ltered
regression has a residual term that is uncorrelated.However, be-
cause of the nonlinear feature of the regression function m.¢/;
the transformation depends on both the function m.¢/ and on
the parameters of the autoregressive representation of u. Thus
we � rst estimate these quantities, and then construct a feasi-
ble transformation of the dependent variable Yt . We shown the
resulting estimator to be asymptotically normal and more ef� -
cient than the conventional kernel estimator. We allow for an
error correlation structure of unknown form; that is, the autore-
gressive representationof the process need not be of � nite order.

The rest of the article is organized as follows. The proposed
estimation method is introduced in Section 2. Regularity as-
sumptions and the limiting distribution of the estimator are
given in Section 3. An even more ef� cient estimator is dis-
cussed in Section 4. Some numerical results on simulated data
are reported in Section 5. Conclusions are given in Section 6.
All proofs are given in the Appendix. A technical report (Xiao,
Linton, Carroll, and Mammen 2003) contains more detailed
proofs and more numerical evidence.

2. ESTIMATION METHOD

2.1 Motivation and an Infeasible Estimator

Suppose that we have a sample f.X1; Y1/; : : : ; .XT ;YT /g,
where Xt 2 Rd and Yt 2 R, from the nonparametric regression
model (1). We assume that the residual process ut is stationary,
has mean 0, and has an invertible linear process representation

ut D
1X

jD0

cj "t¡j ; (2)

where "t are independent identically distributed with mean 0
and variance ¾ 2

" : Without loss of generality, c0 D 1: It is con-
venient for this discussion to assume that the process fut g
is independent of the process fXt g; but the main results are
true under some forms of mutual dependence. The coef� cients
fcj g1

jD0 and the regression function m.¢/ are unknown except
that m.¢/ is a smooth function and the coef� cients cj satisfy
certain summability conditions (e.g., the process is short mem-
ory), as speci� ed later in our assumptions.Our assumptionsper-
mit ut to be any � nite-orderARMA.p; q/ process, but we allow
for the full class of linear processes as is common in much of

the literature on estimating linear regression with correlated er-
rors. The objective is to estimate m.x/ at some interior point x

and to provide con� dence intervals for such estimates.
Let c.L/ D

P1
jD0 cj Lj ; where L is the usual lag operator.

Inverting c.L/, we obtain an autoregressive representation of
ut of potentially in� nite order. Let

c.L/¡1 D a.L/

D a0 ¡ a1L ¡ ¢ ¢ ¢ ¡aj Lj ¡ ¢ ¢ ¢ Da0 ¡
1X

jD1

aj Lj (3)

be the inverse, and de� ne that a0 D 1 without loss of generality,
so we have a.L/ut D "t : Applying a.L/ to regression (1), we
obtain

a.L/Yt D a.L/m.Xt / C "t : (4)

The error term in this transformed model is now uncorrelated;
however, the immediate usefulness of this is unclear because m

is nonlinear and so does not commute with the operator a.L/,
as would be the case in a linear model.

We rewrite (4) as

Y t D m.Xt/ C "t ; (5)

where Y t is the � ltered series

Y t D Yt ¡
1X

j D1

aj

¡
Yt¡j ¡ m.Xt¡j /

¢
:

The transformed model (5) is also a valid regression equation
because "t is independent of Xt . If Y t were known, as shown
by Theorem 1, then a nonparametric kernel regression of Y t

on Xt would be more ef� cient than the conventionalkernel es-
timation.

The approach proposed in this article may be applied to a
wide range of nonparametric estimators, including the local
polynomial estimator and the Nadaraya–Watson procedure. In
this article we give asymptotic analysis based on the local poly-
nomial procedures. (See Fan 1992 and Fan and Gijbels 1996
for discussion on the attractive propertiesof local polynomials.)
For any dataset fZt ;Xtgn

tD1, the local polynomial regression of
Zt on Xt (of order p; where p is an integer) can be obtained
from the multivariate weighted least squares criterion

nX

tD1

µ
Zt ¡

X

0·jkj·p

bk ¢ .Xt ¡ x/k

¶2

K

³
Xt ¡ x

h

´
; (6)

where K.u/ is a nonnegative weight function on Rd and h is
a bandwidth parameter. Let bm.x/ D bb0; where bb0 is the mini-
mizing intercept in (6) with Zt D Yt ; and let m.x/ be the cor-
responding estimator when Zt D Y t . For simplicity, we assume
that K..x ¡ Xt=h/ D

Qd
jD1 k..xj ¡ Xj t=h/; with k the uni-

variate kernel function.
Following the notationof Masry (1996a,b), let N` D .`Cd ¡

1/!=`!.d ¡ 1/! be the number of distinct d -tuples j with jj j D `.
Arrange these N` d-tuples as a sequence in a lexicographic
order and let Á¡1

` denote this one-to-one map. For each j

with 0 · jj j · 2p, let ¹j .K/ D
R

Rd uj K.u/ du; ºj .K/ D



982 Journal of the American Statistical Association, December 2003

R
Rd ujK2.u/ du; and de� ne the N £ N dimensional matrices

M and 0 and N £ 1 vector B; where N D
Pp

`D0 N` £ 1, by

M D

2

6664

M0;0 M0;1 ¢ ¢ ¢ M0;p

M1;0 M1;1 ¢ ¢ ¢ M1;p

:::
:::

Mp;0 Mp;1 ¢ ¢ ¢Mp;p

3

7775 ;

0 D

2

6664

00;0 00;1 ¢ ¢ ¢ 00;p

01;0 01;1 ¢ ¢ ¢ 01;p

:::
:::

0p;0 0p;1 ¢ ¢ ¢0p;p

3

7775 ; (7)

B D

2

6664

M0;pC1

M1;pC1
:::

Mp;pC1

3

7775 ;

where Mi;j and 0 i;j are Ni £ Nj dimensional matrices whose
.`; m/ elements are ¹Ái .`/CÁj .m/ and ºÁi .`/CÁj .m/. Note that the
elements of the matrices M D M.K/ and 0 D 0.K/ are simply
multivariate moments of the kernel K and K2. In addition, we
arrange the Nr elements of the derivatives

1
r1!¢ ¢ ¢rd !

@ rm.x/

@x
r1
1 ¢ ¢ ¢@x

rd

d

for r1 C ¢ ¢ ¢ Crd D r

as a column vector m.r/.x/. Theorem 1 gives the asymptotic
distribution of m.x/ and shows that it is asymptotically more
ef� cient than bm.x/.

Theorem 1. Suppose that the assumptions given in Section 3
hold. Then
p

T hd
¡
m.x/ ¡ m.x/ ¡ hq

£
M¡1Bm.q/.x/

¤
0;0

¢

) N

³
0;

¾ 2
"

fX.x/

£
M¡10M¡1¤

0;0

´
;

where q D p C 1 and [A]0;0 signi� es the upper-left element of
matrix A.

Theorem 1 shows that the bias term [M¡1Bm.q/.x/]0;0 of the
estimator m.x/ is the same as that of the conventionalpth order
local polynomial estimator bm.x/. In the case with a local linear
estimator, p D 1, and the bias term is simply ¹2.K/m00.x/=2.
The smoother m.x/ has a variance proportionalto ¾ 2

" and hence
is more ef� cient than the traditional kernel estimator bm.x/,
which has variance proportional to

¾ 2
u D ¾ 2

"

1X

jD0

c2
j ¸ ¾ 2

" :

Therefore, the relative ef� ciency (of the proposed estimator
relative to the standard estimator) in purely variance terms is
¾ 2

" =¾ 2
u · 1: For example, when ut D aut¡1 C "t ; we have ¾ 2

u D
¾ 2

" =.1 ¡ a2/; which strictly exceeds ¾ 2
" except when a D 0: We

now turn to a comparison of the asymptotic MSEs (integrated
or pointwise); we make the comparison at the respectively op-
timal bandwidths. For m, this bandwidth is the same as for bm,
but with ¾ 2

" in place of ¾ 2
u ; and hence is larger. The relative ef-

� ciency is then f¾ 2
" =¾ 2

u g2q=.2qCd/; assuming that the bias term

is nonzero. The percentage ef� ciency gain is less if measured
in MSE than in variance, but the two relative ef� ciencies are
monotonically related. In the sequel we will focus on variance
comparisons for simplicity.

2.2 The Estimator

In practice, Y t is unknown, and thus the regression (5) and
m.x/ are infeasible. Here we propose a feasible estimator of
regression (5) by replacing the left side of this equation by an
approximation of Y t based on estimates of the coef� cients aj

and a truncation of the in� nite sum to a � nite but large-order
sum. The proposed estimation procedure is as follows:

1. Obtain a preliminary consistent estimate of m by local pth
order polynomialsmoothing Yt on Xt with corresponding
kernel K0 and bandwidth h0. Denote the preliminary es-
timates as bm.Xt/ and calculate the estimated residuals

but D Yt ¡ bm.Xt /:

2. Let ¿ D ¿ .T / be some truncationparameter suitably small
relative to the sample size T but large enough to avoid
serious bias (see Assumption 6 in Sec. 3). Conduct a ¿ th
order autoregression of but ,

but Dba1but¡1 C ¢ ¢ ¢ Cba¿but ¡¿ C residual. (9)

De� ne the estimate bA¿ D .ba1; : : : ;ba¿ /0 of A¿ D .a1;

: : : ; a¿ /0, where

bA¿ D .bU0
¿
bU¿ /¡1bU0

¿bu;

where bu D .bu¿ ; : : : ;buT /0 and bU¿ is the .T ¡ ¿ /£ ¿ matrix
of regressors with typical element but ¡j :

3. Construct an approximationof Y t by

bY t D Yt ¡
¿X

j D1

baj

¡
Yt¡j ¡ bm.Xt¡j /

¢
:

The proposed estimator of m.x/ is then obtained from the
local pth order polynomial smoothing of bY t on Xt with
corresponding kernel K1 and bandwidth h1, calling the
resulting estimator em.x/.

The foregoing procedure may be iterated to achieve better
� nite-sample performance in practice. Also, when estimating
the coef� cients (ba1; : : : ;ba¿ ), for reasons of parsimony, it may
be advantageous to “model” the residual process ut by some
parametric autoregressive moving average (ARMA) process
A.L/ut D B.L/"t ; estimates of aj may be obtained from in-
verting B.L/:

In Section 3 we show that under appropriate assumptions,
the proposed estimator em.x/ is asymptotically equivalent to the
infeasible estimator m.x/, which is more ef� cient than the con-
ventional kernel estimation. In fact, the transformation that we
propose is also effective in parametric models, although not as
effective as a full GLS transform (see Kristensen and Linton
2001).

Recently, Vilar-Fernandez and Francisco-Fernandez (2002)
analyzed an alternative modi� cation of standard local polyno-
mial regression. They included a “GLS weighting” for auto-
correlation in the criterion function. The resulting estimator
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involves transformation of both Y and X processes by a ma-
trix P; which is the square root of the inverse covariance ma-
trix of .u1; : : : ; uT /: This transformation does not improve the
� rst-order properties of the estimator, although these authors
have shown in simulations that it can improve the � nite-sample
MSE.

3. MAIN RESULT

We assume that the error process fut g is independent of the
process fXt g; but discuss some extensionsat the end of this sec-
tion. To proceed, we assume that fXtg is an ®-mixing process.
Let Fb

a be the ¾ -algebra of events generated by the random
variables fXtI a · j · bg. The stationary process fXt g is called
strongly mixing (Rosenblatt 1956) if

sup
A2F 0

¡1 ;B2F1
k

j Pr.A \ B/ ¡ Pr.A/Pr.B/j ´ ®.k/ ! 0;

as k ! 1: (10)

To facilitate the asymptotic analysis, we make the following
assumptionson the residuals and regressors, the kernel function
k.¢/; and the bandwidth parameters h0 and h1.

1. The kernels K D Ki , i D 0;1, satisfy Ki.u/ DQd
jD1 ki.uj /; where k D ki; i D 0; 1, are bounded, have

compact support [¡1; 1], and are symmetric about 0.
They also satisfy the property that

R
k.u/ du D 1. The

functions Hij .u/ D uj Ki.u/ for all j with 0 · jj j ·
2p C 1 are Lipschitz continuous; that is, there exists
a positive � nite constant C such that jHij .u/ ¡ Hij .v/j ·
Cku ¡ vk:

2. The process fXt g is strongly mixing with
P1

iD1 i± £
f®.i/g1¡2=º < 1 for some 2 < º and ± > 1 ¡ 2=º: The
density fX of Xt and the joint densities of .Xt ;XtC`/;

.Xt ; XtC`;XtCj /; .Xt ; Xt C`;XtCj ;XtCs/ are uniformly
bounded and are bounded away from 0 on their supports.

3. For some µ ¸ º; E.jut jµ / < 1.
4. The function m.¢/ is .p C 1/ times partially differentiable,

and the .p C 1/st-order partial derivatives are Lipschitz
continuouson X . The � rst-order partial derivatives of fX

exist and are continuouson X .
5. The process fut g is a stationary invertible linear process

representable in the form of (2) and has inverse (3). In
addition, there exists some ¸ 2 .0; 1/ such that the linear
process coef� cients jaj j are bounded by a constant multi-
ple of ¸j .

6. The truncation parameter ¿ satis� es ¿ .T / D · logT for
some · > 0:

7. Bandwidths h0 and h1 satisfy that h0=h1 ! 0, T 1=2 £

h
d=2
1 h

2q
0 .logT / ! 0, and T ¡1=2h¡d

0 h
d=2
1 .logT / ! 0,

where q D p C 1.

The stationarity condition rules out examples like Xt D
f .t=T / for smooth f . Assumption 1 is a standard assumption
for kernel functions in nonparametric estimation. Under the
mixing conditions of assumption 2, the temporal dependence
among fXtg decreases suf� ciently fast as the time distance in-
creases and thus is asymptotically ignorable. In particular, the
strong law of large numbers and the central limit theorems
continue to hold for standardized summations, and uniform

convergence results on the kernel smooth quantities still hold.
The differentiability of assumption 4 ensures a Taylor expan-
sion to appropriate order. Whereas assumption 5 is stronger
than the summability conditions of, say, Phillips and Solo
(1992), the dominance requirement that jaj j are bounded by a
constantmultiple of ¸j is suf� ciently general to include leading
cases like the widely considered stationary invertible ARMA
process. This dominance condition is useful in our technical
development and in particular provides a suf� cient condition
for controlling the order of magnitude of various summations
involving cj . No doubt this condition could be weakened, but
we do not attempt to do so or to � nd minimal conditions under
which our results hold. The expansion rate of the truncation pa-
rameter given in assumption 6 is also for convenience, and our
results hold for a much wider range of ¿ . In fact, from the proof
in the Appendix, we can see that as long as the tail summation
(
P1

jD¿C1 aj ) of the sequence aj is controlledunder appropriate
order, our results still hold. Assumption 7 assumes that we un-
dersmooth in the preliminary estimation stage, so that the bias
term coming from preliminary estimation will be smaller than
the leading bias term. Consequently, the feasible estimator has
the same asymptotic MSE as the infeasible estimator m. Note
that if we take h1 D O.T ¡1=.2qCd//, then assumption 7 is satis-
� ed for all q;d and many sequences h0.T /.

Theorem 2. Suppose that assumptions 1–7 hold. Then,
q

T hd
1

¡
em.x/ ¡ m.x/ ¡ h

q
1

£
M¡1Bm.q/.x/

¤
0;0

¢

) N

³
0;

¾ 2
"

fX.x/
[M¡10M¡1]0;0

´
;

where M, 0, B are de� ned by (7) with kernel K1.

We have a sort of “oracle” property here: The feasible esti-
mator em.x/ is asymptotically equivalent to m.x/ and hence is
more ef� cient than bm.x/. By undersmoothing the pilot estima-
tor bm.x/, we can make the bias of em.x/ the same as the bias of
bm.x/. Therefore, em.x/ should be preferred to bm.x/:

The asymptotic normal distribution given by Theorem 2 can
be used to calculate pointwise con� dence intervals for estima-
tors described here. To do this, we require an estimate of the
asymptotic variance. (For literature on variance estimation un-
der dependency, see, e.g., Müller and Stadtmüller 1988). Let
M T and GT be the N £ N -dimensional matrices

M T D

2

6664

M 0;0 M 0;1 ¢ ¢ ¢ M 0;p

M 1;0 M 1;1 ¢ ¢ ¢ M 1;p

:::
:::

M p;0 M p;1 ¢ ¢ ¢M p;p

3

7775

and

GT D

2

6664

G0;0 G0;1 ¢ ¢ ¢ G0;p

G1;0 G1;1 ¢ ¢ ¢ G1;p

:::
:::

Gp;0 Gp;1 ¢ ¢ ¢Gp;p

3

7775 ;

where M i;j and Gi;j are Ni £ Nj -dimensionalmatrices whose
.l; r/ elements are

TX

tD1

³
x ¡ Xt

h

´Ájj j .l/CÁjkj.r/

K1

³
x ¡ Xt

h1

´
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and

TX

tD1

³
x ¡ Xt

h

´Ájj j.l/CÁjkj.r/

K1

³
x ¡ Xt

h1

´2

e"2
t ;

wheree"t D bY t ¡ em.Xt/: Let ev.x/ D [M ¡1
T GT M ¡1

T ]0;0 and let
z® be the standard normal 1 ¡ ® critical value. Then

em.x/ § z®=2

p
ev.x/ (11)

is a valid two-sided level ® pointwise con� dence intervals
provided that the estimation is undersmoothed, i.e., h1 D
o.T ¡1=.2qCd//. By de� nition, "t is supposed to be an uncor-
related sequence, so we might expect these standard errors to
be more accurate than those for bm.x/:

One may substitute different smoothers and may use a differ-
ent estimation scheme to obtain the ba 0

js: One can also expect
some improvementby iterating the process. Speci� cally, de� ne
again

eY t D Yt ¡
¿X

jD1

eaj

¡
Yt¡j ¡ em.Xt¡j /

¢
;

where .ea1; : : : ;ea¿ /0 are obtained from the least squares regres-
sion of Yt ¡ em.Xt/ on .Yt¡1 ¡ em.Xt ¡1/; : : : ; Yt¡¿ ¡ em.Xt ¡¿ //0

and local polynomial smooth eY t against Xt :

Finally, we discuss the assumption of independence of fXt g
from fut g: As we stated after (1), the main assumption is that
E.ut jX1; : : : ;XT / D 0; which effectively rules out Xt contain-
ing lagged Yt : This is quite natural, because when Xt contains
lagged Yt and ut is autocorrelated the standard local polyno-
mial estimation method may not even be consistent. For ex-
ample, consider the case where Yt is an ARMA.1; 1/ process;
even the OLS estimator of Yt on Yt¡1 is inconsistent. In these
cases, we need an alternative estimation strategy. Alternatively,
we can include suf� cient lagged Y ’s in m so that the error
term is approximately uncorrelated. Either way, our method
and approach are not directly relevant. However, there are other
types of dependence between the error process and the co-
variate process that we can allow for, like heteroscedasticity.
For example, suppose that ut D ¾.Xt /vt with ¾ .Xt / a smooth
function bounded away from 0 and E.vt jX1; : : : ;XT / D 0 and
cov.vs ; vt jX1; : : : ; XT / D °v.js ¡ t j/ for some covariance func-
tion °v. Under some further regularity conditions (see, e.g.,
Masry 1996a,b)on the dependenceof the joint process .Yt ; Xt/;

it can be shown that our main result continues to hold with the
same Y t ; and indeed (11) is still valid as stated.

4. EFFICIENT ESTIMATION

We now discuss how we can improve the ef� ciency of our
estimator even more and approach a sort of GLS bound. Notice
that for each j where aj 6D 0; we can rewrite (4) as

Y
j
t D m.Xt¡j / C 1

aj
"t ; (12)

where

Y
j
t D 1

aj

"

a.L/Yt ¡
1X

k 6Dj

akm.Xt¡k/

#

:

That is, the transformation that we discussed in Section 2 is just
a special case of a whole family of transformations, one asso-
ciated with each lag. Given some estimate of Y

j
t ; denoted by

bY j
t ; we can now smooth this against Xt¡j and call the result-

ing estimator emj .x/: Then we have under the same conditions
as before that emj .x/ has asymptotic variance proportional to
¾ 2

" =a2
j for any j where aj 6D 0: Furthermore, emj .x/ and emk.x/

for j 6D k will be asymptotically independent, because they are
smoothers on different random variables Xt¡j and Xt ¡k ; that
is, the sets fx : jx ¡ Xt¡j j < hg and fx : jx ¡ Xt ¡k j < hg have
an intersection that contains fewer observations than either set
itself by an order of magnitude. The bias of each emj .x/ is the
same, because the target function is the same. By combining
the estimators, we can improve ef� ciency, speci� cally the vari-
ance. Consider the class containing all estimators of the formPJ

jD0 !j emj .x/ for some weighting sequence !j that satis� es
PJ

jD0 !j D 1; where J is a given integer. It is easy to see that
the member of this class of estimators with the smallest asymp-
totic variance (they all have the same bias) is

emeff .x/ D
JX

jD0

!
eff
j emj .x/; where !

eff
j D

a2
jPJ

jD0 a2
j

:

Indeed, it follows from the same arguments as in the proof of
Theorem 1 that
q

T hd
1

¡
emeff .x/ ¡ m.x/ ¡ h

q
1

£
M¡1Bm.q/.x/

¤
0;0

¢

) N

³
0;

¾ 2
"

fX.x/
PJ

jD0 a2
j

[M¡10M¡1]0;0

´
(13)

for any � xed J: Under some conditions, it may be possible to
extend this result to the case where J ! 1 and where one has
estimated weightseaj instead of aj : We would expect to just re-
place J by 1 in (13), and that the estimation of weights would
have no effect. (See Chen and Linton 2001 for a result of this
type in a different context.) Anticipating this result, we expect
that because a0; c0 D 1; we would have [setting J D 1 in (13)]

avar[emeff .x/]

avar[bm.x/]
D 1

P1
jD0 a2

j

P1
j D0 c2

j

· avar[em.x/]
avar[bm.x/]

D 1
P1

jD0 c2
j

· 1:

We expect that avar[emeff .x/] providesa lower boundachievable
by this sort of method rather like that achieved in the linear re-
gression case by Hannan (1963). In the AR(1) case, the asymp-
totic variance of em.x/ is .kKk2=fX.x//¾ 2

" =.1 ¡ a2/; whereas
that of emeff .x/ is .kKk2=fX.x//¾2

" =.1Ca2/: Compare this with
the linear regression model Yt D ¯Xt C ut ; where Xt is an iid
process with mean 0. The variance of the OLS estimator of ¯x

is .x2=¾ 2
X/¾ 2

" =.1 ¡ a2/, and that of the GLS estimator of ¯x

is .x2=¾ 2
X/¾ 2

" =.1 C a2/: This is suggestive that emeff .x/ is like
GLS.

In practice, the gain of emeff .x/ over em.x/ may not be so great
in comparison with the gain of em.x/ over bm.x/. For example, in
the AR(1) case, the improvementof em.x/ over the usual kernel
smoother bm.x/ can be arbitrarily large, but emeff .x/ can have at
best only half the variance of em.x/: Therefore, it may be that in
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practice, the bene� t from computing emeff .x/ may be exceeded
by its small sample cost. We investigate this in the simulation
experiments reported in the next section.

5. NUMERICAL RESULTS

We investigate the proposed estimator em.x/ on simulated
data, as well as the estimator emeff .x/ considered in Section 5.
We compare these estimators with the conventional local poly-
nomial estimator bm.x/. We have not tried to optimize the per-
formance of either the conventionalestimator or our own, more
ef� cient modi� cations. Rather, we have taken what are fairly
common choices, in real applications, of bandwidth, and other
variables, and demonstrate that even with these implementa-
tions there are � nite sample gains to be made. The technical
report version of this article (Xiao et al. 2003) contains more
results and an application to � nancial data. Here we just report
a selection of our results.

The error process ut is various special cases of the
ARMA.1;1/ process

ut D ®1ut¡1 C "t C °1"t ¡1;

where "t is iid N.0; 1/: Various values for ®1; °1 are con-
sidered. We take m.x/ D x , where Xt are chosen to be iid
U[¡1;1]: We report the results for just the T D 100 and 500
cases. The number of replications is 200.

Regarding the implementation of the estimators, we chose
exactly the same kernel and bandwidth in all these three esti-
mators, that is, h D h0 D h1, and so on. Speci� cally, we use the
Gaussian kernel and bandwidth h D 1:06sXT ¡1=5. We used a
third-order local polynomial in the results presented here. In our
estimator we consider AR(2) prewhitening.The AR parameters
in the prewhitening process are estimated by least squares. In
computing emeff , we take J D ¿ D 2:

We report the average squared errors (denoted by ISE) (the
average over all sample points X1; : : : ;XT ), and the relative ef-
� ciency calculated based on the ratio of average squared errors
(denoted as RE). Tables 1 and 2 correspond to the different sam-
ple sizes. In these tables, ISE0, ISE1, and ISE2 give the average
squared errors of the conventional local polynomial estimator
bm.x/ and the proposed ef� cient estimators em.x/ and emeff .x/,
RE1 reports the relative ef� ciency of the proposed ef� cient esti-
mator em.x/ over the conventionalestimator bm.x/, and RE2 re-
ports the relative ef� ciency of emeff .x/ over bm.x/. Qualitatively

Table 1. Comparison With the Conventional Estimator, n D 100

ARMA parameters Integrated squared errors Relative ef�ciency

®1 ° 1 ISE0 ISE1 ISE2 RE1 RE2

0 0 .0641 .0658 .0661 1.027 1.031
0 .1 .0770 .0776 .0778 1.007 1.010
0 .2 .0912 .0905 .0901 .992 .988
0 .5 .1413 .1363 .1331 .964 .942
0 .7 .1809 .1733 .1660 .957 .916
0 .9 .2255 .2157 .2044 .956 .906

.1 0 .0784 .0789 .0791 1.006 1.009

.2 0 .0983 .0968 .0970 .984 .986

.5 0 .2393 .2216 .2227 .926 .931

.7 0 .6073 .5409 .5375 .891 .885

.9 0 3.6257 3.1559 3.1297 .870 .863

.2 .2 .1402 .1343 .1341 .957 .956

.2 .5 .1789 .1701 .1675 .951 .936

.5 .2 .5012 .4601 .4616 .918 .921

NOTE: AR(2) prewhitening,m(x ) D x, estimate all points.

Table 2. Comparison With the Conventional Estimator, n D 500

ARMA parameters Integrated squared errors Relative ef�ciency

®1 ° 1 ISE0 ISE1 ISE2 RE1 RE2

0 0 .01463 .01498 .01487 1.024 1.016
0 .1 .01802 .01775 .01792 .985 .994
0 .2 .02143 .02076 .02110 .968 .984
0 .5 .03345 .03150 .03140 .942 .938
0 .7 .04295 .04018 .03940 .935 .917
0 .9 .05360 .05006 .04870 .933 .908

.1 0 .01838 .01806 .01827 .982 .994

.2 0 .02323 .02231 .02281 .960 .982

.5 0 .05895 .05318 .05399 .902 .916

.7 0 .16130 .14000 .14021 .868 .869

.9 0 1.32120 1.10900 1.10240 .839 .834

.2 .2 .03340 .03122 .03168 .934 .948

.2 .5 .03812 .03579 .03499 .939 .918

.5 .2 .12181 .10829 .10951 .889 .899

NOTE: AR(2) prewhitening,m(x ) D x, at all points.

similar results are obtained from other cases (see the working
paper version of this article for more details).

Some general conclusion can be drawn from our simulation
experiments:

1. The results show that the relative ef� ciency improveswith
sample size. There is likely a considerable small sam-
ple effect that is dominating in this range of parameters,
and this requires a very large sample indeed before the
asymptotic predictions become reality. Nevertheless, in
most cases apart from the iid case (where all parameters
are 0’s) our estimator improveson the standard kernel pro-
cedure.

2. When the underlying process has a nontrivial moving av-
erage (MA) part, our method is likely to be quite far from
matching the true autocorrelation structure in the errors.
Nevertheless, even in those cases there are positiveresults.

3. In general, the more serial correlation, the larger ef� -
ciency gain achieved from our prewhitening procedure.
However, consider the autocorrelation1 [AR(1)] case, for
example; note that the relative ef� ciency � rst improves as
the AR coef� cient increases, and then warsens as it ap-
proaches 1. This is due in part to the large downward bias
in estimating ® in this region. We could perhaps improve
the relative ef� ciency by taking a larger bandwidth in the
second step, as would be permitted by our theory.

4. Both em.x/ and emeff .x/ improve the estimation in the
presence of serial correlation, especially for large sam-
ple sizes, but none of them dominates the other. It seems
that em.x/ performs slightly better than emeff .x/ when the
true error process is actually an AR process. This is in-
tuitive, because an AR prewhitening was used. But dif-
ferent results were obtained when the error terms are MA
processes.

6. CONCLUSIONS

We have proposed a new method for improving the ef� ciency
of local polynomial estimators in time series nonparametric re-
gression. The asymptotic improvement in the variance depends
only on the autocorrelation function of the error process, and
the improvement can be arbitrarily large depending on this. In
simulationexperiments,we have shown that some improvement
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is possible in small samples even with the sort of bandwidth
choices and other choices that are widely used in practice but
are suboptimal for our method. We expect that the numerical
performance of our method can be considerably improved in
small samples. First, better bandwidth choice and order of the
autoregression should make a big difference to the performance
of our method. (Some approaches to this are discussed in the
working version of the article.) Second, iterating the procedure
may confer bene� ts through more accurate estimates of the au-
toregressive coef� cients. In summary, we think our method can
deliver performance bene� ts for a wide variety of time series
situations in which nonparametric methods are applied.

APPENDIX: PROOFS OF THEOREMS

We use k ² k to denote the Euclidean norm of ² and C to signify
a generic positive constant whose exact value may vary from case to
case. We denote Á.x;y; z; : : : / as a general function whose exact form
may change from case to case. For two random variables XT and YT ;

we say that XT ’ YT whenever XT D YT .1 C op.1// as T ! 1:

Given kernel function K and bandwidth h, we de� ne the N £ N -
dimensional matrices M and 0 and N £ 1 vector B by (7) and de-
note M¡1 D .Mi;j /

p
i;jD1; where the partition of submatrices in M¡1

is conformable to that of M. The asymptotic properties of local poly-
nomial estimator have been well developed and documented (see, e.g.,
Fan and Gijbels 1996; Masry 1996a,b; and the references therein).

Proof of Theorem 1

The proof follows work of Masry (1996a). The pth-order local
polynomial regression of Y i on Xi gives m.x/ D e0

1M¡1
T 9T ; where

e1 D .1; 0; : : : ; 0/0 and MT .x/ and 9T .x/ are a symmetric N £ N

(N D
Pp

`D0 N` £ 1) matrix and an N £ 1-dimensional column vector
and are de� ned as

MT .x/ D

2

66664

MT ;0;0.x/ MT ;0;1.x/ : : : MT ;0;p.x/
::: MT ;1;1.x/ : : : MT ;1;p.x/
:::

: : :
:::

MT ;p;0.x/ ¢ ¢ ¢ ¢ ¢ ¢MT ;p;p.x/

3

77775

and

9T .x/ D

2

6664

9T ;0.x/

9T ;1.x/

:::

9T ;p.x/

3

7775 ;

where MT ;jj j;jkj.x/ is an Njj j £ Njkj-dimensional submatrix with the
.l; r/ element given by

[MT ;jj j;jkj]l;r D 1

T hd

TX

iD1

³
x ¡ Xi

h

´Ájj j.l/CÁjkj.r/

K

³
x ¡ Xi

h

´

and 9T ;jj j.x/ is an Njj j-dimensional subvector whose r th element is
given by

[9T ;jj j]r D 1

T hd

TX

iD1

³
x ¡ Xi

h

´Ájj j.r/

K

³
x ¡ Xi

h

´
Y i :

Note that Y t D m.Xt /C"t ; we obtain m.x/ ´ m.x/CBx CV x;where
Bx is the bias term Bx D e0

1M¡1
T .x/BT .x/ and BT .x/ is an N £ 1

vector

BT .x/ D

2

6664

BT ;0.x/

BT ;1.x/
:::

BT ;d.x/

3

7775 ;

where BT ;jj j.x/ are an Njj j-dimensional subvectors whose r th ele-
ments are given by

[BT ;jj j]r D
1

T hd

nX

iD1

³
x ¡ Xi

h

´Ájj j.r/

K

³
x ¡ Xi

h

´
1i .x/;

where 1i .x/ D m.Xi / ¡ 1
k!

P
0·jkj·p.Dkm/.x/.Xi ¡ x/k , and V x is

the variance effect de� ned by V x D e0
1M¡1

T .x/UT .x/: The stochastic
term UT .x/ is also an N £ 1 vector

UT .x/ D

2

6664

UT ;0.x/

UT ;1.x/

:::

UT ;p.x/

3

7775 ;

where UT ;jj j.x/ is an Njj j-dimensional subvector whose r th elements
are given by

[UT ;jj j]r D 1

T hd

nX

iD1

³
x ¡ Xi

h

´Ájj j.r/

K

³
x ¡ Xi

h

´
"i :

By the results of Masry (1996a), MT .x/ converges in mean
square to f .x/M, and h¡.pC1/BT .x/ converges in mean square to
f .x/B ¢ m.pC1/.x/: In addition,

p
T hdM¡1

T .x/UT .x/
d! N

³
0;

¾ 2
"

fX .x/
M¡10M¡1

´
I

thus
p

T hd
¡
m.x/ ¡ m.x/ ¡ hpC1£

M¡1Bm.pC1/.x/
¤
0;0

¢

) N

³
0;

¾ 2
"

fX.x/
[M¡10M¡1]0;0

´
:

Proof of Theorem 2

First, note that em.x/ D e0
1M¡1

T
e9T , where MT and e9T are de� ned

similarly to MT and 9T in the proof of Theorem 1 but with K; h, and
Y i replaced by K1; h1, and bY i . We decompose em.x/ into m.x/ plus
error terms coming from the preliminaryestimation and the truncation,
and show that these terms are small-order terms. First, we write

bY t D Yt ¡
¿X

jD1

baj

¡
Yt¡j ¡ bm.Xt¡j /

¢

D Yt ¡
1X

jD1

aj ut¡j C
1X

jD¿C1

aj ut¡j ¡
¿X

jD1

.baj ¡ aj /ut¡j

C
¿X

j D1

aj

¡
bm.Xt ¡j / ¡ m.Xt ¡j /

¢

C
¿X

j D1

.baj ¡ aj /
¡
bm.Xt ¡j / ¡ m.Xt¡j /

¢
:

Then e9T D e9T .x/ may be decomposed as

e9T .x/ D 9T .x/ C e9T 1.x/ ¡ e9T 2.x/ C e9T 3.x/ C e9T 4.x/;

where again e9T l.x/, l D 1;2;3;4, are de� ned similarly to 9T .x/,
with the r th element of e9T l;jj j.x/ given by

£e9T 1;jj j
¤
r

D 1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´Ájj j.r/

£ K1

³
x ¡ Xi

h1

´Á 1X

j D¿ C1

aj ui¡j

!

;
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£e9T 2;jj j
¤
r

D 1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´Ájj j.r/

£ K1

³
x ¡ Xi

h1

´Á
¿X

j D1

.baj ¡ aj /ui¡j

!

;

£e9T 3;jj j
¤
r

D 1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´Ájj j.r/

K1

³
x ¡ Xi

h1

´

£

Á
¿X

jD1

aj

¡
bm.Xi¡j / ¡ m.Xi¡j /

¢
!

;

and

£e9T 4;jj j
¤
r

D 1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´Ájj j.r/

K1

³
x ¡ Xi

h1

´

£

Á
¿X

jD1

.baj ¡ aj /
¡
bm.Xi¡j / ¡ m.Xi¡j /

¢
!

:

Substituting the foregoing expression into em.x/, we have

em.x/ D m.x/ C QT 1 ¡ QT 2 C QT 3 C QT 4;

where QT l D e0
1M¡1

T
e9T l , l D 1;2;3;4:

We analyze the asymptotic properties of QT l; l D 1; : : : ;4, in Lem-
mas A.1–A.4, which are key results for proof of the theorem.

Lemma A.1. Under assumptions 1–7,

QT 1 D op .T ¡1=2h
¡d=2
1 /:

Proof of Lemma A.1. QT 1 is of smaller order because of the tail
properties of the summable sequence aj : First, note that

QT 1 D e0
1M¡1

T
e9T 1 D e0

1[MfX.x/]¡1e9T l

¡
1 C op.1/

¢
;

by the uniform convergence result of MT .x/ (Masry 1996b). Because
fX.x/ > 0; we need only verify, for each r; the order of

1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´r

K1

Á
x ¡ Xi

h1

´Á 1X

j D¿ C1

aj ui¡j

!

:

Note that this has mean 0 and

var

"
1

T hd
1

TX

t D1

³
x ¡ Xt

h1

´r

K1

³
x ¡ Xt

h1

´ 1X

jD¿ C1

aj ut¡j

#

D
³

1

T hd
1

´2
(

TX

tDsD1

E

µ³
x ¡ Xt

h1

´2r

K1

³
x ¡ Xt

h1

´2¶

£
1X

iD¿ C1

1X

jD¿ C1

aiaj °u.ji ¡ j j/

)

C
³

1

T hd
1

´2
(

TX

tD1

TX

s 6Dt;sD1

E

µ³
x ¡ Xt

h1

´r ³
x ¡ Xs

h1

´r

£ K1

³
x ¡ Xt

h1

´
K1

³
x ¡ Xs

h1

´¶

£

1X

iD¿C1

1X

jD¿C1

aj ai°u.jt ¡ s C i ¡ j j/
)

:

The � rst term is o.T ¡1h¡d
1 / because

³
1

T hd
1

´2
(

TX

t D1

E

µ³
x ¡ Xt

h1

´2r

K1

³
x ¡ Xt

h1

´2¶

£
1X

iD¿C1

1X

jD¿C1

aiaj °u.ji ¡ j j/

)

·
³

1

T hd
1

´2
T ¢ E

»³
x ¡ X1

h1

´2r

K1

³
x ¡ X1

h1

´2 ¼

£

( 1X

iD¿ C1

1X

j D¿ C1

ai aj

)

sup
0·i;j·1

­­°u.ji ¡ j j/
­­

and

sup
0·j;l<1

­­°u.jj ¡ lj/
­­< 1;

by the stationarity/mixing property of uI

T ¢ E

µ³
x ¡ X1

h1

´2r

K1

³
x ¡ X1

h1

´2¶
D O.T hd

1 /;

by a direct calculation of expectation,

E

µ³
x ¡ Xt

h1

´2r

K1

³
x ¡ Xt

h1

´2¶
D hd

1

Z
u2rK1.u/2fX.x ¡ hu/duI

and

1X

iD¿C1

1X

j D¿ C1

aiaj D o.1/ as ¿ ! 1;

by summability of faj g1
j D1.

The second term is o.T ¡1h
¡d
1 / because

³
1

T hd
1

´2
(

TX

tD1

TX

s 6Dt ;sD1

E

µ³
x ¡ Xt

h1

´r ³
x ¡ Xs

h1

´r

£ K1

³
x ¡ Xt

h1

´
K1

³
x ¡ Xs

h1

´¶

£
1X

iD¿C1

1X

j D¿ C1

aj ai°u.jt ¡ s C i ¡ j j/

)

D
³

1

T

´2 TX

tD1

TX

s 6Dt;sD1

µZ
urvr K1.u/K1.v/fX;jt¡sj

£ .x ¡ uh1; y ¡ vh1/ dudv

¶

£
1X

iD¿ C1

1X

jD¿C1

aj ai°u.jt ¡ s C i ¡ j j/

· C

³
1
T

´2 TX

tD1

TX

s 6Dt;sD1

1X

iD¿ C1

1X

jD¿C1

aj ai°u.jt ¡ s C i ¡ j j/;

where the last inequality follows from the boundedness assumption of
the density and joint densities and the fact that

sup
0·i;j·1

­­­­­

TX

s 6Dt;tD1

TX

sD1

°u.jt ¡ s C i ¡ j j/

­­­­­D O.T /; (A.1)
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where, again, the result (A.1) comes from the stationarity/mixing prop-
erty of u: Thus

var

"
1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´r

K1

³
x ¡ Xi

h1

´Á 1X

jD¿C1

aj ui¡j

!#

D o.T ¡1h
¡d
1 /:

Therefore, the magnitude of QT 1 is as stated.

Lemma A.2. Under assumptions 1–7,

QT 2 D op.T ¡1=2h
¡d=2
1 /:

Proof of Lemma A2. We decompose QT 2 into e0
1M¡1

T
e9T 2A C

e0
1M¡1

T
e9T 2B ; where

£e9T 2A;jj j
¤
r

D 1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´Ájj j.r/

£ K1

³
x ¡ Xi

h1

´Á
¿X

jD1

.aj ¡ aj /ui¡j

!

and

£e9T 2B;jj j
¤
r

D 1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´Ájj j.r/

£ K1

³
x ¡ Xi

h1

´Á
¿X

jD1

.baj ¡ aj /ui¡j

!

;

and show that both e0
1M¡1

T
e9T 2A and e0

1M¡1
T

e9T 2B are op.T ¡1=2 £

h
¡d=2
1 /: First, we denote A¿ D .U0

¿ U¿ /¡1U0
¿ u D .a1; : : : ; a¿ /0;

where u D .u¿ C1; : : : ;uT /0 and U¿ is like bU¿ with but replaced by
ut ; and write baj ¡ aj D .baj ¡ aj / C .aj ¡ aj /; that is, bA¿ ¡ A¿ D
.bA¿ ¡ A¿ / C .A¿ ¡ A¿ /:

For e0
1M¡1

T
e9T 2A, let U¿ t D .ut¡1; : : : ;ut¡¿ /0 and de� ne the ¿ £ ¿

matrices

G¿ D 1
T

U0
¿ U¿ D 1

T

X

t

U¿ tU0
¿ t D

Á
1

T

TX

t D¿ C1

ut¡jut¡l

!

j;l

and

0¿ D 1
T

E.U0
¿ U¿ / D 1

T

X

t

EU¿ tU
0
¿ t D .E.ut¡jut¡l//j;l :

Then there exists a c > 0 such that ¸min.0¿ / ¸ c¿¡® for some ® > 0:

Therefore, k0¡1
¿ k · c¡1¿ ®; and

kG¿ ¡ 0¿ k D Op.QT /; (A.2)

where QT D
p

.log logT /=T , provided that ¿ · .logT /· for some
· > 0 (Hannan and Deistler 1988, sec 5.3). Note that

A¿ ¡ A¿ D G¡1
¿

"
1
T

X

t

U¿ t

Á

"t C
1X

jD¿C1

aj ut¡j

!#

:

We verify the magnitude of 1
T

P
t U¿ t"t and 1

T

P
t U¿ t .

P1
jD¿ C1 aj £

ut¡j /: For the � rst component,

E

®®®®
1

T

X

t

U¿ t"t

®®®®
2

D 1

T 2

¿X

iD1

E

µX

t

ut ¡i"t

¶2

D ¿

T
°u.0/¾ 2

" D O

³
¿

T

´
I (A.3)

thus 1
T

P
t U¿ t"t is of order Op.T ¡1=2¿ 1=2/. For the second compo-

nent, note that ut is a stationary invertibleprocess whose linear process
coef� cients satisfy the given summability assumption,

E

®®®®®
1

T

X

t

U¿ t

Á 1X

j D¿ C1

aj ut¡j

!®®®®®

2

D
1

T 2

¿X

iD1

E

" 1X

j D¿ C1

1X

lD¿ C1

aj al

X

t

X

s

ut¡iut¡jus¡ius¡l

#

:

Using the linear process representation of ut ; we obtain

E

" 1X

jD¿ C1

1X

lD¿ C1

aj al

X

t

X

s

ut¡iut ¡j us¡ius¡l

#

D E

" 1X

j D¿ C1

1X

lD¿C1

aj al

X

t

X

s

Á 1X

rD0

cr "t¡i¡r

!Á 1X

pD0

cp"t ¡j¡p

!

£

Á 1X

gD0

cg"s¡i¡g

!Á 1X

hD0

ch"s¡l¡h

!#

D
1X

jD¿ C1

1X

lD¿C1

aj al

X

t

X

s

Á 1X

rD0

1X

pD0

1X

gD0

1X

hD0

cr cpcgch

£ E["t¡i¡r"t¡j¡p"s¡i¡g"s¡l¡h]

!

: (A.4)

Note that the "i ’s are iid with mean 0 and the expectation E["t¡i¡r £
"t¡j¡p"s¡i¡g"s¡l¡h] is nonzero when (a) s ¡ i ¡ g D s ¡ l ¡ h and
t ¡ i ¡ r D t ¡j ¡p, (b) s ¡ i ¡g D t ¡ i ¡r and t ¡ j ¡p D s ¡ l ¡h,
(c) s ¡ i ¡ g D t ¡ j ¡ p and t ¡ i ¡ r D s ¡ l ¡ h, (d) s ¡ i ¡ g D
s ¡ l ¡ h D t ¡ i ¡ r D t ¡ j ¡ p. By the summability condition of
fci g1

iD0; direct calculations show that

E

®®®®®
1

T

X

t

U¿ t

Á 1X

j D¿ C1

aj ut¡j

!®®®®®

2

D O

Á

¿

" 1X

jD¿ C1

a2
j

#!

:

Under assumption 5, there exists some 0 < ¸ < 1 such that jaj j
is bounded by a constant multiple of ¸j ; and we have

P1
jD¿C1 a2

j D
O.¸¿ /: Thus, under assumption 6 that ¿ D · logT , with appropriately
chosen · (say, · D ¡ ln ¸ > 0),

P1
j D¿ C1 a2

j D O .T /. Thus, combin-
ing the result of (A.3),

®®®®®
1

T

X

t

U¿ t

Á

"t C
1X

j D¿ C1

aj ut¡j

!®®®®® D Op.T ¡1=2¿ 1=2/:

Given our choice of ¿ , we have, for any small º > 0, kA¿ ¡ A¿ k D
op.T ¡1=2Cº/: This concludes the � rst part that e0

1M¡1
T

e9T 2A D
op.T ¡1=2h

¡d=2
1 /.

Next, we show that e0
1M¡1

T
e9T 2B D op .T ¡1=2h

¡d=2
1 /: We have

bA¿ ¡ A¿ D bG¡1
¿ bg¿ ¡ G¡1

¿ g¿

D ¡G¡1
¿ [bG¿ ¡ G¿ ]G¡1

¿ g¿ C G¡1
¿ [bg¿ ¡ g¿ ]

C bG¡1
¿ [bG¿ ¡ G¿ ]G¡1

¿ [bG¿ ¡ G¿ ]G¡1
¿ g¿

¡ bG¡1
¿ [bG¿ ¡ G¿ ]G¡1

¿ [bg¿ ¡ g¿ ];

where

bG¿ D 1

T
bU0

¿
bU¿ D

Á
1

T

TX

tD¿C1

but ¡jbut¡l

!

j;l

;
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bg¿ D 1
T

bU0
¿bu D

Á
1
T

TX

tD¿C1

but¡jbut

!

j

;

and

g¿ D 1

T
U0

¿ u D
Á

1

T

TX

tD¿ C1

ut¡j ut

!

j

:

Further, de� ne the ¿ £ 1 vector ° ¿ D 1
T E.U0

¿ u/ D .E.ut¡j ut //j :

Then

kg¿ ¡ ° ¿ k D Op.QT /: (A.5)

Note that

¡bG¿ ¡ G¿
¢
j;l D 1

T

TX

t D¿ C1

.but¡jbut¡l ¡ ut¡jut¡l/

and

.bg¿ ¡ g¿ /j D 1
T

TX

tD¿C1

.but¡jbut ¡ ut ¡j ut /:

Now write but D ut ¡ bVt ¡ bBt ; where

bBt D e0
1M¤¡1

T .Xt /B¤
T .Xt /; bVt D e0

1M¤¡1
T .Xt /U¤

T .Xt / (A.6)

and M¤
T , B¤

T and U¤
T are de� ned as MT , BT and UT but with kernel

K0 and bandwidth h0. Then

but¡jbut¡l ¡ ut¡j ut ¡l

D ¡ut¡j
bVt¡l ¡ ut¡j

bBt¡l ¡ ut¡l
bVt¡j ¡ ut¡l

bBt ¡j

C bVt¡l
bVt¡j C bBt¡j

bBt¡l C bVt ¡l
bBt¡j C bBt¡j

bVt¡l :

Clearly,
­­­­­

1

T

TX

t D¿ C1

.bVt¡l
bVt¡j C bBt¡j

bBt¡l C bVt¡l
bBt¡j C bBt ¡j

bVt¡l/

­­­­­

· 1

T

TX

t D¿ C1

³±
sup

s
jbVs j

²2
C

±
sup

s
jbBs j

²2
C 2sup

s
jbVs j sup

s
jbBs j

´

D Op
¡
.logT /T ¡1h

¡d
0 C h

2q
0

¢
; (A.7)

by virtue of the uniform rate of convergence of the terms bVs and bBs

over s:

The cross-product terms require more detailed analysis. Note that

1
T

TX

tD¿ C1

ut¡j
bVt¡l

’ 1
T

TX

tD¿C1

ut¡j

£
e0
1[M.K0/fX.Xt¡l/]

¡1U¤
T .Xt¡l/

¤
;

where M.K0/ is de� ned as M but with kernel K0 . Letting

[: : : ; !
0;·
0 ; : : :] be the � rst row of M.K0/¡1, we have

1
T

TX

tD¿ C1

ut ¡j

£
e0
1[M.K0/fX.Xt ¡l/]

¡1U¤
T .Xt¡l/

¤

D
X

·

!
0;·
0

1

T

TX

tD¿C1

TX

rD1

1

T hd
0

fX.Xt ¡l/
¡1

³
Xt¡l ¡ Xr

h0

´·

£ K0

³
Xt¡l ¡ Xr

h0

´
ut¡jur ;

where the sum over · is over a � nite index set. Note that ur has linear
process representation ut D

P1
jD0 cj "t¡j . Denoting

1

T hd
0

fX.Xt¡l/
¡1

³
Xt ¡l ¡ Xr

h0

´·

K0

³
Xt¡l ¡ Xr

h0

´

as w·;t¡l;r , we have

1

T

TX

t D¿ C1

ut¡j

£
e0
1[M.K0/fX.Xt¡l/]

¡1U¤
T .Xt¡l/

¤

D
X

·

!
0;·
0 ’·;T ;j;l;

where

’·;T ;j;l D
1

T

TX

tD¿C1

TX

rD1

w·;t¡l;r

Á 1X

sD0

cs"t¡j¡s

!Á 1X

bD0

cb"r¡b

!

:

In addition, notice that X and " are independent; thus

Ej’·;T ;j;lj2

D 1

T 2

1X

aD0

1X

bD0

1X

gD0

1X

sD0

TX

tD¿C1

TX

pD¿C1

TX

rD1

TX

hD1

cacbcgcs

£ E.w·;t¡l;rw·;p¡l;h/

£ E."t¡j¡s"p¡j¡g"r¡b"h¡a/:

Because the "0s are iid, the foregoing expectation is nonzero when
(a) r ¡ b D h ¡ a and t ¡ s D p ¡ g, (b) r ¡ b D t ¡ j ¡ s and
h ¡ a D p ¡ j ¡ g, (c) r ¡ b D p ¡ j ¡ g and h ¡ a D t ¡ j ¡ s,
(d) h ¡ a D r ¡ b D t ¡ j ¡ s D p ¡ j ¡ g. Simple calculations show
that

’·;T ;j;l D 1

T

TX

t D¿ C1

TX

rD1

w·;t¡l;r

Á 1X

sD0

cs "t¡j¡s

!Á 1X

bD0

cb"r¡b

!

D Op

³
1

T

´
: (A.8)

For the term with bias effects,

1

T

TX

tD¿C1

ut¡j
bBt¡l

’
X

·

!
0;·
0

1

T

TX

tD¿C1

ut ¡j

Á
1

T hd
0

X

s 6Dt¡l

fX.Xt¡l/
¡1K0

£

³
Xt¡l ¡ Xs

h0

´³
Xt¡l ¡ Xs

h0

´qC·¡1
hqm.q/.Xt¡l/

!

:

By veri� cation of moments, we show that 1
T

PT
tD¿ C1 ut¡j

bBt ¡l D
Op.hq /: Therefore, we have

kbG¿ ¡ G¿ k D Op
¡
T ¡1=2h

q
0 C .logT /T ¡1h¡d

0 C h
2q
0

¢
¿: (A.9)

Similarly, we have

kbg¿ ¡ g¿ k D Op
¡
T ¡1=2h

q
0 C .logT /T ¡1h¡d

0 C h
2q
0

¢
¿: (A.10)

Note that

bA¿ ¡ A¿ D ¡G¡1
¿ [bG¿ ¡ G¿ ]G¡1

¿ g¿ C G¡1
¿ [bg¿ ¡ g¿ ]

C bG¡1
¿ [bG¿ ¡ G¿ ]G¡1

¿ [bG¿ ¡ G¿ ]G¡1
¿ g¿

¡ bG¡1
¿ [bG¿ ¡ G¿ ]G¡1

¿ [bg¿ ¡ g¿ ]:
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Furthermore, we can substitute 0¡1
¿ and ° ¿ for G¡1

¿ and g¿ : Using
(A.9), (A.10), (A.2) and (A.5), we obtain
®®bA¿ ¡ A¿ C 0¡1

¿ [bG¿ ¡ G¿ ]0¡1
¿ ° ¿ ¡ 0¡1

¿ [bg¿ ¡ g¿ ]
®®

D Op.12
n/; (A.11)

where 1n D ..logT /T ¡1h
¡d
0 C h

2q
0 /¿ .

We can then write each element of e9T 2B as

1

T hd
1

TX

tD1

³
x ¡ Xt

h1

´r

K1

³
x ¡ Xt

h1

´Á
¿X

j D1

.baj ¡ aj /ut ¡j

!

D
1

T hd
1

TX

tD1

³
x ¡ Xt

h1

´r

K1

³
x ¡ Xt

h1

´
U0

¿ t

£
£
0

¡1
¿ [bG¿ ¡ G¿ ]0¡1

¿ ° ¿ ¡ 0
¡1
¿ [bg¿ ¡ g¿ ]

¤
:

Note that
®®®®®

1

T hd
1

TX

tD1

³
x ¡ Xt

h1

´r

K1

³
x ¡ Xt

h1

´
U0

¿ t

£
£
0¡1

¿ [bG¿ ¡ G¿ ]0¡1
¿ ° ¿ ¡ 0¡1

¿ [bg¿ ¡ g¿ ]
¤
®®®®®

· 1

T

TX

tD1

®®®®
1

hd
1

³
x ¡ Xt

h1

´r

K1

³
x ¡ Xt

h1

´®®®®kU0
¿ t k

£
£
k0¡1

¿ kkbG¿ ¡ G¿ kk0¡1
¿ ° ¿ k C k0¡1

¿ kkbg¿ ¡ g¿ k
¤
:

Thus e0
1M¡1

T
e9T 2B is of order Op..logT /T ¡1h

¡d
0 C h

2q
0 /¿ c , where

c is a constant. Under assumption 6, e0
1M¡1

T
e9T 2B is op.T ¡1=2 £

h
¡d=2
1 /; which completes the proof.

Lemma A.3. Under assumptions 1–7,

QT 3 D Op.h
q
0 / C op.T ¡1=2h

¡d=2
1 /:

Proof of Lemma A.3. We substitute bm.Xt / ¡ m.Xt / D bVt C bBt

into e9T 3; where bBt and bVt are de� ned as in (A.6), and decompose
e9T 3 into e9T 3V C e9T 3B , where
£e9T 3V;jj j

¤
r

D 1

T hd
1

TX

t D1

³
x ¡ Xt

h1

´Ájj j.r/

K1

³
x ¡ Xt

h1

´Á
¿X

jD1

aj
bVt¡j

!

;

and
£e9T 3B;jj j

¤
r

D 1

T hd
1

TX

tD1

³
x ¡ Xt

h1

´Ájj j.r/

K1

³
x ¡ Xt

h1

´Á
¿X

jD1

aj
bBt¡j

!

:

We have

QT 3 ’ e0
1[MfX.x/]¡1e9T 3V C e0

1[MfX.x/]¡1e9T 3B

C e0
1[MfX.x/]¡1¡

MT .x/ ¡ MfX.x/
¢e9T 3V

C e0
1[MfX.x/]¡1¡

MT .x/ ¡ MfX.x/
¢e9T 3B :

We start with the � rst (“variance”) term, which can be written as

e0
1[MfX.x/]¡1e9T 3V

D
X

º

!0;º
X

·

!
0;·
0

1

T

TX

rD1

ur

¿X

j D1

aj w·;º;T ;j;r;

where

w·;º;T ;j;r D 1

T hd
1hd

0

TX

t D1

1
fX.Xt¡j /fX.x/

K1

£

³
x ¡ Xt

h1

´
K0

³
Xt¡j ¡ Xr

h0

´

£

³
x ¡ Xt

h1

´º³
Xt ¡j ¡ Xr

h0

´·

;

!0;º and !
0;·
0 are elements in the � rst row of M¡1 and M.K0/¡1,

and the sum over º and · are over � nite index sets. We need to verify
the boundedness of E.jw·;º;T ;j;rj/,

Ejw·;º;T ;j;rj D 1
T

TX

tD1

Z
fX;j;t¡r.x ¡ uh1; z; z ¡ vh0/

fX.x/fX.z/

£ K1.u/K0.v/uº v· dudz dv:

Again, under assumption 2, that the densities are bounded,
Ejw·;º;T ;j;rj is uniformly bounded over all j and r . Because
w·;º;T ;j;r depends only on X1; : : : ; XT ; and u and X are mutually
independent, we have

var

"
1
T

TX

rD1

ur

¿X

jD1

aj w·;º;T ;j;r

#

· 1

T

Á

°u.0/ C 2
1X

jD1

°u.j/

!Á 1X

jD1

jaj j
!2³

sup
j;r;T

E.jw·;º;T ;j;rj/
´2

D O.T ¡1/

by the summability of aj and °u.j/ and the boundedness of

E.jw·;º;T ;j;rj/: Thus the � rst term e0
1[MfX.x/]¡1e9T 3V D

Op.T ¡1=2/:

We now turn to the leading bias term. Note that

e0
1[MfX.x/]¡1e9T 3B

D
X

º

!0;º
X

·

!
0;·
0

hq

T hd
1

1

fX.x/

TX

t D1

³
x ¡ Xt

h1

´º

K1

³
x ¡ Xt

h1

´

£
¿X

jD1

aj

µ
1

T hd
0

X

s

K0

³
Xt¡j ¡ Xs

h0

´

£

³
Xt ¡j ¡ Xs

h0

´qC·¡1 m.q/.Xt¡j /

fX .Xt¡j /

¶
;

conditional on Xt ¡j ; for each · and º,

1

T

X

s

1

hd
0

K0

³
Xt ¡j ¡ Xs

h0

´³
Xt¡j ¡ Xs

h0

´qC·¡1 m.q/.Xt¡j /

fX.Xt¡j /

’ m.q/.Xt ¡j /
fX;t¡j¡s.Xt¡j /

fX.Xt¡j /

Z
K0.u/uqC·¡1 du;

and

1

T hd
1

TX

tD1

1

fX.x/

³
x ¡ Xt

h1

´º

K1

³
x ¡ Xt

h1

´

£ m.q/.Xt¡j /
fX;t¡j¡s.Xt¡j /

fX.Xt ¡j /

’ E

µ
1

hd
1

1

fX.x/

³
x ¡ Xt

h1

´º

K1

³
x ¡ Xt

h1

´

£ m.q/.Xt ¡j /
fX;t¡j¡s.Xt¡j /

fX.Xt¡j /

¶
;
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Thus

e0
1[MfX.x/]¡1e9T 3B

D hq
X

º

!0;º
X

·

!
0;·
0 ¹qC·¡1.K0/

¿X

jD1

aj

£ E

µ
1

hd
1

1

fX.x/

³
x ¡ Xt

h1

´º

K1

³
x ¡ Xt

h1

´

£ m.q/.Xt ¡j /
fX;t¡j¡s.Xt ¡j /

fX.Xt ¡j /

¶

D Op.h
q
0 /;

because
P1

j D1 jaj j < 1 and

E

µ
1

hd
1

1

fX.x/

³
x ¡ Xt

h1

´º

K1

³
x ¡ Xt

h1

´

£ m.q/.Xt¡j /
fX;t¡j¡s.Xt¡j /

fX.Xt¡j /

¶
D O.1/:

Finally, we turn to the remainder terms

e0
1[MfX.x/]¡1¡

MT .x/ ¡ MfX.x/
¢e9T 3V

and

e0
1[MfX.x/]¡1¡

MT .x/ ¡ MfX.x/
¢e9T 3B :

Note that

sup
x2X

jMT .x/ ¡ f .x/Mj D Op.h1 C T ¡1=2h
¡d=2
1 logT /; (A.12)

sup
t

jbVt j D OP

¡
T ¡1=2h

¡d=2
0 .logT /1=2¢

; (A.13)

sup
t

jbBt j D Op.h
q
0 /; (A.14)

and

1

T hd
1

TX

iD1

­­­­

³
x ¡ Xi

h1

´·

K1

³
x ¡ Xi

h1

´­­­­

! E

­­­­
1

hd
1

³
x ¡ X1

h1

´·

K1

³
x ¡ X1

h1

´­­­­

D
Z ­­K1.u/juj·

­­fX.x ¡ uh1/du:

Under our assumptions, fX.x/ is bounded away from 0, and we have
®®e0

1[MfX.x/]¡1¡
MT .x/ ¡ MfX.x/

¢e9T 3V

®®

· ke0
1M¡1k sup

x2X

®®¡
MT .x/ ¡ MfX.x/

¢®® sup
t

jbVt j
Á 1X

jD1

jaj j
!

£
X

·

1

T hd
1

TX

iD1

1

fX.x/

­­­­

³
x ¡ Xi

h1

´·

K1

³
x ¡ Xi

h1

´­­­­

D Op.h1 C T ¡1=2h
¡d=2
1 logT /Op

¡
T ¡1=2h

¡d=2
0 .logT /1=2¢

and

e0
1[MfX.x/]¡1¡

MT .x/ ¡ MfX.x/
¢e9T 3B

· ke0
1M¡1k sup

x2X

®®¡
MT .x/ ¡ MfX.x/

¢®® sup
t

jbBt j
Á 1X

jD1

jaj j
!

£
X

·

1

T hd
1

TX

iD1

1

fX.x/

­­­­

³
x ¡ Xi

h1

´·

K1

³
x ¡ Xi

h1

´­­­­

D Op.h1 C T ¡1=2h
¡d=2
1 logT /Op.h

q
0 /:

Lemma A.4. Under assumptions 1–7,

QT 4 D op.T ¡1=2h
¡d=2
1 /:

Proof of Lemma A.4. By de� nition, QT 4 D e0
1M¡1

T
e9T 4, where

£e9T 4;jj j
¤
r

D 1

T hd
1

TX

iD1

³
x ¡ Xi

h1

´Ájj j.r/

K1

³
x ¡ Xi

h1

´

£

Á
¿X

jD1

.baj ¡ aj /
¡
bm.Xi¡j / ¡ m.Xi¡j /

¢
!

:

We have

jQT 4j D ke0
1M¡1

T
e9T 4k

· 1

fX .x/
ke0

1M¡1k 1

T hd
1

TX

iD1

­­­­

³
x ¡ Xi

h1

´·

K1

³
x ¡ Xi

h1

´­­­­

£k bA¿ ¡ A¿ k
"

¿X

jD1

.bm.Xt¡j / ¡ m.Xt¡j //2

#1=2

· 1
fX .x/

ke0
1M¡1k 1

T hd
1

TX

iD1

­­­­

³
x ¡ Xi

h1

´·

K1

³
x ¡ Xi

h1

´­­­­

£k bA¿ ¡ A¿ k ¢ ¿ max
s

jbm.Xs / ¡ m.Xs/j:

Note that kbA¿ ¡ A¿ k · kbA¿ ¡ A¿ k C kA¿ ¡ A¿ k; and, from the

proof of Lemma A.2, we have kbA¿ ¡A¿ k D op..logT /T ¡1=2h
¡d=2
0 C

h
q
0 / and kA¿ ¡ A¿ k D Op.T ¡1=2¿3=2/: In addition,

max
s

jbm.Xs/ ¡ m.Xs/j D Op.h
q
0 C T ¡1=2h

¡d=2
0 .logT /1=2/I

thus jQT 4j D op.T ¡1=2h
¡d=2
1 /:
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