
STAT 612 MIDTERM EXAM NOVEMBER 3, 1998

SHOW YOUR WORK AND START EACH PROBLEM ON A NEW PAGE

1. Consider the linear model Y = Xβ + e where e ∼ N(0, σ2I) and and X is n × p of rank p. Let
σ̂2
q = Y ′(I−XX−)Y /(n− q).

(a) Find the limit of the mean square error of σ̂2
q as n→∞ for fixed q.

(b) Find the value of q which yields the smallest mean square error for fixed n.

2. Consider the model Y = Xβ + e and constraint Gβ = g where

Y =


2
4
3
5

 , X =


1 2 3
1 2 1
1 1 2
1 1 1

 , G =
(

1 0 2
0 1 0

)
, g =

(
4
0

)
& β =

β0

β1

β2

 .

(a) Exhibit the specific values of Y R, XR and β
R

for the reduced model.

(b) Estimate β under H0 : β1 = β2.

3. Consider Y = Xβ + e, where e ∼ N(0, σ2V) and V = I + J. Let β̂
ols

= (X′X)−1X′Y and β̂
wls

=
(X′V−1X)−1X′V−1Y .

(a) What is the distribution of Q(β̂
ols

) = (Y −Xβ̂
ols

)′(Y −Xβ̂
ols

)?

(b) Are β̂
wls

and Q(β̂
ols

) independent?

4. Consider the linear model
Y = Xβ + Zγ + e, e ∼ N(0, σ2I).

where Y is n× 1, β is p× 1, γ is q × 1, X is n× p, Z is n× q, [X,Z] is of rank p+ q and n > p+ q.

(a) Show that Z′(I−XX−)Z is positive definite.

(b) Show that the maximum likelihood estimators of β and γ are:

β̂ = (X′X)−1X′(Y − Zγ̂) and γ̂ = (Z′(I−XX−)Z)−1Z′(I−XX−)Y .

(c) How would the estimators of β and γ change if X and Z were orthogonal? Find the joint distribution
of the estimators.


