STAT 612 MIDTERM EXAM NOVEMBER 1, 2004
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SHOW YOUR WORK AND START EACH PROBLEM ON A NEW PAGE

The Gauss-Markov Theorem states that @ is the best linear unbiased estimatore of £'3. Prove the
Gauss-Markov Theorem, from first principles, for the model Y = X3+ ¢, where X is n x p of rank ¢ < p
and e ~ (0, o%I).

Consider a two-factor cell means model where each factor (Factor A & Factor B) has three levels, and
there is only one observation per cell. Assume the cell means model has the following constraints:
p11 = p22 = p133 and pio = poy = p13 = p31. Let X/ = (1» 3,9,8,6,4,7, 4, 2)~

(a) Determine Y, Wrand .
(b) Estimate p and o under the null hypothesis of no main effect for Factor A.

(c) How does the answer to part (a) change under the setting where cells (2,1), (1,3) and (2,2) are
empty?

Consider the full rank model ¥ = Xf + e, where X is n x p of rank p and e ~ N(0, o?I). Let
62=S8SE/(n—k).

(a) Find the mean square error of 62, for an arbitrary value of k.
(b) Find the value of k that yields the smallest mean square error estimator of o2.

RECALL: The mean square error of an estimator is often simplified to be Variance + Bias?.

Let Y ~ N(13, 0%I3 + 6J3). Let Uy = Y'A;Y and Uy = Y'AoY, where

1 -1 0 1 1 0
A1 = -1 1 0 and A2 = 1 1 0
0 0 0 0 0 1

(a) Are U; and Us independent?

(b) Find the distribution of Us/U;. (Include specific values for any parameters of the distribution.)



