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Abstract.

In this paper we combine a novel multiscale data integration technique introduced in [16] with upscaling techniques for
spatial modeling of permeability. The approach introduced in the paper is hierarchical and the conditional information from
different length scales is incorporated into the posterior distribution using a Bayesian framework. Because of a complicated
structure of the posterior distribution Markov Chain Monte Carlo (MCMC) based approaches are used to draw samples of the
fine-scale permeability field.

1. Introduction. With the increasing interest in accurate prediction of subsurface properties, subsur-
face characterization based on limited dynamic data, such as production and pressure transient data, as well
as static data takes on greater importance. Uncertainties on the detailed description of reservoir lithofacies,
porosity, and permeability are large contributors to uncertainty in reservoir performance forecasting. Re-
ducing this uncertainty can be achieved by integrating additional data in subsurface modeling. In general,
we have static data such as well logs, cores, seismic traces, and dynamic data such as multiphase produc-
tion history, pressure transient tests and tracer tests etc. Integration of the data from different sources is
a nontrivial task because different data sources scan different length scales of heterogeneity and can have
different degree of precision. For example, well logs can resolve heterogeneity at the scale of a few feet
whereas production data usually scan the length scales comparable to the inter-well distances.

In previous findings several methods have been introduced which incorporate multiscale data with a
primary focus on integrating seismic and well data. These methods include conventional techniques such
as cokriging and its variations [5, 21, 22, 13], Sequential Gaussian Simulation with Block Kriging [1], and
Bayesian updating of point kriging [1, 6]. Most kriging-based methods are restricted to multi-Gaussian
and stationary random fields [5, 21, 22, 13, 1, 6, 4]. Thus, they require variogram construction which can
be difficult because of limited data set. Improper variograms can lead to errors and inaccuracies in the
estimation. Thus, one might also need to consider the uncertainty in the variogram models during the
estimation [7]. Furthermore, most of the multiscale integration algorithms assume a linear relationship
between the scales [16].

The goal of this paper is to combine a novel multiscale data integration technique introduced in [16]
with accurate upscaling techniques for spatial modeling of permeability in petroleum reservoirs. Reservoir
properties such as permeability data may be available at various scales. The fine-scale data represents point
measurements such as well logs and cores. The coarse-scale data reflect the effects of the heterogeneities of
the fine-scale permeability field and may be obtained based on production and/or seismic data. Such coarse-
scale information will typically be associated with higher precision compared to the fine-scale data. In this
paper we propose an approach to spatial modeling of permeability conditioned on coarse-scale measurements
and some fine-scale conditioning points. We employ a Bayesian framework and assume that the fine-scale
permeability distribution can be represented by a Markov Random Field. Bayesian approaches allow us to
formulate a posterior distribution of the fine-scale permeability field in terms of the coarse measurements.
The likelihood function in this posterior distribution describes the stochastic link between the coarse-scale
and the fine-scale permeability data. To calculate these kinds of likelihood functions we use upscaling
procedures that involve the local solutions of the flow equation. Upscaling operators introduced in this way
are nonlocal and, thus, the obtained posterior distributions are non-explicit. To draw the permeability from
the posterior distribution rejection sampling or importance sampling can be used, but due to complicated
structure of the posterior distribution they may be very inefficient. In this paper, Markov Chain Monte
Carlo (MCMC) ([14]) based approaches are mainly used. The main idea of MCMC is create Markov Chain
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with some proper choice of transition matrix such that the stationary distribution of the chain becomes the
posterior distribution of the permeability field.

Some representative numerical examples are presented in the paper. For the first set of numerical
examples the coarse-scale permeability field is computed using a reference true fine-scale permeability field.
Using only the coarse-scale permeability and few sampling points for the fine-scale permeability field we
sample the fine scale permeability field from the posterior distribution. The coarse-scale permeability field is
not imposed exactly in the likelihood function for the following two reasons. First, in practice the coarse-scale
permeability fields are often obtained from indirect information, for example seismic data that are affected
by noise or artifacts or correlations that may have large scatter. The second reason for not imposing coarse-
scale permeabilities exactly is due to the fact that the inversion of the production data on the coarse grid
does not take into account the adequate form of the coarse-scale models. Indeed, the inversion on the coarse
grid for flow problems often involves the same flow equations as the underlying fine ones, for example, the
same relative permeabilities are used for the coarse-scale problems as those for the fine scale problems or the
effects of macrodispersion are neglected. It is known that [9, 11, 10, 12] the flow equations at the coarse level
may have different form from the underlying fine-scale equations. In general this form depends on the detail
nature of the heterogeneities which are very difficult to obtain in solving inverse problems. Thus, calculating
the coarse grid permeability fields by matching the production history introduces some errors. Since it is very
difficult to assess these kinds of errors in general, we impose the coarse-scale permeability field with some
precision. In the first set of numerical examples, we study the various degrees of coarsening and precisions
for the coarse-scale fields. For the second set of our numerical examples we use the coarse-scale production
data calculated from the inversion of the production data in [16] with 15 injectors and 27 producers. Two
coarse-scale data, medium scale and large scale, are considered. We compare the production histories in the
producing wells.

Finally, in the paper we study the effects of upscaling errors on the posterior distribution. The up-
scaling procedures, in general, involve inaccuracies due to the multiscale nature of the underlying fine-scale
permeability field. In Appendix, we study the effects of upscaling errors on the posterior distribution.

2. Methodology. In this section we discuss the Bayesian framework used in generating the realizations
of fine-scale permeability field conditioned on a coarse-scale permeability data and some sampling points.
Fine-scale permeability field is assumed to be represented by a Markov Random Field. We assume that k1,
k2,..., kN are permeability fields at different scales (1 - finest (or, simply, fine), N -coarsest). Using Bayes
theorem we have

P (k1, . . . , kN ) = P (k1)P (k2|k1)P (k3|k1, k2) · · ·P (kN |k1, k2, . . . , kN−1), (2.1)

where P (ki+1|k1, . . . , ki) represents the conditional distributions of permeability field at i+1 coarse level with
respect to that at levels 1 to i, P (k1, . . . , kN ) represents the joint probability distributions and P (k1) repre-
sents the probability distribution of the fine-scale permeability field. We assume that P (ki|ki−1, . . . , k1) =
P (ki|k1), i.e., the coarse-scale permeabilities depend on each other via the finest scale permeability field. For
further calculations the probability distribution of the fine-scale permeability will be assumed to be known.
In particular, P (k1) will be taken to be a Gaussian Markov Random Field which is introduced later. From
(2.1) we have

P (k1|k2, . . . , kN ) =
P (k1, . . . , kN )

P (k2, . . . , kN )
=

P (k1)P (k2, . . . , kN |k1)

P (k2, . . . , kN )
∝

P (k1)P (k2, . . . , kN |k1) = P (k1)P (k2|k1)P (k3|k1) · · ·P (kN |k1).

(2.2)

The equation (2.2) can be generalized to consider some observed data at sparse fine-scale locations. Denote
by ko

1 observed fine-scale data and ku
1 unknown values of the fine-scale permeability that need to be generated.

Then the equation (2.2) can be generalized to

P (ku
1 |ko

1 , k2, . . . , kN ) ∝ P (k2|k1)P (k3|k1) · · ·P (kN |k1)P (ku
1 |ko

1) (2.3)

where k1 = {ku
1 , ko

1} The prior distribution of k1 may involve parameters with uncertainties, such as variance
etc. One can similarly write down the conditional distributions with respect to these parameters.
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2.1. Gaussian MRF. In this paper we will use Gaussian MRF for prior distributions though the
procedure can be extended to more general random fields. Gaussian MRF specifies the conditional probability
of fine-scale permeability field at the location i to be normally distributed with a mean that depends on the
elements of its neighborhood, denoted by Ni. The neighborhood can be chosen in different ways including
nearest neighbors or neighbors along some direction if the field is anisotropic. The conditional distribution
of Gaussian MRF is given by

P (k1(xi)|k1(xj), j ∈ Ni) =
1√

2πσ2
exp



− 1

2σ2
(k1(xi) −

∑

j∈Ni

wijk1(xj))
2



 , (2.4)

where wij are weights corresponding to the neighbors of the location xi, and xi and xj are the physical
locations of the fine-scale field. (2.4) leads to the following joint distributions

P (k1) =
1

√

(2πσ2)n
det(W )1/2 exp

(

− 1

2σ2
kT
1 Wk1

)

,

where W is n × n weight matrix whose diagonal elements are unity and off-diagonal elements are −wij

specified such that W is positive semi-definite matrix. Variance σ in our studies is assumed to depend on
the neighbors. The latter is more appropriate for heterogeneous fields. In particular, we assume

P (k1(xi)|k1(xj), j ∈ Ni) ∝ θ1/2 exp



−1

2
θ

∑

j∈Ni

βij(k1(xi) − k1(xj))
2



 .

βij are prescribed in the following way. βij = 0 unless xi and xj are neighbors, otherwise specified numbers
for the neighbors are prescribed. The choice of βij allows us to incorporate the prior knowledge. The simplest
choice will be βij = 1 if xi and xj are neighbors. One can choose βij to reproduce global spatial properties
such prior covariance or variogram. More discussion along these lines can be found in [17]. Finally, we would
like to note that one can easily incorporate anisotropy in spatial properties by an appropriate choice of the
neighborhood set.

2.2. Linking two different scales. In most practical situation we deal at most with three different
scales, though one can introduce various coarse-scales, for example, based on production data. The link
between the coarse and the fine-scale levels are usually nontrivial because one needs to take into account the
effects of all the scales present at the fine level. In the past simple arithmetic, harmonic or power averages
have been used to link properties at various scales. These averages can be reasonable for low heterogeneities
or for volumetric properties such as porosity. For permeabilities, simple averaging can lead to inaccurate
and misleading results. In this paper we use the upscaling methods based on local solution of the equations,
[8, 20].

Consider the fine-scale permeability that is defined in the domain with underlying fine grid as shown
in Figure 2.1. On the same graph we illustrate a coarse-scale partition of the domain. To calculate the
coarse scale permeability field at this level we need to determine it for each coarse block, K. The coarse
block permeability can be defined both using the solutions of local or global problems. The main idea
of the calculation of a coarse-scale permeability is that it delivers the same average response as that of
the underlying fine-scale problem locally. The calculation of the coarse-scale permeability based on local
solutions is schematically depicted in Figure 2.1. For each coarse domain K we solve the local problems

div(k1(x)∇φi) = 0, (2.5)

with some boundary conditions such that 1
|K|

∫

K
∇φi = −ei, where ei is the unit vector in the i direction.

Here k1(x) denotes the fine-scale permeability field. One of such boundary conditions are given by φ1 = 1
and φi = 0 on the opposite sides along the direction ei and no flow boundary conditions on all other sides.
Then the coarse-scale permeability is given by

(ki(x)em, el) =
1

|K|

∫

K

(k1(x)∇φm(x), el)dx, (2.6)
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Fig. 2.1. Schematic description of the upscaling

i.e., the coarse-scale permeability fields gives the same average response as the underlying fine-scale one.
Various boundary condition can have some influence on the accuracy of the calculations, including periodic,
Dirichlet and etc. These issues have been discussed in [20]. In particular, for determining the coarse-scale
permeability field one can choose the local domains that are larger than target coarse block, K, for (2.5).
Further (2.6) is used in the domain K, where φm are computed in the larger domains with correct scaling
(see [20]). This way one reduces the effects of the artificial boundary conditions imposed on K. These issues
have been also discussed, for example, in [20]. All upscaling procedures introduce some errors. The question
arises: how do upscaling errors influence the posterior distribution? The convergence results for the upscaled
quantities can be obtained under the assumption of scale separation. In Appendix we study the convergence
of posterior distributions when some convergence for the upscaled models are known.

The use of the local solutions (2.5) for determining the permeability field at different scales gives non-
explicit relation for conditional distribution. P (ki|k1) is defined via the solutions of (2.5) which takes into
account the local heterogeneities. For further discussion we denote by Li the local operator that maps the
local fine-scale permeability field k1 into ki. For our computations we assume

ki = Li(k1) + εi, (2.7)

where εi are some random fluctuations that represent inaccuracies in the coarse-scale permeability. One of
the sources of these fluctuations are the errors associated with the solving inverse problems on the coarse
grid. The other source of the inaccuracies of measured coarse-scale permeability is due to the fact that the
inversion on the coarse grid does not take into account the adequate form of the coarse-scale models. Indeed,
the inversion on the coarse grid for flow problems often involves the same flow equations as the underlying
fine ones, for example, the same relative permeabilities are used for the coarse-scale problems as those for the
fine scale problems or the effects of macrodispersion are neglected. It is known that [9, 11, 10, 12] the flow
equations at the coarse level may have different form from the underlying fine-scale equations. In general
this form depends on the detail nature of the heterogeneities which are very difficult to obtain in solving
inverse problems. Thus, calculating the coarse grid permeability fields by matching the production history
introduces some errors. Since it is very difficult to assess these kinds of errors in general we use Gaussian
noise in (2.7).

2.3. MCMC approach. The posterior distribution is given by

P (ku
1 |ko

1 , k2, . . . , kN ) ∝ P (ku
1 |ko

1)P (k2|k1)P (k3|k1) · · ·P (kN |k1), (2.8)
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where ku
1 and ko

1 are unobserved and observed data. ki and k1 are linked through the solution of the local
partial differential equations. We can generate multiple realizations from this posterior distribution using
Markov Chain Monte Carlo (MCMC). This approach is known to be very general and can handle complex
posterior distributions as the ones considered here. The main idea of MCMC is the use of Markov Chain with
a specified stationary distribution. The random drawing from the target distribution can be accomplished
by a sequence of draws from full conditional distribution. Since the full conditionals have non-explicit form
involving L Metropolis-Hastings algorithm is used.

For our numerical examples we consider only two or three scales. In the case of two scales, we have

P (ku
1 |ko

1 , k2) ∝ P (ku
1 |ko

1)P (k2|ku
1 , ko

1).

The full conditional is given by

P (k1(xi)|k1(xj), k2(xl)) ∝ θ1/2 exp



−1

2

∑

j∈Ni

βij(k1(xi) − k1(xj))
2





1

σ2

√
2π

exp

(

− 1

2σ2
2

(k2(xl) −LK
2 (k1))

2

)

,

(2.9)

where LK
2 denotes the operator that maps the fine-scale information of the permeability field to the coarse-

scale permeability field, K is the coarse block corresponding to the fine site i and l is the global index of the
coarse block K, k2(x)|K = k2(xl). For the case of n scales the posterior distribution has the following form

P (k1(xi)|k1(xj), k2, . . . , kN ) ∝ θ1/2 exp



−1

2

∑

j∈Ni

βij(k1(xi) − k1(xj))
2





1

σ2

√
2π

exp

(

− 1

2σ2
2

(k2 −LK
2 (k1))

2

)

· · · 1

σN

√
2π

exp

(

− 1

2σ2
N

(kN −LK
N (k1))

2

)

.

(2.10)

As before, we assume that the coarse-scale permeability fields are defined

ki|K = LK
i (k1) + εi, (2.11)

where εi ∼ N(0, σ2
i ). By choosing σi very small we impose the coarse-scale constraint exactly which is called

hard constraint. As we discussed above the hard constraint is not suitable for our computations because of
the inaccuracies in the calculations of the coarse-scale permeability fields.

MCMC scheme is carried out by updating each k1(xi) using Metropolis-Hasting step. In the single
step of Metropolis-Hasting algorithm, each candidate, k1(xi)

∗ is generated from a pre-specified proposal
distribution. Assuming a symmetric proposal distribution, a candidate k1(xi)

∗ is accepted with a probability
q(k1(xi), k

∗
1(xi)),

q(k1(xi), k
∗
1(xi)) = min

(

1,
P (k∗

1(xi)|k∗
1(xi), k2, . . . , kN )

P (k1(xi)|k1(xi), k2, . . . , kN )

)

.

3. Numerical Results. For our first numerical test a 40 × 40 reference field (see left plot of Figure
3.1) is chosen as a true field. This field is obtained by GMRF described earlier. The spatial interaction
coefficients are chosen β = 1 for all the neighbors. We pick only three points near left bottom corner and
right upper corner (the well locations) as the fine-scale sampling points. The coarse-scale permeability field
is calculated using the upscaling procedure described earlier on 10 × 10 coarse grid. As for the precision of
the coarse scale data (see (2.11)) we assign σ = 0.1. Next based on the values of the fine-scale permeability
field at the sampling points and the coarse-scale block values we simulate the realizations of the fine-scale
permeability field from the posterior distribution. In Figure 3.1 (right plot) we plot a realization of the
simulated field. We discard first 10000 iterations as burn-in iterations for MCMC. From this figure one
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can observe a good agreement with the true fine-scale data (left figure of Figure 3.1). One of the reasons
for the good agreement is that the coarse scale data is sufficiently fine and each coarse block has 4 × 4
resolution. In the Figure 3.2 we plot both the coarse-scale permeability field as well as cross-plot between
the coarse-scale permeability fields obtained from the simulated and true fine-scale permeability fields. Since
the precision is chosen to be small the coarse-scale data obtained from our simulated fine-scale data is close
to the coarse-scale data corresponding to the true field. For illustration purposes all permeability fields are
interpolated onto 400 × 400 grid before plotting. The latter allows to see the structure of the permeability
field more clearly. This interpolation is done only for visualization purposes. For our next numerical example
we compare the fractional flow curves corresponding to the true and simulated fine-scale permeability fields
that are depicted in Figure 3.3 using single phase flow simulations,

−div(k∇p) = 0, v = −k∇p

∂S

∂t
+ v∇S = 0.

(3.1)

The boundary conditions are chosen such that flow is driven from the lower left corner of the model to the
upper right corner. This is achieved by specifying p = 1, S = 1 along the x = 0 edge for 0 ≤ z ≤ 0.1 and
p = 0 along the x = 1 edge for 0.9 ≤ z ≤ 1. Results are presented in terms of the fraction of the produced
fluid (designated F , where F = qo/q, with qo the volumetric flow rate of oil produced at the outlet edge and
q the total flow rate of the fluid produced at the outlet edge) versus pore volumes injected (PVI). PVI is
analogous to dimensionless time and is defined as qt/Vp, where t is dimensional time and Vp is the total pore
volume of the system. The transport equations is discretized using second order minmod schemes. We see
from the Figure 3.3 that the simulations with the fine-scale permeability field that is computed using our
method tracks the true fine grid results fairly closely.

For our next numerical tests we use 5×5 coarse-scale permeability field to generate the fine-scale 40×40
permeability field from posterior distribution. The coarse-scale permeability field is obtained using the
upscaling procedure described previously and the precision parameter (see (2.11)) is chosen to be σ2 = 0.1.
In Figure 3.5 we plot the coarse-scale permeability field as well as the cross plot between the coarse-scale
permeability fields obtained from the true and simulated fine scale permeability fields. Since for this case
the coarse-scale permeability field is coarser compare to the previous case, 10 × 10, the agreement between
the true and simulated permeability fields is less accurate (see Figure 3.4). This is more noticeable from the
Figure 3.6. In Figure 3.6 we plot the fractional flow curves generated for true and simulated permeability
fields based on single-phase flow calculations, (3.1) as we did previously. Comparing Figure 3.3 and Figure
3.6 we can conclude that the fine-scale permeability field obtained from 10× 10 coarse grid is more accurate
than the fine-scale permeability field obtained from 5×5 coarse grid. In the same Figure, Figure 3.6, we also
plot the fractional flow curve corresponding to 5 × 5 coarse grid block. This numerical result suggests that
downscaling of the coarse-scale permeability is important for obtaining more accurate predictions. Finally,
we present the numerical results that demonstrate that the downscaling based on coarse grids with higher
precision can perform better than downscaling based on finer coarse grids with lower precisions. In the Figure
3.7 8 × 8 coarser grid with the precision σ = 1 is used. The obtained fine-scale permeability field is not
accurate compare to that based on 5× 5 coarse grid with high precision, σ = 0.1. This is more evident from
the next Figure 3.8 where the fractional flow curves are compared. These results suggest that conditioning
on the coarser grids with high precision can give more accurate results compare to the conditioning on the
finer coarse grids with lower precision. Since the measured data, such as production data, represents the
scales comparable to the inter-well distances the permeability obtained from the inversion at inter-well scales
have higher precision and may provide more accurate predictions.

For our last numerical example we use the permeability field from [17] generated by a sequential Gaussian
simulation and shown in Figure 3.11 (left Figure). The fine grid size is 128 × 64 and the coarse-scale data
correspond to 15 injectors and 27 producers arranged in multiple five-spot patterns. There are two coarse-
scales are involved, medium coarse-scale 64× 32 which is obtained by a geometric averaging of the fine-scale
permeability field and adding the error, N(0, σ2

1) with σ2
1 = 0.08. The large scale coarse permeability field

on 32 × 16 coarse grid is obtained by inversion of water cut (1 − F ) responses at the 27 producing wells
using streamline model [17]. The coarse-scale permeability fields and the locations of the sampling points
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Fig. 3.1. Left figure is 40× 40 true field and the right figure is 40 × 40 simulated field. 10 × 10 coarse-scale data is used
for posterior distribution.

are plotted in Figures 3.9 and Figure 3.10. Compare with medium scale coarse-scale permeability field we
use relatively large error variance, σ2

2 = 2 for the large scale permeability field to represent its low precision.
Using MCMC described above we simulate the fine-scale permeability fields that honor the medium scale
permeability field on 64× 32 grid, the large scale permeability field on 32× 16 coarse grid, and the fine-scale
conditioning points. A realization of the fine field sampled from the posterior distribution is shown in Figure
3.11. In Figure 3.12 a realization of the fine-scale permeability field conditioned only on the large scale
permeability data on 32 × 16 and fine-scale conditioning points is shown. Comparing Figure 3.11 and 3.12
we see that the agreement is worse if we only condition on the large scale data. In the Figure 3.13 and
Figure 3.14 some representative numerical results for water cut for various wells are presented. We see from
these Figures that the results corresponding to 2 scale data (the fine-scale permeability field conditioned to
the coarse-scale 32 × 16 data and some sampling points) is worse than those corresponding to 3 scale data
(the fine-scale permeability field conditioned to the coarse-scale 32×16 and 64×32 data and some sampling
points). However, water cut results with 2 scale data are predicted fairly accurately in most wells.

4. Conclusions and Future Work. In this paper we propose a method for reconstructing the fine
scale permeability field from a coarse-scale permeability data and some sampling points. The upscaling
methods have been used in the calculation of the posterior distribution. Since the upscaling operators are
non-local and non-explicit, Markov Chain Monte Carlo methods are used to draw samples from the posterior
distribution. The proposed method allows us to integrate as many scales as required by the available data.
Moreover, using the proposed method we can take into account non-linear interaction between scales and
uncertainties in the prior models. Currently, we are developing sampling techniques that are more suitable
to the upscaling procedures and studying the applications of Langevin algorithms. We are also considering
the use of more accurate upscaling methodologies such as local-global upscaling methods [3].

Appendix A. The effects of upscaling errors on posterior distribution.

In this Appendix we study the effects of the errors in the computation of upscaled permeability on the
posterior distribution. We start with the description of the effective permeability for random homogeneous
fields and will only consider one coarse block. Let (Ω, Σ, µ) be a probability space. A random homogeneous
field is a measurable function on Ω and f(T (x)ω) are realizations of the random field. The realizations are
well-defined measurable functions on Rd for almost all ω ∈ Ω. Consider a d dimensional dynamical system
on Ω, T (x) : Ω → Ω, x ∈ Rd, that satisfies the following conditions: 1) T (0) = I , and T (x + y) = T (x)T (y);
2) T (x) : Ω → Ω preserve the measure µ on Ω; 3) For any measurable function f(ω) on Ω, the function
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Fig. 3.2. The coarse 10 × 10 field corresponding to 40 × 40 true field (left plot). The cross-plot of coarse permeability
fields corresponding to the true and simulated permeability fields.
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Fig. 3.3. Fractional flow curves corresponding to the true and simulated fields. 10 × 10 coarse-scale data is used for
posterior distribution.

f(T (x)ω) defined on Rd ×Ω is also measurable (see [15, 19] ). Let Lp(Ω) denote the space of all p-integrable
functions on Ω. Then U(x)f(ω) = f(T (x)ω) defines a d-parameter group of isometries in the space Lp(Ω),
and U(x) is strongly continuous [15, 18]. Denote by 〈·〉 the mean value over Ω,

〈f〉 =

∫

Ω

f(ω)dµ(ω) = E(f).

The relation between the standard definition of random homogeneous fields and the one introduced here can
be found e.g., [15].

Denote by Di
ω the generator of U(x) along ith coordinate direction, i.e.,

Di
ω = lim

δ→0

f(T (xi)ω) − f(ω)

δ
.
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Fig. 3.4. Left figure is 40× 40 true field and the right figure is 40× 40 simulated field. 5× 5 coarse-scale data is used for
posterior distribution.
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Fig. 3.5. The coarse 5× 5 field corresponding to 40× 40 true field (left plot). The cross-plot of coarse permeability fields
corresponding to the true and simulated permeability fields.

The domains ∂i of Di
ω are dense in L2(Ω), and the intersection of all Di

ω is also dense. Next we introduce
ergodicity. A subset A ∈ Σ is invariant if T (x)A = A for any x ∈ Rd. A dynamical system is said to be
ergodic if for any invariant set A ∈ Σ we have either P (A) = 1 or P (A) = 0. Further following [15, 18] we
define potential and solenoidal fields. A vector field f ∈ Lp(Ω) (p > 1) is said to be potential (or solenoidal
respectively) if its generic realization f(Txω) is a potential (or solenoidal respectively) vector field in Rd.
Denote by Lp

pot(Ω) (respectively Lp
sol(Ω)) the subspace of Lp(Ω) that consists of all potential (respectively

solenoidal) vector fields. Introduce the following notations:

V p
pot = {f ∈ Lp

pot(Ω), 〈f〉 = 0}, V p
sol = {f ∈ Lp

sol(Ω), 〈f〉 = 0}.
9



0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

PVI

F

true
simulated
coarse

Fig. 3.6. Fractional flow curves corresponding to the true and simulated fields. 5×5 coarse-scale data is used for posterior
distribution.
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Fig. 3.7. Left figure is 40 × 40 true field and the right figure is 40 × 40 simulated field simulated field. 8× 8 coarse-scale
data with σ = 1 is used for posterior distribution.

The following properties are known (see [18], page 138):

Lp
pot(Ω) = V p

pot ⊕ Rd, Lp
sol(Ω) = V p

sol ⊕ Rd, Lq
sol(Ω) = (V p

pot)
⊥, Lq

pot(Ω) = (V p
sol)

⊥.

Consider

Aε =
∂

∂xi
kij(T (x/ε)ω)

∂

∂xj
,

where c|ξ|2 ≤ kij(ω)ξiξj ≤ C|ξ|2. It is known that the homogenized coefficient is defined by [15, 2]

k∗(ω)η = E[a(ω)(η + vη(ω))|σinv ]

10
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Fig. 3.8. Fractional flow curves corresponding to the true and simulated fields with. Solid line designates the fractional
flow curve corresponding to the true permeability field, dotted line designates the fractional flow curve corresponding 5 × 5
coarse grid with σ = 0.1 and dashed line designates the fractional flow curve corresponding to 8 × 8 coarse-scale data with
σ = 1.
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Fig. 3.9. The left plot is the 32 × 16 field corresponding to the medium scale permeability field. The right plot is the
64× 32 field corresponding to the large scale permeability field.

where vη(ω) ∈ L2
pot(Ω) is the solution of

k(ω)(η + vη(ω)) ∈ L2
sol(Ω),

and

σinv = {A ∈ Σ|T (x)A = A for all x ∈ Rd}.

The approximation for k∗ is obtained from the solution of the local problem as it is described before,
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Fig. 3.10. The locations of the sampling points used for simulation of 128 × 64 permeability field
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Fig. 3.11. The 128 × 64 field (right plot) corresponds to the simulated fine-scale permeability obtained from 32 × 16
coarse-scale data from the inversion of the production data and 64× 32 averaged data. Left figure is 128× 64 true permeability
field.

i.e.,

(k̃∗
ε (ω)em, el) =

1

|K|

∫

K

(k(T (x/ε)ω)∇vε, el)dx,

where vε is the solution of the local problem described previously. Using G-convergence of arbitrary solution
([15]) one can easily show that (see [2])

k̃∗
ε → k∗ (A.1)

µ-a.s.
Under more restrictive assumption, such as uniform mixing, one can obtain explicit convergence rate.
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Fig. 3.12. The 128 × 64 field (right plot) corresponds to the simulated fine-scale permeability obtained from 32 × 16
coarse-scale data from the inversion of the production data. Left figure is 128 × 64 true permeability field.

We recall the definition of strong mixing. Define

m(s) = sup
A,B∈Rd,dist(A,B)≥s

sup
A∈σA,B∈σB

|P (A
⋂

B) − P (A)P (B)|.

We assume that m(s) defined by the parameters of the problem satisfies

m(s) ≤ c

(1 + s)κ

where κ > 0. Under strong mixing assumption it can be shown that (see (see [2]))

E|k̃∗
ε − k∗|2 ≤ Cεβ . (A.2)

Next we study the convergence of the posterior distributions assuming strictly stationarity of the coef-
ficients. The convergence of posterior distributions in ”stronger sense” can be shown under strong-mixing
conditions. The posterior distribution corresponding to the approximate upscaled permeability is given by

P (kε|k̃∗
ε ) = P (k̃∗

ε |kε)P (kε)/P (k̃∗
ε ).

For further analysis we re-write the posterior distribution in the following form

Pε(kε|k) = Pε(k|kε)P (kε)/P (k),

where

Pε(k|kε) =
1

σ2

√
2π

exp(− 1

2σ2
2

(k −L(kε))
2).

Our first goal is to show that Pε(k|kε) converges to P (k|kε) which is given by

P (k|kε) =
1

σ2

√
2π

exp(− 1

2σ2
2

(k − k∗)2).

Taking the ratio of these two we have

Pε(k|kε)

P (k|kε)
= exp(− 1

2σ2
2

(L(kε) − k∗)(L(kε) + k∗)) exp(− k

σ2
2

(L(kε) − k∗)) (A.3)

13
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Fig. 3.13. Water cut results corresponding to 2 scale data (fine-scale data conditioned to 32×16 coarse-scale data and the
sampling points) and 3 scale data (fine-scale data conditioned to both 32 × 16 and 64× 32 coarse-scale data and the sampling
points)

It follows from general G-convergence results [15] that k∗ is bounded (c|ξ|2 ≤ k∗
ijξiξj ≤ C|ξ|2) because kε is

bounded. Similarly, we can show that L(kε) is uniformly bounded. Thus

Pε(k|kε)

P (k|kε)
≤ exp(−C(L(kε) − k∗))

for some positive C assuming that k belongs to a compact set. Next due to (A.1) we have

L(kε) − k∗ → 0

µ-a.s. The latter implies that Pε(k|kε)−P (k|kε) → 0 for each kε µ-a.s. Moreover, using Lebesgue’s dominated
convergence theorem one can easily show that Pε(k) → P (k) as ε → 0 µ-a.s. Thus, we have shown that

P (kε|k̃∗
ε ) − P (kε|k∗) → 0

14
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Fig. 3.14. Water cut results corresponding to 2 scale data (fine-scale data conditioned to 32×16 coarse-scale data and the
sampling points) and 3 scale data (fine-scale data conditioned to both 32 × 16 and 64× 32 coarse-scale data and the sampling
points)

as ε → 0 µ-a.s. under the assumption that kε is a compact set.
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