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Abstract

We consider the problem of estimating a varying coefficient panel data model with fixed
effects using a local linear regression approach. Unlike first-differenced estimator, our proposed
estimator removes fixed effects using kernel-based weights. This results a one-step estimator
without using back-fitting technique. The computed estimator is shown to be asymptotically
normally distributed. A modified least-squared cross-validatory method is used to select the
optimal bandwidth automatically. Moreover, we propose a test statistic for testing the null
hypothesis of a random effects against a fixed effects varying coefficient panel data model.
Monte Carlo simulations show that our proposed estimator and test statistic have satisfactory
finite sample performance.
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1 INTRODUCTION

Panel data traces information on each individual unit across time. Such two-dimensional infor-
mation set enables researchers to estimate complex models and extract information and inferences
which may not be possible using pure time-series data or cross-section data. With the increased
availability of panel data, both theoretical and applied work in panel data analysis have become
more popular in the recent years.

Arellano (2003), Baltigi (2005), and Hsiao (2003) provide excellent overview of parametric panel
data model analysis. However, it is well known that a misspecified parametric panel data model may
give misleading inferences. To avoid imposing the strong restrictions assumed in the parametric
panel data models, econometricians and statisticians have worked on theories of nonparametric
and semiparametric panel data regression models. For example, Henderson, Carroll, and Li (2008)
considered the fixed-effects nonparametric panel data model. Henderson and Ullah (2005), Lin and
Carroll (2000, 2001, 2006), Lin, Wang, Welsh and Carroll (2004), Lin and Ying (2001), Ruckstuhl,
Welsh and Carroll (1999), Wang (2003), and Wu and Zhang (2002) considered the random-effects
nonparametric panel data models. Li and Stengos (1996) considered a partially linear panel data
model with some regressors being endogenous via IV approach, and Su and Ullah (2006) investigated
a fixed-effects partially linear panel data model with exogenous regressors.

A purely nonparametric model suffers from the ‘course of dimensionality’ problem; while a
partially linear semiparametric model may be too restrictive as it only allows for some additive
nonlinearities. The varying coefficient model considered in this paper includes both pure non-
parametric model and partially linear regression model as special cases. Moreover, we assume a
fixed-effects panel data model. By fixed effects we mean that the individual effects are correlated
with the regressors in an unknown way. Consistent with the well-known results in parametric panel
data model estimation, we show that random effects estimators are inconsistent if the true model
is one with fixed effects and that fixed effects estimators are consistent under both random and
fixed effects panel data model, although the random effects estimator is more efficient than the
fixed effects estimator when the random effects model holds true. Therefore, estimation of random
effects models is appropriate only when individual effects are uncorrelated with regressors. As in

practice, economists often view the assumptions required for the random effects model as being



unsupported by the data, this paper emphasizes more on estimating a fixed effects panel data vary-
ing coefficient model, and we propose to use the local linear method to estimate unknown smooth
coefficient functions. We also propose a test statistic for testing a random effects against a fixed
effects varying coefficient panel data model. Simulation results show that our proposed estimator
and test statistic have satisfactory finite sample performances.

Recently, Cai and Li (2008) studied a dynamic nonparametric panel data model with unknown
varying coefficients. As Cai and Li (2008) allow the regressors not appearing in the varying coeffi-
cient curves to be endogenous, the GMM-based IV estimation method plus local linear regression
approach is used to deliver consistent estimator of the unknown smooth coefficient curves. In this
paper, all the regressors are assumed to be exogenous. Therefore, the least-squared method com-
bining with local linear regression approach can be used to produce consistent estimator of the
unknown smoothing coefficient curves. In addition, the asymptotic results are given when the time
length is finite.

The rest of the paper is organized as follows. In section 2 we set up the model and discuss
transformation methods that are used to remove fixed effects. Section 3 proposes a nonparametric
fixed effects estimator and studies its asymptotic properties. In section 4 we suggest a statistic
for testing the null hypothesis of a random effects against a fixed effects varying coefficient model.
Section 5 reports simulation results that examine the finite sample performance of our semipara-
metric estimator and the test statistic. Finally we concludes the paper in section 6. The proofs of

the main results are collected in an Appendix.

2 FIXED-EFFECTS VARYING COEFFICIENT PANEL DATA
MODELS

We consider the following fixed-effects varying coefficient panel data regression model
Yit ZXS;@(Zit)+Mi+Vit, (i=1,..,n t=1,...,m) (1)

where the covariate Z;; = (Zit 1, ..., Zit,q)—r is of dimension ¢, Xy = (Xjt 1, ..., Xl-t,p)—r is of dimension
p, 0(:) = {61(-),- -+ ,0,(-)} " contains p unknown functions, and all other variables are scalars. None
of the variables in X;; can be obtained from Z;; and vice versa. The random errors v;; are assumed

to be i.i.d. with a zero mean, finite variance o2 > 0 and independent of Wi, Zjs, and X, for all ¢, j,



s and t. The unobserved individual effects u; are assumed to be i.i.d. with a zero mean and a finite
variance 02 > 0. We allow for u; to be correlated with Z;; and/or X;; with an unknown correlation
structure. Hence, model (1) is a fixed-effects model. Alternatively, when p; is uncorrelated with
Zit and X, model (1) becomes a random-effects model.

A somewhat simplistic explanation for consideration of fixed effects models and the need for
estimation of the function () arises from considerations such as the following. Suppose that Yj; is
the (logarithm) income of individual ¢ at time period ¢, and Xj; is education of individual 7 at time
period t , e.g., number of years of schooling; and Z;; is the age of individual ¢ at time ¢. The fixed
effects term p; in (1) includes the individual’s unobservable characteristics such as ability, e.g., 1Q
level, characteristics which are not observable for the data at hand. In this problem, economists
are interested in the marginal effects of education on income, after controlling for the unobservable
individual ability factors. Hence, they are interested in the marginal effects in the income change
for an additional year of education regardless of whether the person has high or low ability. In this
simple example, it is reasonable to believe that ability and education are positively correlated. If
one does not control for the unobserved individual effects, then one would over-estimate the true
marginal effects of education on income (i.e., with an upwards bias).

When X;; = 1 for all 4 and ¢ and p = 1, model (1) reduces to Henderson, Carroll, and Li’s
(2008) nonparametric panel data model with fixed effects as a special case. One may also interpret
X1 0(Z;) as an interactive term between X;; and Z;; where we allow 6(Z;;) to have a flexible format
since the popularly used parametric setup such as Z;; and/or ZiQt may be misspecified.

For a given fixed effects model, there are many ways of removing the unknown fixed effects from
the model.

The usual first-differenced (FD) estimation method deducts one equation from another to re-

move the time-invariant fixed effects. For example, deducting equation for time ¢ from that for

time ¢ — 1, we have for t =2,--- ,m

Yie = Vit — Yie 1 = X, 0(Zis) — Xib_10(Zig1) + Vi, with Ty = vig — vig_1; (2)
or deducting equation for time ¢ from that for time 1, we obtain for t =2,--- ,m

Yy = Yie — Yi = X;10(Zis) — X;10(Zi1) + T, with v = vit — vi1. (3)



The conventional fixed-effects (FE) estimation method, on the other hand, removes the fixed

effects by deducting each equation from the cross-time average of the system, and it gives for

t=2,---,m
Yy = Yu——Y Yie=X30(Zu) — — > X;.0(Zis) + Tu
m s=1 m s=1
m
= Z Qs X35 0(Zis) + Vit with G = vit — = > ity Uis (4)

s=1
where ¢;s = —1/m if s # ¢t and 1 — 1/m otherwise, and ZZ;l qts = 0 for all ¢.

Many nonparametric local smoothing methods can be used to estimate the unknown function
0(-). However, for each i, the right-hand sides of equations (2)-(4) contain linear combination of
X; 0(Zi) for different time ¢. If X;; contains a time-invariant term, say the first component of
Xit, and let 61(Z;;) denote the first component of 6(Z;), then a first difference of X 161(Zi) =
Xi101(Zit) gives X1 (01(Zit) — 61(Zi¢—1)), which is an additive function with the same function
form for the two functions but evaluated at different observation points. Kernel based estimator
usually requires some backfitting algorithms to recover the unknown function, which will suffer the
common problems as indicated in estimating nonparametric additive model. Moreover, if 61 (Z;;)
contains an additive constant term, say 0(Z;;) = ¢+ g1(Zit), where c is a constant, then the first
difference will wipe out the additive constant c. As a consequence, one cannot consistently estimate
61(-) one were to estimate a first-differenced model in general (if X;; = 1, one can recover ¢ by
averaging Yj; — Xg é(Zit) for all cross sections and across time).

Therefore, in this paper we consider an alternative way of removing the unknown fixed effects,
motivated by a least squares dummy variable (LSDV) model in parametric panel data analysis. We
will describe how the proposed method removes fixed effects by deducting a smoothed version of
cross-time average from each individual unit. As we will show later, this transformation method will
not wipe the additive constant ¢ in 61(Z;1) = ¢ + g1(Zit). Therefore, we can consistently estimate
01(-) as well as other components of §(-) when at most one of the variables in X;; is time invariant.

We will use I, to denote an identity matrix of dimension n, and e,, to denote an m x 1 vector

with all elements being ones. Rewriting model (1) in a matrix format yields

Y = B{X,0(2)} + Dopo +V, (5)



where Y = (Y;",---,Y,")T and V = (v],--- ,v,)) T are (nm) x 1 vectors; Y;' = (Y1, ..., Yi,) and

v = (Vi1 .., vin). B{X,0(Z)} stacks all X,}0(Z;) into an (nm) x 1 vector with the (i,t) subscript
matching that of the (nm) x 1 vector of Y; g = (g1, , ftn) | is an n x 1 vector, and Dy = I,, ® ey,
is an (nm) X n matrix with main diagonal blocks being e,,, where ® refers to Kronecker product
operation. However, we can not estimate model (5) directly due to the existence of the fixed effects
term. Therefore, we need some identification conditions. Su and Ullah (2006) assume Y. ; p; = 0.
We show that assuming an i.i.d sequence of unknown fixed effects, u;, with zero mean and a finite
variance is enough to identify the unknown coefficient curves asymptotically. We therefore impose
this weaker version of identification condition in this paper.

To introduce our estimator, we first assume that model (1) holds with the restriction > " ; p; =0

(note that we do not impose this restriction for our estimator, and this restriction is added here

for motivating our estimator). Define pn = (p2, -+ , ttn) ' . We then rewrite (5) as
Y = B{X,0(Z)} + Dpu+V, (6)
where D = [—en_1 I 1] ® ey is an (nm) x (n — 1) matrix. Note that Dy = po ® e,, with

o = (= D1 o fhis f12, -y i) | SO that the restriction Y, y; = 0 is imposed in (6).
Define an m xm diagonal matrix Ky (Z;, z) = diag{ K (Zi1, 2), -+ , Kgg(Zim, z) } for each i, and
a (nm) x (nm) diagonal matrix Wy (z) = diag{ Ky (Z1,2), -+, Kg(Zp,z)}, where Kg(Zy,z) =
K{H Y(Zy — 2)} for all i and t, and H = diag(h1, - ,h,) is a ¢ X q diagonal bandwidth matrix.
We then solve the following optimization problem
min [Y = B{X.0(2)} - DT Wa ()Y - B{X,0(2) - Dy (7)
M
where we use the local weight matrix Wy (z) to ensure locality of our nonparametric fitting, and
place no weight matrix for data variation since the {v;} are i.i.d. across equations. Taking first-

order condition with respect to p gives
DTWu(2)[Y — B{X,6(2)} - Dji(=)] =0, (8)
which yields

i(2) = {D Wy (2)D} DT Wy (2)[Y — B{X,0(2)}]. (9)



Define Sy(z) = My (2)"Wy(2)My(2) and My (2) = Inxm — D{D"Wx(2)D} 1D Wg(2),
where I,,x,, denotes an identity matrix of dimension nm by nm. Replacing p in (7) by i(z), we

obtain the concentrated weighted least squares

g(liZI;[Y ~ B{X,0(2)}]" Su(2)[Y — B{X,0(2)}], (10)

Note that My (2) D = 0m)x1 for all z. Hence, the fixed effects term y is removed in model (10).
To see how Mp(z) transforms the data, simple calculations give
n
Mp(2) = Inxem — D{A™" = A Ven 16 (A7) cn(Zi, 2)}D Wha(2),
i=1
where cy(Zi,2) ™ = S0 Ky (Zit, z) fori=1,--- ,nand A = diag{cg(Z2,2)7Y,. .-+ ,eu(Zn, 2) 71}
We use the formula (A + BCD)™ ' = A~ — A"'B(DA™'B + C~Y)7'DA~! to derive the inverse

matrix, see Appendix B in Poirier (1995).

3 NONPARAMETRIC ESTIMATOR AND ASYMPTOTIC THE-
ORY

A local linear regression approach is commonly used to estimate non-/semi-parametric models.
The basic idea of this method is to apply Taylor expansion up to the second-order derivative.
Throughout the paper we will use the notation that A,, &~ B, to denote that B,, is the leading term

of Ay, ie., A, = B, +(s.0.), where (s.0.) denotes terms having probability order smaller than that

of B,. Foreach [ =1, - ,p, we have the following Taylor expansion around z:
_ 1
0,(zit) ~ 0;(2) + {HON(2)} [H (2 — 2)] + §T’H,l(2’z‘t, z), (11)

where 0](z) = 06;(2)/0z is the ¢ x 1 vector of the first order derive function, rg (2, 2) = {H (24—

z)}T{H%ZZ%’ii) HY{H ! (2;y—2)}. Of course, 0;(z) approximates 0;(z;;) and 0](z) approximates 0] (z;)

when z; is close to z. Define B)(z) = {0,(2),[H](2)]"}", a (¢ + 1) x 1 column vector for | =
1,2,---,p, and B(2) = {B1(2), --,Bp(2)}", a p x (¢ + 1) parameter matrix. The first column
of (z) is 6(z). Therefore, we will replace 0(Z;) in (1) by 5(2)Gi(z, H) for each ¢ and ¢, where
Git(z,H) = [1,{H Y (Zy — 2)}"]T is a (¢ + 1) x 1 vector.

To make matrix operations simpler, we stack the matrix 5(z) into a p(¢+ 1) x 1 column vector

and denote it by vec{3(z)} . Since vec(ABC) = (CT @ A)vec(B) and (A® B)" = AT @ BT, where



® refers to Kronecker product, we have X, 3(2)Git(z, H) = {Gu(z, H) @ Xi1} T vec{B(2)} for all i

and t. Thus, we consider the following minimization problem

Hl(lI)l[Y R(z, H)vec{S(z )}]TSH(z)[Y — R(z, H)vec{S(2)}] (12)

where
(Gia(z, H)® X))
Ri(z,H) = : is an m X [p(q + 1)] matrix,
(Gim(z, H) @ Xim) "
R(z,H) = [Ri(z,H)",--- ,Ru(2,H)"]" is an (nm) x [p(q + 1)] matrix.

Simple calculations give
vece{B(2)} = {R(z,H)"Su(2)R(z, H)} 'R(z,H)" Su(2)Y
= vec{B(2)} + {R(z, H)" Sy (2)R(z, H)} ' (A,/2 + By + C), (13)
where A, = R(z,H)"Sy(2)l(z,H), B, = R(z, H)"Sy(2)Dopo, and C,, = R(z,H)" Sy (2)V.
The {t + (i — 1)m}* element of the column vector II(z, H) is X, 75 (Zy,z), where r5(-,-) =

{TH,I('v ')a T ’TH,p('a )}T and TH,Z(Zita Z) = {H_l(Zit _Z)}T{Haaila 'Iz't)H}{H ( t_Z)} with th

lying between Z;; and z for each ¢ and t. Both A, and B, contribute to the bias term of the

estimator. Also, if " ; p; = 0 holds true, B, = 0; if we only assume y; being iid with zero mean
and finite variance, the bias due to the existence of unknown fixed effects can be asymptotically
ignored.

To derive the asymptotic distribution of vec{g(z)}, we first give some regularity conditions.
Throughout this paper, we use M > 0 to denote a finite constant, which may take a different value

at different places.

Assumption 1: The random variables (X, Z;;) are independently and identically distributed

(i.i.d.) across the ¢ index, and
(a) B X207 < M < 00 and E||Z;||>0+9 < M < oo hold for some & > 0 and for all i and ¢.
(b) The Z; are continuous random variables with a p.d.f. fi(z). Also, for each z € RY,
f(2) =202 fi (2) >
(c) Denote Ay = Ku(Zit, z) and @i = Air/ 320y Aig € (0,1) for all 4 and ¢. U (2) = |H|* 32",

[(1 wWit) tiitX;‘I; ] is a nonsingular matrix.



(d) Let f; (2|X;t) be the conditional pdf of Z;; at Z;; = z conditional on X;; and fy s (21, 22| Xit, Xjs)
be the joint conditional pdf of (Zi, Z;s) at (Zi, Zjs) = (21, 22) conditional on (X, Xjs) for ¢ # s
and any ¢ and j. Also, 0 (z), fi (2), fr (| Xit), fe.s (-, | Xit, Xjs) are uniformly bounded in the domain
of Z and are all twice continuously differentiable at z € R? for all ¢t # s, ¢ and j.

Assumption 2: Both X and Z have full column rank; { Xy 1, ..., Xit p, { Xit ) Zirj : L =1,...,p,7 =

1,...,q}} are linearly independent. If X;;; = X, for at most one [ € {1,--- ,p}, i.e., X;; does not
depend on ¢, we assume E(X;;) # 0. The unobserved fixed effects ji; are i.i.d. with zero mean and
a finite variance ai > 0. The random errors v;; are assumed to be i.i.d. with a zero mean, finite
variance o2 and independent of Z;; and X;; for all i and ¢. Yj; is generated by equation (1).

If X;; contains a time invariant regressor, say the [*"

component of X is X;;; = W;. Then
the corresponding coefficient 6;(-) is estimable if My (2)(W ® e,,) # 0 for a given z, where W =
(W1, ..., Wy,) T Simple calculations give My (2)(W @ €,,,) = (n 130 Wi)Mp(2) % (en ® €,). The
proof of Lemma A.2 in Appendix 7.1 can be used to show that Mg (z)(e, ® e,) # 0 for any
given z with probability one. Therefore, 6;(-) is asymptotically identifiable if n=t>"" | X, =
nt Z?:l W; - 0 while p % 0. For example, if X;; contains a constant, say, X;;1 = W; = 1, then
01(-) is estimable because n =t > | W; =1 # 0.

q
s=1

Assumption 3: K(v) = k(vs) is a product kernel, and the univariate kernel function

Ek(-) is a uniformly bounded, symmetric (around zero) probability density function with a compact
support [—1,1]. In addition, define |H| = hy---hg and [|H| = /327, h3. As n — oo, [|H| — 0,
n|H| — oo.

The assumptions listed above are regularity assumptions commonly seen in nonparametric es-
timation literature. Assumption 1 apparently excludes the case of either X;; or Z;; being I(1);
other than the moment restrictions, we do not impose I(0) structure on X;; across time, since
this paper considers the case that m is a small finite number. Also, instead of imposing the
smoothness assumption on f; (+|X;) and fis (-, | Xit, Xis) as in Assumption 1(d), we can assume
that f; (z) E (XitXZ-:ﬂz) and fi s (21,22) E (XitXﬂzl, zg) are uniformly bounded in the domain of
Z and are all twice continuously differentiable at z € R? for all £ # s and ¢ and j. Our version of
the smoothness assumption simplifies our notation in the proofs.

Assumption 2 indicates that X;; can contain a constant term of ones. The kernel function



having a compact support in Assumption 3 is imposed for the sake of brevity of proof and can be
removed at the cost of lengthy proofs. Specifically, the Gaussian kernel is allowed.

We use @\(z) to denote the first column of B(z) Then (z) estimates 0(z).

~

THEOREM 3.1 Under Assumptions 1-3, we obtain the following bias and variance for 0(z),
given a finite integer m > 0:
bias(8(z)) = W(z) 'A(2)/2+0 <n_1/2 |H|In (1nn)) +o(| H|*),

-~

war@(z)) = n U H|"'020 (2) D (2) U (2) "+ o(n | H| ),

where U (2) = [H| S50 E[(1— @) \eXaXE] A(2) = [H| 'S0 B [(1 — @it) Nt Xt Xy i (Zit, 2’)}
= O (|HIP), and T () = |H| " S0, B [(1 = @)? X3 X XE .

~

The first term of bias(6(z)) results from the local approximation of 6 (z) by a linear function of

~

z, which is of order O (|[H||?) as usual. The second term of bias(6(z)) results from the unknown

fixed effects p;: (a) if we assumed > p; = 0, this term is zero exactly; (b) the result indicates
that the bias term is dominated by the first term and will vanish as n — oo.

In Appendix, we show that

|H|™'Y B (M X X))
t=1

HI B NaXaXirn (Zanz)| = 2@ ()00 (2) + o(1H?),
t=1

® (2) +o(|[H|),

HIT' S B (03X, XT) = ( [ w du) 3 (=) + o |H|),

t=1

where ko = [k (v)v3dv, ® (2) = Y124 fi (2) E (X1:.X1,]2), and Oy (z) = [tr <H882Z05§§)H) N

T
tr (H %Zggz(;) H)] . Since wy; € [0,1) for all ¢ and ¢, the results above imply the existence of ¥ (z),

A (2), and T (2). However, given a finite integer m > 0, we can not obtain explicitly the asymptotic

bias and variance due to the random denominator appearing in w;.

~

Further, the following Theorem gives the asymptotic normality results for 6(z).



THEOREM 3.2 Under Assumptions 1-3, and assuming in addition that Elvy|**° < oo for some
§ >0, and that \/n|H||H||?> = O (1) as — 0o, we have

Y — d
VlHI{8(2) = 6(2) = ¥ ()7 A(2) /2} 5 N(0, Zg.)),
where Xg(,) = 02 limy, o0 ¥ (2)7 T (2) U (2)"L. Moreover, a consistent estimator for Yg(z) s given
as follows:

E9(2’) = Spﬁ('z?H)_lj(zaH)Q(ZaH)_l‘S’;—gze(z)a

~

Q(z,H) = n YH| 'R(z,H) Sy(2)R(z, H)

~

J(z,H) = n YH|'R(z,H) Sg(2)VV " Sy (z)R(z, H)

where V is the vector of estimated residuals and S, includes the first p rows of the p(q+ 1) identify
matriz. Finally, a consistent estimator for the leading bias can be easily obtained based on a

nonparametric local quadratic regression result.

4 TESTING RANDOM EFFECTS VERSUS FIXED EFFECTS

In this section we discuss how to test for the presence of random effects versus fixed effects in
a semiparametric varying coefficient panel data model. The model remains as (1). The random
effects specification assumes that p; is uncorrelated with the regressors X;; and Z;;, while for the
fixed effects case, p; is allowed to be correlated with X;; and/or Z;; in an unknown way.

We are interested in testing the null hypothesis (Hy) that p; is a random effect versus the

alternative hypothesis (Hj) that u; is a fixed effect. The null and alternative hypotheses can be

written as
H() : PF{E(MZ’ZM, ceey Zim,Xﬂ, cee ,sz) = 0} =1 for all i, (14)
Hy : Pr{E(wl|Za,- Zim, Xi1, -+, Xim) # 0} > 0 for some 7 , (15)

while we keep the same setup given in model (1) under both Hy and H;.
Our test statistic is based on the squared difference between the FE and RE estimators, which
is asymptotically zero under Hy and positive under H;. To simplify the proofs and save computing

time, we use local constant estimator instead of local linear estimator for constructing our test.

10



Then following the argument in Section 2 and Appendix 7.2, we have
Orp(z) = {X Su(z)X} 'XTSy(2)Y
Orp(z) = {X Wy()X} "X Wy(2)Y
where X is a (nm) x p matrix with X = (X',---, X,]), and for each i, X; = (Xi1,- -+ , Xim) ' is an

m X p matrix with Xy = [Xy 1, ,Xit,p]—r. Motivated by Li, et al. (2002), we remove the random

denominator of O £(z) by multiplying X TSy (2)X and our test statistic will be based on
T, = /E@E@>—5MAA}%XTSH@»¥ﬁ{XT&xwx3@&E@»—@w@»dz
_ / 0(2)T Su ()X X S ()0 (2)d

since {X TSy (2) X HOpp(2)—0rp(2)} = X T Sy(2){Y —=X0pe(2)} = X T Sg(2)U(2). To simplify the
statistic, we make several changes in T},. Firstly, we simplify the integration calculation by replacing
U(z) by U, where U = U(Z) = Y — B{X,0pg(Z)} and B{X,0r(Z)} stacks up X,;@\RE(ZZ-t) in
the increasing order of 7 first then of t. Secondly, to overcome the complexity caused by the random
denominator in My (z), we replace My (z) by Mp = Iyxm — m ™', @ (eme,)) such that the fixed
effects can be removed due to the fact that MpDy = 0. With the above modification and also
removing the ¢ = j terms in T}, (since T}, contains two summations >, > ), our further modified
test statistic is given by

T, ZZUTQm/KH (Zi,2) X, X; K (Z;,2)d2QmU;,

i=1 j#i

where Q,, = I, — m tepe,) . If |H| — 0 as n — oo, we obtain

17 [ K20 X] XK (2, 2)d (16)
Ku(Zian, Zi) X1 X0 - Ku(Zins Zjm) X1 Xjm
Kp(Zign, Z) X mXs1 - Ka(Zign, Zjm) X Xjm

where Ky (Zit, Zjs) = [ K{H Y(Zy—Zjs)+w} K (w)dw. We then replace K (Zit, Zjs) by Ku(Zit, Zjs);
this replacement will not affect the essence of the test statistic since the local weight is untouched.

Now, our proposed test statistic is given by

= ot 0 @l ()

i=1 j#i

11



where A; ; equals to the right-hand side of equation (16) after replacing Ky (Zy, Zis) by Ku(Zit, Zjs).
Finally, to remove the asymptotic bias term of the proposed test statistic, we calculate the leave-
one-unit-out random-effects estimator of 6(Z;;); that is, for a given pair of (¢,7) in the double
summation of (17) with i # 7, é\RE(ZZ-t) is calculated without using the observations on the j*-
unit, {(Xj, Zjt, Yje) b2, and é\RE(th) is calculated without using the observations on the i**-unit.

We present the asymptotic properties of this test below and delay the proofs to Appendix 7.3.

THEOREM 4.1 Under Assumptions 1-3, and fi(z) has a compact support S for all t, and
ny/|H||H||* — 0 as n — oo, then we have under Hy that

Jn = ny/[H| T, /50 5 N(0,1) (18)

where 63 = % Yoy Z?¢i(‘7iTQmAi7ij‘7j)2 is a consistent estimator of

m t—1

o2 =4(1 - 1/m)za;§/K2(u)duz Y E [ft(le)(XlTngt)z ,

t=2 s=1
where Vit =Y — X;gFE(Zit) — 1; and for each pair of (i,7), i # 7, é\FE(Zit) s a leave-two-
unit-out FE estimator without using the observations from the it and j*" units and [i; = Y; —
m~1 >y X;é\FE(Zz't)- Under Hy, Pr[J, > B,] — 1 as n — oo, where B,, is any nonstochastic

sequence with By, = o(n+\/|H|).

Assuming that f; (z) has a compact support S for all ¢ is to simplify the proof of sup,cg ||§ rEe(2)
—0(2)|| = 0p (1) as n — oo; otherwise, some trimming procedure has to be placed to show the
uniform convergence result and the consistency of 53 as an estimator of o3. Theorem 4.1 states
that the test statistic .J, = n\/@fn /00 is a consistent test for testing Hy against Hy. It is a
one-sided test. If J,, is greater than the critical values from the standard normal distribution, we

reject the null hypothesis at the corresponding significance levels.

5 MONTE CARLO SIMULATIONS

In this section we report some Monte Carlo simulation results to examine the finite sample perfor-

mance of the proposed estimator. The following data generating process is used:
Yit = 01(Zit) + 02(Zit) Xit + pri + vit, (19)
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where 61(2) = 1+ 2 + 22, 02(2) = sin(z27), Zit = wit + w; 1, wit is i.i.d. uniformly distributed in
[0,7/2], Xit = 0.5X; 41 + &, & is i.d.d. N(0,1). In addition, pu; = coZ;. + u; for i = 2,--- | n with
co =0, 0.5, and 1.0, u; is i.i.d. N(0,1). When ¢y # 0, u; and Z;; are correlated; we use ¢g to control
the correlation between j; and Z;. = m™! > oity Zit. Moreover, vy is i.i.d. N(0,1), wi, &, u; and
v;; are independent of each other.

We report estimation results for both the proposed fixed-effects (FE) estimator and the random-
effects (RE) estimator, see Appendix 7.2 for the asymptotic results of the RE estimator. To learn
how the two estimators perform when we have fixed-effects model and when we have random-effects

model, we use the integrated squared error as a standard measure of estimation accuracy:

ISE@) = [{0) - 0:) 1) (20)
which can be approximated by the average mean squared error
n m
AMSE@) = (nm)™" Y > "[0(Zie) — 0(Zar))?
i=1 t=1
for I = 1,2. In Table 1 we present the average value of AM S’E(éA?l) from 1000 Monte Carlo
experiments. We choose m = 3 and n = 50, 100, and 200.

Since the bias and variance of the proposed FE estimator do not depend on the values of the
fixed effects, our estimates are the same for different values of cg; however, it is not true under the
random-effects model. Therefore, the results derived from the FE estimator are only reported once
in Table 1 since it is invariant to different values of cg.

It is well-known that the performance of non/semiparametric models depends on the choice of
bandwidth. Therefore, we propose a leave-one-unit-out cross validation method to automatically
select the optimal bandwidth for estimating both the FE and RE models. Specifically, when
estimating 6(-) at a point Z;;, we remove {(X, Yit, Zit) }}2; from the data and only use the rest
of (n — 1)m observations to calculate 5(_Z-)(ZZ- ). In computing the RE estimate, the leave-one-
unit-out cross validation method is just a trivial extension of the conventional leave-one-out cross
validation method. The conventional leave-one-out method fails to provide satisfying result due to

the existence of unknown fixed effects. Therefore, when calculating the FE estimator, we use the

13



following modified leave-one-unit-out cross validation method:
Hopr = argminlY — B{X, 6_1)(2)}] " M) MplY — B{X,6_1)(2)}], (21)

where Mp = L,xm —m I, ® (eme;,l;) satisfies MpDy = 0; this is used to remove the unknown
fixed effects. In addition, B{X, é\(_l)(Z)} stacks up X;é\(_i)(Zit) in the increasing order of 7 first

then of t. Simple calculations give

[V — B{X, 01 (2)}]T MJMplY — BIX, 0 1)(Z)}]
— [B{X.0(2)} - B{X,0_1(2)})T M} Mp[B{X,6(2)} - B{X.0_1(2)}]
12[B{X,0(2)} — B{X.81)(2)}] MLMpV + VT MpMpV, (22)

where the last term does not depend on the bandwidth. If vy is independent of the { X, Z;,} for all
i, j, s and t, or (X, Z;) is strictly exogenous variable, then the second term has zero expectation
because the linear transformation matrix Mp removes a cross-time not cross-sectional average
from each variable, e.g. Zt =Yy —m1! Z;”Zl Y;s for all ¢ and t. Therefore, the first term is the
dominant term in large samples and (21) is used to find an optimal smoothing matrix minimizing
a weighted mean squared error of {8(Zy)}. Of course, we could use other weight matrices in (21)
instead of Mp as long as the weight matrices can remove the fixed effects and do not trigger a
non-zero expectation of the second term in (22).

Table 1 shows that the RE estimator performs better than the FE estimator when the true
model is a random effects model. However, the FE estimator performs much better than the RE
estimator when the true model is a fixed-effects model. This is expected since the RE estimator
is inconsistent when the true model is the fixed effects model. Therefore, our simulation results
indicate that a test for random effects against fixed effects will be always in demand when we
analyze panel data models. In Table 2 we report simulation results of the proposed nonparametric
test of random effects against fixed effects.

For the selection of the bandwidth h, for univariate case, Theorem 4.1 indicates that h — 0,
nh — oo, and nh?2? — 0 as n — oo; if we take h ~ n~®, Theorem 4.1 requires o € (%, 1). To fulfill
both conditions nh — oo and nh%2 — 0 as n — oo, we use @ = 2/7. Therefore, in producing

—2/7

Table 2, we use h = ¢(nm) 0 to calculate the RE estimator with ¢ taking a value from .8 , 1.0,

and 1.2. Since the computation is very time consuming, we only report results for n = 50 and 100.
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With m = 3, the effective sample size is 150 and 300, which is small but moderate sample size.
Although the bandwidth chosen this way may not be optimal, the results in Tables 2, 3, and 4 show
that the proposed test statistic is not very sensitive to the choice of A when ¢ changes and that a
moderate size distortion and decent power are consistent with the findings in the nonparametric
tests literature. We conjecture that some bootstrap procedures can be used to reduce the size

distortion in finite samples. We will leave this as a future research topic.

6 CONCLUSION

In this paper we proposed a local linear least squares method to estimate a fixed effects varying
coefficient panel data model when the number of observations across time is finite; a data-driven
method was introduced to automatically find the optimal bandwidth for the proposed FE estimator.
In addition, we introduced a new test statistic to test for a random effects model against a fixed
effects model. Monte Carlo simulations indicate that the proposed estimator and test statistic have

good finite sample performance.

7 APPENDIX

7.1 Proof of Theorem 3.1

To make our mathematical formula short, we introduce some simplified notations first: for each 4

and t, \iy = Kpg (Zy, 2z) and ¢y (Z;, z)_l = > 1" Ait, and for any positive integers i, j, ¢, s

1 Gjs1 o Gl
inge = Ga(z H)GL (2, H) = :Gm :Gmstl :Gz-ﬂcjsq
Citq Cithjsl éithjsq

— 1 (H (25— Z))T

(A1)

_ _ _ T
H Y (Zy—2) H ' (Zy—2)(H(Zjs—2))
where the (I + 1) element of Gjs (2, H) is Gjq = (Zjs1 — 1) /lu, L =1,--- ,q. Simple calculations
show that

q
1+ E GjlsleiQtQj Hiltl,jsz ;
Jj=1

Z AitAjs it s @ (Xithj;)
1 s=1

Hilthiztz ijl,szz

I
/-~

Ri (z, H)' Ky (Zi,2) emel Ky (Z,2) Rj (2, H) =

NE

t
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In addition, we obtain for a finite positive integer j

m
[H| 1ZE N it 1K) = D2 B (Sugal Xie) + 0, (1HI) (A.2)
t=1
m
|H| ! ZE )‘ Z Gltj it,it |Xlt = Z E (St7j72’Xit) + OP (”HH2) ) (AS)
t=1
where
Stj1 = ‘X@ﬁ f[f u)du %HRK’] (A.4)
2Jy R "]H ft( I zt) ft (Z|X7,t) RKJ
Siia — fe (21 Xat) [ K (u) u"udu %‘%(H)HFK,% (A5)
v T,y H 2L fi (2| Xit) T 2
where Ry ; = [ K7 (u) uu’du and T 25 = [ K% (u) (u"u) (uu”) du.
Moreover, for any finite positive integer j; and jo, we have
t=1 s#t
- Z ZE ( 12, 1|Xit’Xi5) + Op (HHH2>
t=1 s#t
m m
|H‘72 Z Z E )\itl )\ii Z G“J/GZSJ zt s |Xit7 Xis (A7)
t=1 s#t
- Z ZE ( 1.2, 2’X1t7X’LS> +Op (HHH2>
t=1 s#t
where we define bj1 j, iy ip— [ K7 (u) w3 du [ K72 (u) udu
T(t s) _ [ ft,s (za Z‘Xitv Xzs) bjl,jg,0,0 szt,s (Z, Z|Xit? X’LS) Hbjh]é,oyl :|
il T H 4 frs (221X, Xio) bjy o0 H V2, frs (2,2 Xin, Xis) Hbjy 11
and
(ts) _ [ tr (H i frs (22| X, Xis) H) Vi frs (2,21 Xit, Xis) H ]b- -
2,2 L H 75 ft,s (27 Z|Xit7Xi5) ft78 (Z, z’XityXis) Iq><q BT

Wlth stt,s (Z7 Z‘Xit, X’LS) = aft,s (27 Z’Xit, XZS) /azs a’nd v%,sft,s (27 Z|X’it7 XZS) = azft,s (Z7 Z|X’it7 XZS) / (822582:?)'

The conditional bias and variance of vec (B (z)) are given as follows:

Bias [vee (B(2)) | (X, Z4}| = [R (2. )" S () R (=, H) T Res,
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-1

Var [vec(é(z))uxit,zit}} = o2 [R(Z,H)TSH(z)R(z,H)] [R(z,H)TS?{(z)R(z,H)

< [R (2. 1)" S (2) R(Z,H)]il.

Lemma A.1 If Assumption A8 holds, we have

[Z CH (Zi7 Z)

=0, (n'|H|In(Inn)) . (A.8)

Proof: Simple calculations give B (S, Kpr (Zir, 2)) = |H| f (2)+0 (yHy HHHQ) and K (Ziy, 2) =
|H| fi (2) + O (|H| ||H||2), where f(z) = >0 fi (z). Next, we obtain for any small € > 0
Pr{max )\it>51f(z)|H\ln(lnn)} —l—Pr{max it Sslf(z)\Hln(lnn)}

1<i<n 1<i<n
t=1 t=1

I PR C SR | (S SR [0 DY) B
- {1 P{;A” fe g )}} < {1 e

1 {1—5(1+M|\H||2> /m(mn)}" 0asn — oo

IN

where the first inequality uses the the generalized Chebyshev inequality and the limit is derived

using the ’Hopital’s rule. This will complete the proof of this lemma.

Lemma A.2 Under Assumptions 1-8, we have
n N H| ' R (2, H) Sy (2) R (=, H) ~ |H| 'Y E (wit)\it iz ® (Xitxg)>
t=1

where wiy = Nt/ > 101 Ait € (0,1) for all i and t.
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Proof: First, simple calculation gives
A, = R(z,H)'Sy(2)R(2,H) = R(z, H)" Wy (2) My (2) R (2, H)

= > Ri(z,H) Ky (Z;,2) Ri (2, H)

i=1

n n
=YD 4R (2, H) Ku (Zi,2) emey, Ki (Zj,2) Ry (2, H)

j=1 i=1
n m n m m
= )\Zt zt zt® ltXZYI; Z%'LZZ)\M)\’LS it,is ( 1tXi7;)

=1 t=1 i=1 t=1 s=1

n n

where My (2) = Inxm — [Q ® (eme )] Wi (2), and the typical elements of Q are g;; = cg (Z;,2) —
i (Zi,2)" | iy e (Zisz) and gy = —cy (Ziy2)cn (Z5,2) | Y0y cu (Ziyz) for i # j. Here,
cr (Ziyz) = (07 M)~ for all 4.

Applying (A.2), (A.3), (A.6), and (A.7) to A,1, we have n~1 ]H|_1 Ay =Y E [St,l,l ® (Xith;)]

O, (HHH2> +0, <n_% |H|_%> if |H|| — 0 and n|H| — oo as n — o0.

Apparently, > " w; = 1 for all 4. In addition, since the kernel function K (-) is zero out-
side the unit circle by Assumption 3, the summations in A, are taken over units such that
HH Zit — 2 H < 1. By Lemma A.1 and by the LLN given Assumption 1 (a), we obtain

|H|Z ccr (Ziy 2) Zzzw’ths ityis ® (X XZ;)

i=1 t=1 s=1
n|H| D1 Dot Dot Zt”/l\“’” [itas ® (Xt X5)| < 2n\1H\ Dot 2oy Yo Vit Nis

Oy (|H|), where we use > 11 Nit > Ait + Ais > 2/ Xig A for any ¢ # s.

Hence, we have n=' [H| ™' Aye = 0V [H TV S0 wiha (it @ (XaX]) + Oy (|H|). De-
note dj = Wit [-]it’it ® (thXt) and A, =n"'|H|~ Z?:l ity (die — Edyt). It is easy to show
that n~' |H| "' A, = O, (n*1/2 \H\_1/2> . Since E (||di]|) < E [)\it
holds for all 4 and t, n~' |[H| ™' Ay = [H| 'S E [wit)\it (it ® (Xith;)} + 0p (1) exists, but

=0, (n_l In (Inn))

and

[']z‘t,is ® (XitXiTs)

|

[itar @ (XaXF) m < M |H|

we can not calculate the exact expectation due to the random denominator.

Consider A,3. We have n~'|H| ™' || Au3] = O, <\H\21n (lnn)) by Lemma A.1, Assump-
tion 1, and the fact that n~ " |H|™' 327 S T (|H Y (Zi = 2)|| €1) = 2f (2) + Oy (||HH2) +
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0, (n_1/2 |H|’1/2).

Hence, we obtain

nt IHlfl Ay o~ 7! ‘H‘il Ay —n~! ’Hrl Z Z Wit Ait Hz‘t,it ® (Xith;)
i=1 t=1
= n HHTY Y (1 @i i i @ (X Xy)

i=1 t=1

= HT Y B[ @) A e © (X XE) | + 0, (1),
t=1
This will complete the proof of this Lemma.

Lemma A.3 Under Assumptions 1-3, we have

n U H| T R (2, H)T S (2) (2, H) ~ [H[ 'Y E [(1 — @) At (Gir @ Xi) XEryg (zt z)] .

t=1
Proof: Simple calculations give
B, = R(ZaH)TSH(Z)H(Z7H)

n m m m ~

- ZZAzt it ® th XZtTH ( ity 2 ) ZZQ@] Z)\_]S)\Zt it ® th) X};TH <Zj872)
i=1 t=1 7j=11i=1 s=1t=1
n m ~

= ZZ)\zt it ®th ZtTH ( ity © ) quz)\zt Gzt ®th ZtrH (Zitaz>
i=1 t=1

n

m m
- Z qii Z Z )\is)\it it ® th) XZSTH (ZZSa )
i=1 t=1 syét

n n

o Z Z Yij Z Z Ajshit (Git @ Xir) X (st, z)

j=1i#j  t=1 s=1
= Bnl - Bn2 - Bn3 - Bn4a

where II (2, H) is defined in Section 3. Using the same method in the proof of Lemma A.2, we show
U H T By o H| T S (1= i) A (Gie © Xio) XErir (Zi, 2).

Forl=1,--- k we have

(|7 B g (Za, 2) | Xa] = mo o (21 Xa) O (2) + 0, (15

HI™" B Darug (Zin,2) H™ (Zig = 2) |Xa] = Oy (I1HIP),
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and F <n*1 |H|™! Bm) ~ {ng [®(2)0m (2)]7,0 (HHH3> }T , where

O () = {tr <H8;55i;) H> et (Ha(;fgz(;) H)]T

Similarly we can show that Var (n—l 7| Bn1> 0 (n—l \H| ! ||H||4) it B (|| XuXZXuXT||) <
M < oo for all t and s.

In addition, it is easy to show that n~! |H|_1 S S @i (G @ Xa) Xkhry (Zit,z) =
n~t ‘H‘_l Y2 B [wz‘t)\z't (Gi ® X)) XErn (Zit7 Z)} +0p (nflﬂ ’H’_lﬂ ||H||2)> where
H|7' S B [wit)\it (Git ® Xyp) Xiry (Zita Z)} <|HI'YME [)\it (Git © Xip) Xiru <Zz't> Z) H]
< M ||H|?> < oo for all i and t.

This will complete the proof of this lemma.

Lemma A.4 Under Assumptions 1-3, we have
n" |\ H|" R (2, H)T Sy (2) Dopto = O, (n*1/2 |H|In (lnn)) .

Proof: Simple calculations give My (z)Dopo = Mg (2) (en @ em), where fi = n=! o pe It

follows that
Cp = R( )TSH( ) Dopo = iR (2, H)" Sy (2) (en ® €m)

= MZZR Kiep — MZ<§:>W)Z%R Kiem

i=1 t=1

n

= /]ZZ)\M it ®th —p Z (Z )\jt> Z%]ZAM it ®th

i=1 t=1
n m -1 n o m
o |3 (z A) S o (Ga X

i=1 \t=1 i=1 t=1
and we obtain n~'|H|™' C,, = 0, (|H|In(Inn)) by (a) Lemma A.1, (b) for all [ = 1,--- ¢,
k((Zity — =) /h) = 0if |Zyy ) — 2| > h by Assumption 3, (c) wy < 1, and (d) E 1 X570 < M < o0
for some & > 0 by Assumption 1. Since p; ~ iid (0, O'i), we have 1 = ( 1/2). It follows that
n~'|H|IT'C, =0, (n~Y2|H|In (Inn)).

Lemma A.5 Under Assumptions 1-3, we have

W H R (BT S} () R (e H) ~ [ B (L )08 [ (X X5)]
t=1
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Proof: Simple calculations give

D, = R(z,H)'S%(2)R(z,H) =R (z, H) Wy (2) My (2) My (2)" Wy (2) R (2, H)

= Y Ri(zH) K} (Zi,2) Ri(2,H) = 2> Y ;iR (2, H)" K} (Z}, 2) eme}, Ki (Zi, 2) Ri (2, H)
i=1 j=11i=1

n n n
+ Z Z Z ijqji Ri (2, H)' K (Zi,2) emel K% (Z;, 2) emel K (Zir, 2) Ryr (2, H)
j=1i=1¢=1
= Dn1 —2Dpa + Dps.

Y B [Siza @ (XaXE)] + 0, (IHI?) + 0y (=12 |H[7?).
Also, we obtain n =" |[H|™' S S (1 - wir)? 22 [‘ht,z‘t@(Xith) = 3% (2)40, (n*1/2 ‘H‘—1/2>,
where %(Z) = |H|71 Z:ll FE |:(1 — wz‘t)Q )‘1275 Hit,it ® (thXZj;)] < |H‘71 Zgil E |:AZ2t Hitﬁ 2 (thXZ;) m

< M < oo for all 7 and ¢.

The four lemmas above are enough to give the result of Theorem 3.1. Moreover, applying
Liaponuov’s CLT will give the result of Theorem 3.2. Since the proof is a rather standard procedure,

we drop the details for compactness of the paper.
7.2 Technical Sketch—Random Effects Estimator

The RE estimator, éRE(-), is the solution to the following optimization problem:

Tun Y — R(z,H)vee (5 ()" Wi (2) [Y = R (2, H) vee (5 (2))];

that is, we have
vec (BRE (Z))
_ [R(Z,H)T Wi (2) R (5 H)| R (2 H)Y Wiy (2)Y
= wee(B(2))+ [R (= H) Wi (2) R (2, H)| - (An/2+ B+ C)

where A, = R (2, H)" Wy (2)11 (2, H), B, = R(z, H)Y Wy (2) Dopo, and C, = R (z, H)Y Wy (2) V.

Its asymptotic properties are as follows.
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Lemma A.6 Under Assumptions 1-3, and E (Xz-th z) and E (11; X4t|z) have continuous second-
order derivative at z € R. Also, \/n|H||H|* = O(1) as n — oo, and E (]vit\2+5) < oo and

E <|,u2~\2+6> < M < oo for alli and t and for some § > 0, we have under Hy
Vn|H]| (5RE(Z) —0(2) — £20p (2) /2> % N (0, 5002y, r8) (A.9)

where ky = [k (v)v?dv, Yo(),RE = (afb + a?,) 0 (z)_1 [K?(u)du and ® (2) =Y7", f: (2) E (XltXth]z).

Under Hy, we have

Bias (Ope(2)) = @(2)7' Y fi(2) B (mXul2) +o(1)
t=1
Var (éRE (z)) = n Y H| ol (z)_l/K2 (u) du (A.10)

where O (2) is given in the proof of Lemma A.3.

Proof of Lemma A.6: First, we have the following decomposition

n |H| [éRE (2) — 9(,2)] — /n|H]| [éRE ()~ E (éRE (z))} +/n|H]| [E (éRE (z)) — 9(2:)} :

where we can show that the first term converges to a normal distribution with mean zero by
Liaponuov’s CLT (the details are dropped since it is a rather standard proof), and the second
term contributes to the asymptotic bias. Since it will cause no notational confusion, we drop the
subscription ‘RE’. Below, we use Bias; {é (z)} and Var; {é (z)} to denote the respective bias and
variance of Opp (z) under Hy if i = 0 and under Hy if i = 1.

First, under Hy, the bias and variance of 6 (z) are as follows: Biasg {é(z) | {(Xit, Zit)}} =
-1
S, [R (2, ) Wg (2) R (=, H)} R (2, H)T Wi (2) I (2, H) /2 and

Varg {é (2) | {( X, Zit)}}
= 5, [R (2, H)T Wi (2) R (2, H)} - [R (2, H)T Wi (2) Var(UUT)YWy (2) R (2, H)}

< [RH) Wi () R H)}_1 ST,

It is simple to show that Var(UUT) = ailn ® (eme%) + 2 Lm.
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Next, under Hy, we notice that Bias; { (2) [ {(Xit, th)}} is the sum of Biasg {é (z) [{(Xit, Zit)}}
-1
plus an additional term S, [R (z, )Y Wy (2) R (z, H)} R (z, H)Y Wy (2) Dopo, and that

Var {é (2) [ {( X, Zit)}} = 28, [R (2, H)T Wi (2) R (2, H)] o [R (2, H)T Wiy (2)2R (2, H)}
x [R (2, ) W (2) R(z,H)}_1 ST

Noting that R (z, H)" Wy (2) R (2, H) is A,y in Lemma A.2 and that R (z, H)Y Wy (2) 11 (2, H)

is By in Lemma A.3, we have
Biaso {é (z)} = 12Oy (2) /2 + 0 (HH||2) . (A.11)

In addition, under Assumptions 1-3, and E <|,ui|2+5) <M <ooand E (HX#HQH) < M < oo for

all 4 and ¢ and for some & > 0, we show that

U H| Y SR (2, HY Wi (=) Dopo = n™" |H| SZMZZM G ® Xar)

> i (2) B uXulz) + 0y (1H]?) + 0, (nH) ) | (A.12)
t=1

which is a non-zero constant plus a term of o0,(1) under H;. Combining (A.11) and (A.12), we
obtain (A.10). Hence, under Hy, the bias of the RE estimator will not vanish as n — oo, and this
leads to the inconsistency of the RE estimator under Hj.

As for the asymptotic variance, we can easily show that under Hy
Varg {é (z)} =n HH| T (02 +02) @ () /K2 (u) du, (A.13)

and under Hi, Var {é(z)} = n ' |H| 7 o2® (2)7! [ K2 (u) du, where we have recognized that
R(z,H)" Wy (2) R(2,H) is Dy1 in Lemma A5, and (02 + 02) R (2, H)" Wy (2)* R (2, H) is the
leading term of R (z, H)' Wy (2) Var(UUT)W  (2) R (2, H).
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7.3 Proof of Theorem 4.1

Define A = (A, Aim)” with Ay = XT (e (Zit) — OrE (Zit)>. Since MpDy = 0, we can

)

decompose the proposed statistic into three terms

R - -
Tn = WZZUFQWALJQMU]

i=1 j#i

1 < 9 M
= U] D AT OnAQm A T DD AT QmALQmY;

i=1 j#i i=1 j#i

1 o pt
(D ) DCIRERE
i=1 j#i
= Th1 +2Tho + Ths
where V; = (v, - - ,vim)T is the m x 1 error vector. Since éRE (Zi1) does not depend on the jth
unit observations and g (Zji) does not depend on the ith unit observations for a pair of (3, j), it
is easy to see that E (T,2) = 0. The proofs fall into the standard procedures seen in the literature

of nonparametric tests. We therefore give a very brief proof below.

Firstly, applying Hall’s (1984) CLT, we can show that under both Hy and H;
ny/[H|To3 % N (0,02) (A.14)

by defining Hy, (xi, x;) = ViTQmAi,ijVj with x; = (Xi, Z;, Vi), which is a symmetric, centred and

degenerate variable. We are able to show that

b [G% (x1, XQ)} +n lE [Hf{ ((x1, XQ))] B O (‘H‘?’) +0 (nfl ’HD

5 — —
{EH (a2} o(1uP)
if |[Hl — 0 and n|H| — oo as n — oo, where Gy, (x1,x2) = Ey, [Hy (X1 X:)) Hi ((X2,x1))]. In
addition,
var (n |H|Tn3) = 2|H|'E (H? (x1:x2))

Q

m m
2(1-m et Y |H['E [K,i, (Zvs, Zoz) (Xﬂth)z} = o2 +o(l).
t=1 s=1

Secondly, we can show that n\/|H|Tn2 = O, (HHH2> + O, (n*1/2 ]H|_1/2) under Hy and
ny/|H|Tp2 = O, (1) under Hy. Moreover, we have, under Hy, n\/|H|T,1 = O, (m/]H! HHH4>;
under Hy, ny/|H|Ty1 = O, (n\/|H\>
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Finally, to estimate o3 consistently under both Hy and Hj, we replace the unknown V; and
Vj in T,3 by the estimated residual vectors from the FE estimator. Simple calculations show that
the typical element of ViQp, is git =y — XZ:QHAFE (Ziy) — vig — (gjl- —m! pi XgéFE (Zir) — @i>
= iy — (v — 1), where Ay = XT (6(Zu) = bpp (Z)) =m0y X5 (0(Za) = b (Za)) =
oy Qlth (0 (Zy) — Opg (Zil)) with ¢ = 1—1/m and ¢ = —1/m for | # t. The leave-two-unit-

out FE estimator does not use the observations from the ith and jth units for a pair (7, j), and this

2 =2

~ -\ 2 2/%2x2  x2._ ~
leads to £ (V;TQmAiﬁijVj) MY e B {KJ%I (Zits Zjs) (X} Xjis) (Aitﬁjs + Aitvjzs + D05 + 0505

2 . - _ _ _
Y > E [K%I (Zit, Zjs) (Xngs) 202 ], where ;¢ = vt — ¥; and v = m~ LY v

Js
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Table 1: Average mean squared errors (AMSE) of the fixed and random effects estimators when
the data generation process is a random effects model and when it is a fixed effects model.

Data Process

Random Effects Estimator

Fixed Effects Estimator

n=50 n=100 n =200

n=50 n=100 n =200

Estimating 6; (-):

co=0 .0951 .0533 0277
co=0.5 .6552 .5830 .b544 1381 1163 1021
co=1.0 2.2010 2.1239 2.2310
Estimating 65 (-):
co=0 .1562 .0753 .0409
co=0.5 .8629 7511 .7200 .1984 1379 .0967
co=1.0 2.8707  2.4302 2.5538

Table 2: Percentage Rejection Rate When c0=0

c n = 50 n = 100
1% 5% 10% | 1% 5% 10%
0.8 .007 .015 .024 | .021 .035 .046
1.0 .011 .023 .041 | .025 .040 .062
1.2 .019 .043 .075 | .025 .054 .097

Table 3: Percentage Rejection Rate When c0=0.5

c n = 50 n = 100
1% 5% 10% | 1% 5% 10%
0.8 .626 .719 764 | 913 .929 .933
1.0 .682 .780 .819 | .935 943 .951
1.2 .719 811 .854 | .943 .962 .969

Table 4: Percentage Rejection Rate When c¢0=1.0

c n = 50 n = 100
1% 5% 10% | 1% 5% 10%
0.8 .873 .883 .888 | .943 .944 .946
1.0 .908 913 1921 | .962 .966 .967
1.2 .931 .938 .944 | .980 981 .982




