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SUMMARY

In this paper, we consider partially linear models in the form Y = XTβ + ν(Z) + ε when the

response variableY is sometimes missing with missingness probabilityπ depending on(X, Z),

and the covariateX is measured with error, whereν(z) is an unspecified smooth function. The

missingness structure is therefore missing not at random (NMAR), rather than the usual missing

at random (MAR). We propose a class of semiparametric estimators for parameter of interestβ,

as well as for the population meanE(Y ). The resulting estimators are shown to be consistent

and asymptotically normal under general assumptions. To construct a confidence region forβ, we

also propose an empirical likelihood based statistic, which is shown to have an asymptotic chi-

squared distribution. The proposed methods are applied to analyze an AIDS clinical trial data set.

A simulation study is also reported to illustrate our approach.
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Missing data; Missing not at random; Nonparametric regression; Partially linear models; Semi-
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1 INTRODUCTION

The partially linear model assumes that the response variable Y depends on variableX in a linear

way but is related to another independent variableZ in an unspecified form, i.e., it is of the form

Y = XTβ + ν(Z) + ε, (1)

whereX is a p-vector covariate,Z is a scalar covariate, the functionν(·) is unknown, and the

model errorε has mean zero conditional on(X, Z).

There is a substantial literature on kernel-based methods for partially linear models and their

generalizations, see for example, Engle et al. (1986), Speckman (1988), Robinson (1988), Severini

& Staniswalis (1994), Zeger & Diggle (1994), Opsomer & Ruppert (1999) and Härdle, Liang &

Gao (2000), among many others. Liang, Härdle, & Carroll (1999) considered model (1) with

error-proneX. Recently, missing data issues have been considered, with Liang, Wang, Robins

& Carroll (2004) considering the case thatX in (1) is missing at random, while Wang, Linton &

Härdle (2004) consider the case that the responseY is missing at random.

In this paper, we consider the missing response case, but in addition we allow some of the

components ofX to be measured with error. Our motivation is from AIDS clinical trials, where the

response, variable viral load RNA, can be missing. In addition, the covariates, CD4 measurements,

are measured with error. Measurement error in predictors causes a bias in the estimated regression

coefficient. While Liang, et al. considered the measurementerror problem, they did not allow for

missing responses.

We deal with the case thatX is measured with additive errors in the following sense: we cannot

observeX directly but can observe a surrogateW related toX by

W = X + U. (2)

If δ = 1 indicates thatY is observed andδ = 0 indicates thatY is missing, we assume that the

measurement errorU is independent of(Y, Z, X, δ) and withE(U) = 0, cov(U) = Σuu, and

E{U(UUTβ)T} = 0 for all β. We first assume thatΣuu is known, and later extend the results to

the general case.

It is important to stress that under the setting considered in this paper, see (3) below, the miss-

ingness ofY is allowed to depend on(X, Z), but not otherwise onW . Since the trueX is not
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observable,Y is therefore not missing at random (NMAR). Since we will makeno further assump-

tions, such as on the distribution ofX or on the missing data probabilities, what we are dealing

with here is conceptually quite different from most studiesof missing data in which missing at

random or missing completely at random is assumed.

The paper is arranged as follows. In Section 2 we define the missing data mechanism for the

problem and propose our estimation methods. These are weighted estimating equations leading to

computationally simple methods. Asymptotic theory and inference is also derived. In Section 3,

following Wang, et al. (2004), we give three equivalent estimators of the meanE(Y ), which are

shown to be semiparametric efficient in certain circumstances. To improve confidence intervals

based on the standard error estimates, in Section 4 we develop an empirical log-likelihood ratio

statistic, and show that it has an asymptotic chi-square distribution. Section 5 contains the results of

a small simulation study, while Section 6 presents the results of our statistical analysis of an AIDS

study. Some concluding remarks are given in Section 7. All proofs are given in the Appendix.

2 ESTIMATION AND MAIN RESULTS

2.1 Known Measurement Error Covariance Matrix

As described previously, we assume that ifX were observed, the missing data mechanism follows

the missing at random mechanism in the sense that

pr(δ = 1|X, Z, Y ) = pr(δ = 1|X, Z) = π(X, Z), (3)

for some unknownπ(X, Z). As stated previously, we also assume that the measurement errorsU

are independent of(Y, Z, X, δ), so that pr(δ = 1|X, Z, Y, W ) = π(X, Z). Furthermore, assume

that{(Yi, Wi, Zi, δi), i = 1, · · · , n} are independent and identically distributed.

In this paper, we use local constant smoothers with fixed bandwidths for simplicity in pre-

senting the derivations of the theoretical results: extensions to local polynomial estimation are

straightforward, with no change in the limiting distribution of the estimate ofβ. In what fol-

lows, we denoteA⊗2 = AAT. Also, definemx(z) = E(δX|Z = z)/E(δ|Z = z), mw(z) =

E(δW |Z = z)/E(δ|Z = z) andmy(z) = E(δY |Z = z)/E(δ|Z = z). Let X̃i = Xi − mx(Zi),

W̃i = Wi − mw(Zi), Ỹi = Yi − my(Zi), and denoteΣX|Z = cov(X̃δ).
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Note thatδY = δXTβ + δν(Z) + δε. From our assumptions, it follows thatE(δY |Z) =

E(δXT|Z)β + E(δ|Z)ν(Z). If X is observed, andmx(z) andmy(z) are known, one can obtain a

least squares type estimator ofβ as

[
n∑

i=1

δi{Xi − mx(Zi)}⊗2

]−1 [ n∑

i=1

δi{Xi − mx(Zi)}{Yi − my(Zi)}
]
.

It is easily shown that this estimator is consistent, asymptotically normal, etc.; see Wang, et al.

(2004).

The formula above cannot be applied directly whenX is measured with error, andmx(z) and

my(z) are unknown. However, by our assumptions,E(δW |Z) = E(δX|Z). We thus propose a

correction for attenuation estimator ofβ:

β̂n =

(
n∑

i=1

δi

[
{Wi − m̂w(Zi)}⊗2 − Σuu

])−1 [ n∑

i=1

δi{Wi − m̂w(Zi)}{Yi − m̂y(Zi)}
]
, (4)

wherem̂w(z) andm̂y(z) are nonparametric regression estimators. LetK(·) be a symmetric density

function, leth be a suitable bandwidth and defineKh(z) = K(z/h)/h. These estimators take the

form

m̂w(z) =

∑n
i=1 Kh(Zi − z)δiWi∑n

i=1 δiKh(Zi − z)
andm̂y(z) =

∑n
i=1 Kh(Zi − z)δiYi∑n
i=1 δiKh(Zi − z)

. (5)

Remark 1 Alternative estimators are readily constructed, but generally suffer from complications.

For example, sinceY − E(Y |Z) = {X − E(W |Z)}Tβ + ε, an obvious approach is to estimate

E(W |Z) andE(Y |Z) using all the data. The former is easy: any nonparametric regression will do.

The latter though is problematic, because of the missing responses, the possibility that missingness

depends onX, and the fact thatX is unobserved. There does not appear to be an easy way to

estimateE(Y |Z) consistently under the current conditions. Note that one ofthe most important

features of the proposed approach is that, by using the standard measurement error model (2), it

can handle the not missing at random case with ease and still provide
√

n-consistent estimators, as

shown in the theorems that follow.

Before presenting our first main result, we note that throughout the paper we make some gen-

eral assumptions that are listed in the Appendix.
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Theorem 1 Assume that{(Yi, Wi, Zi, δi), i = 1, · · · , n} are independent and identically dis-

tributed. Under Assumption 1 in the Appendix,n1/2(β̂n−β) is asymptotically normally distributed

with mean 0 and covariance matrixΣβ = Σ−1
X|ZΓΣ−1

X|Z , where

Γ = E[δ{(ε − UTβ)X̃}⊗2] + E(δUUTε2) + E[δ{(UUT − Σuu)β}⊗2].

The proof of Theorem 1 is given in the Appendix.

Remark 2 In typical nonparametric kernel regression, bandwidth selection plays a key role in the

performance of nonparametric estimators in terms of their bias and variance. In partially linear

models,β is of main interest, andν(z) is a nuisance function. Based on Assumption 1 (b), only the

rate of ordern−1/5 is needed to lead to the same limit distribution for estimatingβ. In implementing

our proposed estimation procedure, we adopt Ruppert, Sheather, and Wand’s (1995) approach to

search for the bandwidth. Our limited experience indicatesthat the numerical performance of the

resulting estimators ofβ is stable around the selected bandwidth.

Checking the proof of Theorem 1, we see thatΣβ can be estimated via a standard sandwich

method as follows. Let

Σ̂X|Z = n−1
n∑

i=1

δi[{Wi − m̂w(Zi)}⊗2 − Σuu];

Γ̂ = n−1
n∑

i=1

δi

(
{Wi − m̂w(Zi)}[Yi − m̂y(Zi) − {Wi − m̂w(Zi)}Tβ̂n] + Σuuβ̂n

)⊗2

andΣ̂β = Σ̂−1
X|Z Γ̂Σ̂−1

X|Z . Then it is easily shown that̂Σβ is a consistent estimator ofΣβ.

2.2 Estimated Measurement Error Covariance Matrix

The covariance matrixΣuu is generally unknown and needs to be estimated. The usual method

of doing so (Carroll, et al., 1995, Chapter 3) is by partial replication, so that we observeWij =

Xi + Uij , j = 1, ..., mi. For notational simplicity, we assume thatmi ≡ 2. Extension to more

general settings is straightforward, see Liang, et al. (1999) for a related discussion. LetW i be the

sample mean of the replicatesWij. A consistent, unbiased method of moments estimate forΣuu is

Σ̂uu = n−1
n∑

i=1

2∑

j=1

(Wij − W i)(Wij − W i)
T.
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The corresponding estimator ofβ is

β̂n,2 =

(
n∑

i=1

δi

[
{W i − m̂w(Zi)}⊗2 − (1/2)Σ̂uu

])−1 [ n∑

i=1

δi{W i − m̂w(Zi)}{Yi − m̂y(Zi)}
]
, (6)

wherem̂w(z) is the local constant estimate ofmw(z) based on the data{(W i, Zi), i = 1, . . . , n}.

We now present the following theorem.

Theorem 2 Under the general conditions of Theorem 1, the estimatorβ̂n,2 given in (6) is consistent

and asymptotically normal with covariance matrixΣ−1
X|ZΓ∗Σ−1

X|Z , where

Γ∗ = E[δ{(ε − U
T
β)X̃}⊗2] + E(δUU

T
ε2) + E[δ{(UU

T − Σuu/2)β}⊗2].

By a straightforward but tedious derivation, Theorem 2 can be proved in a manner similar to

Theorem 1: we omit the details.

The standard error estimates can also be derived. A consistent estimate ofΣX|Z in this case is

defined as

n−1
n∑

i=1

δi

[{
W i − m̂w(Zi)

}⊗2 − (1/2)Σ̂uu

]
.

TheΓ∗ can be estimated as follows. Let

Ri = {W i − m̂w(Zi)}
[
Yi − m̂y(Zi) − {W i − m̂w(Zi)}Tβ̂n,2

]

+(1/2)
{
(Wi1 − Wi2)

⊗2 − Σ̂uu

}
β̂n,2.

Then a consistent estimate ofΓ∗ is the sample covariance matrix of theRiδi’s. See Liang, Härdle,

and Carroll (1999) for a detailed discussion.

3 Estimation of the Mean E(Y )

It is of interest to estimate the meanE(Y ) = θ. Cheng (1994) studied this problem in the purely

nonparametric regression case, while Wang, et al. (2004) studied the partially linear model with

X observed. Here we construct three estimators ofθ whenX is not observed. The methods are

analogous to those of Wang, et al. in the case thatX is observed. Like them, we show that the

three estimators are asymptotically equivalent.
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In a manner similar to Cheng (1994), we can construct two estimators ofθ as follows:

θ̂n,ave = n−1
n∑

i=1

δiYi + n−1
n∑

i=1

(1 − δi){WT
i β̂n + ν̂n(Zi)},

or

θ̂n,est = n−1
n∑

i=1

{WT
i β̂n + ν̂n(Zi)},

whereν̂n(z) = m̂y(z) − m̂T
w(z)β̂n is a nonparametric regression estimator ofν(z) based on the

completely observed data of{(Zi, Yi − WT
i β̂n), i = 1, · · · , n}. One can easily show thatν̂n(z) −

ν(z) = op(n
−1/3) in a way similar to Liang, Härdle, and Carroll (1999). This rate satisfies our

assumption to establish the asymptotic normality of the estimators ofθ.

Denotesn(z) =
∑n

i=1 δiKh(Zi − z)/
∑n

i=1 Kh(Zi − z), s(z) = E(δ|Z = z) andP (Z, δ) =

δ/s(Z). We define a third estimator ofθ as

θ̂n,wei = n−1
n∑

i=1

δi

sn(Zi)
Yi + n−1

n∑

i=1

{
1 − δi

sn(Zi)

}
{WT

i β̂n + ν̂n(Zi)}.

Note that if we try to substitutesn(z) by an estimator ofπ(x, z), a problem arises becauseX is

measured with error, so that exactX is not available for estimatingπ(X, Z). In the following the-

orem, we give asymptotic normality of the three estimators,showing that they are asymptotically

equivalent.

Theorem 3 In addition to the assumptions of Theorem 1, assume thatnh4 → 0. Thenn1/2(θ̂n,• −
θ) has an asymptotically normally distribution with mean 0 andvarianceE[P (Z, δ)ε + {1 −
P (Z, δ)}UTβ+E(W̃T)Σ−1

X|Zδ{W̃ (ε−UTβ)+Σuuβ}]2+E{XTβ+ν(Z)−θ}2, where• indicates

“ave”, “est”, or “wei”.

4 INFERENCE BASED ONEMPIRICAL L IKELIHOOD PRINCIPLE

Based on our estimators of the covariance or its bootstrap version, one can give a confidence region

for eitherβ or θ = E(Y ). Although we have confirmed that the estimatorΣ̂β given in Section 2

is consistent, its finite-sample behavior may be affected bythe need to plug in several estimated

terms. Furthermore, the confidence region derived by this procedure is based on a normal approx-

imation, which may be optimistic in small samples. An alternative method is to use the empirical
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likelihood principle, see Owen (1988, 1990, 1991, 2000), Qin (1994, 1999), Qin and Lawless

(1994) and Chen (1993, 1994). In the remainder of this section, we assumeεi are independent

and identically distributed and independent of(Wi, Zi). We propose our empirical likelihood ra-

tio statistic, and show that the statistic is asymptotically chi-squared distributed. We need only to

study the empirical likelihood based confidence interval for β since the situation forθ is similar

and simpler.

Let F be the distribution function which assigns probabilitypi at points(Wi, Yi, Zi). Then
∑n

i=1 pi = 1 andpi ≥ 0 for eachi. Our semiparametric empirical likelihood ratio is defined as

follows. Note thatE[δ{W̃ (Ỹ − W̃Tβ) + Σuuβ}] = 0. The empirical likelihood ratio function for

β may be defined as

R(β) = max

{
n∏

i=1

npi

∣∣∣
n∑

i=1

piδi{W̃i(Ỹi − W̃T
i β) + Σuuβ} = 0, pi ≥ 0,

n∑

i=1

pi = 1

}
,

if mw(z) and my(z) are known. In our model setting, an modified empirical likelihood ratio

function is defined as

Rn(β) = max

{
n∏

i=1

npi

∣∣∣
n∑

i=1

piδi

(
{Wi − m̂w(Zi)}[Yi − m̂y(Zi)−

{Wi − m̂w(Zi)}Tβ] + Σuuβ
)

= 0, pi ≥ 0,
n∑

i=1

pi = 1

}
. (7)

Theorem 4 Under Assumption 1,−2 log{Rn(β)} converges to a chi-squared distribution withp

degrees of freedom.

Based on this result, a confidence region ofβ can be given as{β : −2 log{Rn(β)} ≤ cα},

wherecα denotes theα quantile of the chi-squared distribution. WhenΣuu is unknown, we need

replication data in the usual way. Assuming the special caseof mi ≡ 2 as in Section 2, we can

then replaceWi by W i andΣuuβ by 1/2Σ̂uuβ. The resulting statistic still has the property given

in Theorem 4. A justification of this last assertion can be easily obtained by using the fact that

E[δ{W̃ i(Ỹi − W̃
T

i β) + 1/2Σ̂uuβ}] = 0,

whereW̃ i = W i − mw(Zi).
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5 A SIMULATION STUDY

To evaluate the performance of the proposed methods, we conducted a small scale simulation

experiment. We generatedn = 100 andn = 500 observations from model (1), assuming that

Y |X, Z ∼ Normal{β0 + β1X + ν(Z), σ2(X, Z)} and the probability ofY being observed equals

pr(δ = 1|Y, X, Z) = Φ{α0 + α1X + ν1(Z)}, whereΦ(·) is the standard normal cumulative

distribution function. We also assume that the measurementerror followsW = X+U , whereU ∼
Normal(0, 0.2). In our simulations, we setα0 = β0 = 0, β1 = 1, α1 = 2, X ∼ Uniform(0, 1), Z ∼
Uniform(0, 1) independent ofX, andν(z) = 4{exp(−3.25z) − 4 exp(−6.5z) + 3 exp(−9.75z)}.
We considered four cases.

Case 1: ν1(z) = 0.75z andσ2(x, z) = 0.25;

Case 2: ν1(z) = sin(z2) andσ2(x, z) = 0.25;

Case 3: ν1(z) = 0.75z andσ2(x, z) = 0.1 ∗ {sin2(2πx3) + 0.5z + 0.3}. This case is meant to see

the effect of heteroscedastic error on the estimators and confidence intervals.

Case 4: ν1(z) = 0.75z and the errorε follows 0.252(X 2
2 − 2), whereX 2

2 is a chi-squared vari-

able with 2 degrees of freedom. This case is meant to see the effect of asymmetric error on the

estimators and confidence intervals.

In our nonparametric estimation procedure, we selected bandwidths as in Remark 2. We used

the quartic kernel:K(u) = 15/16(1−u2)2I(|u|≤1). We generated1, 000 data sets in each of the four

cases. For each case, approximately35% of theY ’s are missing. To estimate the variance ofU , we

generated double samples ofW . We computed the naive and correction-for-attenuation estimates

of the parametric components, and their asymptotic and empirical likelihood-based confidence

intervals.

The results are given in Table 1. Column “Estimate” gives theaverage of 1000 estimated co-

efficients based on the naive and our proposed methods; Column “CI(ME)” gives the confidence

intervals using the empirical likelihood and normal approximation methods when the measure-

ment errors are accounted for. The lower and upper values arethe averages of 1000 simulated

corresponding lower and upper values; Column “Coverage (ME)” gives the corresponding cover-

age probabilities of the 1000 data sets. We summarize our findings as follows. The results are

basically in accord with the theory. The impact of the measurement errors on the estimates is sub-
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stantial. When ignoring measurement errors, the estimatesare significantly biased and attenuate to

zero. For moderate sample size, the empirical likelihood-based confidence intervals appear to be

superior to these based on the normal approximation. The improvement is better when the error is

non-normal or its variance is not constant.

6 ANALYSIS OF A DATASET FROM AN AIDS STUDY

In this section we present an analysis of the pediatric AIDS clinical trial group (PACTG 338)

study. One of the purposes of this study is to investigate theeffectiveness of antiretroviral (anti-

HIV) medicines, and to see how increasing CD4 cell counts decrease the amount of HIV in the

blood (HIV viral load). We are interested in understanding the pathogenesis of HIV infection and

in evaluation of antiretroviral therapies by characterizing the relation between viral load and CD4

cell counts. Our preliminary investigations suggested that viral load depends linearly on CD4 cell

count but nonlinearly on treatment time. See Liang et al. (2004) for a related discussion. We

therefore model the relation between viral load and CD4 cellcounts by using model (1), in which

Y represents viral load,X CD4 cell counts, andZ treatment time. Model (1) was applied by Zeger

and Diggle (1994) to investigate the relation between CD4 cell counts and other covariates.

The PACTG 338 study consists of 297 children, who were clinically stable and who had not

had prior treatment with protease inhibitors to a 2- or 3-drug protease inhibitor containing regimen

(ritonavir plus 1 or 2 nucleoside analogs) or to a dual nucleoside analog regimen, with 2287 obser-

vations, of which 17.6% viral load RNA were missing. See Nachman, et al. (2000) for a detailed

explanation of PACTG 338. The management of HIV infected patients mainly includes monitoring

their CD4 cell counts, which reflect body immunity, and HIV viral load, a useful virologic marker.

CD4 cell counts are used to follow response to HIV medications, as a measure of adherence to

treatment and most importantly to guide decisions regarding opportunistic infection prophylaxis.

Some patients may fail to go to clinical trial centers for a HIV viral load measurement when they

feel that their immunity is strong enough or too weak. Therefore, the assumption that the missing

RNA levels depends on true CD4 cell counts and not measured counts and treatment time appears

to be at least somewhat reasonable.

In our data analysis, we used the working independence assumption for the error terms,ε, in
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the model. The original times ranged from0 to 84 (in weeks). To reduce the marked skewness

of CD4 cell counts, the variation of viral load, and the sparsity of treatment times, we take log-

transformation for all three variables. We used the same kernel function as in the simulation study

(Section 5), and obtained a bandwidth ofh = 0.124 in the same way there. We assume that the

measurement errorsUij were independent and normally distributed with mean zero and variance

σ2
u. To estimate the measurement error varianceσ2

u, one needs to have validation or replication

data. However, neither kind of data is available, so that similar to Lin and Carroll (2000), we

conducted a sensitivity analysis by takingσ2
u to be the 1/4 and 1/2 of the variance ofW .

We applied the methods proposed in Section 2 and Section 4 to the data set, assumingσ2
u = 0

(naive estimate ignoring measurement error),σ2
u = 0.068, andσ2

u = 0.135. For the parameterβ,

we give its estimated value, along with asymptotic and empirical likelihood confidence intervals

(CI) in Table 2. The estimated values corresponding toσ2
u = 0.068 andσ2

u = 0.135 increased

31.2% and 48.8%, respectively, compared to the naive estimate, while the confidence intervals

were widened accordingly, which reflects the increased uncertainty due to the measurement errors.

As expected, when the possible measurement errors were taken into account, we found a somewhat

stronger negative association between viral load and CD4 cell counts. The confidence intervals

were obtained by 200 bootstrap replications, where in the bootstrap patients were resampled.

The curve of the estimated nonparametric function of treatment time and the corresponding

confidence bands under the naive framework are shown in Figure 1. The curves for other two

cases (not shown here) have a similar pattern as the plot in Figure 1. The confidence bands were

obtained by 200 bootstrap replications, in which patients were resampled. The plot indicates that

the viral load RNA levels rapidly decrease after initial antiviral treatment and become flat and even

rebound a little bit. But finally the estimated curve goes down rapidly.

7 DISCUSSION

In this paper, we have studied a class of easily computable estimators in partially linear mod-

els with missing response variables and error-prone covariates. While the missingness ofY in

our setting is not at random, our proposed estimators have been shown to be
√

n-consistent and

asymptotically normally distributed. We have also established empirical likelihood inference for
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this problem, with numerical results that suggest this typeof inference is preferred over asymp-

totic normal approximations. The estimation methods and normal limit distributions are readily

extended to longitudinal and repeated measures contexts, if one uses working independence, i.e.,

ignores the correlation structure when computing the estimator, but uses it in computing asymptotic

covariance matrices.

The proposed estimators are based on the observed data, but exclude the observed covariates

(W, Z) whenY is missing except that all theWs are used to estimateΣuu when its estimation is

desired. Although we have not derived the efficiency bound for the estimator ofβ, we conjecture

that little gain, if any, can be obtained if we include those observations(W, Z) associated with

missingY ’s. See Bickel et al. (1993, page 146) for a related result.
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APPENDIX: ASSUMPTIONS AND PROOFS

A.1 Assumptions

We list the following conditions which are assumed to hold throughout the paper.

Assumption 1 (a)E{π(X, Z)X̃X̃T} is a positive-definite matrix,E(ε|X, Z) = 0, andE(|ε|3|X, Z)

< ∞;

(b) The bandwidths in estimatingmw(z) andmy(z) are of ordern−1/5;
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(c) K(·) is a bounded symmetric density function with compact support and satisfies that
∫

K(u)du = 1,
∫

K(u)udu = 0 and
∫

u2K(u)du = 1;

(d) The density function ofZ, fZ(z), is bounded away from zero and has bounded continuous

second (partial) derivatives;

(e)my(z) andmw(z) have bounded and continuous second derivatives;

(f) The probability functionπ(x, z) is bounded away from zero on the support of(X, Z), and has

bounded continuous second partial derivatives;

(g) E(‖U‖3) < ∞.

A.2 Proof of Theorem 1

We first point out the following fact, which can easily be shown by Assumption 1 (b)-(e),

m̂w(z) − mw(z) = op(n
−1/4) andm̂y(z) − my(z) = op(n

−1/4). (A.1)

We use these two equations in what follows. Define

Ψ(mw, my, β, Y, W, Z, δ)=
(
{W − mw(Z)}

[
Y − my(Z) − {W− mw(Z)}Tβ

]
+ Σuuβ

)
δ.(A.2)

Our estimator̂βn solves the estimating equations

0 =
n∑

i=1

Ψ(m̂w, m̂y, β, Yi, Wi, Zi, δi).

Let

D(m∗
w − mw, m∗

y − my, β, Y, W, Z, δ) =
∂Ψ

∂mw
(m∗

w − mw) +
∂Ψ

∂my
(m∗

y − my),

where the partial derivatives are the Frechet partial derivatives. It is easy to obtain that

∂Ψ

∂mw

= [−Y + my(Z) − 2{W − mw(Z)}Tβ]δ and
∂Ψ

∂my

= −{W − mw(Z)}δ.

A direct calculation yields thatE
(

∂Ψ
∂mw

|Z
)

= 0 a.e. andE
(

∂Ψ
∂my

|Z
)

= 0 a.e. In addition,

‖Ψ(m∗
w, m∗

y, β, Y, W, Z, δ)− Ψ(mw, my, β, Y, W, Z, δ)− D(m∗
w − mw, m∗

y − my, β, Y, W, Z, δ)‖

= O
(
‖m∗

w − mw‖2 + ‖m∗
y − my‖2

)
, (A.3)
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where‖h‖ denotes a norm for the functionh, such as Sobolev norm, i.e, supremum norm for a

function and its derivatives. Equation (A.3) is Newey’s (1994) assumption 5.1(i). Furthermore,

(A.1) ensures assumption 5.1(ii) of Newey. Again his assumption 5.2 holds by the expression of

D(•, β, Y, W, Z, δ). In addition, it follows from the above statements that for any (m∗
w, m∗

y),

E
{
D(m∗

w − mw, m∗
y − my, β, Y, W, Z, δ)

}
= 0,

thus verifying Newey’s assumption 5.3: hisα(z) = 0, according to his discussion just above his

Lemma 5.1. By that lemma, it follows that̂βn has the same limit distribution as the solution, call

β̃n, to the equation

0 =
n∑

i=1

Ψ(mw, my, β, Yi, Wi, Zi, δi).

A direct derivation gives that

β̃n =

{
n−1

n∑

i=1

W̃iW̃
T
i δi − n−1

n∑

i=1

δiΣuu

}−1

n−1
n∑

i=1

W̃iỸiδi.

It follows that

n1/2(β̃n − β) = ∆−1
n n−1/2

n∑

i=1

δi(εiX̃i − X̃iU
T
i β + Uiεi − UiU

T
i β + Σuuβ),

where

∆n = n−1
n∑

i=1

X̃iX̃
T
i δi + n−1

n∑

i=1

UiU
T
i δi − n−1

n∑

i=1

δiΣuu + op(1) → ΣX|Z .

Thereforeβ̃n has the same limit distribution as described in the statement of Theorem 1. This

completes the proof.

A.3 Proof of Theorem 3

We will prove the theorem for̂θn,wei because the proofs for the other two cases are similar.

Define

Φ(mw, my, s, β, Y, W, Z, δ, θ) =
δ

s(Z)
(Y − θ) +

{
1 − δ

s(Z)

}
{WTβ + my(Z) − mT

w(Z)β − θ}

The estimator̂θn,wei is the solution of the estimating equation

n−1
n∑

i=1

Φ(m̂w, m̂y, sn, β̂n, Yi, Wi, Zi, δi, θ) = 0.

13



Using the same approach as that in the proof of Theorem 1, we can show that̂θn,wei has the same

distribution as the solution,̃θn say, of the equation

n−1
n∑

i=1

Φ(mw, my, s, β̂n, Yi, Wi, Zi, δi, θ) = 0.

Note that

θ̃n − θ = n−1
n∑

i=1

{XT
i β + ν(Zi) − θ} + n−1

n∑

i=1

δi

s(Zi)
εi

+n−1
n∑

i=1

{
1 − δi

s(Zi)

}
WT

i (β̂n − β) + n−1
n∑

i=1

{
1 − δi

s(Zi)

}
UT

i β

−n−1
n∑

i=1

{
1 − δi

s(Zi)

}
mT

w(Zi)(β̂n − β).

BecauseE
[{

1 − δi

s(Zi)

}
mT

w(Zi)
]

= 0 andβ̂n − β = Op(n
−1/2), the last term isOp(n

−1).

Furthermore, it follows from the proof of Theorem 1 that

n1/2(β̂n − β) = Σ−1
X|Zn−1/2

n∑

i=1

δi{W̃i(εi − UT
i β) + Σuuβ} + op(1)

andn−1∑n
i=1

{
1 − δi

s(Zi)

}
WT

i → E(W̃T) in probability. We have that

n1/2(θ̃n − θ) = n−1/2
n∑

i=1

[
δi

s(Zi)
εi+

{
1 − δi

s(Zi)

}
UT

i β+E(W̃T)Σ−1
X|Zδi{W̃i(εi−UT

i β)+Σuuβ}
]

+n−1/2
n∑

i=1

{XT
i β + ν(Zi) − θ} + op(1).

Noting that the two summation terms are uncorrelated, the proof follows.

A.4 Proof of Theorem 4

We first present a lemma, whose proof can be found in Liang, Härdle, and Carroll (1999).

Lemma A.1. Assume that random variablesai andbi satisfyEai = 0 and‖bi‖ = op(n
−1/4). Then

n∑

i=1

aibiξi = op(n
1/2),

whereξi are independent variables with zero conditional mean and finite variance.

DenoteΩi =
(
{Wi − m̂w(Zi)}[Yi − m̂y(Zi) − {Wi − m̂w(Zi)}Tβ] + Σuuβ

)
δi. A standard

simplification as in Owen (2000, page 61) yields that

pi =
1

n(1 + aTΩi)
for i = 1, . . . , n, (A.4)
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wherea = (a1, . . . , ap)
T is the solution of the equation

n−1
n∑

i=1

Ωi

1 + aTΩi
= 0. (A.5)

Mimicking the proof Theorem 3.2 of Owen (2000), we have

‖a‖ = Op(n
−1/2). (A.6)

On the other hand, based on the assumptions, the result of Theorem 1 and the strong law of

large number, we have

max
1≤i≤n

‖Ωi‖ = op(n
1/2). (A.7)

Note that

n−1
n∑

i=1

Ωi

1 + aTΩi
= n−1

n∑

i=1

Ωi(1 − a
T
Ωi) + n−1

n∑

i=1

(aT
Ωi)

2
Ωi

1 + aTΩi
.

The second term isop(n
−1/2) since|aT

Ωi| = op(1) and
∑n

i=1(a
T
Ωi)

2
Ωi ≤ ‖a‖max1≤i≤n |aT

Ωi|
∑n

i=1 ‖Ωi‖2 = Op(n
−1/2)op(1)Op(n) = op(1). It then follows from (A.5) that

a = (
n∑

i=1

ΩiΩ
T
i )−1

n∑

i=1

Ωi + op(n
−1/2). (A.8)

A similar argument using
∑n

i=1 pi = 1 yields that

0 = n−1
n∑

i=1

a
T
Ωi

1 + aTΩi
= n−1

n∑

i=1

a
T
Ωi − n−1

n∑

i=1

(aT
Ωi)

2 + op(n
−1).

Therefore, we have
n∑

i=1

a
T
Ωi =

n∑

i=1

(aT
Ωi)

2 + op(1). (A.9)

ConsiderRn(β). Using a Taylor expansion oflog(1 + x) onx, we have

− log{Rn(β)} =
n∑

i=1

log(1 + a
T
Ωi)

=
n∑

i=1

{
a

T
Ωi − (1/2)(aT

Ωi)
2
}

+ Qn.

The remainder termQn is bounded by‖a‖2 max1≤i≤n |aT
Ωi|

∑n
i=1 ‖Ωi‖2 = Op(n

−1)op(1)Op(n) =

op(1). Using (A.9) and (A.8), we have

−2 log{Rn(β)} =
n∑

i=1

a
T
ΩiΩ

T
i a + op(1)

= (n−1/2
n∑

i=1

Ωi)
T(n−1

n∑

i=1

ΩiΩ
T
i )−1(n−1/2

n∑

i=1

Ωi) + op(1).
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Write Ω̃i =
(
{Wi − mw(Zi)}[Yi − my(Zi) − {Wi − mw(Zi)}Tβ] + Σuuβ

)
δi. ThenΩ̃i − Ωi

can be expressed as

W̃i[{m̂y(Zi) − my(Zi)} − {m̂w(Zi) − mw(Zi)}Tβ]δi

−{m̂w(Zi) − mw(Zi)}[{m̂y(Zi) − my(Zi)} − {m̂w(Zi) − mw(Zi)}Tβ]δi

+{m̂w(Zi) − mw(Zi)}(Ỹi − W̃ T
i β)δi.

It follows from (A.1) that

1√
n

n∑

i=1

{m̂w(Zi) − mw(Zi)}[{m̂y(Zi) − my(Zi)} + {m̂w(Zi) − mw(Zi)}Tβ]δi = op(1).

On the other hand, Lemma A.1 implies that

1√
n

n∑

i=1

W̃i[{m̂y(Zi) − my(Zi)} + {m̂w(Zi) − mw(Zi)}Tβ]δi = op(1),

and

1√
n

n∑

i=1

{m̂w(Zi) − mw(Zi)}(Ỹi − W̃ T
i β)δi = op(1).

These results imply thatn−1/2∑n
i=1 Ωi andn−1/2∑n

i=1 Ω̃i asymptotically have the same limiting

normal distribution, andn−1∑n
i=1 ΩiΩ

T
i andn−1∑n

i=1 Ω̃iΩ̃
T

i have the same limiting value. The

proof is thus complete.
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Figure 1:Estimates and the associated confidence interval of the nonparametric functionν(z) for PACTG

338 dataset. The solid curve represents the estimated values of ν(z) based on the complete observations,

and the dotted lines are the confidence intervals.



Table 1: Point estimates forβ1 (=1), the 95% confidence intervals based on the empirical likelihood

(EL) and normal approximation (Norm) methods, and the associated coverage probabilities for the

simulated data. The four cases are discussed in the text.

Estimate CI (ME) Coverage (ME)

n case naive ME EL Norm EL Norm

100 1 0.649 1.026 (0.479, 1.614) (0.382, 1.670)94.2 93.9

2 0.649 1.024 (0.480, 1.609) (0.446, 1.602)95.1 93.1

3 0.650 0.982 (0.784, 1.213) (0.719, 1.245)96.6 97.7

4 0.650 1.029 (0.485, 1.612) (0.451, 1.607)94.1 92.4

500 1 0.662 1.001 (0.782, 1.235) (0.778, 1.224)95.2 95.7

2 0.662 1.004 (0.779, 1.238) (0.764, 1.244)94.2 95.5

3 0.662 1.001 (0.923, 1.102) (0.913, 1.089)96.7 96.4

4 0.661 1.001 (0.829, 1.188) (0.778, 1.224)95.7 95.7

Table 2: Estimates of the parameterβ, the 95% confidence intervals based on the empirical likeli-

hood (EL) and normal approximation (Norm) methods for PACTG338 dataset.

σ2
u = 0 σ2

u = 0.068 σ2
u = 0.135

Estimates -0.125 -0.164 -0.186

CI(Norm) (-0.145, -0.105) (-0.204,-0.124) (-0.244, -0.128)

CI(EL) (-0.132, -0.109) (-0.183, -0.128) (-0.221, -0.130)


