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SUMMARY

In this paper, we consider partially linear models in therfaf = X5 + v(Z) + € when the
response variabl¥ is sometimes missing with missingness probabititdepending or{ X, Z),
and the covariate' is measured with error, whetg z) is an unspecified smooth function. The
missingness structure is therefore missing not at randdAR]), rather than the usual missing
at random (MAR). We propose a class of semiparametric eginséor parameter of interegt
as well as for the population med(Y'). The resulting estimators are shown to be consistent
and asymptotically normal under general assumptions. mstoact a confidence region ot we
also propose an empirical likelihood based statistic, Wwhscshown to have an asymptotic chi-
squared distribution. The proposed methods are appliedalyze an AIDS clinical trial data set.
A simulation study is also reported to illustrate our appioa
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1 INTRODUCTION

The partially linear model assumes that the response Vartadepends on variabl& in a linear

way but is related to another independent varidgbia an unspecified form, i.e., it is of the form
Y = X"3+v(Z) +e¢, (1)

where X is a p-vector covariate/ is a scalar covariate, the functier-) is unknown, and the
model error= has mean zero conditional 9, 7).

There is a substantial literature on kernel-based methmdgafrtially linear models and their
generalizations, see for example, Engle et al. (1986),l3pan (1988), Robinson (1988), Severini
& Staniswalis (1994), Zeger & Diggle (1994), Opsomer & Rup@999) and Hardle, Liang &
Gao (2000), among many others. Liang, Hardle, & Carroll9@)9considered model (1) with
error-proneX. Recently, missing data issues have been considered, watigl Wang, Robins
& Carroll (2004) considering the case th#tin (1) is missing at random, while Wang, Linton &
Hardle (2004) consider the case that the respdhsemissing at random.

In this paper, we consider the missing response case, butditian we allow some of the
components oi to be measured with error. Our motivation is from AIDS claditrials, where the
response, variable viral load RNA, can be missing. In addjtihe covariates, CD4 measurements,
are measured with error. Measurement error in predictarsasaa bias in the estimated regression
coefficient. While Liang, et al. considered the measureragot problem, they did not allow for
missing responses.

We deal with the case that is measured with additive errors in the following sense: arnot

observeX directly but can observe a surrogatérelated toX by
W=X+U. (2)

If & = 1 indicates that” is observed and = 0 indicates that” is missing, we assume that the
measurement errdy is independent ofY, Z, X, §) and with E(U) = 0, co\U) = %, and
E{U(UUT3)T} = 0 for all 3. We first assume that,, is known, and later extend the results to
the general case.

It is important to stress that under the setting considerehis paper, see (3) below, the miss-

ingness ofY is allowed to depend o(X, Z), but not otherwise ofV'. Since the trueX is not
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observableY  is therefore not missing at random (NMAR). Since we will makeurther assump-
tions, such as on the distribution af or on the missing data probabilities, what we are dealing
with here is conceptually quite different from most studaésnissing data in which missing at
random or missing completely at random is assumed.

The paper is arranged as follows. In Section 2 we define theimgglata mechanism for the
problem and propose our estimation methods. These are t@dightimating equations leading to
computationally simple methods. Asymptotic theory an@tiehce is also derived. In Section 3,
following Wang, et al. (2004), we give three equivalentrastiors of the mea’(Y"), which are
shown to be semiparametric efficient in certain circumstanclo improve confidence intervals
based on the standard error estimates, in Section 4 we gezalempirical log-likelihood ratio
statistic, and show that it has an asymptotic chi-squatglision. Section 5 contains the results of
a small simulation study, while Section 6 presents the tesidilour statistical analysis of an AIDS

study. Some concluding remarks are given in Section 7. Albfs are given in the Appendix.

2 ESTIMATION AND MAIN RESULTS

2.1 Known Measurement Error Covariance Matrix

As described previously, we assume thaXifvere observed, the missing data mechanism follows

the missing at random mechanism in the sense that
pr(s = 11X, 2,Y) = pr(0 = 11X, Z) = n(X, Z), (3)

for some unknowmnr (X, 7). As stated previously, we also assume that the measuremerg &
are independent af, Z, X, §), so that pfd = 1|X,Z,Y, W) = n(X, Z). Furthermore, assume
that{(Y;, W;, Z;,8;),i = 1,---,n} are independent and identically distributed.

In this paper, we use local constant smoothers with fixed Wwatids for simplicity in pre-
senting the derivations of the theoretical results: exterssto local polynomial estimation are
straightforward, with no change in the limiting distribani of the estimate ofl. In what fol-
lows, we denoted®? = AAT. Also, definem,(z) = E(6X|Z = 2)/E(0|Z = z), my(z) =
E(6W|Z = 2)/E(8|Z = z) andm,(z) = E(3Y|Z = 2)/E(0|Z = 2). LetX; = X; — m.(Z),
W; = W, — mw(Z), Y = Y; — m,(Z;), and denot& x|, = cov(X9).
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Note thatéY = §XT3 + 6v(Z) + de. From our assumptions, it follows that(dY|Z) =
E(6XTZ)B+ E(0|1Z)v(Z). If X is observed, angh,(z) andm,(z) are known, one can obtain a

least squares type estimator/as

S0 - ma (20} [ S8 - maZOHY: - my(2)]

It is easily shown that this estimator is consistent, asytigdlly normal, etc.; see Wang, et al.
(2004).

The formula above cannot be applied directly whémns measured with error, and,.(z) and
m,(z) are unknown. However, by our assumptioh%/W|Z) = E(6.X|Z). We thus propose a

correction for attenuation estimator 6f

o= (300 [0 - (2™ - 5]} [Sadw - mzn - m@|. @

wherem,,(z) andm,(z) are nonparametric regression estimators./Lef) be a symmetric density
function, leth be a suitable bandwidth and defikig(z) = K(z/h)/h. These estimators take the
form

e Kn(Zi — 2)6;Y;
S 0 Kn(Zs — 2)

i Kn(Z — 2)0 W

andm,(z) =

Remark 1 Alternative estimators are readily constructed, but gahesuffer from complications.

For example, sinc& — E(Y|Z) = {X — E(W|Z)}T3 + ¢, an obvious approach is to estimate
E(W|Z)andE(Y|Z) using all the data. The former is easy: any nonparametriessgn will do.

The latter though is problematic, because of the missingpreses, the possibility that missingness
depends onX, and the fact thaX is unobserved. There does not appear to be an easy way to
estimatel(Y'|Z) consistently under the current conditions. Note that ont@fmost important
features of the proposed approach is that, by using the atdmdeasurement error model (2), it
can handle the not missing at random case with ease andretilte \/n-consistent estimators, as

shown in the theorems that follow.

Before presenting our first main result, we note that througithe paper we make some gen-

eral assumptions that are listed in the Appendix.
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Theorem 1 Assume thaf{(Y;, W;, Z;,d;), i = 1,---,n} are independent and identically dis-
tributed. Under Assumption 1 in the Appendix;? (Bn—ﬁ) is asymptotically normally distributed

with mean 0 and covariance matiiy = X, I'2y,, where
I'=E[6{(e - UTB)X}* + E(SUUT?) + BE[{(UUT - ,.)8}%?.
The proof of Theorem 1 is given in the Appendix.

Remark 2 In typical nonparametric kernel regression, bandwidtec@n plays a key role in the
performance of nonparametric estimators in terms of thieis nd variance. In partially linear
models3 is of main interest, and(z) is a nuisance function. Based on Assumption 1 (b), only the
rate of orden—'/° is needed to lead to the same limit distribution for estingfi. In implementing
our proposed estimation procedure, we adopt Ruppert, Breand Wand'’s (1995) approach to
search for the bandwidth. Our limited experience indicéitesthe numerical performance of the

resulting estimators of is stable around the selected bandwidth.

Checking the proof of Theorem 1, we see thatcan be estimated via a standard sandwich

method as follows. Let

i\]X|Z - n_l Z 5@[{1/1/2 - m\w(Zi)}@Q - Euu];
i=1

n

f =n"! Zl 52({I/Vz - mw(Zz)}[Yz - m\y(Zi) - {VVz - ﬁw(Zi)}TBn] + Zuu@n)®2

ands; = £y}, ISl,. Then itis easily shown that, is a consistent estimator f.

2.2 Estimated Measurement Error Covariance Matrix

The covariance matriX,, is generally unknown and needs to be estimated. The usuabohet
of doing so (Carroll, et al., 1995, Chapter 3) is by partiglieation, so that we obserdd’;; =
X, + U, j=1,..,m,;. For notational simplicity, we assume that = 2. Extension to more
general settings is straightforward, see Liang, et al. 918& a related discussion. L&t’; be the

sample mean of the replicatdlg;. A consistent, unbiased method of moments estimat& fpiis

n 2
Sw =1 ZZ(VVU — W) (W — Wit

i=1j=1



The corresponding estimator gfis

B = (z o [T — (2} — <1/2>iw})_ [z 5T — Tl Z0 WY — 7y (Z0} |, (6)

wheremiz(z) is the local constant estimate of,,(z) based on the datgW;, Z;),i = 1,...,n}.

We now present the following theorem.

Theorem 2 Under the general conditions of Theorem 1, the estinﬁ);,glgiven in (6) is consistent

and asymptotically normal with covariance matiigg}ZF*E;ﬁZ, where
" = E[6{(c — U B)X}** + E(6UU &%) + E[B{({TU" — £,./2)8}%2).

By a straightforward but tedious derivation, Theorem 2 canploved in a manner similar to
Theorem 1: we omit the details.
The standard error estimates can also be derived. A consesdmate ob x|, in this case is

defined as

) {{W —ma(2)) - (1 /2)214 .
=1
TheI™ can be estimated as follows. Let
R; = {Wz - mw(Zz‘)} [Yz‘ - m\y(Zi) - {Wz - mw(Zi)}Tan}
+(1/2) {(Wir = Wia)® = S} Bua:

Then a consistent estimatelof is the sample covariance matrix of thg);'s. See Liang, Hardle,

and Carroll (1999) for a detailed discussion.

3 Estimation of theMean E(Y)

It is of interest to estimate the me&f(Y’) = 0. Cheng (1994) studied this problem in the purely
nonparametric regression case, while Wang, et al. (2004lext the partially linear model with

X observed. Here we construct three estimator$ when X is not observed. The methods are
analogous to those of Wang, et al. in the case #as$ observed. Like them, we show that the

three estimators are asymptotically equivalent.
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In a manner similar to Cheng (1994), we can construct twonegtrs off as follows:

(/g\n,ave = n_l Z 613/1 + n_l Z(l - 51){I/VZTB71 + Dn<Zz)}7

i=1 i=1

or

B = 0 (W B4 220},
=1

wherer, (z) = ,(z) — mh(2)5, is a nonparametric regression estimator 6f) based on the
completely observed data §fZ;,Y; — W' 3,),i = 1,---,n}. One can easily show thaj,(z) —
v(2) = o,(n~Y3) in a way similar to Liang, Hardle, and Carroll (1999). Thie satisfies our
assumption to establish the asymptotic normality of theregbrs off.

Denotes,,(z) = >0 6 Ku(Z; — 2)) X Kn(Zi — 2), s(z) = E(0|Z = z) andP(Z,0) =
d/s(Z). We define a third estimator éfas

Opwei =1 12 n(Zi>Y;+n 1;{1—%(2‘)

i=1 S i

bovra, + oz

Note that if we try to substitute,(z) by an estimator ofr(z, ), a problem arises becauseis
measured with error, so that exactis not available for estimating(.X, Z). In the following the-
orem, we give asymptotic normality of the three estimatsinewing that they are asymptotically

equivalent.

Theorem 3 In addition to the assumptions of Theorem 1, assumerihat— 0. Thenn'/2(6,, . —
0) has an asymptotically normally distribution with mean O amdiance E[P(Z,d)e + {1 —
P(Z, 5)}UTﬁ+E(WT)E;ﬁZ§{W(5— UTB3)+ B2+ E{X 3+ v(Z)—0}?, wheree indicates

ave”, “est”, or “wei”.

4 |INFERENCE BASED ONEMPIRICAL LIKELIHOOD PRINCIPLE

Based on our estimators of the covariance or its bootstnagiore one can give a confidence region
for either3 or @ = E(Y). Although we have confirmed that the estimaXbrgiven in Section 2

is consistent, its finite-sample behavior may be affectethbyneed to plug in several estimated
terms. Furthermore, the confidence region derived by tlusqature is based on a normal approx-

imation, which may be optimistic in small samples. An altgive method is to use the empirical
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likelihood principle, see Owen (1988, 1990, 1991, 2000) (1994, 1999), Qin and Lawless
(1994) and Chen (1993, 1994). In the remainder of this secti@ assume; are independent
and identically distributed and independent(f;, Z;). We propose our empirical likelihood ra-
tio statistic, and show that the statistic is asymptotycali-squared distributed. We need only to
study the empirical likelihood based confidence intervaldesince the situation fof is similar
and simpler.

Let /' be the distribution function which assigns probabilityat points(W;,Y;, Z;). Then
>, pi = landp;, > 0 for eachi. Our semiparametric empirical likelihood ratio is defined a
follows. Note thatE[5{IWV (Y — WT3) + £,.53}] = 0. The empirical likelihood ratio function for

(£ may be defined as

R(f) = max {H npi | Y pidi{ WiV = WEB) + 2,0} = 0,p, > 0,3 pi = 1} ,
1=1 1=1 1=1

if m,(2) andm,(z) are known. In our model setting, an modified empirical likebd ratio

function is defined as

R, (5) = max {ﬁ "
=1

f:lpz-@({wi T ZYY — Ty (Z)

Theorem 4 Under Assumption 1-21og{R.(3)} converges to a chi-squared distribution wjith

degrees of freedom.

Based on this result, a confidence regionjofan be given ags : —2log{R.,.(5)} < ca}s
wherec, denotes ther quantile of the chi-squared distribution. Whep, is unknown, we need
replication data in the usual way. Assuming the special cdse; = 2 as in Section 2, we can
then replacéV; by W; andXx,,, 3 by 1/2§uuﬁ. The resulting statistic still has the property given

in Theorem 4. A justification of this last assertion can belgabtained by using the fact that

E[§{W:(Y; = W, 8) + 1/25,,5}] = 0,

whereﬁi =W —mu(Z;).



5 A SIMULATION STUDY

To evaluate the performance of the proposed methods, weuctedla small scale simulation
experiment. We generated = 100 andn = 500 observations from model (1), assuming that
Y|X,Z ~ Normal{ 5, + 3, X +v(Z),0%(X, Z)} and the probability of” being observed equals
pr(0 = 1|V, X, Z) = ®{ap + e X + v1(Z)}, where®(-) is the standard normal cumulative
distribution function. We also assume that the measuresremtfollowsWW = X +U, whereU ~
Normal(0, 0.2). In our simulations, we set, = 3, = 0, 51 = 1, a; = 2, X ~ Uniform(0, 1), Z ~
Uniform(0, 1) independent of, andv(z) = 4{exp(—3.25z) — 4 exp(—6.52) + 3exp(—9.75z)}.
We considered four cases.

Case L v(z) = 0.75z ando?(z, z) = 0.25;

Case 2: vi(z) = sin(2?) ando?(z, z) = 0.25;

Case 3: v1(z) = 0.75z ando?(z, 2) = 0.1 x {sin®*(27z*) + 0.5z + 0.3}. This case is meant to see
the effect of heteroscedastic error on the estimators anfidemce intervals.

Case 4. v1(z) = 0.75z and the errok follows 0.25%(X} — 2), where X} is a chi-squared vari-
able with 2 degrees of freedom. This case is meant to see fdwt ef asymmetric error on the
estimators and confidence intervals.

In our nonparametric estimation procedure, we selectedvaiaiths as in Remark 2. We used
the quartic kernel# (u) = 15/16(1—u*)*I,<1). We generated, 000 data sets in each of the four
cases. For each case, approximasély of theY’s are missing. To estimate the variancdgfwe
generated double samplesldf. We computed the naive and correction-for-attenuatiomeses
of the parametric components, and their asymptotic and rezapiikelihood-based confidence
intervals.

The results are given in Table 1. Column “Estimate” givesaierage of 1000 estimated co-
efficients based on the naive and our proposed methods; @JIGHKME)” gives the confidence
intervals using the empirical likelihood and normal appnoation methods when the measure-
ment errors are accounted for. The lower and upper valuetharaverages of 1000 simulated
corresponding lower and upper values; Column “Coverage)(dizes the corresponding cover-
age probabilities of the 1000 data sets. We summarize oungads follows. The results are

basically in accord with the theory. The impact of the measwant errors on the estimates is sub-
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stantial. When ignoring measurement errors, the estinaagesignificantly biased and attenuate to
zero. For moderate sample size, the empirical likelihoaskel confidence intervals appear to be
superior to these based on the normal approximation. Theovement is better when the error is

non-normal or its variance is not constant.

6 ANALYSIS OF A DATASET FROM AN AIDS STuDY

In this section we present an analysis of the pediatric All&aal trial group (PACTG 338)
study. One of the purposes of this study is to investigateeffextiveness of antiretroviral (anti-
HIV) medicines, and to see how increasing CD4 cell countsedse the amount of HIV in the
blood (HIV viral load). We are interested in understandimg pathogenesis of HIV infection and
in evaluation of antiretroviral therapies by charactegzihe relation between viral load and CD4
cell counts. Our preliminary investigations suggested tiral load depends linearly on CD4 cell
count but nonlinearly on treatment time. See Liang et al.0gGor a related discussion. We
therefore model the relation between viral load and CD4amlints by using model (1), in which
Y represents viral loady’ CD4 cell counts, and treatment time. Model (1) was applied by Zeger
and Diggle (1994) to investigate the relation between CDHUcoeints and other covariates.

The PACTG 338 study consists of 297 children, who were dilhycstable and who had not
had prior treatment with protease inhibitors to a 2- or 3gdstotease inhibitor containing regimen
(ritonavir plus 1 or 2 nucleoside analogs) or to a dual nugiianalog regimen, with 2287 obser-
vations, of which 17.6% viral load RNA were missing. See Naah, et al. (2000) for a detailed
explanation of PACTG 338. The management of HIV infectedgpés mainly includes monitoring
their CD4 cell counts, which reflect body immunity, and HlValiload, a useful virologic marker.
CD4 cell counts are used to follow response to HIV medicati@s a measure of adherence to
treatment and most importantly to guide decisions reggrdpportunistic infection prophylaxis.
Some patients may fail to go to clinical trial centers for &Hiral load measurement when they
feel that their immunity is strong enough or too weak. Therefthe assumption that the missing
RNA levels depends on true CD4 cell counts and not measurgtt€and treatment time appears
to be at least somewhat reasonable.

In our data analysis, we used the working independence gdsmior the error termss, in
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the model. The original times ranged fraitto 84 (in weeks). To reduce the marked skewness
of CD4 cell counts, the variation of viral load, and the sgwrsf treatment times, we take log-
transformation for all three variables. We used the samaekéunction as in the simulation study
(Section 5), and obtained a bandwidth/of= 0.124 in the same way there. We assume that the
measurement errorfs;; were independent and normally distributed with mean zetbvamiance
o2. To estimate the measurement error variam¢eone needs to have validation or replication
data. However, neither kind of data is available, so thailamto Lin and Carroll (2000), we
conducted a sensitivity analysis by takin§jto be the 1/4 and 1/2 of the variancel®f.

We applied the methods proposed in Section 2 and Sectionhtdata set, assuming = 0
(naive estimate ignoring measurement erref)~= 0.068, ands? = 0.135. For the parametes,
we give its estimated value, along with asymptotic and eicgditikelihood confidence intervals
(Cl) in Table 2. The estimated values corresponding}o= 0.068 ands? = 0.135 increased
31.2% and 48.8%, respectively, compared to the naive estimate, while thdidence intervals
were widened accordingly, which reflects the increasedntsiogy due to the measurement errors.
As expected, when the possible measurement errors wereitdkeaccount, we found a somewhat
stronger negative association between viral load and CD4aents. The confidence intervals
were obtained by 200 bootstrap replications, where in tloédbtiap patients were resampled.

The curve of the estimated nonparametric function of treatniime and the corresponding
confidence bands under the naive framework are shown in &igjurThe curves for other two
cases (not shown here) have a similar pattern as the ploguréil. The confidence bands were
obtained by 200 bootstrap replications, in which patierggenresampled. The plot indicates that
the viral load RNA levels rapidly decrease after initialiginal treatment and become flat and even

rebound a little bit. But finally the estimated curve goes doapidly.

7/ DISCUSSION

In this paper, we have studied a class of easily computabilmasrs in partially linear mod-
els with missing response variables and error-prone catesxi While the missingness &f in
our setting is not at random, our proposed estimators hase sleown to bg/n-consistent and

asymptotically normally distributed. We have also estdidd empirical likelihood inference for
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this problem, with numerical results that suggest this typmference is preferred over asymp-
totic normal approximations. The estimation methods ananablimit distributions are readily
extended to longitudinal and repeated measures contérise iuses working independence, i.e.,
ignores the correlation structure when computing the egbmbut uses it in computing asymptotic
covariance matrices.

The proposed estimators are based on the observed datxchudesthe observed covariates
(W, Z) whenY is missing except that all thid’s are used to estimate,, when its estimation is
desired. Although we have not derived the efficiency boumdHe estimator of}, we conjecture
that little gain, if any, can be obtained if we include thoseservationg 1V, Z) associated with

missingY’’s. See Bickel et al. (1993, page 146) for a related result.
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APPENDIX: ASSUMPTIONS AND PROOFS

A.1 Assumptions

We list the following conditions which are assumed to holetighout the paper.

Assumption 1 (a) E{= (X, Z)X X'} is a positive-definite matrix; (c| X, Z) = 0, andE(|¢*| X, Z)

< 00,

(b) The bandwidths in estimating,,(z) andm,(z) are of ordem~/%;
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(c) K(-) is a bounded symmetric density function with compact suppod satisfies that
[ K(u)du=1, [ K(u)udu = 0andfu*K (u)du = 1;

(d) The density function o/, f~(z), is bounded away from zero and has bounded continuous

second (partial) derivatives;
(e) m,(z) andm,,(z) have bounded and continuous second derivatives;

(f) The probability functionr(x, z) is bounded away from zero on the suppor{ &t ), and has

bounded continuous second partial derivatives;

@ E(IU]]?) < o0.

A.2 Proof of Theorem 1

We first point out the following fact, which can easily be simagy Assumption 1 (b)-(e),
Mw(2) — my(2) = 0,(n~*) andmi, (2) — my(2) = o,(n="/4). (A1)
We use these two equations in what follows. Define

Wiy, 1y, 5.V, W, Z,6)= ({W = mu(Z)}[Y = my(Z) = {W = mu(2)}" 5] + Suuf3) 6.(A.2)

Our estimator, solves the estimating equations

0= Z \Il(mlw mya ﬁ) }/ia VVia Zi) 51)

i=1

Let
ov ov

OMy (M, = mw) + om,

*

D(mz—mw,mz—my,ﬁ,Y,VV,Z,(S): (my—my),

where the partial derivatives are the Frechet partial dévigs. It is easy to obtain that

ov
Omy,

= [-Y +m,(Z) — 2{W — m,(Z)}" 3] and aan\f = —{W —my(2)}0.

A direct calculation yields that (8—W|Z) =0a.e. and& (%M) = 0 a.e. In addition,

OMay
[ (ms,, my, B,Y, W, Z,8) — W(my, my, 3,Y,W, Z,6) — D(my, — muy, m; —m,, 3,Y, W, Z,i)|

= O ([[m, = mu|® + [[my —my||?) , (A.3)
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where||h|| denotes a norm for the function such as Sobolev norm, i.e, supremum norm for a
function and its derivatives. Equation (A.3) is Newey’'s 949 assumption 5.1(i). Furthermore,
(A.1) ensures assumption 5.1(ii) of Newey. Again his assionb.2 holds by the expression of
D(e,3,Y,W, Z,4). In addition, it follows from the above statements that fioy &n;,, m.,),

E{D(m}, = mu, mj —my, 3,Y,W, Z,8)} =0,

thus verifying Newey’s assumption 5.3: higz) = 0, according to his discussion just above his
Lemma 5.1. By that lemma, it follows that, has the same limit distribution as the solution, call

(3., to the equation

O = Z \I[<mw7 my7 ﬁ7 )/ia Wi7 Zi7 51)

=1
A direct derivation gives that
B, = {nl zn: W}W}T@ —n! zn: 5Z-Zuu}l nt zn: W,Y;6;.
i=1 i=1 =1

It follows that

n1/2(5n —B)=A'n? zn:éz(gz}\{z - )N(z‘UiTﬁ + Uig; — UU B + Suu),

=1

where

A,=n"" ij)@)?}éi +n! znj UL —nt zn: 080 + 0p(1) — Syz.

=1 =1 =1
Therefore3, has the same limit distribution as described in the statémefiheorem 1. This

completes the proof.

A.3 Proof of Theorem 3

We will prove the theorem fo@n,wei because the proofs for the other two cases are similar.

Define

®(my, my,s,B8,Y, W, Z,6,0) = (Y —0) + {1 — L} W8 +m,(Z) —mi(2)3 — 6}

s(Z)

The estimato@wei is the solution of the estimating equation

s(2)

0> Oy, Ty, Sny Boy Yis Wiy Zi, 02, 0) = 0.

i=1

13



Using the same approach as that in the proof of Theorem 1, welcaw tha@n,wei has the same

distribution as the solutior,, say, of the equation

nt Z P (1, My, S, B, Yi, Wi, Z:,5;, 0) = 0.

=1
Note that

n

0, —0 = ’1Z{XTﬁ+I/( — 0} +n" 12

03

Because [{1 — }mT(ZZ-)} — 0 andf, — § = O,(n"1/2), the last term i), (n").

S(Z ) w

Furthermore, it follows from the proof of Theorem 1 that

2By — B) = Sityn V2 S 6 Wi(es — UTB) + S} + 0y(1)
=1

andn' Y1, {1 — 55 } W' — E(WT) in probability. We have that

(2

n'’%(0, —0) = n—1/2zn: [ ((Zi)gmt{l - 3(5ZZZ) } Urs+EWT)D X‘Z(S {Wi(e;—UB)+ 2.8}

i=1 LS
S XIS+ () — 0} + o,(1).
=1

Noting that the two summation terms are uncorrelated, thefgollows.

A.4 Proof of Theorem 4

We first present a lemma, whose proof can be found in Liangdldaand Carroll (1999).

LemmaA.1. Assume that random variablesandb; satisfy Ea; = 0 and||b;|| = o,(n~'/*). Then

> aibii = 0,(n'?),
=1

where¢; are independent variables with zero conditional mean aité frariance.
DenoteQ; = ({W; — i, (Z:)}[Yi — 1y (Z:) — {Wi — M (Z:)} 78] + Suu3) ;. A standard
simplification as in Owen (2000, page 61) yields that

1
= —————fori=1,...,n, A4
P+ ara) " (A4)
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wherea = (ay, ..., a,)" is the solution of the equation
Q;

-1 — A.
Mimicking the proof Theorem 3.2 of Owen (2000), we have
laf| = O, (n~"2). (A.6)

On the other hand, based on the assumptions, the result ofdrnel and the strong law of

large number, we have

max [| ]| = o,(n*/?). (A7)

1<i<n
Note that

n Q. n n TQ )29

—1 e A — -1 Qz 1 — TQ —1 AT "™y "™

" ;1+aTQZ~ " ; (1-a Zl+aTQ
The second term is,(n~1/2) since|a™;| = o0,(1) andX 7, (a™$2;)2Q; < ||al| max;<;<, |a™€2;]

S 1412 = O,(n=2)0,(1)O,(n) = 0,(1). It then follows from (A.5) that
a= ZQ Q)" ZQ + 0,(n?). (A.8)

=1

A similar argument usingj;l1 p;i=1 yields that
1 TQ 1 T —1 - T 2 1
Therefore, we have

ZaTQ Z (7€) + 0,(1). (A.9)

ConsiderR,,(3). Using a Taylor expansion dfg(1 + =) onz, we have

Clog{Ra(B)} = 3 log(l +aTe)

i=1

= S {at - (1/2)@" ) + @

=1
The remainder terr@,, is bounded byja||? max;<;<, [a™;| X1 || |]* = Op(n~1)0,(1)0,(n) =
0p(1). Using (A.9) and (A.8), we have
—2log{R.(8)} = > a'QQ a+o0,(1)

i=1

= (n1? zj; Q) (nt zj; Q0N (n"1/2 zn: Q) + o0,(1).

i=1
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Write ; = ({W; — mu(Z:)}Y: — my(Zi) — {Wi = mu(Z)} 8] + Suuf3) 6;. ThenQ; — @

can be expressed as
Wil (Z:) — my(Z:)} — {w(Z:) — mu(Z:)} 50
—{mw(Zi) — mw(Z:)}[{my(Zi) —my(Z)} = {mw(Zi) — mw(Zi)} 810
{1 (Z:) = muw(Z:)} (Y = WB)5..

It follows from (A.1) that

% i{ﬂw(%) = mu(Z) [y (Z3) — my(Z:)} + {1 (Zi) — ma(Z:) Y B0 = 0p(1).

On the other hand, Lemma A.1 implies that

% f;VNVi[{fn\y(Zi) — my(Z:)} + {Mw(Z;) — mu(Z:)} 816 = 0,(1),

and
% é{m@  mu(Z)Y(Ts — WIB)S, = 0,(1).

These results imply that /2 Y7, ; andn~'/2 3", Q, asymptotically have the same limiting
normal distribution, anch—' 37, ,QF andn~' Y, €, have the same limiting value. The

proof is thus complete.
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Figure 1:Estimates and the associated confidence interval of theanametric function/(z) for PACTG

338 dataset. The solid curve represents the estimatedsvafudz) based on the complete observations,
and the dotted lines are the confidence intervals.



Table 1: Point estimates fg¥ (=1), the 95% confidence intervals based on the empiricaifikod
(EL) and normal approximation (Norm) methods, and the aasedt coverage probabilities for the

simulated data. The four cases are discussed in the text.

Estimate Cl (ME) Coverage (ME)

n case naive ME | EL Norm EL Norm
100 1 0.649 1.026 (0.479, 1.614) (0.382,1.670)94.2 93.9

2 0.649 1.024 (0.480, 1.609) (0.446, 1.602)95.1 93.1
0.650 0.982 (0.784, 1.213) (0.719, 1.245%)96.6 97.7
0.650 1.029 (0.485,1.612) (0.451,1.607)94.1 92.4
0.662 1.001 (0.782,1.235) (0.778,1.224)95.2 95.7
0.662 1.004 (0.779, 1.238) (0.764, 1.244)94.2 95.5
0.662 1.001 (0.923,1.102) (0.913,1.089)96.7 96.4
0.661 1.001 (0.829,1.188) (0.778, 1.224)95.7 95.7

500

A WODN Q| W

Table 2: Estimates of the parametérthe 95% confidence intervals based on the empirical likeli-
hood (EL) and normal approximation (Norm) methods for PACI38 dataset.

02 =0 o2 = 0.068 o2 = 0.135
Estimates -0.125 -0.164 -0.186
CI(Norm) (-0.145,-0.105) (-0.204,-0.124) (-0.244, -B)2
CI(EL)  (-0.132,-0.109) (-0.183,-0.128) (-0.221,-0.130)




