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The Wang+Landau (WL) algorithm is an adaptive Markov chaanké Carlo algorithm used to calculate the spectral defwitg physical

system. A remarkable feature of the WL algorithm is that i@ trapped by local energy minima, which is very importantgystems
with rugged energy landscapes. This feature has led to mamessful applications of the algorithm in statistical gibg and biophysics;
however, there does not exist rigorous theory to suppordisergence, and the estimates produced by the algorithmeesh only a
limited statistical accuracy. In this article we propose $tochastic approximation Monte Carlo (SAMC) algorithnhjeha overcomes the
shortcomings of the WL algorithm. We establish a theorem eomng its convergence. The estimates produced by SAMC eanjiroved

continuously as the simulation proceeds. SAMC also extapgfications of the WL algorithm to continuum systems. Theeptial uses
of SAMC in statistics are discussed through two classes pliGgiions, importance sampling and model selection. Bselts show that
SAMC can work as a general importance sampling algorithmeamibdel selection sampler when the model space is complex.

KEY WORDS: Importance sampling; Markov chain Monte Carladél selection; Spatial autologistic model; Stochastfragimation;
Wangz+Landau algorithm.

1. INTRODUCTION the Wang+Landau (WL) algorithm (Wang and Landau 2001),
Suppose that we are interested in sampling from a distribzlgd the generalized WangtLandau (GWL) algorlthm (I_.|ang
. . S . ) 04, 2005). These differ from the multicanonical algarith
tion that, for convenience, we write in the following form: : ) : . )

only in the speci®cation and/or the learning scheme forritle t
p.x/ D cpo.X/; x2X; (1) distribution. Other work included in this category is dyriam
weighting (Wong and Liang 1997; Liu, Liang, and Wong 2001,

\t/)vherec IS a consr:ant aﬂd( '\;ls the sﬁ‘Tﬂe space. I\/'Ib\lj known iang 2002), where the acceptance rate of the MH moves is ad
y many researcners, the MetropolistHastings (MH) samp fikted dynamically with an importance weight that carries t
(Metropolis, Rosenbluth, Rosenbluth, Teller, and Tell@63; information of past samples

Hgs_tings 1970) is prone to becoming trappegl in_Ioch energyAmong the algorithms described here, the WL algorithm
minima when the energy landscape of the distribution isedgg has received much recent attention in physics. It can be de

Pn terfn:i Og.pthys Kt:'s i Iogfpo.ﬁ/hg IIS c?ltled tdhe egergy fung- scribed as follows. Suppose that the sample spéacis ®-
ion of the distribution.] Over the last two decades, a uasio nite. LetU.x/ D j logfpo.x/gdenote the energy function, let

advanced Monte Carlo algorithms have been proposed to ovef-

co_rphe tgs {J'ré)bletmt,hbased n;ainl)'qion the folI)II()wir}g t:/vg ic:Iﬁast'values ofU.x/, and letg.u/ D #fx:U.x/ D ug be the number
Caltegeoryrsa I!eetei’: :as g Ve\:/ ::gsoe nililv)(le:r?gy ;%r::it hens] (gf,vinzs':‘n of étates with energy equal to In physics,g.u/ is called the
Wang 1987). simulated tempering (Marinari and Parisi 199 péectral density or the density of states of the distrilutior

. mplicity, we also denotg.u;/ by g; in what follows. The WL
Geyer and Thompson 1995), parallel tempering (Geyer 19 1{ . : . .
Hukushima and Nemoto 1996), evolutionary Monte Carl% gorithm is an adaptive Markov chain Monte Carlo (MCMC)

(Liang and Wong 2001), and others. In these algorithms, tﬁ!egomhm designed to estimageD .gi;::; g/ . Letlyi be the

temperature is tvoically treated as an auxiliary varialien- working estimate ofj;. A run of the WL algorithm consists of
P ypically y "~ several stages. The ®rst stage starts with the initial atsn

nl?&a'? ¢ ¢ ¢ By, D 1 and a sample drawn froX at random, and

space and thus are able to help the system escape from ieihtes between the following steps:

energy minima.
The second idea is the use of past samples. The multicanonthe WL algorithm.
ical algorithm (Berg and Neuhaus 1991) is apparently the ®rs1. Simulate a sample by a single Metropolis update with

work in this direction. This algorithm is essentially a dyma the invariant distributioip.x/ / 19g.U.x//.
importance sampling algorithm in which the trial distrilout is 2. Setig; A Igi'-Y-¥DU/ for i D 1;:::: m, wherez is a gain
learned dynamically from past samples. Related works delu factor>1 andl.¢ is an indicator function.

the I=k-ensemble algorithm (Hesselbo and Stinchcombe 1995)1_he algorithm iterates until a at histogram has been pro-

duced in the space of energy. Once the histogram is "at, the al
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Liang (2005) generalized the WL algorithm to continuunMoulines, and Priouret 2005), which ensures that the egéisna
systems. This generalization is mainly in terms of three ref g can be improved continuously as the simulation proceeds
spects: the sample space, the working function, and theati It is shown that under mild conditions, SAMC will converge.
updating scheme. Suppose that the sample saisecontinu- In addition, SAMC can bias sampling to some subregions of
ous and has been partitioned according to a chosen parameteterest, say the low-energy region, according to a distiGin
zation, say, the energy functi&h x/, into mdisjoint subregions de®ned on the subspace of the patrtition. This is differem fr
denoted byE; D fx:U.x/ - uig Ex D fx:u; < U.x/ - upxg WL, where each energy must be sampled equally. It is also dif-
20 Emp 1 DfXiUm 2< UX/ - Uy 19 andEn D fx:U.x/ > ferent from GWL, where the sampling frequencies of the sub-

LetA.x/ ke a nonnegative function de®ned on the sample spatsselbo and Stinchcombe (1995) and Liang (2005) showe:
with 0< y A.x/dx < 1 .gn practice,A.x/ is often set to numerically that biasing sampling to low-energy regionof
po.x/ de®nedin (1). Leadi D E A.x/ dx One iteration of GWL results in a simulation with improved ergodicity. This make
consists of the following steps: SAMC attractive for dif®cult optimization problems. In &dd
The GWL algorithm. tion, SAMC is_ user-fr_iendl_y; it a\_/oids the rgquirement o$hi .
1. Simulate a sampleby a number; , of MH steps of which togram check!ng dqung simulations. We discuss the paibnp
the invariant distribution is de®ned as use of SAMC m_statlstlcs through tWQ classes of examples: im
. portance sampling and model selection. It turns out that EAM
n.x/ / X A-_X/| X2E/ @) canwork as a general importance sampling method and a mod
] selection sampler when the model space is complex.
N The article is organized as follows. In Section 2 we describe
2. Setlyywck A 3.uck C +%05ck for KD 0;:::;mi  the SAMC algorithm and study its convergence theory. In Sec-
J.X/, wherelJ.x/ is the index of the Subregion to WhiChtion 3 we compare WL and SAMC through a numerical exam-
X belongs andb6 >0 is a parameter that controls the sample. |n Section 4 we explore the use of SAMC in importance
pling frequency for each of the subregions. sampling, and in Section 5 we discuss the use of SAMC in

R The extension ofj from the density of states to the integraWQdel_SeleCt_'O”- In Section 6 we conclude the article with a
£ A.x/ dxis of great interest to statisticians, because this leaBdef discussion.

to direct a'ppllcathns of the alg_onthm to mo_del selectiaghh 2 STOCHASTIC APPROXIMATION MONTE CARLO

est posterior density (HPD) region construction, and mahgro

Bayesian computational problems. Liang (2005) also studie Consider the distribution de®ned in (1). For mathematical

the convergence of the GWL algorithm; adecomes largdyg; convenience, we assume thétis either ®nite (for a discrete

is consistent fog;. However, when is small, say D 1Pthe System) or compact (for a continuum system). For a contin-

choice adopted by the WL algorithmBthere is no rigorous thedum systemx can be restricted to the regiéx: po. X/ , PminG

ory to support the convergencelgf In fact, some de®ciencieswherepmin is suf®ciently small such that the region po. x/ <

iD1

and de Pablo (2003) noted that estimateg;afan only reach a notem disjoint regions that form a partition of . In practice,
limited statistical accuracy that will not be improved witl-  SURox Po.X/ is often unknown. An inappropriate speci®cation
ther iterations, and the large number of con®gurationsrgeste  of Ui's may result in that gome subregions are empty. A sub-
toward the end of the simulation make only a small contrdnuti regionE; is empty ifgi D ¢ A.x/dx D 0. SAMC allows the
to the estimates. existence of empty subregions in simulations. Igl'é/t denote

We ®nd that this de®ciency of the WL algorithm is caused thye estimate ofj obtained at iteration. For convenience, we
the choice of the gain factdr This can be explained as follows.et ; D Iog.g;t// andp D .jt; 50 /. The distribution (2)
Let ns be the number of iterations performed in stag@d letts  can then be rewritten as
be the gain factor used in stageLetni D¢¢¢ DD ¢ ¢ ¢ D, U
where n is large enough such that a at histogram can be Pu.x/ D 1 A'_X/| x2 E/: iD1::: m  (3)

- —1. il; jiiL M

reached in each stage. Let lagD 3 log#; 1 decrease geomet- Zt n, O
ricallygs suggested by Wang and Landau (2001). Then the
sumn  Hgq1l0g4s< 1 for any value ofS. Note that the tail

sum represents the total correction to the current estimaie for all examples, although as a practical matter this isristy
iterations that follow. Hence the numerous con®gurati@ms g i " m o . X
equivalent to settin@ D R™. Becausepy.x/ is invariant with

erated toward the end of the simulation make only a small cop- . : . )
e ; ) . ._respect to a location transformationigbthat is, adding to or
tribution to the estimates. To overcome this de®ciencynd.ia . .
. . . subtracting a constant vector frqgwill not changep,, . x/D 1k
(2005) suggested thag should increase geometrically with the . T . e .
can be kept in the compact set in simulations by adjustinky avit

o+ ) L
rate logtscs Iogl_s. prever, th's leads to an explosmn n theconstant vector. Becau¥eand2 are both assumed to be com-
total number of iterations required by the simulation.

) . : L act, an additional assumption is thg{.x/ is bounded away
In this article we propose a stochastic approximation Monﬁeom 0andl onX. Let the proposal distribution.x: y/ sat-
Carlo (SAMC) algorithm, which can be considered a stocha%?y the following co.ndition' For every2 X , there e-xi,sf >0
tic approximation correction of the WL and GWL algorithmsandz > 0 such that ’ ' 1

In SAMC, the choice of the gain factor is guided by a condi= ~ 2

tion given in the stochastic approximation algorithm (Airdy Xivi- 21 H g.-x;y/, 2o 4)

@grtheoretical simplicity, we assume thgaf 2 for all t, where
2 is a compact set. In this article we €D T;j 10100 10190n
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This is a natural condition in a study of MCMC theory (Robertdete'f,mlne the value @@, extra information is needed; for exam-
and Tweedie 1996). In practice, this kind of proposal can Ipe, [, € is equal to a known number. Lk denote the re-
easily designed for both continuum and discrete systems. Rdized sampling frequency of the subregigrat iterationt. As
a continuum systemg.x;y/ can be set to the random-walkt!1 , By converges té; C d if E; 6D ;and O otherwise. Note
Gaussian proposal » N.x;¥£1/, with ¥# calibrated to have that for a nonempty subrggion, the sampling frequency is-ind
a desired acceptance rate. For a discrete sysieny/ can be pendent of its probability, g, P-X/ dx. This implies that SAMC
set to a discrete distribution de®ned on a neighborhoadyf is capable of exploring the whole sample space, even for the
assuming that the states have been ordered in a certain wayregions with tiny probabilities. Potentially, SAMC can beed
Let YaD Va;:::;Yan/ be anm-vector with 0<% < 1 and to sample rare events from a large sample space. In practice
D17 D 1, which de®nes the desired sampling frequeng§AMC tends to lead to a 2random walk® in the space of non-
for each of the subregions. Henceforthjs called the desired empty subregions (if each subregion is considered a 2ppint°
sampling distribution. Let°tgbe a positive, nondecreasing sewith the sampling frequency of each nonempty subregion be-

quence satisfying

R X,
.al °tD1 and .b/ % <1 (5)
tD1 tD1
for some® 2 .1; 2/. For example, in this article we set
to
°tD ———; tD1,2;:::; 6
t max to; t/ ©)

ing proportional td/4 C d.

The subject area of stochastic approximation was founde
by Robbins and Monro (1951). After ®ve decades of continua
development, it has developed into an important area in sys
tems control and optimization and has also served as a protc
type for the development of recursive algorithms for orelin
estimation and control of stochastic systems. (See Lai 200:
for an overview.) Recently, it has been used with MCMC to

for some speci®ed value f> 1. With the foregoing notation, solve maximum likelihood estimation problems (Younes 1988

one iteration of SAMC can be described as follows:
The SAMC algorithm.

1. Simulate a sampbe!®Y by a single MH update, of which
the proposal distribution ig.xV; ¢ and the invariant dis-

tribution is pM X/.

Qc1 m/ and ecz;i D 1if x" 2E and O otherW|se If

u®2 2, then sep«;l D u°; otherwise, sefirc1 D p° C c°
wherec” D .c";
is®es the cond|t|op Cc’22.

c“/ can be an arbitrary vector that sat

1999; Moyeed and Baddeley 1991; Gu and Kong 1998; Gelfanc
and Banerjee 1998; Delyon, Lavielle, and Moulines 1999; Gu
and Zhu 2001). The critical difference between SAMC and
other stochastic approximation MCMC algorithms lies in sam-
ple space partitioning. With our use of partitioning, marmyn
applications can be established in Monte Carlo computation
for example, importance sampling and model selection, as de
scribed in Sections 4 and 5. In the same spirit, SAMC can alsc
be applied to HPD interval construction, normalizing canst
estimation, and other problems, as discussed by Liang §2005

In addition, sample space partitioning improves its peniance
Remark. The explanation for condition (5) can be found inn optimization. Control of the sampling frequency effeety
advanced books on stochastic approximation (e.g., Nevel'sprevents the system from getting trapped into local enerigy m

and Has'minskiE1973). Fhe ®rst condition is necessary foima in simulations. We will explore this issue further eléese.
the convergence gk. If {5, °t< 1, then, as follows from |t is noteworthy that Geyer and Thompson (1995) and Geyel
prep (b) (assuming,that adjustment gf does not occur), (1996) mentioned that stochastic approximation can be sed

iprlMcLii Wi+ 1 d&ii Y4+ p1°t< 1, where determine the 2pseudopriors® for simulated tempering, (de-
the second inequality follows from the fact O&i;% - 1. Thus  termining the normalizing constants of a sequence of Histri
the value ofly; does not reach logi/ if, for example, the ini- tions scaled by temperature), although they provided naildet
tial point i is suf®ciently far away from logi/. On the other |n Geyer's applications, the sample space is partitioned-au
hand,° cannot be too large; an overly lar§e will prevent matically according to the temperature variable.

convergence. It turns out that the second condition in (5) as For effective implementation of SAMC, several issues must
ymptotically damps the effect of the random errors intr@tlc pe considered:

by . When it holds, we hav&je; i “4j- °t! Oast! O. N _ )
2 Sample space partitioThis can be done according to our

goal and the complexity of the given problem. For exam-
ple, if we aim to construct a trial density function for im-

portance sampling (as illustrated in Sec. 4) or to minimize
the energy function, then the sample space can be parti
tioned according to the energy function. The maximum

SAMC falls into the category of stochastic approximation
algorithms (Benveniste, M tivier, and Priouret 1990; Aiir
et al. 2005). Theoretical results on the convergence of SAMC
are given in the Appendix. The theory states that under mild
conditions, we have

< Wz - T i energy difference in each subregion should be bounded b
w! CClog c A.xldx i log¥ Cd/ if E6D; a reasonable number, say 2, to ensure that the local MF
il ' if ED;, moves within the same subregion have a reasonable ac
P (7 ceptance rate. Note that within the same subregion, sam
ast!l ,wheredD jyjgp.g 4=Mi Mo/, Mo is the num- pling from the working density (3) is reduced to sampling

ber of empty subregions, aiis an arbitrary constant. Because
P X/ is invariant with respect to a location transformatiomuof
C cannot be determined by the samples drawn fagx/. To

from A.x/. If our goal is model selection, then the sample
space can be partitioned according to the index of models
as illustrated in Section 5.
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2 The desired sampling distributioti.we aim to estimatg, multiple-run convergence is detected, SAMC should be rerur
then we may set the desired distribution to be uniform, agth more iterations or a larger value tf Determiningtg and
is done in all examples in this article. However, if our goahe number of iterations is a trial-and-error process.
is optimization, then we may set the desired distribution
biased to low-energy regions. As shown by Hesselbo and 3. TWO DEMONSTRATION EXAMPLES

Stinchcombe (1995) and Liang (2005), biasing sampling Example 1.In this example we compare the convergence and
to low-energy regions often improves the ergodicity of thefciency of the WL and SAMC. The distribution of the exam-
simulation. Our numerical results on BLN protein modpje consists of 10 states with the unnormalized mass fumctio
els (Honeycutt and Thirumalai 1990) also strongly suppott x/ as given in Table 1. It has two modes that are well sepa-
this point. Due to space limitations, we will report thesegted by low-mass states.
results elsewhere. The sample space was partitioned according to the mas
2 Choice of § and the number of iterationo estimatey, function into the following ®ve subregiong; D f8g E, D
°¢ should be very close to 0 at the end of simulations. Otlng E3 D f5;6¢ E4 D f3;9g andEs D f1;4;7;10g In sim-
erwise, the resulting estimates will have a large variatio|ations, we sef.x/ D 1. The true value ofy is theng D
The speed of; going to 0 can be controlled ly. In prac- 1. 1: 2: 2: 4/, which is the number of states in the respective
tice, to can be chosen according to the complexity of thgpregions. The proposal used in the MH step is a stochas
problem. The more complex the problem, the larger thg: matrix of which each row is generated independently from
value ofto that should be chosen. A largewill force the  the Dirichlet distributionDir.1;:::: /. The desired sampling
sampler to reach all subregions quickly, even in the pregistribution is uniform, that isa D ¢ ¢ ¢ Bg D 1=5. The se-
ence of multiple local energy minima. I_n our egperienc%uencefotg is as given in (6) withto D 10. SAMC was run
to is often set to betweemn2and 100n, with mbeing the ¢or 100 times independently. Each run consists @& 50 it-
number of subregions. erations. The estimation error gfwas measured by the func-

The appropriateness of the choicetgfand the number of tion 2.t/ D " E-GD--Uit/ i gi/2=g, at 10 equally spaced time
points,t pIn . Figure 1(a) shows the curve
iterations can be determined by checking the convergence %f. D5E 100 5¢ 105, Fi 1(a) sh h

multiple runs (starting with different points) through exaat- of 2.1/ obtained by averaging over the 100 runs. The statistic

ing for the variation ofy or b, wherely andbi denote the esti- 2¢ Ei/ was calculated at timeD 10° for each run. The results

mates ofg and% obtained at the end of a run. A rough exam- :
ination forlg is to check visually whether or not thgevectors show that they match well. Figure 1(b) shows boxplots of the

roduced in the multiole runs follow the same pattern Exizf'Eills of the 100 runs. The deviations ax8%. This indicates
P . P L > P - “XFhat SAMC has achieved the desired sampling distributiah an
tence of different patterns implies that the gain factortil$ s

large at the end of the runs, or that some parts of the sam@e choice oftg and the number of iterations are appropriate.

L T ﬁ1er choices ofp, includingto D 20 and 30, were also tried,
space are not visited in all runs. The examinatiorbfoan also o
and the results were similar.

be done by a statistical test under the assumption of mtiliva We applied the WL algorithm to this example with the same

ﬁgtﬁg(rj??cl)lﬁy&ll(J?tE/Zr\i];)tZSgStlilegrzz)’ pp. 150+153, for the gaStIr?roposal distribution as that used in SAMC. In the runs, #ia g

To examine the variation dfs we de®ne the statisti¢. Ei/, factor was set as done by Wang and Landau (2001)'p|t_starte

) ) . |
which measures the deviation B, the realized sampling fre- \Il_v'tthni'o anZ.thE:]ar:]d tmhﬁnrdiﬁ:e?i?dnm thtrefs;:rr;e?a . is'r
quency of subregiof; in a run, from its theoretical value. The etns denote the number of iterations performed in st

statistic is de8®ned as S|mpl|c_|ty, we setns to a constant t_hat was large enough such
that a at histogram can be formed in each stage. The chofces ¢

<Bi wCh iad i :
2, B/ D 4§ 74 £ 100% ifE is visited @®) ns that vye trl-ed includedg D 1;000, 2,500, 5,000, and 10,000.
"= . v, Ccl _ The estimation error was also measured?py/ evaluated at
0 otherwise, tD5£ 10%::::5£ 10°, wheret is the total number of itera-

tions made so far in the run. Figure 1(a) shows the curves o

P
foriD 1;:::;m where® D & siteq Y4=-Mi MY/
IEERERLLY j2fi\E; is not visited)”/# I 2 . ;
andmg is the number of subregions that are not visited. Noté't/ for each choice of, where each curve was obtained by

. . . : . averaging over 100 independent runs.
that® can be considered an estimatedoif (7). It is said that The comparison shows that for this example, SAMC pro-
f2;.Ej/g output from all runs and for all subregions, matcheg

. . . ; uces more accurate estimatesdg@nd converges much faster
well if the following two conditions are satis®ed: (a) Thdoes g 9

not exist such a subregion that is visited in some runs but ntgfin WL. More importantly, in SAMC the estimates can be im-

in others, and (b) ma, 2. E/j is less than a threshold value proved continuously as the simulation proceeds, wherea4.in

say 10%. for all runs. A group d#;.Ei/gthat does not match the estimates can reach only a certain accuracy depending ¢

well implies that some parts of the sample space are not vEQ—e value ofns.

ited in all runs g is too small (the self-adjusting ability is thus Example 2.As pointed out by Liu (2001), umbrella sam-
weak), or the number of iterations is too small. We note that tpling (Torrie and Valleau 1977) can be seen as a precursor c
idea of monitoring convergence of MCMC simulations using
multiple runs was discussed by Gelman and Rubin (1992) anghje 1. The Unnormalized Mass Function of the 10-State Distribution
Geyer (1992).

In practice, to have a reliable diagnostic for the convecgen
we may check botly and b2 In the case where a failure of

X 1 2 3 4 5 6 7 8 9 10
P(x) 1 100 2 1 3 3 1 200 2 1
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Figure 1. Comparison of the WL and SAMC Algorithms. (a) Average 2¢(t) curves obtained by SAMC and WL. The vertical bars show the § 1
standard deviation of the average of the estimates ( SAMC; -------- WL, nD 1,000; ---- WL, nD 2,500; — — - WL, nD 5,000, — — WL,
nD 10,000). (b) Boxplots of {2¢(E;)} obtained in 100 runs of SAMC.

many advanced Monte Carlo algorithms, including simulatdd.x/ D jf x1sin.20x/ C X sin. 20x1/¢? costsin. 10x1/x1g i
tempering, multicanonical, and thus WL, GWL, and SAMCix; cos10xp/ j X Sin. 10)(1/92 costfcos 20xa/x2g This exam-
Although umbrella sampling was proposed originally fori-estple is modi®ed from example 5.3 of Robert and Casella
mating the ratio of two normalizing constants, it also can K2004). Figure 2(a) shows that.x/ has a multitude of lo-
used as a general importance sampling method. Recall #hatd¢hal energy minima separated by high-energy barriers. Whei
basic idea of umbrella sampling is to sample from an @2umarelapplying SAMC to this example, we partitioned the sample
distribution® (i.e., a trial distribution in terms of imptance space into 41 subregions with an equal energy bandwidth
sampling), which covers the important regions of both targe; D fx:U.x/ - | 80g E; D fx:j 80< U.x/ - 7:8g:::;
distributions. Torrie and Valleau (1977) proposed two flies andE4; D fx:j :2< U.x/ - Og and set other parameters as
schemes for construction of umbrella distributions. Oneois follows: A.x/ D e Y-¥ |ty D 200,% D ¢ ¢ ¢ Bg1 D 1=41, and
sample intermediate systems of the temperature-scalimy foa random-walk proposat). x; @ D Na.x;; :25%1/. SAMC was

ol X/ 1 T po.x/ Ui for Ty > Ty 1> ¢ €8 Ty D 1. This leads run for 20,000 iterations, and 2,000 samples were colleated
directly to the simulated tempering algorithm. The othes @n equally spaced time points. Figure 2(b) shows the evolvath p

to sample a weighted distributiqry. x/ / ! fU.x/gpo.x/, where of the 2,000 samples. For comparison, MH was applied to sim-
the weight functionl. ¢ is a function of the energy variable andulate from the distributiomst.x/ / € Y5 MH was run for
can be determined by a pilot study. Thus umbrella samplii2§,000 iterations with the same proposal. N;:25%I,/, and
can be seen as a precursor of multicanonical, WL, GWL, a2d00 samples were collected at equally spaced time points
SAMC. Sample space partitioning, motivated by discreiimat Figure 2(c) shows the evolving path of the 2,000 samples.
of continuum systems, provides a new methodology for apphwhich characterizes the performance of simulated temgerin
ing umbrella sampling to continuum systems. at high temperatures.

Although SAMC and simulated tempering both fall in the The result is clear. In the foregoing setting, SAMC samples
class of umbrella sampling algorithms, they have quiteediffit almost uniformly in the space of energy [i.e., the energydban
dynamics. This can be illustrated by an example. The distribwidth of each subregion is small, and the sample distrilbutio
tion is de®ned ap.x/ / e Y¥ wherex 2 Tj1:1;1:13 and closely matches the contour plot bf.x/], whereas simulated
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@) (b) (©

Figure 2. (a) Contour of U(x), (b) Sample Path of SAMC, and (c) Sample Path of MH.

tempering tends to sample uniformly in the sample spéce ergy landscape, the target distributiprx/ is very dif®cult to
when the temperature is high. Because we usually do not kneimulate from with conventional Monte Carlo algorithmstLe
where the high-energy and low-energy regions are and haw:::; x, denote the samples drawn from a trial denpftyx/,
much the ratio of their 2volumes® is a priori, we cannot cohtr and letws;:::; w, denote the associated importance weights,

gions in simulated tempering. However, we can control atmogen can be estimated by

exactly, up to the constadtin (7), the simulation time spent on Pn hox /W
low-energy and high-energy regions in SAMC by choosing the Eph.x/ D _@lng" (9)
desired sampling distributiovi. SAMC can go to high-energy iD1 Wi

regions, but it spends only limited time there to help the- syathough this estimate converges almost surelyEgh. x/, its
tem to escape from local energy minima, and also spends ti(Rgiance is ®nite only if

exploring low-energy regions. This smart simulation tinig- d H 1, 7
tribution scheme makes SAMC potentially more ef®cient than 2 p.x/ 2

. Lo S . Eprh®.x/ —— dxD hox/
simulated tempering in optimization. Due to the space amit p°.x/ X

tions, we do not explore this point in this article. But We®@0t ¢ 1o ratio p.x/=p".x/ is unbounded, then the weightxi/=
that Liang (2005) reported a neural nework training eme!)“.xi/ will vary widely, and thus the resulting estimate will be

In Wh'c.h It was shpwn GWL is more _ef®0|ent than SImUIate|51nreliable. A good trial density should necessarily sgtthie
tempering in locating global energy minima. following two conditions:

4. USE OF STOCHASTIC APPROXIMATION MONTE a. The importance weight is bounded; that is, there exists «
CARLO IN IMPORTANCE SAMPLING numberM such thap.x/=p”.x/< M forall x 2 X.

In this section we illustrate the use of SAMC as an impor- b. The trial densityp®.x/ can be easily simulated from using
tance sampling method. Suppose that because of its ruggedamventional Monte Carlo algorithms.

p2.x/

o

" dx< 1 :
p°.x/
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In addition, the trial density should be chosen to have alaimifromip; .x/ at iterationt. The resampling procedure consists of
shape to the true density. This will minimize the variance dhe following three steps:
the resulting importance weights. Of course, how to speaify

. . . A The SAMC importance-resampling algorithm.
appropriate trial density for a general distribution hasrba P p:nd &g

1. Draw a sample; » Ip; .x/ using a conventional Monte

long-standing and dif®cult problem in statistics. Carlo algorithm, say, the MH algorithm.
The defensive mixture method (Hesterberg 1995) suggest$ praw a random numbed » uniform.0; 2/. If U <! ,
the following trial density: then savex; as a sample op.x/, wherek is the index of
°x/D px/C.1i J@x 10 the subregiorx; belongs to.
P P P.e (10) 3. Sett A tC 1 and go to step 1, until suf®cient samples
where 0<, < 1 andp.x/ is another density. However, in prac- have been collected.

tice, p°.x/ is rather poor. Although the resulting importance
weights are bounded above by, 1 it cannot be easily sam-
pled from using conventional Monte Carlo algorithms. Besgau

Consider the following distribution:

TR T 1%
i 8 1 9
1

x/ D lN
p. 3

p°.x/ containsp.x/ as a component, if we can sample from i8 ' 9
p“.x/, then we can also sample fromx/. In this case we do " q q#
not need to use importance sampling! Stavropoulos and-Titte H 6 H 1 i 9

1 :

ington (2001), Warnes (2001), and Capp , Giullin, Marin, and C §N 6 09 1
Robert (2004) suggested constructing the trial densitgdas
previous Monte Carlo samples, but the trial densities tesul 1
; . . 0O . 1 0 .
ing from their methods cannot guarantee that the importance C éN o' o0 1
weights are bounded. We note that these methods are similar t o . . .
SAMC in the spirit of learning from historical samples. Qthewhich is identical to that given by Gilks, Roberts, and Sahu
trial densities based on simple mixtures of normals distri-  (1998), except that the mean vectors are separated by a larg
butions also may result in unbounded importance weights, fistance in each dimension. Figure 3(a) shows its contou
though they can be sampled from easily. plot, which contains three well-separated components MiHe

Suppose that the sample space has been partitioned acc8l@erithm has been used to simulate from/ with a random-
ing to the energy function, and that the maximum energy dif@/k proposal Nx; I2/, but it failed to mix the three compo-
ference in each subregion has been bounded by a reasondf[¥S: However, an advanced MCMC sampler, such as sim
number such that the local MH move within the same subril2ted tempering, parallel tempering, or evolutionary Mont
gion has a reasonable acceptance rate. It is then easy tuasee arlo, should work well for this example. Our purpose in ytud

the distribution de®ned in (2) or (3) satis®es the foregiving ing this example was just to |II_ustrate hOW SAMC can be used in
- . : . = _importance sampling as a universal trial distribution ¢argor
conditions and can work as a universal trial density eveheén t

: L and how SAMC can be used as an advanced sampler to samp
presence of multiple local minima on the energy Iandscapefpgm a multimodal distribution
the true density. Let '

We applied SAMC to this example with the same proposal as

XN R used in the MH algorithm. LeX D Tj 10'°% 10'°%3 be com-
py X/ / TI X2 Eil (11) pact. It was partitioned with an equal energy bandwidthD 2
ip1 into the following subregionsE; D fx:j logp.x/ < Og E> D

denote the trial density constructed by SAMC wighx/ D fx:0-i logp.x/< 2g :::; andEg2 D fx:j logp.x/ > 20g
Po.x/, wherelg; D limy; 4. Assuming ghal; has been nor- SetA.x/ D p.x/, to D 50 and the desired sampling distribution
malized by an additional constraint (e.g.,T .oy is a known to be uniform. In a run of 500,000 iterations, SAMC produced

constant), the importance weights are then bounded above"’bgial density with the contour plot as shown in Figure 3(.
maxl i < A.x/dx< 1 .As shown in Section 2, samplingth plot there are many contour circles formed due to the den

fromipy .x/ will lead to a 2random walk® in the space of non_sity adjustment bigj's. The adjustment means that many points

empty subregions. Hence the whole sample space can be \z%ﬁhe sample space have fche same density va_llue. Th? SAM
explored. Importance-sampling algorithm was then applied to sineulat

Besides satisfying the conditions (a) and f),.x/ has two samples fronp.x/. Figure 3(c) shows the sample path of the

o : . . 7 ®rst 500 I ted by the algorithm. All th
additional advantages over other trial densities. Fing,simi- s samples generated by the aigorithm fee compo

laritv of the trial densi h densi b e nents had been well mixed. Later, the run was lengthened, an
arity ot the trial density to the target density can be co the mean and variance of the distribution were estimated ac

to some extent by the user. For example, instead of (11), We @ rately using the simulated samples. The results indibaie

sample from the following density: SAMC can indeed work as a general trial distribution corestru
XN R x/ tor for importance sampling and an advanced sampler for sim
b .x// —I X2 Eil; (12) ulation from a multimodal distribution.
: s 91
ot _ 5. USE OF STOCHASTIC APPROXIMATION MONTE
where the parameters; i D 1;:::; m, control the sampling fre- CARLO IN MODEL SELECTION PROBLEMS

guency of the subregions. Second, resampling can be made on- )

line if we are interested in generating equally weightedam °-1 Algorithms

from p.x/. Let! ; Dlgi:ma%gllgj denote the resampling prob- Suppose that we have a posterior distribution denoted by
ability from the subregiorf;, andx; denote the sample drawnf.M;#njD/, where D denotes the datayl is the index of
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()

Figure 3. Computational Results for the Mixture Gaussian Example. (a) and (b) Contour plots of the true and trial densities. The contour
lines correspond to 99%, 95%, 50%, 5%, and 1% of the total mass. (c) The path of the ®rst 500 samples simulated from pk) by the SAMC

importance-sampling algorithm.

models, and#y is the vector of parameters associated wititerationt. One iteration of SAMC comprises of the following
model M. Without loss of generality, we assume that only ateps:
®nite numberm, of models are under consideration and that 1, sAMC model-selection algorithm.

the models are subject to a uni@rm prior. The sample space;
of f.M;#ujD/ can be written as {lemi, where Xy, de- 2.
notes the sample spacefo# \;jM;; D/. If we let Ej D Xy; for

g;t’:q—'” D i M forms a consistent estimator for the Bayes 3.
factor of the modelsMj and M;, 1- i;j - m. We note that
reversible-jump MCMC (RIMCMC) (Green 1995) can also es-
timate the Bayes factors afi models simultaneously. For com-
parison, in what follows we give explicitly the iterativeqme-
dures of the two methods for Bayesian model selection.

Let Q.M;! M;/ denote the proposal probability for a tran-
sition from modelM; to modelM;, andT .#; ! #Mj/ denote
the proposal distribution of generatitg, conditional or#y; .
Assume that botl) and T satisfy the condition (4). Lem-V
and#-! denote the model and the model parameters sampled at

Generate modél® according to the proposal matix

If M® D M-V, then simulate a sampl® from f.#,.u]

M-Y: D/ by a single MCMC iteration and seM-C¥:

#CVI D .M #°/.

If M® 6IM-Y | then generat#® according to the proposal

distributionT and accept the sampl#”; # °/ with prob-

ability
Y2

T et f M #0D/
min 1;

ghve f .MU #-UjD/
3
QM= MYrT#=1 #Y ™
QMY 1L M/ T#V1 #9

(13)

If this is accepted, then seM-CV;#-1CV/ D M= #°/;
otherwise, setM-1CV: #-1CV p M-V #-V),
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4. Seth”’ D ik C °tc1.@c1i ¥al, whereec1 D .ec1:1;:::; model has a signi®cantly higher probability than its neaghb
ac1m/ andecy D 1if M€Y D M; and 0 otherwise. If ing models. In SAMC, the estimates of the model probabditie
u® 2 2, then setxc1 D P°; otherwise, sefxcy D u° C ¢, are updated in the logarithmic scale; this makes it possdrle
wherec® is chosen such thal® Cc®2 2. SAMC to work for a group of models with huge differences in

probability. This is beyond the ability of RIMCMC, which can

work only for a group of models with comparable probabititie
Finally, we point out that for a problem that contains only
several models with comparable probabilities, SAMC may not

Pe better than RIJMCMC, because in this case its self-adgsti

%%ility is no longer crucial for mixing of the models. SAMC

Let4 it/ D #M-X D M;:kD 1; 2;:::; tgbe the sampling fre-
guency of modelM; during the ®rst iterations in a run of
RJIMCMC. With the same proposal matf) the same proposal
distributionT and the same MH step (or Gibbs cycle) as tho
used by SAMC, one iteration of RIMCMC can be described

follows: is essentially an importance sampling method (i.e., theptesn
The RIMCMC algorithm. are not equally weighted); hence its ef®ciency should berdow
1. Generate modél® according to the proposal mat@x  than that of RIMCMC for a problem in which RIMCMC suc-
2. If M® D MY, then simulate a sampl¢® from f.#,,vj ceeds. In summary, we suggest using SAMC when the mode
M-Y: D/ by a single MCMC iteration and seM-'“Y: space is complex, for example, when the distributiolljD/
#1CU D M= #7]. has well-separated multiple modes or when there are prbbabi

3. If M 6IM-Y, then generat&® according to the proposal ity models that are tiny but of interest to us.
densityT and accept the samplt®; #°/ with probabil-

ity 5.2 Numerical Results
_ 72 f.M®; #°jD/ The autologistic model (Besag 1974) has been widely usec
min 1, f.MV#YjD] for spatial data analysis (see, e.g., Preisler 1993; August
' 3, Mugglestone, and Buckland 1996). L&D fs :i 2 Dg denote
QML MY T#™1 #Y " a con®guration of the model in which the binary response

QMY M3 T#UVIL #9/ (14) s 2fj 1;Clgis called a spin an® is the set of indices of
the spins. LejDj denote the total number of spins iy and
let N.i/ denote a set of the neighbors of spiThe probability

mass function of the model is

If it is accepted, then setM-1CV:# CV/ D M= #"°/;
otherwise, setM-{CV: 4 - ICU p \M-V: 4 Uy,

4. set4;*“Vpalci.mMCY DM/ foriD 1 m. ) Y y My T
The standard MCMC theory (Tiemey 1994) implies that d89®; / D -—==—exp ® sC-5 5 S
t11 , 4:"=4:Y forms a consistent estimator for the Bayes 2D 2D j2N.if
factor of modeM; and model;. ®;77 2A; (15

We note that the form of the RIMCMC algorithm just de- . - . .
scribed is not the most general one, where the proposal di{1€reA is the parameter space an@; / is the normalizing
tribution T.¢ ! ¢ / is assumed such that the Jacobian term ffPnstant de®ned by

1 3,
(14) is reduced to 1. This observation is also applicabléwo t =~ X 2 x -x Hx '"/4'
SAMC model-selection algorithm. The MCMC algorithm used -®: / D X ®. sC 5 S S
in step 2 of the foregoing two algorithms can be the MH al- for all possibles i2D i2D - j2N.if

gorithm, the Gibbs sampler (Geman and Geman 1984), or arle paramete® determines the overall proportion sfwith a
other advanced MCMC algorithms, such as simulated temp@gjue of C1, and the parametér determines the intensity of
ing, parallel tempering, evolutionary Monte Carlo, and SBM the interaction betwees; and its neighbors.
importance-resampling (discussed in Sec. 3). When the-dist A major dif®culty with this model is that the functia®; 7
butionf.M; #njD/ is complex, an advanced MCMC algorithmjs generally unknown analytically. Evaluatingd; 7 exactly
may be chosen and multiple iterations may be used in this st@pprohibitive even for a moderate system, because it reguir
SAMC and RIMCMC are different only at steps 3 and 4ummary over all #/ possible realizations of. Because
that is, in the manner of acceptance for a new sample and es§: 7 s unknown, importance sampling is perhaps the most
mation for the model probabilities. In SAMC, a new samplgonyenient technique if we aim at calculating the expeotati
is accepted with an adjusted probability. The adjustment g, -h ¢ over the parameter space. This problem is a little dif-
ways works in the reverse direction of the estimation erfor @rent than conventional importance sampling problems dis
the model probability or, equivalently, the frequency d&e cyssed in Section 4, where we have only one target distoibyti
ancy between the realized sampling frequency and the desijghereas here we have multiple target distributions indéxed

one. Thus it guarantees convergence of the algorithm. |n SifRejr parameter values. A natural choice for the trial distion
ulations, we can see that SAMC can overcome any dif®cultigsy mixture distribution of the form

in dimension-jumping moves and provide a full exploration f

all models. Recall that the proposal distributions havenkses ° gD iﬁ @ 16
sumed to satisfy the condition (4). Because RIMCMC does not Pmix- me P-S8; il (16)
have the self-adjusting ability, it samples each model irea f b1

see that RIMCMC often stays on a model for a long time if thate prespeci®ed. We note that this idea has been suggest
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(a) (b)

Figure 4. U.S. Cancer Mortality Rate Data. (a) The mortality map of liver and gallbladder cancer (including bile ducts) for white males during
the decade 1950+1959. The black squares denote the counties of high cancer mortality rate, and the white squares denote the counties of low
cancer mortality rate. (b) Fitted cancer mortality rates. The cancer mortality rate of each county is represented by the gray level of the corresponding
square.

by Geyer (1996). To complete this idea, the key is to es{i2006), we modeled the data by a spatial autologistic model

a common multiplicative constant that will be canceled oubeter points used in (16) form a 2111 lattice (® D 231) with
in calculation ofEg~h.s/ in (9). Geyer (1996) also suggested® equally spaced betwegn:5 and .5 and between 0 andb.
stochastic approximation as a feasible method for simeltarBecause.®; / is a symmetric function abo®, we only need

function on a grid, smoothing the estimates using a kernglng constants of different distributions. In what follsythe

method, and then substituting the smooth estimates intp (AMC model-selection algorithm and the RIMCMC algorithm

as known for ®nding maximum likelihood estimators (MLEs)ere applied to this problem by treating each grid pa@t ™~/

of the parameters. A similar idea was also been proposed dya different model aral §®; /'® j; i/ as the posterior dis-

Green and Richardson (2002) for analyzing a disease-mappiribution used in (13) and (14).

example. SAMC was ®rst applied to this problem. The proposal ma-
In this article we explore the idea of Geyer (1996) and givgix Q, the proposal distributiof, and the MCMC sampler

details about how SAMC can be used to simultaneously agsed in step 2 are speci®ed as follows. Letrthenodels be

be further used in estimation of the model parameters. Tif@e proposal matriQ is then de®ned as
dataset considered is the U.S. cancer mortality rate, asrsho _
in Figure 4(a). Following Sherman, Apamasovich, and Cérrol Q.M;! Mjgd D qi'i%/qj'jé ;
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where qi'f?ill D qi'f?/ D qi';@i)(/:l D13 fori D 1;:::;9, q'(% D
®/ ®/ ®/ ) i 7
Oig10 D 253, andqy; D q10,97D 1=:i, andg; , D Oii D

Gjcy D 158 fori D 1;::1; 9, gy D G440 D 28, andgy; D

315

1/=.2jDj/. By averaging over the ®ve runs, we obtained one
estimate of the function, as shown in Figure 5(b). To assess t
variation of the estimate, we calculated the standard tiewia
of the estimate at each grid point of the lattice. The averdge

Qi(/);g D 1=3. For this example# corresponds to the con®gu-the standard deviations i€£3L0' 4. The estimate is fairly stable.

ration's of the model. The proposal distributian# - 1 #°/

Using the importance samples collected earlier, we also est

is an identical mapping, that is, keeping the current con®guated the parameter®; / for the cancer data shown in Fig-
ration unchanged when a model is proposed to be changedite 4(a). The estimation can be done using the Monte Carlc

another one. Thus we haWe# V! #°%/ D T#%! #VY/D1.

maximum likelihood method (Geyer and Thompson 1992;

The MCMC sampler used in step 2 is the Gibbs sampler (G8eyer 1994) as follows. Lep®.s/ D c®pg.§ denote an ar-
man and Geman 1984), sampling spifrom the conditional bitrary trial distribution for (15), wherepy.s/ is completely

distribution
1

P.s DCI1N.i// D P :
S ) 1Cée 26C  pnis/’

(17)
P.sDj 1N.i// D1j P.s DCI1jN.i/l;

foralli 2 D in a prespeci®ed order.

SAMC was run ®ve times independently. Each run consisted

of two stages. The ®rst stage estimated the funct@an/ on

the sublattice. In this stage, SAMC was run wigD 10* and

speci®ed and” is an unknown constant. LA.®; " ¢ D
'"®;/ p.g®; / and letL.®; js/ denote the log-likelihood
function of an observatioa Thus

Lh.®; jd
X -x Hx T
D® sC-= s 5§ Clogc®
i2D 2D j2N.i/

X A@ T sHe

for 108 iterations. The second stage drew importance samples i log n pE.sK/ (19)
from the trial distribution, ko1 O

1 X* 1 approachesL.®; js asn!1 , wheres¥::::;s" are
P S/ o @ MCMC samples simulated fronp®.§. The estimate.®;

kD1 l‘ k ) B D argmax.~Ln.®; jg/ is called the Monte Carlo MLE

2 ¥ — X M x T7a (MCMLE) of .®; /. The maximization can be done using a
Eexp & sC— 3 § ; (18) conventional optimization procedure, say the conjugateligr
i2D 2D j2N.i/ ent method. Setting®.s/ D Ip;..s/, the ®ve runs of SAMC

which represents an approximation to (16), witk j; j/ re-

resulted in ®ve estimates &; / . The mean and standard de-

placed by its estimate obtained in the ®rst stage. In thigestiation vectors of these estimates wefe:Z994, .1237) and
SAMC was run with; © 0 and for 10 iterations, and a total of (.00063, .00027). Henceforth, these estimates are called m
10° samples were harvested at equally spaced time points. EM&MLES, because they are obtained based on a mixture tria
run cost about 115 minutes of CPU time in a 2.8-GHz computélistribution. Figure 4(b) shows the ®tted mortality mapeas
In the second stage, SAMC is reduced to RIMCMC by settiggh one mix-MCMLE.j :2999 :1234.

4 D 0. Figure 5(a) shows one estimate @; / obtained in a

In the literaturep®.d is often constructed based on a single

run of SAMC. parameter point, that is, setting

Using the importance sa@ples collected earlier, we e?imat Voo g —ax Mx 1%
the probabilityP.s D C1j®; /, which is a functiog of®; /. p°.s// exp @ SC— s s (20)
The estimation can be done in (9) by settmg/ D ;,5.5 C i2D 2 2D j2N.i/

@

(b)

Figure 5. Computational Results of SAMC. (a) Estimate of log' (®," ) on a 21 £ 11 lattice with® {; .5, | .45, ..., .5} and~ 2 {0, .05, ..., .5}.
(b) Estimate of P(s;iDC 1/®, ) on a 50 £ 25 lattice with ®2 {; .49, | .47, ..., .49}and 2 {.01,.03, ..., .49}.
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Table 2. Comparison of the Accuracy of the Mix-MCMLEs and

where.®"; " °/ denotes the parameter point. The po@it;  °/ .
Single-MCMLEs for the U.S. Cancer Data

should be chosen to be close to the true parameter point: othe

wise, a large value af would be required for the convergenceestimate Single-MCMLE Mix-MCMLE
of (19). Sherman et al. (2006) s@&";  “/ to be the maximum sim

o : — L RMSE(t 59.51 2.90
pseudolikelihood estimate (Besag 1975)®f / , which is the RMSE(t;m) 11401 461
MLE of the pseudolikelihood function tz) : :

9dp——
. NOTE: RMSE(t5™) is calculated as 5, (™ t9%%)2=5, where iD 1,2, and t{™* denotes
PL®! JS/ p the value of t§™ calculated based on the kth estimate of (®, ).
Y eXfs.®C oy §/9 :
op XH®C oy 59 Cexdi ®; i2N.i/ §9 the quantitiesT; and T, by drawing samples from the dis-

tribution f.§®:;7 . If .®;9 is accurate, then we should have
tobs1/,tSM wheret°Ps and tS™ denote the values of calcu-
We repeated the procedure of Sherman et al. for the caneer dated from the true observation and from the simulated sam-
®ve times withn D 10° and the MCMC samples collected afples. To calculatés™, we generated 1,000 independent con®g-
equally spaced time points in a run of the Gibbs sampler 6f 10rations conditional on each estimate, with each con®igarat
iteration cycles. The mean and standard deviation vecfdreo generated by a short run of the Gibbs sampler. The Gibbs san
resulting estimates arg (3073, .1262) and (.00837, .00946)pler started with a random con®guration and was iterated fo
These estimates have a signi®cantly higher variation than £,000 cycles. A convergence diagnostic shows that 1,000 ite
mix-MCMLEs. Henceforth, these estimates are called singlation cycles were long enough for the Gibbs sampler to react
MCMLESs, because they are obtained based on a single-paquilibrium for simulation off.gj®;17 . Table 2 compares the
trial distribution. root mean squared errors (RMSEs)¥t"s calculated from the

To compare the accuracy of the mix-MCMLEs and singlenix-MCMLEs and single-MCMLEs. The comparison shows
MCMLEs, we conducted the following experiment based on thbat the mix-MCMLESs are much more accurate than the single-
principle of the pararigetric bootstrap mell_@hod (Ef'gpn anafitb MCMLEs for this example.
rani 1993). LefT1 D ,ps andT2D 3 i5pS. i2n.ir S For comparison, RIMCMC was also run for this example
It is easy to see thal D .T1; T/ forms a suf®cient statistic for 108 iterations. The simulation started with modébo,
of .®; 7. Given an estimate®:; 17 , we can reversely estimatemoved to modeMjq 10 very fast, and then got stuck there.

(21)

(@) (b)

(© (d)

Figure 6. Comparison of SAMC and RIMCMC. (a) and (b) The sample paths of ® and ~ in a run of SAMC. (c) and (d) The sample paths of
®and ™ in a run of RIMCMC.



Liang, Liu, and Carroll: Stochastic Approximation in Monte Carlo Computation 317

This is shown in Figures 6(c) and 6(d), where the paramEr denote the peak and brim setspk;; i/. SAMC can then
ter vector.®; / D .0;0/ corresponds to modé¥y and (.5, work on the distribution with this partition and appropearo-
.5) corresponds to modé¥lig10. RIMCMC failed to esti- posal distributions (dimension jumping will be involveds

enon can be easily understood from Figure 5(a), which shodistributions indexed by dimension can help the samplarced
that modeMjg 10 has a dominated probability over other modthe curse of dimensionality. We note that the auxiliary atale

els. Fives runs of SAMC produced an estimate of the logised in constructing the joint distribution is not neceibgéne
odds ratio lodP. M10.10/=P.Mo,o/. The estimate is 1,775.7 with dimension variable; the temperature variable can be used as
standard deviation .6. Making transitions between modéls wsimulated tempering for some problems for which the dimen-
such a huge difference in probability is beyond the ability ¢ion change is not sensible.

RIJMCMC. It is also beyond the ability of other advanced In our theoretical results on convergence, we assume tbat th
MCMC samplers, such as simulated tempering, parallel teg@mple spacX and the parameter spa2eare both compact.
pering, and evolutionary Monte Carlo, because the streofythAt least in principle, these restrictions can be removed as w
these advanced MCMC samplers is at making transitions ine by Andrieu et al. (2005). If the restrictions are renthve
tween different modes of the distribution instead of santpli then we may need to put some other constraints on the tails ¢
from low probability models. However, it is not dif®cult forthe target distributiom.x/ and the proposal distributian x; y/
SAMC due to its ability to sample rare events from a large sarff €nsure the minorization condition holds (see Roberts anc
ple space. For comparison, Figures 6(a) and 6(b) plot the Saﬂq/eedl_e 1996; Rosenthall 1995; Roberts an(_:l Rosenth.al 2@0_4 fc
ple paths o®and ™~ obtained in a run of SAMC. This ®gure in-More discussions on the issue). Our numerical experiemie in
dicates that even though the models have very large difesen€@t€s that SAMC should have some type of convergence eve
in probabilities, SAMC can still mix them well and sample eacWhen the minorization condition does not hold, in a manner
model equally. Note that the desired sampling distributias similar to the MH algorithm (Mengersen and Tweedie 1996). A

been set to the uniform distribution for this example anceoth{Urther study in this direction is of some interest.

examples of this section. APPENDIX: THEORETICAL RESULTS ON
6. DISCUSSION STOCHASTIC APPROXIMATION MONTE CARLO

The appendix is organized as follows. In Section A.1 we desa

In this article we have introduced the SAMC algorithm anﬁweorem for the convergence of the SAMC algorithm. In Sectic
studied its convergence. SAMC overcomes the shortcomngé briey review the published results on the convergence géneral

of the WL algorithm. It can improve the estimates continusiochastic approximation algorithm. In Section A.3 we giyeroof for
ously as the simulation proceeds. Two classes of applitsio the theorem described in Section 1.
importance sampling and model selectionbare discusse,&i& A Convergence Theorem for SAMC

SAMC can work as a general importance sampling method and ,
Without loss of generality, we show only the convergence@néd

a model selection sampler when the model space is complex. ) X
As with many other Monte Carlo algorithms, such as slicm (7) for the case where all subregions are nonempty oryvatgritly,
' D 0. Extension to the cask6DD is trivial, because changing step (2)

sgmpling (N.eal 2003), SAMC alsp suffers from the (?urse %ff the SAMC algorithm to (Bwill not change the process of simula-
dimensionality. For example, consider the modi®ed withhs 5.

distribution studied by Geyer and Thompson (1995), 0 0 .
1 (2)” Setu”D 1k C °t.ex i ¥4i d/, whered is anm-vector ofd.

1C5 x2Ted
L x2T0; 1Y n D; @Y, ple gpaceX andA.x/ be a nonnegative function de®ned Xrwith

wherek D 30 is the dimension ok, ®D 1=3, and~ ¥, 1014, 0< gA.x/dx<1 foral E's. Let ¥2D .¥a;:::;¥m/ be anm-
which is chosen such that the probability of the peakds dx- Vvector with 0<%4 < 1 and [5,% D 1. Let2 be a compact set of
actly. For this distribution, the small hypercube is calteé M dimensions, and let there exisga cons@rsuch thaM? 2, where
peak, and the rest are called the brim. It is easy to see th&-M::::; M/ and¥D CClog. g A.x/dx/ i log¥4/. Letyp2 2
SAMC is not better than MH for sampling from this distributio Pe an initial estimate giMand lety; 2 2 be the estimate gWat itera-

if the sample space is partitioned according to the eneng-fu tion t. Let f°tgbe an nonincreasing, positive sequence as speci®ed i

tion. The peak is like an atom, so SAMC will make a randor{p)- SuPPose that.x/ is bounded away from 0 arid onX,, and the

p.x/ D (22) Theorem A.llet Eq;:::; En be a partition of a compact sam-

walk in the brim just like MH. The likelihood of SAMC jump- PigP0se! distribution satisGes the condition (4)tAs ., we have
ing into the peak from the brim is decreasing geometricaly  im ybcclog A.x/dx | log¥/ D 1
the dimension increases. One way to overcome this dif®sulty 1 Ej
to include an auxiliary variable in (22) and to work on thenjoi iDL m (Al
distribution, VA whereC is an arbitrary constant.
- . |
p.x; 1/ D 1C X 210, ®U (23) A.2 Existing Results on the Convergence of a General

1 xi 2T0; 1Un D; ®U; Stochastic Approximation Algorithm

wherel is the dimension ok; with | 2f1;:::;30gand | is Suppose that our goal is to solve the following integratiquagion
chosen such that the peak probability 3lexactly. To sam- for the parameter vectqr:

ple from (23), we can make a joint partition érand energy. Z

Let E11; E10;::1; Ex1; Exo denote the partition, wherg; and h.u/ D “ Hux/p.d/DO;  p22:
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The stochastic approximation algorithm with MCMC innoeatt wherecD log.S can be determined by imposing a constrainSoRor
(noise) works iteratively as follows. Lét.xt;  be a MCMC transi- example, settin@D 1 leads tac D 0. It is obvious that. is nonempty

tion kernel, for example, the MH kernel of the form and thatw.p/ D O for everypu2 L.
z R To verify the conditions 41-a), (A1-c), and @;-d), we have the
K.xt; dy/ D s.xt;dy/ Cl.xt 2 dy/ 1j « s.xt; 2/ dz ; following calculations:

wheres. xt; dy/ D g.xt; dy/ minf1; Tp.y/q.y; x¢/ ETp.x/q.x; y/Ugq. ¢ ¢ @ D @ Di S:
is the proposal distribution, angl ¢ is the invariant distribution. Let @u  @u '
2 % Rbe a compact subset & Let f°gh,, be a monotone nonin- & _ &
creasing sequence governing the step size. In additiomeda®unc- — D —DG;
tion 8 :X £ V! X £ 2, which reinitializes the nonhomogeneous o @'“u q (A.3)
Markov chainf.x¢; /g For instance, the functio® can generate a @y = § 1: S . d
random or ®xed point, or projectic1; kkc1/ ontoX £ 2. An itera- @ju 's "' s an
tion of the algorithm is as follows: @s=s 5 @5=y 5 s

1. Generatg » Ky.xt; ¢. @ @u R

2. Set® D 1k C °tc1H.He v/ .

Xtc1:Mc1/ D 8. y;u/.

Xn . 2
This algorithm is actually a simpli®ed version of the altjori @V_“ D 1 m

given by Andrieu et al. (2005). L&, denote the probability mea- @u 2, . @iu

sure of the Markov chaif. xt; /g started in.xg; Ho/, and implicitly x H 5 1 sS i 5 1 S 1} S 1

de®ned by the sequendésg De®neD.x; A/ D infyoajX i Vj. D §i Y ?i §i Y 3 1j 3
Theorem A.ZThm. 5.5 and prop. 6.1 of Andrieu et al. 200%s- 16D

sume that the conditionsp;/ and.A4/ hold, and there exists a drift xn H S 1 s§ H S l S

function V.x/ such that sugyx V.x/ < 1 and the drift condition D S Y =21 sSi Y 3

holds (see Andrieu et al. 2005 for descriptions of the caoil). Let jb1

the sequencéngbe de®ned as in the stochastic approximation algo- S H S 1 S

rithm. Then for all. xg; o/ 2 X £ 2, D1~ 5 i S i Y4 S (A.4)

T e o Pm S. .S
foriD 1;:::; m whereitis de®ned &s D D1 G i /1/§.Thus

A.3 Proof of Theorem A.2

To prove Theorem A.2, it suf®ces to verify thay/, . A4/, and the hr w.u/; h.pfi
drift condition hold for the SAMC algorithm. To simplify nation, s K T« xMHg 124
in the proof we drop the subscriptby denotingxt by x and \x D Dt- S i Y% S i S i Y% S
He1) o1 Mem/ by HD .pg; i1 pm/ . Because the invariant distribution i1 ° S ip1 S S
of the MH kernel isp,. x/, for any ®xedu, we have ( o H 5 1 s )
i, ¢ i, ¢ Dij 2i% =it?
Ee' i % D € i ¥4 py-x/dx . S S
X iD1
R .
£ A.x/ dx=eH Di % O (A.5)
DP R Y

T LT g A/ dx=ekU! . _ S
k where¥# denotes the variance of the discrete distribution de®ned by

D Ei 1: iDL A2) the following table:
S
R . P
where§ D g A.x/ dx=e* andSD i S. Thus State.”/ Siva cec i v
z Mg s, o Probability %  ¢¢¢ I
huw/ D H.yu;x/p.dx/ D 5 1/41;2:2;§i Y
X

If p2 L, thenhrw.p/; h.u/i D 0; otherwisehr w.u/; h.u/i < 0.
Condition A. Itfollqgvs from (A.2) thath.p/ is a continuous func- For anyMg 2 .0; 1Y it is true thatl % fu 2 2; w.u/ < Mog Hence
tion of y. Letw.pu/ D % E‘Dl. % i Ya/2. As shown laterw.p/ has condition @;-a) is satis®ed.
coBtinuous partial derivatives of the ®rst order. BecausenOu/ - It follows from (A.5) thathr w.p/; h.u/i - O for all u2 2. The
3T Mo %/2 CY¥¢/U-1forallp22,and2 itself is compact, the w.L/ forms a line in space , because it contains only one free para-
level setWy D fu2 2; w.u/ - Mgis compact for any positive inte- meterc. Therefore, the interior set @f. L/ is empty. ConditionsA; -c)

gerM. Condition @1-b) is satis®ed. and (;-d) are satis®ed.
Solving the system of equations formed by (A.2), we have _
1 uz 1 Condition A. Letp b% arbitrarily IargeF> D1, ®D 1, and
~ .. 3
LD .u;::i;um/:DcClog A.x/dx i logysl, 32 .—i;2/. Thus conditions tlD1°t D1 and t1D1°t < 1 hold.
Ei BecausejH.u;x/j is bounded above by;, as shown in (A.8),

L j°tH.Hg 15 xt/j < €1°t < ¢1°¢ holds. Condition A4) is satis®ed by
IDLSmMp22 5 choosingCD ey and” 2T3 | 1=®;.pi 3/=pUDT; 1; 1.
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Drift Condition. Theorem 2.2 of Roberts and Tweedie (1996)

shows that if the target distribution is bounded away frorm@ &

on every compact set of its suppott then the MH chain with a pro-

posal distribution satisfying the condition (4) is irrednlei and ape-
riodic, and every nonempty compact set is small. Hefgethe MH
kernel used in each iteration of SAMC, is irreducible andrimutc

foranyp2 2. BecauseX is compactX is a small set, and thus the functiong2 Ly Dfg: X !

minorization condition is satis®ed; that is there existtegerl such
that

inf K! XA, 20N,
p22 M

R
De®ne&K V.X/ Dy Ky.x;y/V.y/ dy. Becaus&€ D X is small, the
following conditions hold:

8x2 X ;8A2 B: (A.6)

supK\VP.x/ - VP Cbl.x2Cl; 8x2XI
p22 ¢
(A.7)
sup KyWP.x/ - - VP.x/; 8x2 X;
p22 ¢

by choosing the drift function/.x D 1,2¢9D2,0<,< 1,bD
1ij ,,-> 1,p27T2;1 / and any integel. Equations (A.6) and (A.7)
imply that (DRI1) is satis®ed.

Let H-" .u; x/ be theith component of the vectdtl.j;x/ D .ex
Yal. By construction,iH-”.p;x/j Djeg('/ i U<1 fBr allx2 X and
i D 1;:::; m. Therefore, there exists a constaptD ~ m such that for

SupjH.p; x/j - cq:
u22
In addition,H.p; x/ does not depend qufor a given sample&. Hence
H.u;x/ i Hu8x/ Doforall.p;p¥ 22 £ 2, and the following con-
dition holds for the SAMC algorithm:

(A.8)

sup  jH.x/ i Hulx/j- cojpi 1d: (A.9)

WH922£2

Equations (A.8) and (A.9) imply that (DRI2) is satis®ed bpasing
" D1landV.x/D1.

Lets,.x;y/ D g.x;y/ minf1;r.u; x; y/g wherer.u; x;y/ D p.y/ £
0.y, X/=py-x/q.x; y/. Thus we have

@, x vy~ = - ¢
—%K—D i g.x; vyl xyl< ]./I'J.x/DiorJ.y/Di
|

£ 1.J.x/ 6.yl r.u;x; y/_
- aX Y
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z
CI.x2A jgoxzi su.Xx;z/jdz
7 X
S 2 syl gexiylidy - 2ciki W (A12)

Forg:X ! RY, de®ne the norkgky D supo X j\%'_))((/j

RY; kgky < 1g , we have

. Then, for any

kKugi Kyogky .
OZ . ¢ o
Do IKu.x; dy/ i Kyo.x;dy/ g.yle
v
oz : ¢
Do “c Ky x; dy/ i Kyo.x; dy/ g.y/
z ¢ o
C IKu.x;dy/i Kyo.x; dy/ g.y/e
Xi v
g ]/Z . ¢
o I . . . .
- omax . Kp-x;dy/ i Kpe.x; dy/ g.y/;

z ¢ 7
i IKu.x; dy/ i Kyox;dy/ g.y/ o
Xi Y,

-k gkvmaXJKu.x;X /i Kuo.x;X Ij;
a
KX X/ Kuo.x;xi /i

- 2cokgkyjH i u(] [following from (A.12)];

whereX € Dfy:y2 X;. Ku-X; dy/ i Kyo.x; dyl/ g.y/ > OgandXi D
X nXC. This implies that condition (DRI3) is satis®ed by choosing
V.x/ D1and D 1. The proof is completed.

[Received June 2005. Revised July 2006.]
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