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The Wang±Landau (WL) algorithm is an adaptive Markov chain Monte Carlo algorithm used to calculate the spectral densityfor a physical
system. A remarkable feature of the WL algorithm is that it isnot trapped by local energy minima, which is very important for systems
with rugged energy landscapes. This feature has led to many successful applications of the algorithm in statistical physics and biophysics;
however, there does not exist rigorous theory to support itsconvergence, and the estimates produced by the algorithm can reach only a
limited statistical accuracy. In this article we propose the stochastic approximation Monte Carlo (SAMC) algorithm, which overcomes the
shortcomings of the WL algorithm. We establish a theorem concerning its convergence. The estimates produced by SAMC can be improved
continuously as the simulation proceeds. SAMC also extendsapplications of the WL algorithm to continuum systems. The potential uses
of SAMC in statistics are discussed through two classes of applications, importance sampling and model selection. The results show that
SAMC can work as a general importance sampling algorithm anda model selection sampler when the model space is complex.
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1. INTRODUCTION

Suppose that we are interested in sampling from a distribu-
tion that, for convenience, we write in the following form:

p.x/ D cp0.x/; x 2 X ; (1)

wherec is a constant andX is the sample space. As known
by many researchers, the Metropolis±Hastings (MH) sampler
(Metropolis, Rosenbluth, Rosenbluth, Teller, and Teller 1953;
Hastings 1970) is prone to becoming trapped in local energy
minima when the energy landscape of the distribution is rugged.
[In terms of physics,¡ logfp0.x/g is called the energy func-
tion of the distribution.] Over the last two decades, a various
advanced Monte Carlo algorithms have been proposed to over-
come this problem, based mainly on the following two ideas.

The ®rst idea is the use of auxiliary variables. Included in this
category are the Swendsen±Wang algorithm (Swendsen and
Wang 1987), simulated tempering (Marinari and Parisi 1992;
Geyer and Thompson 1995), parallel tempering (Geyer 1991;
Hukushima and Nemoto 1996), evolutionary Monte Carlo
(Liang and Wong 2001), and others. In these algorithms, the
temperature is typically treated as an auxiliary variable.Sim-
ulations at high temperatures broaden sampling of the sample
space and thus are able to help the system escape from local
energy minima.

The second idea is the use of past samples. The multicanon-
ical algorithm (Berg and Neuhaus 1991) is apparently the ®rst
work in this direction. This algorithm is essentially a dynamic
importance sampling algorithm in which the trial distribution is
learned dynamically from past samples. Related works include
the 1=k-ensemble algorithm (Hesselbo and Stinchcombe 1995),
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the Wang±Landau (WL) algorithm (Wang and Landau 2001),
and the generalized Wang±Landau (GWL) algorithm (Liang
2004, 2005). These differ from the multicanonical algorithm
only in the speci®cation and/or the learning scheme for the trial
distribution. Other work included in this category is dynamic
weighting (Wong and Liang 1997; Liu, Liang, and Wong 2001;
Liang 2002), where the acceptance rate of the MH moves is ad-
justed dynamically with an importance weight that carries the
information of past samples.

Among the algorithms described here, the WL algorithm
has received much recent attention in physics. It can be de-
scribed as follows. Suppose that the sample spaceX is ®-
nite. Let U.x/ D ¡ logfp0.x/g denote the energy function, let
fu1; : : : ; umg be a set of real numbers containing all possible
values ofU.x/ , and letg.u/ D #fx : U.x/ D ug be the number
of states with energy equal tou. In physics,g.u/ is called the
spectral density or the density of states of the distribution. For
simplicity, we also denoteg.ui / by gi in what follows. The WL
algorithm is an adaptive Markov chain Monte Carlo (MCMC)
algorithm designed to estimateg D .g1; : : : ; gm/ . Letbgi be the
working estimate ofgi . A run of the WL algorithm consists of
several stages. The ®rst stage starts with the initial estimates
bg1 D ¢ ¢ ¢ Dbgm D 1 and a sample drawn fromX at random, and
iterates between the following steps:

The WL algorithm.
1. Simulate a samplex by a single Metropolis update with

the invariant distributionbp.x/ / 1=bg.U.x// .
2. Setbgi Ã bgi±I .U.x/Dui / for i D 1; : : : ; m, where± is a gain

factor> 1 andI .¢/ is an indicator function.

The algorithm iterates until a ¯at histogram has been pro-
duced in the space of energy. Once the histogram is ¯at, the al-
gorithm will restart by passing onbg.u/ as the initial value of the
new stage and reducing± to a smaller value according to a pre-
speci®ed scheme, say,±Ã

p
±. The process is repeated until±

is very close to 1, say, log.±/ · 10¡ 8. Wang and Landau (2001)
considered a histogram ¯at if the sampling frequency for each
energy value is not< 80% of the average sampling frequency.
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Liang (2005) generalized the WL algorithm to continuum
systems. This generalization is mainly in terms of three re-
spects: the sample space, the working function, and the estimate
updating scheme. Suppose that the sample spaceX is continu-
ous and has been partitioned according to a chosen parameteri-
zation, say, the energy functionU.x/ , intomdisjoint subregions
denoted byE1 D f x : U.x/ · u1g, E2 D f x : u1 < U.x/ · u2g,
: : : ; Em¡ 1 D f x : um¡ 2 < U.x/ · um¡ 1g, andEm D f x : U.x/ >
um¡ 1g, whereu1; : : : ; um¡ 1 arem¡ 1 speci®ed real numbers.
Let Ã.x/ be a nonnegative function de®ned on the sample space
with 0 <

R
X Ã.x/ dx < 1 . In practice,Ã.x/ is often set to

p0.x/ de®ned in (1). Letgi D
R

Ei
Ã.x/ dx. One iteration of GWL

consists of the following steps:

The GWL algorithm.
1. Simulate a samplex by a number,· , of MH steps of which

the invariant distribution is de®ned as

bp.x/ /
mX

iD1

Ã.x/
bgi

I .x 2 Ei /: (2)

2. SetbgJ.x/Ck Ã bgJ.x/Ck C ±%kbgJ.x/Ck for k D 0; : : : ; m ¡
J.x/ , whereJ.x/ is the index of the subregion to which
x belongs and% >0 is a parameter that controls the sam-
pling frequency for each of the subregions.

The extension ofgi from the density of states to the integralR
Ei

Ã.x/ dx is of great interest to statisticians, because this leads
to direct applications of the algorithm to model selection high-
est posterior density (HPD) region construction, and many other
Bayesian computational problems. Liang (2005) also studied
the convergence of the GWL algorithm; as· becomes large,bgi
is consistent forgi . However, when· is small, say· D 1Ðthe
choice adopted by the WL algorithmÐthere is no rigorous the-
ory to support the convergence ofbgi . In fact, some de®ciencies
of the WL algorithm have been observed in simulations. Yan
and de Pablo (2003) noted that estimates ofgi can only reach a
limited statistical accuracy that will not be improved withfur-
ther iterations, and the large number of con®gurations generated
toward the end of the simulation make only a small contribution
to the estimates.

We ®nd that this de®ciency of the WL algorithm is caused by
the choice of the gain factor±. This can be explained as follows.
Let ns be the number of iterations performed in stagesand let±s
be the gain factor used in stages. Let n1 D ¢ ¢ ¢ Dns D ¢ ¢ ¢ Dn,
where n is large enough such that a ¯at histogram can be
reached in each stage. Let log±s D 1

2 log±s¡ 1 decrease geomet-
rically as suggested by Wang and Landau (2001). Then the tail
sumn

P 1
sDSC1 log±s < 1 for any value ofS. Note that the tail

sum represents the total correction to the current estimatein the
iterations that follow. Hence the numerous con®gurations gen-
erated toward the end of the simulation make only a small con-
tribution to the estimates. To overcome this de®ciency, Liang
(2005) suggested thatns should increase geometrically with the
rate log±sC1=log±s. However, this leads to an explosion in the
total number of iterations required by the simulation.

In this article we propose a stochastic approximation Monte
Carlo (SAMC) algorithm, which can be considered a stochas-
tic approximation correction of the WL and GWL algorithms.
In SAMC, the choice of the gain factor is guided by a condi-
tion given in the stochastic approximation algorithm (Andrieu,

Moulines, and Priouret 2005), which ensures that the estimates
of g can be improved continuously as the simulation proceeds.
It is shown that under mild conditions, SAMC will converge.
In addition, SAMC can bias sampling to some subregions of
interest, say the low-energy region, according to a distribution
de®ned on the subspace of the partition. This is different from
WL, where each energy must be sampled equally. It is also dif-
ferent from GWL, where the sampling frequencies of the sub-
regions follow a certain pattern determined by the parameter %.
Hesselbo and Stinchcombe (1995) and Liang (2005) showed
numerically that biasing sampling to low-energy regions often
results in a simulation with improved ergodicity. This makes
SAMC attractive for dif®cult optimization problems. In addi-
tion, SAMC is user-friendly; it avoids the requirement of his-
togram checking during simulations. We discuss the potential
use of SAMC in statistics through two classes of examples: im-
portance sampling and model selection. It turns out that SAMC
can work as a general importance sampling method and a model
selection sampler when the model space is complex.

The article is organized as follows. In Section 2 we describe
the SAMC algorithm and study its convergence theory. In Sec-
tion 3 we compare WL and SAMC through a numerical exam-
ple. In Section 4 we explore the use of SAMC in importance
sampling, and in Section 5 we discuss the use of SAMC in
model selection. In Section 6 we conclude the article with a
brief discussion.

2. STOCHASTIC APPROXIMATION MONTE CARLO

Consider the distribution de®ned in (1). For mathematical
convenience, we assume thatX is either ®nite (for a discrete
system) or compact (for a continuum system). For a contin-
uum system,X can be restricted to the regionfx : p0.x/ ¸ pming,
wherepmin is suf®ciently small such that the regionfx : p0.x/ <
pming is not of interest. As in GWL, we letE1; : : : ; Em de-
notem disjoint regions that form a partition ofX . In practice,
supx2X p0.x/ is often unknown. An inappropriate speci®cation
of ui 's may result in that some subregions are empty. A sub-
regionEi is empty if gi D

R
Ei

Ã.x/ dx D 0. SAMC allows the
existence of empty subregions in simulations. Letbg. t/

i denote
the estimate ofgi obtained at iterationt. For convenience, we
let µti D log.bg. t/

i / and µt D .µt1; : : : ; µtm/ . The distribution (2)
can then be rewritten as

pµt .x/ D
1
Zt

mX

iD1

Ã.x/
eµti

I .x 2 Ei /; i D 1; : : : ; m: (3)

For theoretical simplicity, we assume thatµt 2 2 for all t, where
2 is a compact set. In this article we set2 D T¡ 10100; 10100Um

for all examples, although as a practical matter this is essentially
equivalent to setting2 D Rm. Becausepµt .x/ is invariant with
respect to a location transformation ofµtÐthat is, adding to or
subtracting a constant vector fromµt will not changepµt .x/Ð µt
can be kept in the compact set in simulations by adjusting with a
constant vector. BecauseX and2 are both assumed to be com-
pact, an additional assumption is thatpµt .x/ is bounded away
from 0 and1 on X . Let the proposal distributionq.x; y/ sat-
isfy the following condition: For everyx 2 X , there exist²1 > 0
and²2 > 0 such that

jx ¡ yj · ²1 H) q.x; y/ ¸ ²2: (4)
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This is a natural condition in a study of MCMC theory (Roberts
and Tweedie 1996). In practice, this kind of proposal can be
easily designed for both continuum and discrete systems. For
a continuum system,q.x; y/ can be set to the random-walk
Gaussian proposaly » N.x;¾2I / , with ¾2 calibrated to have
a desired acceptance rate. For a discrete system,q.x; y/ can be
set to a discrete distribution de®ned on a neighborhood ofx by
assuming that the states have been ordered in a certain way.

Let ¼D .¼1; : : : ; ¼m/ be anm-vector with 0< ¼i < 1 andP m
iD1 ¼i D 1, which de®nes the desired sampling frequency

for each of the subregions. Henceforth,¼ is called the desired
sampling distribution. Letf° tgbe a positive, nondecreasing se-
quence satisfying

.a/
1X

tD1

° t D 1 and .b/
1X

tD1

° ³
t < 1 (5)

for some³ 2 .1; 2/ . For example, in this article we set

° t D
t0

max.t0; t/
; t D 1; 2; : : : ; (6)

for some speci®ed value oft0 > 1. With the foregoing notation,
one iteration of SAMC can be described as follows:

The SAMC algorithm.
1. Simulate a samplex. tC1/ by a single MH update, of which

the proposal distribution isq.x. t/ ; ¢/ and the invariant dis-
tribution ispµt .x/ .

2. Setµ¤ D µt C ° tC1.etC1 ¡ ¼/, whereetC1 D .etC1;1; : : : ;
etC1;m/ and etC1;i D 1 if x. t/ 2 Ei and 0 otherwise. If
µ¤ 2 2 , then setµtC1 D µ¤; otherwise, setµtC1 D µ¤ C c¤,
wherec¤ D .c¤; : : : ; c¤/ can be an arbitrary vector that sat-
is®es the conditionµ¤ C c¤ 2 2 .

Remark.The explanation for condition (5) can be found in
advanced books on stochastic approximation (e.g., Nevel'son
and Has'minskiÆi 1973). The ®rst condition is necessary for
the convergence ofµt. If

P 1
tD1 ° t < 1 , then, as follows from

step (b) (assuming that adjustment ofµt does not occur),P 1
tD1 jµtC1;i ¡ µti j ·

P 1
tD1 ° tjeti ¡ ¼i j ·

P 1
tD1 ° t < 1 , where

the second inequality follows from the fact 0· eti ;¼i · 1. Thus
the value ofµti does not reach log.gi / if, for example, the ini-
tial point µ0i is suf®ciently far away from log.gi / . On the other
hand,° t cannot be too large; an overly large° t will prevent
convergence. It turns out that the second condition in (5) as-
ymptotically damps the effect of the random errors introduced
by et. When it holds, we have° tjeti ¡ ¼i j · ° t ! 0 ast ! 0.

SAMC falls into the category of stochastic approximation
algorithms (Benveniste, M tivier, and Priouret 1990; Andrieu
et al. 2005). Theoretical results on the convergence of SAMC
are given in the Appendix. The theory states that under mild
conditions, we have

µti !

8
<

:
C C log

µZ

Ei

Ã.x/ dx
¶

¡ log.¼i C d/ if Ei 6D ;

¡1 if Ei D ; ,
(7)

ast ! 1 , whered D
P

j2f iVEiD;g ¼j=.m¡ m0/ , m0 is the num-
ber of empty subregions, andC is an arbitrary constant. Because
pµt .x/ is invariant with respect to a location transformation ofµt,
C cannot be determined by the samples drawn frompµt .x/ . To

determine the value ofC, extra information is needed; for exam-
ple,

P m
iD1 eµti is equal to a known number. Letb¼ti denote the re-

alized sampling frequency of the subregionEi at iterationt. As
t ! 1 , b¼ti converges to¼i C d if Ei 6D ;and 0 otherwise. Note
that for a nonempty subregion, the sampling frequency is inde-
pendent of its probability,

R
Ei

p.x/ dx. This implies that SAMC
is capable of exploring the whole sample space, even for the
regions with tiny probabilities. Potentially, SAMC can be used
to sample rare events from a large sample space. In practice,
SAMC tends to lead to a ªrandom walkº in the space of non-
empty subregions (if each subregion is considered a ªpointº)
with the sampling frequency of each nonempty subregion be-
ing proportional to¼i C d.

The subject area of stochastic approximation was founded
by Robbins and Monro (1951). After ®ve decades of continual
development, it has developed into an important area in sys-
tems control and optimization and has also served as a proto-
type for the development of recursive algorithms for on-line
estimation and control of stochastic systems. (See Lai 2003
for an overview.) Recently, it has been used with MCMC to
solve maximum likelihood estimation problems (Younes 1988,
1999; Moyeed and Baddeley 1991; Gu and Kong 1998; Gelfand
and Banerjee 1998; Delyon, Lavielle, and Moulines 1999; Gu
and Zhu 2001). The critical difference between SAMC and
other stochastic approximation MCMC algorithms lies in sam-
ple space partitioning. With our use of partitioning, many new
applications can be established in Monte Carlo computation,
for example, importance sampling and model selection, as de-
scribed in Sections 4 and 5. In the same spirit, SAMC can also
be applied to HPD interval construction, normalizing constant
estimation, and other problems, as discussed by Liang (2005).
In addition, sample space partitioning improves its performance
in optimization. Control of the sampling frequency effectively
prevents the system from getting trapped into local energy min-
ima in simulations. We will explore this issue further elsewhere.
It is noteworthy that Geyer and Thompson (1995) and Geyer
(1996) mentioned that stochastic approximation can be usedto
determine the ªpseudopriorsº for simulated tempering (i.e., de-
termining the normalizing constants of a sequence of distribu-
tions scaled by temperature), although they provided no details.
In Geyer's applications, the sample space is partitioned auto-
matically according to the temperature variable.

For effective implementation of SAMC, several issues must
be considered:

² Sample space partition. This can be done according to our
goal and the complexity of the given problem. For exam-
ple, if we aim to construct a trial density function for im-
portance sampling (as illustrated in Sec. 4) or to minimize
the energy function, then the sample space can be parti-
tioned according to the energy function. The maximum
energy difference in each subregion should be bounded by
a reasonable number, say 2, to ensure that the local MH
moves within the same subregion have a reasonable ac-
ceptance rate. Note that within the same subregion, sam-
pling from the working density (3) is reduced to sampling
from Ã.x/ . If our goal is model selection, then the sample
space can be partitioned according to the index of models,
as illustrated in Section 5.
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² The desired sampling distribution.If we aim to estimateg,
then we may set the desired distribution to be uniform, as
is done in all examples in this article. However, if our goal
is optimization, then we may set the desired distribution
biased to low-energy regions. As shown by Hesselbo and
Stinchcombe (1995) and Liang (2005), biasing sampling
to low-energy regions often improves the ergodicity of the
simulation. Our numerical results on BLN protein mod-
els (Honeycutt and Thirumalai 1990) also strongly support
this point. Due to space limitations, we will report these
results elsewhere.

² Choice of t0 and the number of iterations.To estimateg,
° t should be very close to 0 at the end of simulations. Oth-
erwise, the resulting estimates will have a large variation.
The speed of° t going to 0 can be controlled byt0. In prac-
tice, t0 can be chosen according to the complexity of the
problem. The more complex the problem, the larger the
value oft0 that should be chosen. A larget0 will force the
sampler to reach all subregions quickly, even in the pres-
ence of multiple local energy minima. In our experience,
t0 is often set to between 2m and 100m, with m being the
number of subregions.

The appropriateness of the choice oft0 and the number of
iterations can be determined by checking the convergence of
multiple runs (starting with different points) through examinat-
ing for the variation ofbg or b¼, wherebg andb¼ denote the esti-
mates ofg and¼ obtained at the end of a run. A rough exam-
ination forbg is to check visually whether or not thebg vectors
produced in the multiple runs follow the same pattern. Exis-
tence of different patterns implies that the gain factor is still
large at the end of the runs, or that some parts of the sample
space are not visited in all runs. The examination forbg can also
be done by a statistical test under the assumption of multivari-
ate normality. (See Jobson 1992, pp. 150±153, for the testing
methods for multivariate outliers.)

To examine the variation ofb¼, we de®ne the statistic² f .Ei / ,
which measures the deviation ofb¼i , the realized sampling fre-
quency of subregionEi in a run, from its theoretical value. The
statistic is de®ned as

² f .Ei / D

8
<

:

b¼i ¡ .¼i C bd/

¼i C bd
£ 100% ifEi is visited

0 otherwise,
(8)

for i D 1; : : : ; m, wherebd D
P

j2f iVEi is not visitedg¼j=.m ¡ m0
0/

andm0
0 is the number of subregions that are not visited. Note

thatbd can be considered an estimate ofd in (7). It is said that
f² f .Ei /g, output from all runs and for all subregions, matches
well if the following two conditions are satis®ed: (a) Theredoes
not exist such a subregion that is visited in some runs but not
in others, and (b) maxmiD1 j² f .Ei / j is less than a threshold value,
say 10%, for all runs. A group off² f .Ei /g that does not match
well implies that some parts of the sample space are not vis-
ited in all runs,t0 is too small (the self-adjusting ability is thus
weak), or the number of iterations is too small. We note that the
idea of monitoring convergence of MCMC simulations using
multiple runs was discussed by Gelman and Rubin (1992) and
Geyer (1992).

In practice, to have a reliable diagnostic for the convergence,
we may check bothbg and b¼. In the case where a failure of

multiple-run convergence is detected, SAMC should be rerun
with more iterations or a larger value oft0. Determiningt0 and
the number of iterations is a trial-and-error process.

3. TWO DEMONSTRATION EXAMPLES

Example 1.In this example we compare the convergence and
ef®ciency of the WL and SAMC. The distribution of the exam-
ple consists of 10 states with the unnormalized mass function
P.x/ as given in Table 1. It has two modes that are well sepa-
rated by low-mass states.

The sample space was partitioned according to the mass
function into the following ®ve subregions:E1 D f 8g, E2 D
f2g, E3 D f 5; 6g, E4 D f 3; 9g, and E5 D f 1; 4; 7; 10g. In sim-
ulations, we setÃ.x/ D 1. The true value ofg is then g D
.1; 1; 2; 2; 4/ , which is the number of states in the respective
subregions. The proposal used in the MH step is a stochas-
tic matrix of which each row is generated independently from
the Dirichlet distributionDir .1; : : : ; 1/ . The desired sampling
distribution is uniform, that is,¼1 D ¢ ¢ ¢ D¼5 D 1=5. The se-
quencef° tg is as given in (6) witht0 D 10. SAMC was run
for 100 times independently. Each run consists of 5£ 105 it-
erations. The estimation error ofg was measured by the func-

tion ²e. t/ D
q P

Ei6D;.bg
. t/
i ¡ gi /2=gi at 10 equally spaced time

points,t D 5 £ 104; : : : ; 5 £ 105. Figure 1(a) shows the curve
of ²e. t/ obtained by averaging over the 100 runs. The statistic
² f .Ei / was calculated at timet D 105 for each run. The results
show that they match well. Figure 1(b) shows boxplots of the
² f .Ei / 's of the 100 runs. The deviations are< 3%. This indicates
that SAMC has achieved the desired sampling distribution and
the choice oft0 and the number of iterations are appropriate.
Other choices oft0, includingt0 D 20 and 30, were also tried,
and the results were similar.

We applied the WL algorithm to this example with the same
proposal distribution as that used in SAMC. In the runs, the gain
factor was set as done by Wang and Landau (2001); it started
with ±0 D 2:718 and then decreased in the scheme±sC1 !

p
±s.

Let ns denote the number of iterations performed in stages. For
simplicity, we setns to a constant that was large enough such
that a ¯at histogram can be formed in each stage. The choices of
ns that we tried includedns D 1;000, 2,500, 5,000, and 10,000.
The estimation error was also measured by²e. t/ evaluated at
t D 5 £ 104; : : : ; 5 £ 105, wheret is the total number of itera-
tions made so far in the run. Figure 1(a) shows the curves of
²e. t/ for each choice ofns, where each curve was obtained by
averaging over 100 independent runs.

The comparison shows that for this example, SAMC pro-
duces more accurate estimates forg and converges much faster
than WL. More importantly, in SAMC the estimates can be im-
proved continuously as the simulation proceeds, whereas inWL
the estimates can reach only a certain accuracy depending on
the value ofns.

Example 2.As pointed out by Liu (2001), umbrella sam-
pling (Torrie and Valleau 1977) can be seen as a precursor of

Table 1. The Unnormalized Mass Function of the 10-State Distribution

x 1 2 3 4 5 6 7 8 9 10
P(x) 1 100 2 1 3 3 1 200 2 1
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(a) (b)

Figure 1. Comparison of the WL and SAMC Algorithms. (a) Average ²e(t) curves obtained by SAMC and WL. The vertical bars show the § 1
standard deviation of the average of the estimates ( SAMC; WL, n D 1,000; WL, n D 2,500; WL, n D 5,000; WL,
n D 10,000). (b) Boxplots of {² f (Ei )} obtained in 100 runs of SAMC.

many advanced Monte Carlo algorithms, including simulated
tempering, multicanonical, and thus WL, GWL, and SAMC.
Although umbrella sampling was proposed originally for esti-
mating the ratio of two normalizing constants, it also can be
used as a general importance sampling method. Recall that the
basic idea of umbrella sampling is to sample from an ªumbrella
distributionº (i.e., a trial distribution in terms of importance
sampling), which covers the important regions of both target
distributions. Torrie and Valleau (1977) proposed two possible
schemes for construction of umbrella distributions. One isto
sample intermediate systems of the temperature-scaling form
p. i/

st .x/ / T p0.x/U1=Ti for Tm > Tm¡ 1 > ¢ ¢ ¢> T1 D 1. This leads
directly to the simulated tempering algorithm. The other one is
to sample a weighted distributionpu.x/ / ! fU.x/gp0.x/ , where
the weight function!. ¢/ is a function of the energy variable and
can be determined by a pilot study. Thus umbrella sampling
can be seen as a precursor of multicanonical, WL, GWL, and
SAMC. Sample space partitioning, motivated by discretization
of continuum systems, provides a new methodology for apply-
ing umbrella sampling to continuum systems.

Although SAMC and simulated tempering both fall in the
class of umbrella sampling algorithms, they have quite different
dynamics. This can be illustrated by an example. The distribu-
tion is de®ned asp.x/ / e¡ U.x/ , wherex 2 T¡ 1:1; 1:1U2 and

U.x/ D ¡f x1 sin.20x2/ C x2 sin.20x1/g2 coshfsin.10x1/x1g ¡
fx1 cos.10x2/ ¡ x2 sin.10x1/g2 coshfcos.20x2/x2g. This exam-
ple is modi®ed from example 5.3 of Robert and Casella
(2004). Figure 2(a) shows thatU.x/ has a multitude of lo-
cal energy minima separated by high-energy barriers. When
applying SAMC to this example, we partitioned the sample
space into 41 subregions with an equal energy bandwidth,
E1 D f x : U.x/ · ¡ 8:0g, E2 D f x : ¡ 8:0 < U.x/ · ¡ 7:8g; : : : ;
and E41 D f x : ¡ :2 < U.x/ · 0g, and set other parameters as
follows: Ã.x/ D e¡ U.x/ , t0 D 200,¼1 D ¢ ¢ ¢ D¼41 D 1=41, and
a random-walk proposal,q.xt; ¢/ D N2.xt; :252I2/ . SAMC was
run for 20,000 iterations, and 2,000 samples were collectedat
equally spaced time points. Figure 2(b) shows the evolving path
of the 2,000 samples. For comparison, MH was applied to sim-
ulate from the distributionpst.x/ / e¡ U.x/=5. MH was run for
20,000 iterations with the same proposal N2.xt; :252I2/ , and
2,000 samples were collected at equally spaced time points.
Figure 2(c) shows the evolving path of the 2,000 samples,
which characterizes the performance of simulated tempering
at high temperatures.

The result is clear. In the foregoing setting, SAMC samples
almost uniformly in the space of energy [i.e., the energy band-
width of each subregion is small, and the sample distribution
closely matches the contour plot ofU.x/ ], whereas simulated
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Figure 2. (a) Contour of U(x ), (b) Sample Path of SAMC, and (c) Sample Path of MH.

tempering tends to sample uniformly in the sample spaceX
when the temperature is high. Because we usually do not know
where the high-energy and low-energy regions are and how
much the ratio of their ªvolumesº is a priori, we cannot control
the simulation time spent on low-energy and high-energy re-
gions in simulated tempering. However, we can control almost
exactly, up to the constantd in (7), the simulation time spent on
low-energy and high-energy regions in SAMC by choosing the
desired sampling distribution¼. SAMC can go to high-energy
regions, but it spends only limited time there to help the sys-
tem to escape from local energy minima, and also spends time
exploring low-energy regions. This smart simulation time dis-
tribution scheme makes SAMC potentially more ef®cient than
simulated tempering in optimization. Due to the space limita-
tions, we do not explore this point in this article. But we note
that Liang (2005) reported a neural network training example
in which it was shown GWL is more ef®cient than simulated
tempering in locating global energy minima.

4. USE OF STOCHASTIC APPROXIMATION MONTE
CARLO IN IMPORTANCE SAMPLING

In this section we illustrate the use of SAMC as an impor-
tance sampling method. Suppose that because of its rugged en-

ergy landscape, the target distributionp.x/ is very dif®cult to
simulate from with conventional Monte Carlo algorithms. Let
x1; : : : ; xn denote the samples drawn from a trial densityp¤.x/ ,
and letw1; : : : ; wn denote the associated importance weights,
wherewi D p.xi /=p¤.xi / for i D 1; : : : ; n. The quantityEph.x/
then can be estimated by

\Eph.x/ D

P n
iD1 h.xi /wiP n

iD1 wi
: (9)

Although this estimate converges almost surely toEph.x/ , its
variance is ®nite only if

Ep¤h2.x/
µ

p.x/
p¤.x/

¶ 2

dx D
Z

X
h2.x/

p2.x/
p¤.x/

dx < 1 :

If the ratio p.x/=p¤.x/ is unbounded, then the weightp.xi /=
p¤.xi / will vary widely, and thus the resulting estimate will be
unreliable. A good trial density should necessarily satisfy the
following two conditions:

a. The importance weight is bounded; that is, there exists a
numberM such thatp.x/=p¤.x/ < M for all x 2 X .

b. The trial densityp¤.x/ can be easily simulated from using
conventional Monte Carlo algorithms.
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In addition, the trial density should be chosen to have a similar
shape to the true density. This will minimize the variance of
the resulting importance weights. Of course, how to specifyan
appropriate trial density for a general distribution has been a
long-standing and dif®cult problem in statistics.

The defensive mixture method (Hesterberg 1995) suggests
the following trial density:

p¤.x/ D ¸ p.x/ C .1 ¡ ¸/ ep.x/; (10)

where 0< ¸ < 1 andep.x/ is another density. However, in prac-
tice, p¤.x/ is rather poor. Although the resulting importance
weights are bounded above by 1=¸ , it cannot be easily sam-
pled from using conventional Monte Carlo algorithms. Because
p¤.x/ containsp.x/ as a component, if we can sample from
p¤.x/ , then we can also sample fromp.x/ . In this case we do
not need to use importance sampling! Stavropoulos and Titter-
ington (2001), Warnes (2001), and Capp , Giullin, Marin, and
Robert (2004) suggested constructing the trial density based on
previous Monte Carlo samples, but the trial densities result-
ing from their methods cannot guarantee that the importance
weights are bounded. We note that these methods are similar to
SAMC in the spirit of learning from historical samples. Other
trial densities based on simple mixtures of normals ort distri-
butions also may result in unbounded importance weights, al-
though they can be sampled from easily.

Suppose that the sample space has been partitioned accord-
ing to the energy function, and that the maximum energy dif-
ference in each subregion has been bounded by a reasonable
number such that the local MH move within the same subre-
gion has a reasonable acceptance rate. It is then easy to see that
the distribution de®ned in (2) or (3) satis®es the foregoingtwo
conditions and can work as a universal trial density even in the
presence of multiple local minima on the energy landscape of
the true density. Let

bp1 .x/ /
mX

iD1

Ã.x/
bgi

I .x 2 Ei / (11)

denote the trial density constructed by SAMC withÃ.x/ D
p0.x/ , wherebgi D limt!1 eµti . Assuming thatbgi has been nor-
malized by an additional constraint (e.g.,

P m
iD1bgi is a known

constant), the importance weights are then bounded above by
maxmiD1bgi <

R
X Ã.x/ dx < 1 . As shown in Section 2, sampling

frombp1 .x/ will lead to a ªrandom walkº in the space of non-
empty subregions. Hence the whole sample space can be well
explored.

Besides satisfying the conditions (a) and (b),bp1 .x/ has two
additional advantages over other trial densities. First, the simi-
larity of the trial density to the target density can be controlled
to some extent by the user. For example, instead of (11), we can
sample from the following density:

bp1 .x/ /
mX

iD1

Ã.x/
¸ ibgi

I .x 2 Ei /; (12)

where the parameters¸ i ; i D 1; : : : ; m, control the sampling fre-
quency of the subregions. Second, resampling can be made on-
line if we are interested in generating equally weighted samples
from p.x/ . Let ! i D bgi=maxmjD1bgj denote the resampling prob-
ability from the subregionEi , andxt denote the sample drawn

frombp1 .x/ at iterationt. The resampling procedure consists of
the following three steps:

The SAMC importance-resampling algorithm.
1. Draw a samplext » bp1 .x/ using a conventional Monte

Carlo algorithm, say, the MH algorithm.
2. Draw a random numberU » uniform.0; 1/ . If U < ! k,

then savext as a sample ofp.x/ , wherek is the index of
the subregionxt belongs to.

3. Sett Ã t C 1 and go to step 1, until suf®cient samples
have been collected.

Consider the following distribution:

p.x/ D
1
3

N

" µ
¡ 8
¡ 8

¶
;
µ

1 :9
:9 1

¶ #

C
1
3

N

" µ
6
6

¶
;
µ

1 ¡ :9
¡ 0:9 1

¶ #

C
1
3

N

" µ
0
0

¶
;
µ

1 0
0 1

¶ #

;

which is identical to that given by Gilks, Roberts, and Sahu
(1998), except that the mean vectors are separated by a larger
distance in each dimension. Figure 3(a) shows its contour
plot, which contains three well-separated components. TheMH
algorithm has been used to simulate fromp.x/ with a random-
walk proposal N.x; I2/ , but it failed to mix the three compo-
nents. However, an advanced MCMC sampler, such as sim-
ulated tempering, parallel tempering, or evolutionary Monte
Carlo, should work well for this example. Our purpose in study-
ing this example was just to illustrate how SAMC can be used in
importance sampling as a universal trial distribution constructor
and how SAMC can be used as an advanced sampler to sample
from a multimodal distribution.

We applied SAMC to this example with the same proposal as
used in the MH algorithm. LetX D T¡ 10100; 10100U2 be com-
pact. It was partitioned with an equal energy bandwidth1 u D 2
into the following subregions:E1 D f x : ¡ logp.x/ < 0g, E2 D
fx : 0 · ¡ logp.x/ < 2g, : : : ; and E12 D f x : ¡ logp.x/ > 20g.
SetÃ.x/ D p.x/ , t0 D 50 and the desired sampling distribution
to be uniform. In a run of 500,000 iterations, SAMC produced
a trial density with the contour plot as shown in Figure 3(b).On
the plot there are many contour circles formed due to the den-
sity adjustment bybgi 's. The adjustment means that many points
of the sample space have the same density value. The SAMC
importance-sampling algorithm was then applied to simulate
samples fromp.x/ . Figure 3(c) shows the sample path of the
®rst 500 samples generated by the algorithm. All three compo-
nents had been well mixed. Later, the run was lengthened, and
the mean and variance of the distribution were estimated ac-
curately using the simulated samples. The results indicatethat
SAMC can indeed work as a general trial distribution construc-
tor for importance sampling and an advanced sampler for sim-
ulation from a multimodal distribution.

5. USE OF STOCHASTIC APPROXIMATION MONTE
CARLO IN MODEL SELECTION PROBLEMS

5.1 Algorithms

Suppose that we have a posterior distribution denoted by
f .M;#M jD/ , where D denotes the data,M is the index of



312 Journal of the American Statistical Association, March 2007

(a) (b) (c)

Figure 3. Computational Results for the Mixture Gaussian Example. (a) and (b) Contour plots of the true and trial densities. The contour
lines correspond to 99%, 95%, 50%, 5%, and 1% of the total mass. (c) The path of the ®rst 500 samples simulated from p(x) by the SAMC
importance-sampling algorithm.

models, and#M is the vector of parameters associated with
model M. Without loss of generality, we assume that only a
®nite number,m, of models are under consideration and that
the models are subject to a uniform prior. The sample space
of f .M;#M jD/ can be written as

S m
iD1 XMi , where XMi de-

notes the sample space off .# Mi jMi ; D/ . If we let Ei D XMi for
i D 1; : : : ; m, andÃ.¢/ / f .M;#M jD/ , it follows from (7) that
bg. t/

i =bg. t/
j D eµti ¡ µtj forms a consistent estimator for the Bayes

factor of the modelsMi and Mj , 1 · i; j · m. We note that
reversible-jump MCMC (RJMCMC) (Green 1995) can also es-
timate the Bayes factors ofm models simultaneously. For com-
parison, in what follows we give explicitly the iterative proce-
dures of the two methods for Bayesian model selection.

Let Q.Mi ! Mj / denote the proposal probability for a tran-
sition from modelMi to modelMj , andT.# Mi ! #Mj / denote
the proposal distribution of generating#Mj conditional on#Mi .
Assume that bothQ andT satisfy the condition (4). LetM. t/

and# . t/ denote the model and the model parameters sampled at

iterationt. One iteration of SAMC comprises of the following
steps:

The SAMC model-selection algorithm.
1. Generate modelM¤ according to the proposal matrixQ.
2. If M¤ D M. t/ , then simulate a sample# ¤ from f .# M. t/ j

M. t/ ; D/ by a single MCMC iteration and set.M. tC1/ ;
# . tC1/ / D .M¤; # ¤/ .

3. If M¤ 6DM. t/ , then generate# ¤ according to the proposal
distributionT and accept the sample.M¤; # ¤/ with prob-
ability

min
½

1;
eµt;M.t/

eµt;M¤

f .M¤; # ¤jD/
f .M. t/ ; # . t/ jD/

£
Q.M¤ ! M. t/ /
Q.M. t/ ! M¤/

T.# ¤ ! # . t/ /
T.# . t/ ! # ¤/

¾
: (13)

If this is accepted, then set.M. tC1/ ; # . tC1/ / D .M¤; # ¤/ ;
otherwise, set.M. tC1/ ; # . tC1/ / D .M. t/ ; # . t/ / .
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4. Setµ¤ D µt C ° tC1.etC1 ¡ ¼/, whereetC1 D .etC1;1; : : : ;
etC1;m/ andetC1;i D 1 if M. tC1/ D Mi and 0 otherwise. If
µ¤ 2 2 , then setµtC1 D µ¤; otherwise, setµtC1 D µ¤ C c¤,
wherec¤ is chosen such thatµ¤ C c¤ 2 2 .

Let 4 . t/
i D #fM.k/ D Mi : k D 1; 2; : : : ; tgbe the sampling fre-

quency of modelMi during the ®rstt iterations in a run of
RJMCMC. With the same proposal matrixQ, the same proposal
distributionT and the same MH step (or Gibbs cycle) as those
used by SAMC, one iteration of RJMCMC can be described as
follows:

The RJMCMC algorithm.
1. Generate modelM¤ according to the proposal matrixQ.
2. If M¤ D M. t/ , then simulate a sample# ¤ from f .# M. t/ j

M. t/ ; D/ by a single MCMC iteration and set.M. tC1/ ;
# . tC1/ / D .M¤; # ¤/ .

3. If M¤ 6DM. t/ , then generate# ¤ according to the proposal
densityT and accept the sample.M¤; # ¤/ with probabil-
ity

min
½

1;
f .M¤; # ¤jD/

f .M. t/ ; # . t/ jD/

£
Q.M¤ ! M. t/ /
Q.M. t/ ! M¤/

T.# ¤ ! # . t/ /
T.# . t/ ! # ¤/

¾
: (14)

If it is accepted, then set.M. tC1/ ; # . tC1/ / D .M¤; # ¤/ ;
otherwise, set.M. tC1/ ; # . tC1/ / D .M. t/ ; # . t/ / .

4. Set4 . tC1/
i D 4 . t/

i C I.M. tC1/ D Mi / for i D 1; : : : ; m.

The standard MCMC theory (Tierney 1994) implies that as
t ! 1 , 4 . t/

i =4 . t/
j forms a consistent estimator for the Bayes

factor of modelMi and modelMj .
We note that the form of the RJMCMC algorithm just de-

scribed is not the most general one, where the proposal dis-
tribution T.¢ ! ¢ / is assumed such that the Jacobian term in
(14) is reduced to 1. This observation is also applicable to the
SAMC model-selection algorithm. The MCMC algorithm used
in step 2 of the foregoing two algorithms can be the MH al-
gorithm, the Gibbs sampler (Geman and Geman 1984), or any
other advanced MCMC algorithms, such as simulated temper-
ing, parallel tempering, evolutionary Monte Carlo, and SAMC
importance-resampling (discussed in Sec. 3). When the distri-
butionf .M;#M jD/ is complex, an advanced MCMC algorithm
may be chosen and multiple iterations may be used in this step.

SAMC and RJMCMC are different only at steps 3 and 4,
that is, in the manner of acceptance for a new sample and esti-
mation for the model probabilities. In SAMC, a new sample
is accepted with an adjusted probability. The adjustment al-
ways works in the reverse direction of the estimation error of
the model probability or, equivalently, the frequency discrep-
ancy between the realized sampling frequency and the desired
one. Thus it guarantees convergence of the algorithm. In sim-
ulations, we can see that SAMC can overcome any dif®culties
in dimension-jumping moves and provide a full exploration for
all models. Recall that the proposal distributions have been as-
sumed to satisfy the condition (4). Because RJMCMC does not
have the self-adjusting ability, it samples each model in a fre-
quency proportional to its probability. In simulations, wecan
see that RJMCMC often stays on a model for a long time if that

model has a signi®cantly higher probability than its neighbor-
ing models. In SAMC, the estimates of the model probabilities
are updated in the logarithmic scale; this makes it possiblefor
SAMC to work for a group of models with huge differences in
probability. This is beyond the ability of RJMCMC, which can
work only for a group of models with comparable probabilities.

Finally, we point out that for a problem that contains only
several models with comparable probabilities, SAMC may not
be better than RJMCMC, because in this case its self-adjusting
ability is no longer crucial for mixing of the models. SAMC
is essentially an importance sampling method (i.e., the samples
are not equally weighted); hence its ef®ciency should be lower
than that of RJMCMC for a problem in which RJMCMC suc-
ceeds. In summary, we suggest using SAMC when the model
space is complex, for example, when the distributionf .MjD/
has well-separated multiple modes or when there are probabil-
ity models that are tiny but of interest to us.

5.2 Numerical Results

The autologistic model (Besag 1974) has been widely used
for spatial data analysis (see, e.g., Preisler 1993; Augustin,
Mugglestone, and Buckland 1996). Lets D f si : i 2 Dg denote
a con®guration of the model in which the binary response
si 2 f¡ 1; C1g is called a spin andD is the set of indices of
the spins. LetjDj denote the total number of spins inD, and
let N.i/ denote a set of the neighbors of spini. The probability
mass function of the model is

p.sj®; ¯/ D
1

'.®; ¯/
exp

½
®

X

i2D

si C
¯
2

X

i2D

si

µ X

j2N.i/

sj

¶¾
;

.®; ¯/ 2 Ä; (15)

whereÄ is the parameter space and'.®; ¯/ is the normalizing
constant de®ned by

'.®; ¯/ D
X

for all possibles

exp
½

®
X

i2D

si C
¯
2

X

i2D

si

µ X

j2N.i/

sj

¶¾
:

The parameter® determines the overall proportion ofsi with a
value ofC1, and the parameter¯ determines the intensity of
the interaction betweensi and its neighbors.

A major dif®culty with this model is that the function'.®; ¯/
is generally unknown analytically. Evaluating'.®; ¯/ exactly
is prohibitive even for a moderate system, because it requires
summary over all 2jDj possible realizations ofs. Because
'.®; ¯/ is unknown, importance sampling is perhaps the most
convenient technique if we aim at calculating the expectation
E®;¯ h.s/ over the parameter space. This problem is a little dif-
ferent than conventional importance sampling problems dis-
cussed in Section 4, where we have only one target distribution,
whereas here we have multiple target distributions indexedby
their parameter values. A natural choice for the trial distribution
is a mixture distribution of the form

p¤
mix.s/ D

1
m¤

m¤
X

jD1

p.sj®j ; ¯ j /; (16)

where the values of the parameters.®1; ¯ 1/; : : : ; .®m¤; ¯ m¤/
are prespeci®ed. We note that this idea has been suggested
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(a) (b)

Figure 4. U.S. Cancer Mortality Rate Data. (a) The mortality map of liver and gallbladder cancer (including bile ducts) for white males during
the decade 1950±1959. The black squares denote the counties of high cancer mortality rate, and the white squares denote the counties of low
cancer mortality rate. (b) Fitted cancer mortality rates. The cancer mortality rate of each county is represented by the gray level of the corresponding
square.

by Geyer (1996). To complete this idea, the key is to esti-
mate'.® j ; ¯ j /; : : : ; '.® m¤; ¯ m¤/ . The estimation can be up to
a common multiplicative constant that will be canceled out
in calculation ofE®;¯ h.s/ in (9). Geyer (1996) also suggested
stochastic approximation as a feasible method for simultane-
ously estimating'.® 1; ¯ 1/; : : : ; '.® m¤; ¯ m¤/ , but gave no de-
tails. Several authors have based their inferences for a distri-
bution like (15) on the estimates of the normalizing constant
function at a ®nite number of points. For example, Diggle and
Gratton (1984) proposed estimating the normalizing constant
function on a grid, smoothing the estimates using a kernel
method, and then substituting the smooth estimates into (15)
as known for ®nding maximum likelihood estimators (MLEs)
of the parameters. A similar idea was also been proposed by
Green and Richardson (2002) for analyzing a disease-mapping
example.

In this article we explore the idea of Geyer (1996) and give
details about how SAMC can be used to simultaneously es-
timate '.® 1; ¯ 1/; : : : ; '.® m¤; ¯ m¤/ and how the estimates can
be further used in estimation of the model parameters. The
dataset considered is the U.S. cancer mortality rate, as shown
in Figure 4(a). Following Sherman, Apamasovich, and Carroll

(2006), we modeled the data by a spatial autologistic model.
The total number of spins isjDj D 2;293. Suppose that the para-
meter points used in (16) form a 21£ 11 lattice (m¤ D 231) with
® equally spaced between¡ :5 and .5 and̄ between 0 and:5.
Because'.®; ¯/ is a symmetric function about®, we only need
to estimate it on a sublattice with®between 0 and .5. The sub-
lattice consists ofm D 121 points. Estimating the quantities
'.® 1; ¯ 1/; : : : ; '.® m; ¯ m/ can be treated as a Bayesian model
selection problem, although no observed data are involved.This
is because'.® 1; ¯ 1/; : : : ; '.® m; ¯ m/ correspond to the normal-
izing constants of different distributions. In what follows, the
SAMC model-selection algorithm and the RJMCMC algorithm
were applied to this problem by treating each grid point.®j ; ¯ j /
as a different model andp.sj®j ; ¯ j /'.® j ; ¯ j / as the posterior dis-
tribution used in (13) and (14).

SAMC was ®rst applied to this problem. The proposal ma-
trix Q, the proposal distributionT, and the MCMC sampler
used in step 2 are speci®ed as follows. Let them models be
coded as a matrix.Mij / with i D 0; : : : ; 10 andj D 0; : : : ; 10.
The proposal matrixQ is then de®ned as

Q.Mij ! Mi0j0/ D q.®/
ii0 q.¯/

jj0 ;
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where q.®/
i;i¡ 1 D q.®/

i;i D q.®/
i;iC1 D 1=3 for i D 1; : : : ; 9, q.®/

0;0 D

q.®/
10;10 D 2=3, and q.®/

0;1 D q.®/
10;9 D 1=3; and q.¯/

i;i¡ 1 D q.¯/
i;i D

q.¯/
i;iC1 D 1=3 for i D 1; : : : ; 9, q.¯/

0;0 D q.¯/
10;10 D 2=3, andq.¯/

0;1 D

q.¯/
10;9 D 1=3. For this example,# corresponds to the con®gu-

ration s of the model. The proposal distributionT.# . t/ ! # ¤/
is an identical mapping, that is, keeping the current con®gu-
ration unchanged when a model is proposed to be changed to
another one. Thus we haveT.# . t/ ! # ¤/ D T.# ¤ ! # . t/ / D 1.
The MCMC sampler used in step 2 is the Gibbs sampler (Ge-
man and Geman 1984), sampling spini from the conditional
distribution

P.si D C1jN.i// D
1

1C e¡ 2.®C¯
P

j2N.i/ sj /
;

(17)
P.si D ¡ 1jN.i// D 1 ¡ P.si D C1jN.i//;

for all i 2 D in a prespeci®ed order.
SAMC was run ®ve times independently. Each run consisted

of two stages. The ®rst stage estimated the function'.®; ¯/ on
the sublattice. In this stage, SAMC was run witht0 D 104 and
for 108 iterations. The second stage drew importance samples
from the trial distribution,

bp¤
mix.s/ /

1
m¤

m¤
X

kD1

1
b'.® k; ¯ k/

£ exp
½

®k

X

i2D

si C
¯ k

2

X

i2D

si

µ X

j2N.i/

sj

¶¾
; (18)

which represents an approximation to (16), with'.® j ; ¯ j / re-
placed by its estimate obtained in the ®rst stage. In this stage
SAMC was run with±t ´ 0 and for 107 iterations, and a total of
105 samples were harvested at equally spaced time points. Each
run cost about 115 minutes of CPU time in a 2.8-GHz computer.
In the second stage, SAMC is reduced to RJMCMC by setting
±t D 0. Figure 5(a) shows one estimate of'.®; ¯/ obtained in a
run of SAMC.

Using the importance samples collected earlier, we estimated
the probabilityP.si D C1j®; ¯/ , which is a function of.®; ¯/ .
The estimation can be done in (9) by settingh.s/ D

P
i2D.si C

1/=.2jDj/ . By averaging over the ®ve runs, we obtained one
estimate of the function, as shown in Figure 5(b). To assess the
variation of the estimate, we calculated the standard deviation
of the estimate at each grid point of the lattice. The averageof
the standard deviations is 3£ 10¡ 4. The estimate is fairly stable.

Using the importance samples collected earlier, we also esti-
mated the parameters.®; ¯/ for the cancer data shown in Fig-
ure 4(a). The estimation can be done using the Monte Carlo
maximum likelihood method (Geyer and Thompson 1992;
Geyer 1994) as follows. Letp¤.s/ D c¤p¤

0.s/ denote an ar-
bitrary trial distribution for (15), wherep¤

0.s/ is completely
speci®ed andc¤ is an unknown constant. LetÃ.®; ¯; s/ D
'.®; ¯/ p.sj®; ¯/ and let L.®; ¯ js/ denote the log-likelihood
function of an observations. Thus

Ln.®; ¯ js/

D ®
X

i2D

si C
¯
2

X

i2D

si

µ X

j2N.i/

sj

¶
C logc¤

¡ log
·

1
n

nX

kD1

Ã.®; ¯; s.k/ /
p¤

0.s.k/ /

¸
(19)

approachesL.®; ¯ js/ as n ! 1 , where s.1/ ; : : : ; s.n/ are
MCMC samples simulated fromp¤.s/ . The estimate.b®;
b̄/ D argmax®;¯ Ln.®; ¯ js/ is called the Monte Carlo MLE
(MCMLE) of .®; ¯/ . The maximization can be done using a
conventional optimization procedure, say the conjugate gradi-
ent method. Settingp¤.s/ D bp¤

mix.s/ , the ®ve runs of SAMC
resulted in ®ve estimates of.®; ¯/ . The mean and standard de-
viation vectors of these estimates were (¡ :2994, .1237) and
(.00063, .00027). Henceforth, these estimates are called mix-
MCMLEs, because they are obtained based on a mixture trial
distribution. Figure 4(b) shows the ®tted mortality map based
on one mix-MCMLE.¡ :2999; :1234/ .

In the literature,p¤.s/ is often constructed based on a single
parameter point, that is, setting

p¤.s/ / exp
½

®¤
X

i2D

si C
¯ ¤

2

X

i2D

si

µ X

j2N.i/

sj

¶¾
; (20)

(a) (b)

Figure 5. Computational Results of SAMC. (a) Estimate of log' (®, ¯ ) on a 21 £ 11 lattice with ® {¡ .5, ¡ .45, . . . , .5} and ¯ 2 {0, .05, . . . , .5}.
(b) Estimate of P(si D C 1|®, ¯ ) on a 50 £ 25 lattice with ®2 {¡ .49, ¡ .47, . . . , .49} and ¯ 2 {.01, .03, . . . , .49}.
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where.®¤; ¯ ¤/ denotes the parameter point. The point.®¤; ¯ ¤/
should be chosen to be close to the true parameter point; other-
wise, a large value ofn would be required for the convergence
of (19). Sherman et al. (2006) set.®¤; ¯ ¤/ to be the maximum
pseudolikelihood estimate (Besag 1975) of.®; ¯/ , which is the
MLE of the pseudolikelihood function

PL.®; ¯ js/

D
Y

i2D

expfsi .® C ¯
P

j2N.i/ sj /g

expf®C ¯
P

j2N.i/ sjg Cexpf¡ ®¡ ¯
P

j2N.i/ sjg
:

(21)

We repeated the procedure of Sherman et al. for the cancer data
®ve times withn D 105 and the MCMC samples collected at
equally spaced time points in a run of the Gibbs sampler of 107

iteration cycles. The mean and standard deviation vectors of the
resulting estimates are (¡ :3073, .1262) and (.00837, .00946).
These estimates have a signi®cantly higher variation than the
mix-MCMLEs. Henceforth, these estimates are called single-
MCMLEs, because they are obtained based on a single-point
trial distribution.

To compare the accuracy of the mix-MCMLEs and single-
MCMLEs, we conducted the following experiment based on the
principle of the parametric bootstrap method (Efron and Tibshi-
rani 1993). LetT1 D

P
i2D si andT2 D 1

2

P
i2D si .

P
j2N.i/ sj / .

It is easy to see thatT D .T1; T2/ forms a suf®cient statistic
of .®; ¯/ . Given an estimate.b®;b̄/ , we can reversely estimate

Table 2. Comparison of the Accuracy of the Mix-MCMLEs and
Single-MCMLEs for the U.S. Cancer Data

Estimate Single-MCMLE Mix-MCMLE

RMSE(t
sim

1 ) 59.51 2.90

RMSE(t
sim

2 ) 114.91 4.61

NOTE: RMSE(tsim
i ) is calculated as

q P 5
k D 1 (tsim,k

i ¡ tobs
i )2=5, where i D 1,2, and tsim,k

i denotes

the value of tsim
i calculated based on the k th estimate of (®, ¯ ).

the quantitiesT1 and T2 by drawing samples from the dis-
tribution f .sjb®;b̄/ . If .b®;b̄/ is accurate, then we should have
tobs ¼ tsim, wheretobs and tsim denote the values ofT calcu-
lated from the true observation and from the simulated sam-
ples. To calculatetsim, we generated 1,000 independent con®g-
urations conditional on each estimate, with each con®guration
generated by a short run of the Gibbs sampler. The Gibbs sam-
pler started with a random con®guration and was iterated for
1,000 cycles. A convergence diagnostic shows that 1,000 iter-
ation cycles were long enough for the Gibbs sampler to reach
equilibrium for simulation off .sjb®;b̄/ . Table 2 compares the
root mean squared errors (RMSEs) oftsim's calculated from the
mix-MCMLEs and single-MCMLEs. The comparison shows
that the mix-MCMLEs are much more accurate than the single-
MCMLEs for this example.

For comparison, RJMCMC was also run for this example
for 108 iterations. The simulation started with modelM0;0,
moved to modelM10;10 very fast, and then got stuck there.

(a) (b)

(c) (d)

Figure 6. Comparison of SAMC and RJMCMC. (a) and (b) The sample paths of ® and ¯ in a run of SAMC. (c) and (d) The sample paths of
® and ¯ in a run of RJMCMC.
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This is shown in Figures 6(c) and 6(d), where the parame-
ter vector .®; ¯/ D .0; 0/ corresponds to modelM0 and (.5,
.5) corresponds to modelM10;10. RJMCMC failed to esti-
mate '.® 1; ¯ 1/; : : : ; '.® m; ¯ m/ simultaneously. This phenom-
enon can be easily understood from Figure 5(a), which shows
that modelM10;10 has a dominated probability over other mod-
els. Fives runs of SAMC produced an estimate of the log-
odds ratio logP.M10;10/=P.M0;0/ . The estimate is 1,775.7 with
standard deviation .6. Making transitions between models with
such a huge difference in probability is beyond the ability of
RJMCMC. It is also beyond the ability of other advanced
MCMC samplers, such as simulated tempering, parallel tem-
pering, and evolutionary Monte Carlo, because the strengthof
these advanced MCMC samplers is at making transitions be-
tween different modes of the distribution instead of sampling
from low probability models. However, it is not dif®cult for
SAMC due to its ability to sample rare events from a large sam-
ple space. For comparison, Figures 6(a) and 6(b) plot the sam-
ple paths of®and¯ obtained in a run of SAMC. This ®gure in-
dicates that even though the models have very large differences
in probabilities, SAMC can still mix them well and sample each
model equally. Note that the desired sampling distributionhas
been set to the uniform distribution for this example and other
examples of this section.

6. DISCUSSION

In this article we have introduced the SAMC algorithm and
studied its convergence. SAMC overcomes the shortcomings
of the WL algorithm. It can improve the estimates continu-
ously as the simulation proceeds. Two classes of applicationsÐ
importance sampling and model selectionÐare discussed.
SAMC can work as a general importance sampling method and
a model selection sampler when the model space is complex.

As with many other Monte Carlo algorithms, such as slice
sampling (Neal 2003), SAMC also suffers from the curse of
dimensionality. For example, consider the modi®ed witch'shat
distribution studied by Geyer and Thompson (1995),

p.x/ D
½

1C ¯; x 2 T0;®Uk

1; x 2 T0; 1Uk n T0;®Uk,
(22)

wherek D 30 is the dimension ofx, ® D 1=3, and¯ ¼ 1014,
which is chosen such that the probability of the peak is 1=3 ex-
actly. For this distribution, the small hypercube is calledthe
peak, and the rest are called the brim. It is easy to see that
SAMC is not better than MH for sampling from this distribution
if the sample space is partitioned according to the energy func-
tion. The peak is like an atom, so SAMC will make a random
walk in the brim just like MH. The likelihood of SAMC jump-
ing into the peak from the brim is decreasing geometrically as
the dimension increases. One way to overcome this dif®cultyis
to include an auxiliary variable in (22) and to work on the joint
distribution,

p.xI ; I / D
½

1 C ¯ I ; xI 2 T0;®UI

1; xI 2 T0; 1UI n T0;®UI ;
(23)

whereI is the dimension ofxI with I 2 f 1; : : : ; 30g and¯ I is
chosen such that the peak probability is 1=3 exactly. To sam-
ple from (23), we can make a joint partition onI and energy.
Let E11; E12; : : : ; Ek1; Ek2 denote the partition, whereEi1 and

Ei2 denote the peak and brim sets ofp.xi ; i/ . SAMC can then
work on the distribution with this partition and appropriate pro-
posal distributions (dimension jumping will be involved).As
shown by Liang (2003), working on such a sequence of trial
distributions indexed by dimension can help the sampler reduce
the curse of dimensionality. We note that the auxiliary variable
used in constructing the joint distribution is not necessarily the
dimension variable; the temperature variable can be used asin
simulated tempering for some problems for which the dimen-
sion change is not sensible.

In our theoretical results on convergence, we assume that the
sample spaceX and the parameter space2 are both compact.
At least in principle, these restrictions can be removed as was
done by Andrieu et al. (2005). If the restrictions are removed,
then we may need to put some other constraints on the tails of
the target distributionp.x/ and the proposal distributionq.x; y/
to ensure the minorization condition holds (see Roberts and
Tweedie 1996; Rosenthal 1995; Roberts and Rosenthal 2004 for
more discussions on the issue). Our numerical experience indi-
cates that SAMC should have some type of convergence even
when the minorization condition does not hold, in a manner
similar to the MH algorithm (Mengersen and Tweedie 1996). A
further study in this direction is of some interest.

APPENDIX: THEORETICAL RESULTS ON
STOCHASTIC APPROXIMATION MONTE CARLO

The appendix is organized as follows. In Section A.1 we describe a
theorem for the convergence of the SAMC algorithm. In Section A.2
we brie¯y review the published results on the convergence ofa general
stochastic approximation algorithm. In Section A.3 we givea proof for
the theorem described in Section 1.

A.1 A Convergence Theorem for SAMC

Without loss of generality, we show only the convergence presented
in (7) for the case where all subregions are nonempty or, equivalently,
d D 0. Extension to the cased 6D0 is trivial, because changing step (2)
of the SAMC algorithm to (2)0will not change the process of simula-
tion:

(2)0 Setµ0D µt C ° t.et ¡ ¼¡ d/ , whered is anm-vector ofd.

Theorem A.1.Let E1; : : : ; Em be a partition of a compact sam-
ple spaceX andÃ.x/ be a nonnegative function de®ned onX with
0 <

R
Ei

Ã.x/ dx < 1 for all Ei 's. Let ¼ D .¼1; : : : ;¼m/ be anm-
vector with 0< ¼i < 1 and

P m
iD1 ¼i D 1. Let 2 be a compact set of

m dimensions, and let there exist a constantC such thatMµ 2 2 , where
Mµ D . Mµ1; : : : ; Mµm/ and Mµi D C C log.

R
Ei

Ã.x/ dx/ ¡ log.¼i / . Let µ0 2 2
be an initial estimate ofMµ and letµt 2 2 be the estimate ofMµ at itera-
tion t. Let f° tgbe an nonincreasing, positive sequence as speci®ed in
(6). Suppose thatpµt .x/ is bounded away from 0 and1 onX , and the
proposal distribution satis®es the condition (4). Ast ! 1 , we have

P
½

lim
t!1

µti D C C log
µZ

Ei

Ã.x/ dx
¶

¡ log.¼i /
¾

D 1;

i D 1; : : : ; m; (A.1)

whereC is an arbitrary constant.

A.2 Existing Results on the Convergence of a General
Stochastic Approximation Algorithm

Suppose that our goal is to solve the following integration equation
for the parameter vectorµ:

h.µ/ D
Z

X
H.µ; x/p.dx/ D 0; µ 2 2:
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The stochastic approximation algorithm with MCMC innovations
(noise) works iteratively as follows. LetK.xt; ¢/ be a MCMC transi-
tion kernel, for example, the MH kernel of the form

K.xt; dy/ D s.xt; dy/ C I .xt 2 dy/
·
1 ¡

Z

X
s.xt; z/ dz

¸
;

wheres.xt; dy/ D q.xt; dy/ minf1; Tp.y/q.y; xt/U=Tp.x/q.x; y/Ug, q.¢; ¢/
is the proposal distribution, andp.¢/ is the invariant distribution. Let
2 ½ Q2 be a compact subset ofQ2 . Let f° tg1

tD0 be a monotone nonin-
creasing sequence governing the step size. In addition, de®ne a func-
tion 8 :X £ Q2 ! X £ 2 , which reinitializes the nonhomogeneous
Markov chainf.xt; µt/g. For instance, the function8 can generate a
random or ®xed point, or project.xtC1; µtC1/ onto X £ 2 . An itera-
tion of the algorithm is as follows:

1. Generatey » Kµt .xt; ¢/ .
2. Setµ¤ D µt C ° tC1H.µt; y/ .
3. If µ¤ 2 2 , then set .xtC1; µtC1/ D .y; µ¤/ ; otherwise, set

.xtC1; µtC1/ D 8. y; µ¤/ .

This algorithm is actually a simpli®ed version of the algorithm
given by Andrieu et al. (2005). LetPx0;µ0 denote the probability mea-
sure of the Markov chainf.xt; µt/g, started in.x0; µ0/ , and implicitly
de®ned by the sequencesf° tg. De®neD.x; A/ D infy2A jx ¡ yj.

Theorem A.2(Thm. 5.5 and prop. 6.1 of Andrieu et al. 2005). As-
sume that the conditions.A1/ and.A4/ hold, and there exists a drift
function V.x/ such that supx2X V.x/ < 1 and the drift condition
holds (see Andrieu et al. 2005 for descriptions of the conditions). Let
the sequencefµngbe de®ned as in the stochastic approximation algo-
rithm. Then for all.x0; µ0/ 2 X £ 2 ,

lim
t!1

D.µt; L / D 0; Px0;µ0-a.e.

A.3 Proof of Theorem A.2

To prove Theorem A.2, it suf®ces to verify that.A1/ , .A4/ , and the
drift condition hold for the SAMC algorithm. To simplify notation,
in the proof we drop the subscriptt by denotingxt by x and µt D
.µt1; : : : ; µtm/ by µ D .µ1; : : : ; µm/ . Because the invariant distribution
of the MH kernel ispµ.x/ , for any ®xedµ, we have

E
¡
e. i/
x ¡ ¼i

¢
D

Z

X

¡
e. i/
x ¡ ¼i

¢
pµ.x/ dx

D

R
Ei

Ã.x/ dx=eµi

P m
kD1T

R
Ek

Ã.x/ dx=eµkU
¡ ¼i

D
Si

S
¡ ¼i ; i D 1; : : : ; m; (A.2)

whereSi D
R
Ei

Ã.x/ dx=eµi andSD
P m

kD1 Sk. Thus

h.µ/ D
Z

X
H.µ; x/p.dx/ D

µ
S1
S

¡ ¼1; : : : ;
Sm

S
¡ ¼m

¶ 0
:

Condition A1. It follows from (A.2) thath.µ/ is a continuous func-
tion of µ. Let w.µ/ D 1

2
P m

kD1. Sk
S ¡ ¼k/2. As shown later,w.µ/ has

continuous partial derivatives of the ®rst order. Because 0· w.µ/ ·
1
2T

P m
kD1. Sk

S /2 C ¼2
k /U · 1 for all µ 2 2 , and2 itself is compact, the

level setWM D f µ 2 2; w.µ/ · Mg is compact for any positive inte-
gerM. Condition (A1-b) is satis®ed.

Solving the system of equations formed by (A.2), we have

L D
½

.µ1; : : : ; µm/ : µi D cC log
µZ

Ei

Ã.x/ dx
¶

¡ log.¼i /;

i D 1; : : : ; mI µ 2 2
¾

;

wherec D log.S/ can be determined by imposing a constraint onS. For
example, settingSD 1 leads toc D 0. It is obvious thatL is nonempty
and thatw.µ/ D 0 for everyµ 2 L .

To verify the conditions (A1-a), (A1-c), and (A1-d), we have the
following calculations:

@S
@µi

D
@Si

@µi
D ¡ Si ;

@Si

@µj
D

@Sj

@µi
D 0;

(A.3)
@.Si=S/

@µi
D ¡

Si

S

µ
1 ¡

Si

S

¶
; and

@.Si=S/
@µj

D
@.Sj=S/

@µi
D

SiSj

S2

for i; j D 1; : : : ; m andi 6Dj, and

@w.µ/
@µi

D
1
2

mX

kD1

@.Sk=S¡ ¼k/2

@µi

D
X

j6Di

µ
Sj

S
¡ ¼j

¶
SiSj

S2 ¡
µ

Si

S
¡ ¼i

¶
Si

S

µ
1 ¡

Si

S

¶

D
mX

jD1

µ
Sj

S
¡ ¼j

¶
SiSj

S2 ¡
µ

Si

S
¡ ¼i

¶
Si

S

D ¹ ´
Si

S
¡

µ
Si

S
¡ ¼i

¶
Si

S
(A.4)

for i D 1; : : : ; m, where it is de®ned as¹ ´ D
P m

jD1.
Sj
S ¡ ¼j /

Sj
S . Thus

hr w.µ/; h.µ/i

D ¹ ´

mX

iD1

µ
Si

S
¡ ¼i

¶
Si

S
¡

mX

iD1

µ
Si

S
¡ ¼i

¶ 2 Si

S

D ¡

( mX

iD1

µ
Si

S
¡ ¼i

¶ 2 Si

S
¡ ¹ 2

´

)

D ¡ ¾2
´ · 0; (A.5)

where¾2
´ denotes the variance of the discrete distribution de®ned by

the following table:

State.´/ S1
S ¡ ¼1 ¢¢¢ Sm

S ¡ ¼m

Probability S1
S ¢¢¢ Sm

S

If µ 2 L , then hr w.µ/; h.µ/i D 0; otherwise,hr w.µ/; h.µ/i < 0.
For anyM0 2 .0; 1U, it is true thatL ½ fµ 2 2; w.µ/ < M0g. Hence
condition (A1-a) is satis®ed.

It follows from (A.5) that hr w.µ/; h.µ/i · 0 for all µ 2 2 . The
w.L / forms a line in space2 , because it contains only one free para-
meterc. Therefore, the interior set ofw.L / is empty. Conditions (A1-c)
and (A1-d) are satis®ed.

Condition A4. Let p be arbitrarily large,¯ D 1, ® D 1, and
³ 2 . 1

¿ ; 2/ . Thus conditions
P 1

tD1 ° t D 1 and
P 1

tD1 ° ³
t < 1 hold.

BecausejH.µ; x/ j is bounded above byc1, as shown in (A.8),
j° tH.µt¡ 1; xt/ j < c1° t < c1° ´

t holds. Condition (A4) is satis®ed by
choosingC D c1 and´ 2 T.³ ¡ 1/=®; .p ¡ ³ /=pU D T³ ¡ 1; 1/ .
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Drift Condition. Theorem 2.2 of Roberts and Tweedie (1996)
shows that if the target distribution is bounded away from 0 and 1
on every compact set of its supportX , then the MH chain with a pro-
posal distribution satisfying the condition (4) is irreducible and ape-
riodic, and every nonempty compact set is small. HenceKµ, the MH
kernel used in each iteration of SAMC, is irreducible and aperiodic
for any µ 2 2 . BecauseX is compact,X is a small set, and thus the
minorization condition is satis®ed; that is there exists anintegerl such
that

inf
µ22

Kl
µ.x; A/ ¸ ±º.A/; 8x 2 X ; 8A 2 B: (A.6)

De®neKµV.x/ D
R
X Kµ.x; y/V.y/ dy. BecauseC D X is small, the

following conditions hold:

sup
µ22 0

Kl
µVp.x/ · ¸ Vp.x/ C bI.x 2 C/; 8x 2 X I

(A.7)
sup

µ22 0

KµVp.x/ · · Vp.x/; 8x 2 X ;

by choosing the drift functionV.x/ D 1, 2 0 D 2 , 0 < ¸ < 1, b D
1 ¡ ¸ , · > 1, p 2 T2; 1 / and any integerl. Equations (A.6) and (A.7)
imply that (DRI1) is satis®ed.

Let H. i/ .µ; x/ be theith component of the vectorH.µ; x/ D .ex ¡
¼/. By construction,jH. i/ .µ; x/ j D j e. i/

x ¡ ¼i j < 1 for all x 2 X and
i D 1; : : : ; m. Therefore, there exists a constantc1 D

p
m such that for

all x 2 X ,

sup
µ22

jH.µ; x/ j · c1: (A.8)

In addition,H.µ; x/ does not depend onµ for a given samplex. Hence
H.µ; x/ ¡ H.µ0; x/ D 0 for all .µ; µ0/ 2 2 £ 2 , and the following con-
dition holds for the SAMC algorithm:

sup
.µ;µ0/22 £ 2

jH.µ; x/ ¡ H.µ0; x/ j · c1jµ ¡ µ0j: (A.9)

Equations (A.8) and (A.9) imply that (DRI2) is satis®ed by choosing
¯ D 1 andV.x/ D 1.

Let sµ.x; y/ D q.x; y/ minf1; r.µ; x; y/g, wherer.µ; x; y/ D pµ.y/ £
q.y; x/=pµ.x/q.x; y/ . Thus we have

¯
¯
¯
¯
@sµ.x; y/

@µi

¯
¯
¯
¯ D

¯
¯¡ q.x; y/ I . r.µ; x; y/ < 1/I

¡
J.x/ D i or J.y/ D i

¢

£ I .J.x/ 6DJ.y// r.µ; x; y/
¯
¯

· q.x; y/;

whereI .¢/ is the indicator function andJ.x/ denotes the index of the
subregion to whichx belongs to. The mean-value theorem implies that
there exists a constantc2 such that

jsµ.x; y/ ¡ sµ0.x; y/ j · q.x; y/c2jµ ¡ µ0j; (A.10)

which implies that

sup
x

ksµ.x; ¢/ ¡ sµ0.x; ¢/k1 D sup
x

Z

X
jsµ.x; y/ ¡ sµ0.x; y/ j dy

· c2jµ ¡ µ0j: (A.11)

In addition, for any measurable setA ½ X , we have

jKµ.x; A/ ¡ Kµ0.x; A/ j

D

¯
¯
¯
¯

Z

A
Tsµ.x; y/ ¡ sµ0.x; y/Udy

C I.x 2 A/
Z

X
Tsµ0.x; z/ ¡ sµ.x; z/Udz

¯
¯
¯
¯

·
Z

X
jsµ.x; y/ ¡ sµ0.x; y/ j dy

C I.x 2 A/
Z

X
jsµ0.x; z/ ¡ sµ.x; z/ j dz

· 2
Z

X
jsµ.x; y/ ¡ sµ0.x; y/ j dy · 2c2jµ ¡ µ0j: (A.12)

Forg:X ! Rd, de®ne the normkgkV D supx2X
jg.x/ j
V.x/ . Then, for any

functiong 2 L V D f g:X ! Rd; kgkV < 1g , we have

kKµg ¡ Kµ0gkV

D

°
°
°
°

Z ¡
Kµ.x; dy/ ¡ Kµ0.x; dy/

¢
g.y/

°
°
°
°

V

D

°
°
°
°

Z

X C

¡
Kµ.x; dy/ ¡ Kµ0.x; dy/

¢
g.y/

C
Z

X ¡

¡
Kµ.x; dy/ ¡ Kµ0.x; dy/

¢
g.y/

°
°
°
°

V

·

°
°
°
°max

½Z

X C

¡
Kµ.x; dy/ ¡ Kµ0.x; dy/

¢
g.y/;

¡
Z

X ¡

¡
Kµ.x; dy/ ¡ Kµ0.x; dy/

¢
g.y/

¾°
°
°
°

V

· k gkV max
©
jKµ.x; X C / ¡ Kµ0.x; X C / j;

jKµ.x; X ¡ / ¡ Kµ0.x; X ¡ / j
ª

· 2c2kgkV jµ ¡ µ0j [following from (A.12)];

whereX C D f y : y 2 X ; . Kµ.x; dy/ ¡ Kµ0.x; dy// g.y/ > 0gandX ¡ D
X n X C . This implies that condition (DRI3) is satis®ed by choosing
V.x/ D 1 and¯ D 1. The proof is completed.

[Received June 2005. Revised July 2006.]
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