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Summary

This paper considers a wide class of semiparametric problems with a parametric part for some co-
variate effects and repeated evaluations of a nonparametric function. Special cases in our approach
include marginal models for longitudinal/clustered data, conditional logistic regression for matched
case-control studies, multivariate measurement error models, generalized linear mixed models with
a semiparametric component, and many others. We propose profile-kernel and backfitting estima-
tion methods for these problems, derive their asymptotic distributions, and show that in likelihood
problems the methods are semiparametric efficient. While generally not true, with our methods
profiling and backfitting are asymptotically equivalent. We also consider pseudolikelihood methods
where some nuisance parameters are estimated from a different algorithm. The proposed methods
are evaluated using simulation studies and applied to the Kenya hemoglobin data.

Some key words: Clustered/longitudinal data; Generalized estimating equations; Generalized lin-
ear mixed models; Kernel method; Marginal models; Measurement error; Nonparametric regression;
Partially linear model; Profile method; Semiparametric information bound; Semiparametric efficient

score; Time dependent covariate.

Short title: Semiparametric Repeated Measures Regression



1 Introduction

This paper considers a wide class of semiparametric problems with some covariates modelled paramet-
rically and repeated evaluations of a nonparametric function of a covariate. We propose profile-kernel
and backfitting estimation methods for these problems, derive their asymptotic distributions, and
show that in likelihood problems the methods are semiparametric efficient.

To get some sense of the generality of our approach, consider the following examples. The first
four are new, in the sense that neither the semiparametric efficient score function nor a constructive
method of estimation and inference that achieve efficiency are known. In contrast, the fifth example

has a large literature.

Example 1: One of the most common designs in epidemiology is the matched case-control study, a
design that is attracting considerable interest in genetic epidemiology, see for example Schaid (1999).
Matched case-control studies consist of groups that have discordant responses. Thus, in the 1-1
matched study, one considers matched pairs of subjects, with disease responses (Y;1,Y;2) that are
constrained to be discordant, so that Yj; + Y;o = 1. The underlying prospective semiparametric
logistic regression model is that pr(Y;; = 1/X;;,Z;;) = H{b; + X;gﬂo + 00(Zij)}, where H(v) =
{1+exp(—v)}~" is the logistic distribution function, b; is a random effect depending on the matched
set, X;; is a covariate vector whose effect is modelled parametrically and Z;; is a scalar covariate
whose effect is modelled using a nonparametric smooth function y(e). Let X; = (Xi1, X42) and
Z; = (Zi1, Z2). Because the data are constrained to be discordant, and one does not want to model

the stratum effects b;, inference is based on the conditional likelihood function
pr(Yin = 1,Yi0 = 01X;, Zi, Yir + Yio = 1) = H[(Xi1 — Xio)Bo + {00(Zi1) — 00(Zia)}]. (1)

Note that in (1) the stratum effects have been eliminated, and that in the likelihood 6 (e) is evaluated
twice at different values of Z. In more complex matched studies, 6y(e) is evaluated more than twice,

e.g., the 1-M matched design.

Example 2: Hafner (1998) and Carroll, et al. (2002) studied ¥; = 37", ﬂg_IOO(ZU) + €;, a model
that arises in finance. The algorithm proposed by Carroll, et al. (2002) for this case is extremely
unwieldy and difficult to implement, because it is based on an integration estimator (Linton and
Nielson, 1995). Our methodology in this case is far easier to implement, and has the advantage of

being semiparametric efficient in the Gaussian case.



Example 3: Generalized linear mixed models (Breslow and Clayton, 1993) have become popular
as a means of quantifying and understanding variability. The simplest such model for binary data
is the random intercept model pr(Y;; = 1|X;;, Z;j,b;) = u{Xgﬂo + 6o(Z;j) + b;}, where p(e) is the
inverse of a link function and b; = Normal(0, 03). Here the variance component o may be of interest
in itself, and may in some cases depend on components of X such as gender, see Heagerty and

Kurland (2001) for an example.

Example 4: As discussed in a data example in Section 5.1.2, consider problems in which a family
has m children, each of whom have a baseline measure Z;; for j = 1, ...,m, but for whom there are
repeated measures Y;;; over time for k¥ = 1,..., K and a possible repeated time-varying covariate
Xijk- A reasonable marginal model for the Yj;; is that their means are M{X;g-kﬁo + 60(Z;;)} for a
known inverse link function yu(e), and a covariance matrix ¥ reflecting the structure of the problem.

In this case, note that the function y(e) is evaluated m times for different children per family.

Example 5: Consider a repeated measures Gaussian partially linear problem where for the th
subject responses Y, = (Y1, ..., Yiry)T and predictors X; = (X;1, .oy Xim) T and Zi = (Zity ooy Zi) T
are observed, with Z;; scalar. The basic model is that for a known function p(e) and a true but

unknown function 6y(z),
Yij = u{ X35 B0 + 00(Zij)} + €ij, (2)

where given (X'Z, Z), & = (€i1, .-, €im) T has mean zero and covariance matrix X(7g) for a parameter
79. Note that the function (e) is evaluated repeatedly, and thus this problem is very much different
from the standard partially linear model (Severini and Staniswalis, 1994). This problem has a large
literature, with many kernel-based methods (Zeger and Diggle, 1994; Hoover, et al., 1998; Lin and
Ying, 2001; Wu and Zhang, 2002; and many others), all of them estimating 6y(e) while ignoring
the correlation structure. Lin and Carroll (2000, 2001) and Fan and Li (2004) made an effort
to incorporate the correlation structure in the estimation procedure within the traditional kernel
framework. However, Lin and Carroll (2000) showed that the optimal estimator of 6y(e) within the
standard kernel framework requires ignoring the correlation. There is also an extensive spline-based
literature (Wild and Yee, 1996; Zhang, et al, 1998; Wang, 1998; Rice and Wu, 2001). Fixing 3(7p)
and pretending normality, Wang, et al. (2004) developed kernel-based consistent and asymptotically
normal estimators for Gy: these are semiparametric efficient when ¢; is actually Gaussian.

These examples can be placed into a common framework. There is a criterion function



E(?,Z,ﬁ, B), where 7 has m-components representing 6(Z1),...,0(Z,,), and B is a vector of pa-

rameters. For true values 79 and By, the criterion function satisfies
0 = E{0L(Y, X, 7o, Bo) /8(7l0, Bo) } X, Z]. (3)

For example, consider the model given in (2). Here, By = (8, 7o) and the criterion function is the
Gaussian loglikelihood —1/2log[det{Z(70)}] — (1/2)(Y — X By — 7o) T= 1(0)(Y — X By — 7jo). The
criterion function in Example 1 is given in (1), while Examples 2-4 also have explicit forms.

In this paper, we show how to compute efficient estimators of the nonparametric component 6,(e)
for problems with and without the parametric component By. The method is defined in Section 2,
and is based on a likelihood-type generalization of the basic method of Wang (2003) using kernel
methods. The methods are applicable to likelihood and non-likelihood problems, the only constraint
being that (3) holds.

In Section 3 we take up estimation of the parameter B. In this context, we derive two general
methods, one incorporating profile-likelihood ideas and the other based on the often easier to compute
backfitting algorithm. We show that in our case, using the smoother of Section 2, profiling and
backfitting have identical limit distributions. The general folklore of course is that backfitting and
profiling are in general asymptotically equivalent, independent of the method of smoothing, but in
general this is not the case (Hu, et al., 2004). However, our use of an efficient smoother allows
us to show that backfitting and profiling are asymptotically equivalent. It should be noted that
undersmoothing of the nonparametric function is required by backfitting but not required by profiling.
In this section, we also describe the semiparametric efficient score function when L(e) is a likelihood
function, and show in our case that our method achieves the semiparametric information bound.

In many problems, there are nuisance parameters that can be estimated relatively conveniently
by alternative means. In the example considered by Wang, et al. (2004), the covariance matrix
Y(79) depends on a parameter 7yp. The parameter 7 is conveniently estimated by the simple device
of ignoring the correlation of the data, forming residuals from the fit, and then using method of
moments. This is a pseudolikelihood approach. In Section 4, we derive the limiting distribution of
the pseudolikelihood estimator in the general case.

Section 5 first describes Example 4 in detail. We illustrate Example 4 using the Kenya hemoglobin
data and a simulation study. The second case considered in 5 is a multivariate measurement error
problem. The formulation of the measurement error model is new even in the parametric measure-

ment error model literature. Sketches of the technical arguments are given in an appendix.



2 The Nonparametric Case

Before describing methods for the general semiparametric problem, we describe methods when
there is no parametric component, a problem of interest in its own right. In the nonpara-
metric case, the criterion function is £(Y,X,7) = L{Y,X,0(Z1),..0(Zy)}. Define Lig(e) =
LY, X, 11,0y i) /Onj and Ljgg(e) = 2LV, X, 01, in) /(O0;0mk) (Gok = 1,---,m). We as-
sume that 0 = E[Ejg{f/,)z,e(Zl), .0(Zy)}| X, Z). Let K(e) be a symmetric density function with
variance 1.0, and define G;;(z, h) = {1,(Z;; — z)/h}. Let f;(z) be the marginal density of Z;;.

We propose to estimate 6(e) by solving the following kernel estimating equation

0 = > > Kn(Zij—2)Gij(z,h) (4)

i=1j=1
% Lo { Vi Kir0(Zi2), o 02) + 00 (2)(Zig = 2, 0(Zim) }

where §1)(z) denotes the first derivative of (z). Following Wang (2003), we propose to solve the
kernel estimating equation (4) for 6(z) in the following iterative fashion. Suppose that the current

~ ~

estimate of 6(e) at the (£ — 1)* step is Oj,_qj(e). Then 6}q(z) = G, where (ap,d1) solve

0 = D> Kn(Zij—2)Gij(zh) (5)

i=1j=1
Xﬁjg {ﬁ, X]‘, 5[4_1](Zi1), v + a1(Zi; — z)/h, ..., 5[(—1](Zim)} .

At convergence, é(z) solves the kernel estimating equation (4). In Gaussian cases such as in Examples
1-2, iteration is actually not needed, with explicit solutions being available, see Lin, et al. (2004) for
Example 1, and see also Section 5.1 for another example. Define L(e) = £{17,)?,9(Zl), -0(Zn)},
and similarly for its derivatives. Make the definitions Q(z) = 3_7"; f;(2)E {L;;0(®)|Z; = 2z} and

NE
NE

A(B,z1,22) = fi(z1) E{Ljro(®) B(Zx, 22) [N Z)| Zj = 21} ;
J=1k#j
Qlz1,22) = D> finlz1, 22) E{Ljre(9)|Z; = 21, Z = 22} /Q(22);
J=1k#j
AMg,z) = DD Fi(RE{Lire()9(Z)|Z; = 2} /=),

<
Il
—
Bl
h
<

where f;(z) is the density of Z; and f;i(21,22) is the bivariate density of (Z;, Z;). Let G(21,22) and
b(z) be the solutions to

G(z1,22) = Q(z1,22) — A(G, 21, 22); (6)
b(z) = 6P(z) = A(b,2). (7)

4



Result #1: Expansion for the Nonparametric Part Suppose that the Z;; have support on a

compact set and that their joint and marginal densities are bounded away from zero on that set.
Assume that the algorithm converges to a unique solution and that equations (6) and (7) have unique
solutions. Let the bandwidth sequence satisfy nh? — oo and nh® — 0. Let ¢ = [ 22 K(z)dz. Denote

by 6y(z) the true function. Then, at convergence,

é(z) — 90(2) = (h2/2)¢b(z) — ’1’7,_1 Z Z Kh(Zij — 2)62]/9(2)
i=1j=1
1YY 60l Z) ) + opln ), ®

i=1j=1
where €;; = Lg 17;-, X'Z-, 00(Zi1),-++,00(Zi) }. Thus, the asymptotic bias and variance of 0(z) are
J J

B{HE) ~00(z) = (#/2)4h(2) + o) Q
@@} = reas 3. B2 = 2i5(2) + of(nh) ), (10)

where ) = [ K?(s)ds and Dj; is the 4™ diagonal element of cov(ez\Xz, Z; ;), where & = (&1, -, €im)” -

Remark 1: Equations (8)-(10) agree with the results of Wang (2003) in the special cases considered
by her. In (8), since the first two terms are of order O,{h? + (nh)~'/?} while the third is of order
0,(n~1/2), the first two terms dominate.

Remark 2: Note that (9) has design-density dependent bias. It is possible to remove this. Suppose
the algorithm is run with an undersmoothing bandwidth hy = o(n~1/4), thus obtaining 8(z, h1) at
convergence. Let aos(z, h) be the estimator defined by doing one step of the iteration from a(z, h1),
but now with bandwidth h, where h/h; — 0 as n — oo. Then (8) still holds except that the bias
term (h%/2)¢b(z) is replaced by (h?/2)$0®) (z). The proof of this argument is a routine application
of Lemma A.1 and equation (A.1) in the Appendix, starting from the expansion (8).

3 The Semiparametric Case: Methods and Results

In this section, we formulate the profile-kernel and backfitting estimation methods for By in the
semiparametric model E()N’, X, Mo, Bo), state their asymptotic distributions and show that when the
criterion function L(e) is a loglikelihood function conditional on (Z X ), our method achieves the

semiparametric information bound.



3.1 Estimation: Profile-Kernel and Backfitting Methods

To estimate B, we propose profile-kernel and backfitting methods. For any B, we first obtain the
modified kernel estimate of 8(z, B) and its first derivative 81 (z, B) with respect to z by solving

n m

0 = n_IZZKh(ZZ‘j—Z)GU(Z,h) (11)

i=1j=1

xLjp {Vi, Xi,0(Zir, B), -+, 0(2, B) + h0") (2, B)(Zij — 2)[h, -+ ,0(Zim, B), B} .

We suggest to solve (11) by the following iterative algorithm. Suppose that the current estimate in

the iteration is 0y_11(z, B). Then we update to 04 (z, B) by solving (ag, @1) in the equation

0 = n_liiKh(Zij_z)Gij(Z,h)

i=1j=1
Xﬁjg {ﬁ, Xi, 5[4_1](21'1, B), ey O+ Otl(Zi' - Z)/h, . 5[@_1](Zim, B), B} .

~ ~

Set ¢ (z, B) = . At convergence, for any fixed B, we have the kernel estimator 6(z, B).
We now define two methods for estimating By. The profile-kernel estimator gp maximizes
i L {171, X;, §(ZZ~1, B), ..., §(Zim, B), B}. Maximization of the profile likelihood requires calculat-
ing the derivative O3(z, B) = 00(z, B)/0B. This can be computed by numerical differentiation: in
addition, in the Appendix (Section A.8), we show how to use an algorithm very similar to (5) to
compute §B(z, B) by solving a kernel estimating equation.

In some cases, the profile-kernel method may be difficult to implement numerically due to the
additional required computation of gg(z,B). Instead, a backfitting algorithm can be used. In the
iterative backfitting algorithm, suppose that the current estimate is B,. The updated backfitting
estimate then maximizes in B the function Y., £ {ﬁ,)?,-,é(zﬂ,zs*), §(Zim,B*),B}. The fully-
iterated solution to this algorithm is denoted by gb. It is somewhat more general to write the

updated backfitting estimate as the solution in B to

n

0= Wi(B.,B) =Y. L {Vi, Xi,0(Zi1, B.), -+, 0(Zim, B.), B} , (12)

i=1 i=1
where L3{Y;, Xi,0(Z1),---,0(Zm), B} = 0L(Y;, X;,0(Z1),---,0(Zn), B)/0B.

In general problems of this type, Hu, et al. (2004) have shown that backfitting and profiling
lead to different asymptotic distributions. However, Hu, et al. (2004) also show that in Example
1 and equation (2), the use of the smoother defined in (5) leads to profiling and backfitting being
asymptotically equivalent. Thus one would conjecture that the same equivalence holds in our general

problem, a conjecture verified in Section 3.3. It should be noted that as shown in Section 3.3, to



obtain a y/n-consistent estimator of B, undersmoothing of the nonparametric function 6(z) is required

by the backfitting method: no such undersmoothing is needed when the profile-kernel method is used.

3.2 Optimal Semiparametric Score

To study the asymptotic properties of the profile-kernel and backfitting estimators of B, we first
derive the semiparametric efficiency bound and efficient semiparametric score function in the case
that L(e) is a likelihood function.

Result #2: Semiparametric Efficiency Bound Assume that (17,-,)2}, Zz) are independent and

identically distributed, and that £(e) is a likelihood function conditional on (X, Z). Then the

optimal semiparametric score function is
m
B(®) + > Ljs(*)05(Z;, Bo), (13)

where the argument is {?,X,Ho(Zl),...,Oo(Zm),Bo}, and 65(Z;,By) is the asymptotic limit of
gg(Zj,Bo) and By is the true value of B. In addition, the asymptotic covariance matrix of the

optimal semiparametric estimator is n~ V™!, where

V = COV{ﬁB(Ho,Bo)+i£j9(90,30)03(zj',80)}. (14)
j=1

The proof of (13) is given in Appendix A.3.

3.3 Asymptotic Distribution Theory

We study in this section the asymptotic properties of the profile-kernel estimator gp and the back-
fitting estimator B, under a general criterion function £(e). To study the asymptotic properties of
the profile-kernel estimator gp, we first provide the asymptotic properties of the kernel estimator of

the derivative 05(z, B). Define Ljgp(e) = 0L;o(Y, X, 11, ..., 7m, B) /0B, and
6?;(0’ B) = ‘CjOB{?;'; Xia H(le)a ) H(sz)a B}

+ 3" Like{Yi, Xi,0(Zir), .., 0(Zirn), BYOB(Zigs, B).
k=1

As we show in the Appendix A.5, 85(z, Bo) = 05(z, Bo) + 0p(1), where 85(z, By) satisfies

0= Z fi(2)E{€f (00, Bo)| Z; = 2} (15)



Define
m
F = E{Lss+ ) Lion(*)05(Z;, Bo)},

7j=1
where Lpp(e) = 02L(e)/0B2.
Result #3: Profile-Kernel Method Assume that (Y, X;, Z;) are independent and identically
distributed, and that 0 = E{Lz(e)|Z} = E{L;s(e)|Z}. Suppose further that the bandwidth & oc n—¢
with 1/5 < ¢ <1/3. Then

n'2(By - By) = —F 'n2Y {Lis+ Y €ij08(Zij, Bo)} + 0p(1) (16)

=1 j=1
— Normal(0, F'VF™),
where €;; = L;jg(e) and V is defined in equation (14). In the case that L(e) is a loglikelihood
conditioned on ()Z' , Z), F = =V, the resulting asymptotic variance is V™', and the profile estimator
is semiparametric efficient. The proof of (16) is given in Appendix A.5.

Result #4: Backfitting Method Make the same assumptions as in Result #3, except that nh* —

0 is required, i.e., undersmoothing is required. Then the backfitting estimator B, has the same
asymptotic distribution as does the profile estimator gp. The proof is given in Appendix A.6.

Result #5: Covariance Matrix Estimation Consistent estimates of 7 and V can be constructed

as follows. Let E,'B, Eijg, Emg and Eijgg be the estimated versions of the indicated quantities. Let
§B(Zij,l3) be the solution of the kernel estimating equation (A.15). Then a consistent estimator
of V is the sample covariance matrix of the terms Lin + E;-":l Zijgé\B(Zij, l§) Further, a consistent

estimator of F is

F=n" Z[Emzs + EijoBag(Zija [57)]_
i=1

4 Pseudolikelihood With Nuisance Parameters

In many problems, it is convenient to estimate a subset of parameters by alternative algorithms.
For example, in the partially linear model problem of Wang, et al. (2004), the mean functions are
Xiq;ﬂo + 6y(Z;;) and the covariance matrix is ¥¢. In our notation, By = {68, vecT (Zeo)}T. Wang,
et al. (2004) provided an initial estimate f]ep of X9, and then applied our algorithm only to 5 while
pretending that Y is known and equal to f]ep.

Problems such as this are easily handled in our context as follows. Suppose that BT = (xT,~7T)
and that we have a preliminary estimate Jprelim With the property that it has the asymptotic expan-

sion n'/2(Fpretim — 70) = 0~ /2 X" Us + 0,(1), where E(U) = 0. Let e; = (I,0) so that k = e;B and



write (Fi1,F12) = e1F. Then in the Appendix at equation (A.10), we show that for either profiling
or backfitting,

n m
n'P(& - ko) = —Fn'ln? Y {Lin+ Y Lijobe(Zij, Bo)} + Fran'’* Forelim — 70)] + 0p(1)
i=1 j=1

n m
= —Fn 2SN {Li + D Lijob(Zij, Bo) + Fialhi} + 0p(1),

i=1 j=1
from which the covariance of the asymptotic distribution of n!/2(& — kg) follows. In some cases, such
as that investigated by Wang, et al. (2004), Fi2 = 0, in which case the asymptotic covariance matrix
becomes fﬂlvllfﬂl. In either case, a consistent estimator of the asymptotic covariance matrix is

easily constructed.

5 Examples

5.1 Data With Common Z Values

In some situations, the Z;; have sets of common values in a way that the first m; observations have
common value Z}, the next mg have common value Z},, etc. For example, consider problems in
which there are n families, family ¢ (: = 1,---,n) has L; children, the jth child (j = 1,---,L;) has a
baseline measure Z;; and repeated measures Y;j over time for k = 1,...,m;; and a possible repeated

time-varying covariate X;;;. Consider a three-level hierarchical model
Yijk = X580 + 00(Z) + €iji, (17)

where i = 1,---,n (e.g., i family), j = 1,---, L; (e.g., j*" member in the i*" family), k = 1,---,m;;
(e.g., k' time point). Equation (17) models the effect of the baseline subject-level covariate Z};
nonparametrically and other covariates X;;; parametrically. Denote the covariance matrix of ¢; by

. . L: L: . . . . . .
¥, which is a Ejil msj X Zjil m;; matrix. Assuming 3; is known, the criterion function is

Y = XiB —{6(Z})eds, -, 0(Z0, el YT 7 Vi = XiB —{0(Zh)edt, -+, 027, )eir, Y1) (18)

where e;; be a m;; x 1 vector of ones. Let ¢; = (eijl,---,eijmij)T, € = (e}i,---,eiTLi)T and € =
(eF,...,eNT. Now partition 3; as follows: the (jk)'™ block ¥k = covariance(e;;, €;;) and the

dimension of ¥; ;i is m;; X m;;. Denote Zi_l = {E{k}, where the partition of Ei_l is the same as X;.
Chen and Jin (2001) considered a problem similar to our setting without the parametric component,
and proposed to apply Wang’s (2003) smoothing algorithm pretending that the repeated baseline

values of Z7; from the same subject were distinct overtime. Estimation based on our criterion function



(18) effectively accounts for the nature that the data have common Z values, and would yield a more
efficient estimator.
Specifically, for any given 8, define YV;;x = Vijr(8) = Yijr — ngﬁ, and define Y;;, V; and Y in

the same fashion as €;;, ¢; and €. Define Z} = (Z7, ..., Z;‘Li)T and Z* = (Z1,, ..., Z;:z,Ln)T and define

X = (X111, ...)T. Then, the linear kernel estimating equation at the ¢'" iteration is
n L
SN Kw(Z5 — 2)Gij(2)(0,-+,0,e5,0, -+, 0) 57 H{Yi — pi( 2], 20)} = 0, (19)
i=1j=1

where G;;(z) defined in Section 2, and
/’LZ(Zz*a ZO) = {é\[e—l}(zsl)e’irla Tt {&0 + al(Zz*] - z)}e%a Tt 76[4—1](Z;Li)erzai }T'

In Section A.9, we give an explicit, closed for solution to (19): no iteration is necessary, and (19)
is only a descriptive device. Indeed, we derive an explicit form of a smoother matrix S such that
5(2*,@ = 8Y(B) = SY — X3, where S is given in equation (A.21). This means that the profile-
kernel estimator of § is also explicit, i.e., non-iterative, since it is the generalized least squares
estimator in the model with responses (I —S,)Y and predictors (I —S,)X, where S, is the expanded
version of S appropriate for the smoothing of all the responses by accounting for the common Z;;
within the same subject, i.e., S, = ES, where E = diag(e11,---,enr,) isan N x y_i* ; L; matrix and

N=3%", ZJL;'I m;j is the total sample size. The profile-kernel estimator is
B={XTT-8)'S'(I-8)X}'XT(I-8,)'S™ I -8,)Y, (20)

where ¥ = diag(Z1, - -+, Zp).

5.1.1 Simulation Study

We applied our method to the case of n = 100 clusters with 6 observations per cluster, with Z;; =
Zio = Zisy, Ziy = Zis = Zig, i-e., we fit the hierarchical model (17) with n = 100 families, L = 2
subjects per family and m = 3 repeated measures over time per subject. We assume the correlation
structure as autoregressive with correlation 0.60 among repeated measures over time and common
between-subject (within-family) correlation 0.20: let 3 denote the resulting covariance matrix. The
true function was 0y(z) = sin(8z — 2). The Z-values were generated as independent uniforms, while
the X-values were bivariate independent uniforms minus the corresponding value of Z. The true
value was By = (1,1)7.

The Epanechnikov kernel was used. Working independence was based on bandwidths selected

using the method of Ruppert, et al. (1995). The covariance matrix S of the €;j was estimated as the

10



sample covariance matrix of the residuals formed by a preliminary working independence regression
spline fit. We used pseudolikelihood, with the estimated covariance matrix fixed as above. Both the
method that ignored the fact that there were common values of Z and our method were applied with
bandwidth selected via the following simple device. For a given 8 we formed Y;; — X% B and then
calculated (-) using the closed form expression (A.21). With S as the smoother matrix, cov{é(O)}
is estimated as Sdiag(f])ST, and the estimated average variance of the fit follows directly. Bias was
estimated as in Wang (2003). We then minimized the estimated mean squared error as a function
of the bandwidth. The estimator of the profile-kernel estimator of 5 was calculated using the closed
form formula (20).

In 1000 simulated data sets, both weighted methods achieved over 70% greater mean squared
error efficiency for estimating Sy than the working independence estimator. For estimating 6y(z),
the method that ignored the common Z-values was 35% more efficient in mean squared error than

working independence, but our method was 65% more efficient.

5.1.2 Analysis of The Kenya Hemoglobin Data

We applied our method to analyze a subset of the Kenya hemoglobin data to study the changes of
hemoglobin over time in the first year since birth and the risk factors of hemoglobin among Kenya
children. This subset contained n = 68 families with L = 2 children per family and m = 4 repeated
measures per child over time in the first year since birth. Hemoglobin was measured at each visit
and visit times varied from child to child. The risk factors of interest include mother’s age at child
birth, child sex, and placental parasitemia density (PDEN), a marker for malaria, which could affect
hemoglobin. Log transformation was applied to PDEN to make the normality assumption plausi-
ble. Preliminary analysis showed that the effect of mother’s age was nonlinear. We considered the
semiparametric model (17) and modelled the mother’s age effect nonparametrically, and sex, PDEN
and time effects parametrically. Specifically, we set Z;; =mother’s age at birth, X;;; ={sex,logpden,
month, (month —4,)}, where sex=1 if female and 0 if male, logdpen=log(PDEN+1), the function
f+=fiff>0and0if f <0. Note that the terms {months, (month — 4); } model the time effect as
a piece-wise linear function with a knot at 4 months. This trend is observed by preliminary analysis
of the data.

In our analysis, we used pseudolikelihood, with the following modifications from the simulation.
We started with an estimate of 3 as obtained from a preliminary regression spline fit, then estimated

the bandwidth using leaving-one-mother-out cross validation, and thus obtained estimates of 6y(e)
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and . (From this, we formed residuals Y;; — X;l; B — é(Zij, B), re-estimated the covariance matrix,
re-estimated the bandwidth, etc., repeating this process 10 times.

For numerical stability, we standardized hemoglobin. We obtained an estimated residual variance
of 0.66, an estimated autocorrelation of 0.20 and an estimated between-child (within-mother) cor-
relation of 0.13. The estimated CV bandwidth was 0.23. The correlation was low/moderate in this
example. In Figure 1, we compared the estimated nonparametric curve estimates of the effects of
mother’s age at birth using the working independence kernel estimator and our proposed likelihood-
based kernel estimator (with/without accounting for ties in mother age). The estimated curves were
similar. Children’s hemoglobin increased with mother’s age at birth for mothers younger than 22
years old then decreased slightly with mother’s age until early 30 then started decreasing quickly
with mother’s age, indicating children are likely to have much lower hemoglobin if mothers give birth
after early 30 years of age, i.e., giving birth after early 30 is likely to considerably increase children’s
risk of anemia (low hemoglobin).

As expected, since the correlation was not high, the estimates of the regression coefficients
were roughly the same for the working independence kernel fit with bandwidths selected using the
method of Ruppert, et al. (1995), the method of Wang, et al. (2004) ignoring the common Z-values,
and our method. Estimated standard errors were computed ignoring the correlation for the working
independence methods, and using the sandwich method for our likelihood-based methods. These
standard errors were roughly the same in all cases. The results are given in Table 1. Hemoglobin
drops quickly after birth and decreases at a slower rate after month 4. Both sex and placental

parasitemia density do not affect hemoglobin significantly.

5.2 Measurement Error Models

Here we consider the multivariate partially linear measurement error model, where
Yij = C5Bo + 00(Zi5) + €35, (21)

where €; has covariance matrix Y. Instead of observing C;; we observe W;; = C;; +U;;. Define ﬁi =
(Uit -, Uim)T. These measurement errors have mean zero and the property that cov{vec((j'i)} = ¥u0,
assumed here to be known. There is to date no literature on this problem other than Lin and Carroll
(2000), which came to unsatisfactory conclusions such as that in panel data it was better to ignore
the correlation structure in the responses.

Define G(Z¢, Byo) = E(UTS1U) and define K(Zy, 8) = E(UBBTUT). Note that STG(Ze, Buo)B =

12



trace{E;lE(ﬁﬂﬂTﬁT)} = trace{Z 1K (Zu0, 8)}- In (21), B = (8,7, Z,) and the criterion function is
(1/2) log{det(S7)} + (1/2)BTG(Se, Bu0)B — (1/2{Y = WB - 0(Z)} 'S H{Y — WS - 6(Z)}. (22)

Equation (22) is new even in the parametric measurement error literature.

For symmetric matrices 3, dlog(|Z])/0X = 257! — diag(X 1) and Otrace(TA)/0L = 24 —
diag(A). It is readily see that the derivative of (22) with respect to 3, X, and 6 evaluated at the true
parameters has expectation zero, and thus (22) satisfies the essential condition (3).

In this problem, the backfitting algorithm is computationally convenient. Of course, for given
B = (8,%.), forming the estimate A(z, B) is easy since it is simply the estimate of Wang (2002)
applied to the terms Y;; — Wgﬂ Indeed, define Y = (Yi1,...,Yam)", 2 = (Z11,..s Znm)* and
W = (Wi, ..., Wpm)T. Then as Lin, et al. (2004) show, there is a smoother matrix S = S(Z,) such
that (2, B) = S(Y — Wp). If B, B, and f]e,c are the current estimates, the updated estimates are

n n
Brew = {n_l Z VV«LTE;CIWZ - G(ze,w 2u())}_l'nf_1 Z WzTE;cl{Y; - H(Zla Bc)};
=1 i=1

n

z]e,new = nil Z{Y; - Wzﬂc - 0( 3 Bc)}{y; - Wzﬁc - G(Zi, Bc)}T - IC(EuO, /Bc) (23)
i=1

Profile-Pseudolikelihood estimates are also easily constructed. Let f)e =1, X. Let W, =

(I —8)W and Y, = (I —S))Y. Then for given X%, the profile estimate of S is given by
WISTIW, — nG(Z., Suo) " WIS 1Y,

A simple estimate of ¥, is to form the working independence estimate of 8 and apply (23).

6 Discussion

This paper has described nonparametric and semiparametric methods in cases where the nonpara-
metric function is evaluated repeatedly within a sampling unit. Examples discussed included old and
new versions of marginal longitudinal and clustered data, matched case-control studies, generalized
linear mixed models, common additive models linked by a parameter and multivariate measurement
error models. The methodology is motivated by the use of a criterion function that would be used
if the problem were a parametric one: if the criterion function is a likelihood, then our methods
are semiparametric efficient. We showed that backfitting and profiling gave asymptotically the same
results, although undersmoothing is needed for backfitting, and also showed how to use pseudolikeli-
hood methods within our context when some of the parameters are more conveniently estimated by

alternative algorithms.
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Although we have motivated the methodology by basing it on criterion functions, the approach
is considerably more general. Our approach really only requires the following. First, we need a set of
unbiased estimating functions L’jg{f’, X,00(Z1), ..., 00(Zm), Bo} that satisfy (3). Second, we need an
estimating function U{Y, X,00(Z1), ..., 00(Zm), Bo, By} taking the place of (12) and also satisfying
(3): the double argument in By is meant to allow for the possibility of using backfitting. It is useful
to use the symbols £ and ¥ to emphasize that the derivative of the former with respect to B need not
be the same as the derivative of the latter with respect to the j' component of 6. It can be shown
that Result #1 and (8) still hold with the same notation, as does the fundamental identity (15). The
basic backfitting expansion (A.9) in the appendix, as well as the definition of F in Result #3 also
holds with £ replaced by V. It then becomes straightforward to derive the asymptotic distribution
of the estimate of By: note here however that F; + F> need no longer be symmetric. The asymptotic
covariance matrix of the resulting estimator B is more complicated than that given in (16), because
it involves the implicitly defined function G in (6). However, the bootstrap method that bootstraps

clusters can be used to estimate the covariance of B (Chen, et al., 2004).
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Appendix: Sketch of Technical Arguments

A.1 A Key Technical Lemma

Lemma A.1: Let §[e](o) be the estimate at the £*! stage of the iteration. Then

=17

_li Z g(z )JkOi(°){§[£ 1(Zix) — 00(Z; )}+op(n*1/2)_
k#j

i=1j=1

foe) =) = (2D (z) =™ 33" Kl = 2 /2 (A1)

Here is a brief sketch of (A.1). By Taylor expansion, we have

= 'n,_1 i zm: Kh(Zij — Z)Gz] (z, h)Ein(.)

i=1j=1
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e &o — ap ~1/2
+n7 YN Kn(Zij — 2)Gij (2, h) G (z,h) Lijia(e) | + op(n™"%),
i=1j=1 ap — o
where the argument is {Y;, X;, g[g_l](Zil) yao+a1(Zij—2)/hy .y Og_1)(Zim) }- Tt is easily seen that

the sum in the second argument converges at the appropriate rate to Q(Z)IQ, where I is the 2 x 2

identify matrix (again, this is because K has variance 1.0). Hence,

n

—Q(2)(@ —ag) = 1YY Kin(Zij — 2)Lijo(e) + 0p(nH2) = A1y + Agy + 0p(n713);
i=1j=1

n m
Ay, = n_IZZKh(Zij—Z)

i=1j=1

Xﬁjg {YV'Z-,X'Z-,GO(ZH), w0+ Oél(Z,‘j — Z)/h, ---790(Zim)} ;

n m
Ayn = 71N Ki(Zi—2)

i=1j=1

X [ﬁje {172', Xi,0-11(Zin), o 00 + @1(Zij — 2) [y o 5[2—1](Zz‘m)}
_,ng {’YV'Z, 5(:1', 90(Zi1), ey 9 + al(Zij — Z)/h, . 0o (sz)}:| .

By a direct calculation, Ay, = A1,1 — A1n2, where Ay =n71 30, > w1 Kn(Zij — #)eij and
Aing = n 'Y Kn(Zij —2) [ﬁja {Y/u Xi,00(Zi), ..., 90(Zim)}
—£j0 {Z,Xi, H(le), ey 09 + al(Zij — Z)/h, ceey Q(sz)}]

= (B2/2)60P (201 YD Kn(Zi; — 2){(Zij — 2) 1} Lijjo(e) + 0p(n~/?)

i=1j=1

= (h*/2)bg)(2)Q(2) + 0p(n~'/?),

the last since [ 22K (z)dr = 1. Equation (A.1) now follows since

Agp =n7" i i i Kn(Zij — z)Likoi(e) {5[5—1](Zik) - 90(Zik)} +0p(n”1/%).

1=1j=1k#j

A.2 Sketch of Result #1 and (8): Expansion for Nonparametric Estimator

The basic argument is the same as that in Wang (2003), namely repeated application of (A.1). At
the technical level, in her argument she required that there be an initial estimator following the

property that there are random variables €;; and €5 that have mean zero given ZZ, and functions

(b*, Rj1, Rj2) for j = 1,...,m such that the initial estimator satisfies

n m

é[o} (z) — Oo(z) = (R*/2)b*(2) +n~" Z Z Ky(Zij — z)Rj1 (=, Zz)efj

i=1j=1
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n m
07 Y0 Rya(z, Zi)elj + op(n ). (A.2)

i=1j=1
As in her calculations, one starts with (A.2) and then applies (A.1) to get an expansion for the first
step in the iteration. This new expansion is then substituted into (A.1) to get an expansion for the
second step in the iteration, etc. Under the assumption that the algorithm converges, the effect of
the initial estimator disappears. The calculations are merely extremely detailed rather than difficult,

and in the interest of space we do not provide them.

A.3 Proof of Result #2: Semiparametric Efficient Score

We use Begun, Hall, Huang and Wellner (1983). In their setup, their “f” is our exp(L), their “§”

(1)

is our B, their “g” is our 6. It is easily derived that their “2py/f /27 is our Lg. Similarly, for an

arbitrary function v(e), their “2A8/f/2” is > j=1 Ljo(#)y(Z;). This means that their (3.1) is the

m

following. The semiparametric optimal score is of the form Lz(e) — 3" | L;g(e)7«(Z;), where -y, (e)
is such that for all ~y(e),

Bl{Cs(e) Zﬁgo 1 (@}S Lao(o)r(Z0)] (A.3)
k=1

We now show that 7.(e) = —6z(e) satisfies (A.3). To see this, interchange the indices j and k£ and
note that (A.3) means that we must show that for arbitrary ~y(e)

0= B> La(®) L0001 (Z) + 303 Lio(®)Lao(0)05(Ze)1(Z)}-

j=1 j=1k=1

Condition on (X, Z) and note that because £(e) is a likelihood function given X, Z),

E{Cs(e)Ljo(e)|X, 2} = —E{Ljom(*)X,Z};
E{Ljp() (@)X, 2} = —F{Liw(®)|X,2}.

Thus we must show that for arbitrary ~(e),
0= Z Ely(Zj){Ljon(e) + Z Liko(9)05(Zk)} Z E{v(Z;)€f (60, Bo)}, (A.4)

where €] (90, By) is defined in Section 3.3. This last step follows by conditioning the expectation in

(A.4) on Z; and then applying (A.7).
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A.4 Sketch Proof of (15): Fundamental Identity

Because n~! Y11 {(Z; — 2)/h} Kin(Z; — z) = 0,(1), it suffices to consider the slightly altered problem

where for any B, At convergence to H(z, B), this means that for any B,
n m N
:ZZ J0 {Y;’XZ70( 11’8)7"'70(sz58)78}' (A.5)
Differentiating (A.5) with respect to B, we get

_1 ZZKh iy {EJQB + Z‘CZ]kG ZkaB)}a

=1 j=1

with argument {YZ,XZ,H( Zi1,B), ... g(Zim,B),B}. Taking limits and evaluating at By yields (15).
There is an important consequence of (15) that we will use repeatedly. Recall the definition of

ei- (0, B) given in Section 3.3. Define
H(2) = B{ef: (60, Bo)|7; = 2}. (A.6)

It follows from (15) that 0 = 37", f;(2)H;(2), and hence that for any function B(e),

A.5 Sketch Proof of Result #3: Asymptotic Distribution for Profiling

Recall that F = F; + F, where F1 = E(Lpp) and Fp = E{377", Lio(0)0%(Z,By)}. Also, define
m m
= PAY. 3. Lino(+)05(7, Bo)5 (71 Bo)
j: =1

It is an easy consequence of (A.7) that F» + F3 = 0, so that F = Fy + 2F, + F3.
Let O5(z, B) = 80(z, B) /0B, and let its limit as n — oo be 03(z, B). Then the profile estimator
solves the equation 0 = A; (B, 0) + As(B, 8), where

Ai(B.0) = —1/22@,3{ X;,0(Zi1, B), -, 0(Zim, B), B} ;
AQ(B\;é\) = _1/222£m0{ 11,3),...,§(Zim,g),g}§B(Zij,gp).
=1 j=1

It is important to remember that by assumption,

E{Ljp()} = E[L;p{Y,X,0(Z1),....,0(Zm), Bo}|Z] = 0. (A.8)
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A Taylor series expansion shows that

AB,0) = 1/2255 )£ 2SS Liion(e) {B(Zis, Bo) — 0(7:5))
i=1j5=1
+(F1+ Fo)n'/*(B — Bo) + 0p(1). (A-9)

where the symbol “e” here means evaluated at 6 and By. Similarly, we have that

A2(B,0) = n7' YN Lijons(®)65(Zij)n'/* (B~ Bo)
i=1j=1
lzzﬁme 088 ) 1/2(g—80)
i=1j=1
+n_lzzzf’ijk9(°)9 Z])OB( Zig)n 1/2(8 By)
+n_1/2ZZ£UG{Y1, 0(Zir, Bo), -, 0(Zim, Bo), Bo } 0s(Zij, Bo) + 0 (1).
i=1j=1

The first and third terms sum to (Fy + F3)n'/2(B — By) + 0,(1). Because E{Lijo(#)|Z;} = 0, the
second term is 0,(1). The last term can be decomposed, so that

n m
-~

Ay(B,O) = (Fa+Fs)n'2(B—Bo) +n 'Y > Lijo(e)05(Zi;)
i=1 j=1

‘IZZZEW (2i){0(Zix, Bo) — 0(Zix)}
1=175=1k=1

+n 1/2225”9 (0){05(Zij, Bo) — 05(Zij)} + 0p(1).

i=1j=1
Recall that ¢;; = L;jo(e) and that H;(z) is defined in (A.6). Hence, if Pij = L;jop(e) +
Yorei Lijko(®)08(Zix), we have shown that

_Fnl2(B, — By) = n Y2 Z{Em + Z €ii05(Z;, Bo)} (A.10)

+n" 1/2ZZH ij {0 (7B ) H(Z’LJ)}

i=1j=1

—I—’)’L_l/Z Z Z{PU z] }{0( 59 ) - Q(Zij)}
= 1] 1

+n71/2 Z Z.Cz]e {05(Zij, Bo) — 05(Zij)} + 0p(1).
i=1j=1

We have to show that the second, third and fourth terms of (A.10) are all opy(1).
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First consider the second term of (A.10). Substituting in (8), this second term is

n

(h?/2) _1/2225 i)V Hi(Zij) —n_l/zzZemn 1221{ iV En(Zij — Zrs) | Zij)

i=1j=1 r=1s=1 =1 j=1
072N esn T DS Hi(Z5)G(Zij, Zis) [ Zg)-
r=1s=1 i=1j=1

Each of these terms is easily handled. From (A.7), E{>"7", b(Z;)H;(Z;)} = 0, so that the first term
is Op(h?) = 0,(1). The inner sums in each of the last two terms are o,(1) by (A.7), so these two
terms are also op(1). This completes the argument for the second term of (A.10).

Now turn to the third term of (A.10). Write T;; = G;; — H;(Z;;). Substitute in (8) to get that
this third term is

(R?/2)n= /2 >N b(Zi) Ty - n=1/2 SN e@n™ DD T Kn(Zij — Zrs) /U Zij)

i=1j=1 r=1s=1 i=1j=1
n m n m

+n_1/2 Z Z ersn_l Z Z Tijg(Zija er)/Q(Zij)-
r=1s=1 i=17=1

Because E(T;;|Z;;) = 0, the first term is obviously 0,(1), and the inner sums of the last two terms
are also op(1). This completes the argument for the third term of (A.10).
Now turn to the fourth term of (A.10). In Section A.7, we will show a result for 53(0, By) similar

to (8), namely that for j = 1,2, there are functions b;(e), €2;(e) and G;(e) such that

é\B(z’BO) 05(z, Bo) = (h [2){b1(2) + ba2(2)} — 7 IZZKh i — 2)€ijQ1(2)
i= 1] 1
—n"' YY" Ku(Zij — 2)€f; (00, Bo) (= 122%@ 2, Zij)
i=1j=1 i=1j=1
7YY e (00, Bo)Ga (2, Zig) + 0p(n” /7). (A.11)
i=1j=1

That the fourth term of (A.10) is 0,(1) is an easy consequence of (15), (A.7) and (A.11).

A.6 Sketch Proof of Result #4: Asymptotic Distribution for Backfitting

Using the notation of Section A.5, for backfitting we are solving the equation 0 = A; (gb,é). We

have already shown in that section that this means that

~Fn'?(By — Bo)—nl/zzﬁzs +n1/222£”w (0){8(Zij, Bo) — 00(Zij)} + 0p(1).

=1 i=1j5=1

However, we also showed in that section that

_1/222{51303 +Z£zak0 (Zik, Bo)HO(Zij, Bo) — 00(Zij) } = 0p(1),

i=1j=1
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so that to terms of o,(1),

—Fn'?(By—By) = n'/? Zﬁm(o) (A.12)
_1/2 Z Z Z ﬁzgk& HB ik BO){G( ij> ) (ZZJ)}
i=1j=1k=1
Since the profile estimator satisfies
N n m
~Fn'?(By — Bo) =n 2y " {Lis(e) + D Lijo(#)05(Zij Bo)} + 0p(1), (A.13)
i=1 j=1
we see that we must show that the second terms in (A.12) and (A.13) are asymptotically equivalent.

Make the definitions Q(z0) = 3772, f;(20) E{Ljje(e)|Z; = 20 };

Pi(z) =

NE

fi(20) E{Ljon(®)|Z; = z0}/(20);

<.
Il
—_

Py(z0) = B[ E{Ljp(#)|Z;}G(Zj,20)/Z;));

j=1

Py(z0) = fi{fj(m)/ﬂ(zo)}E{ﬁjke(-)eB(zk,Bo)|zj=zo}-

J=1k#j

Recalling (15), we see that
m m
-y Z [i(20)/2(20) } E{Ljko(0)08(Zk, Bo)|Z; = 20} = —08(20, Bo) — Ps(20)-
j=1k=1
In addition, it is easy to see that

Py(z) = /Pl(z) z,20)d /93 z,B0)G(z, 2o dZ—/P3 (z,20)d

We now plug in (8) into the second term of (A.12). Noting the assumption that nh* — 0, this

second term is asymptotically equivalent to C},1 4+ Cj,2, where

Cni = —n71/2 i i ﬁijglg(.)nil i i Kh(er - Z rsa( )/Q( )

i=1j=1 r=1s=1
n o m n m
Cho = n—l/ZZZLinB(.)n—I ZZ‘C'I‘SG(.) zga )/Q( )
i=1j5=1 r=1s=1

Interchanging the summations over (i,7) and (r, s), it is easily shown that

Cnl _ —n_1/222£2]9(.)P1(ZU) +Op(1),
i=1j=1
i=1j=1
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Collecting the expressions for P;(z) and P5(z), it thus follows that

R, = —f{nl/Q(gb—Bo) —n'/2(B, — Bo)} + 0p(1);
R, = n /2 Z Z Lijo(9){P3(Zij) /P3 (2, Zij)dz + /HB(Z’ Bo)G(z Zij)dz.
i=17=1

Now refer to Q(z1, 22) defined above (6). Let f;x(e) be the conditional density of Z; given Z;. Then
/QB(Z,BO)Q(z,zo)dz
= 3 S o) 2o Vel B Lo (#)05(25, Bo) 2 = 2. Zi = o)

Jj= lk;éJ

= Z Z{fk (20)/92(z0) YE{ L jko(#)05(Z;, Bo)| Zi, = 20}
k#j

i (20)/2(20) }E{L ko (#)08(Zk, Bo)|Zj = 20} = Ps(20),
Py

Ltllﬂs H

the next-to-last equality following from the fact that L;i9(e) = Lyjo(®). This means that by the
definition of A(e) defined just above (6),

/ 0(2, Bo)G (2, 20)dz = Py(z0) — / 05(2, Bo) A(G, 2, 20)dz

and hence that

Ru=n"2 33" Lijo(o) / {05(z, Bo)A(G, 2, Zij) — Ps(2)G (2, Zij) Y.

i=1j=1

We thus show that R, = 0 if we can show that for all z,

0= / (05(z, Bo) A(G, 2, ) — P3(2)G(2, 20) Y.

Now,
/OB(Z, By)A(G, z, zp)dz

= [ 33 (e Bo) 5 2) B Lo 416 20) (U012 = 2}t

Jj= lk?fy

= [ 33 Oz, Bo) sl 206 v 20) UV B Lypal8) 2 = 2. 2 = 2.},
J=1k#j

Now remember though that fjx(z, 2z«) = fij(2«,2) and Ljke(®) = Lijg(e). This means that

/GB(Z,BQ)A(g,z,ZO)dz
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= [ 3 B o B Lspo(o) 7 = 2 = )
T frj (2 2) B Ljo(9)| 2 = 2, 2 = z*}] dzdz,
- [y ) [ o ) B a2 = 2.2 = 2.}
+ fik (24, 2) E{ Lk ()| Z; = 24, Z = z}] dzdz,.
Similarly,
[ Pale)6zn, 200

= [ 2oy Yot g (21, 80017, = )

J= lk#J (2)
= /Z Z Gz, ((;)(z )z BO)fjk(z*az)E{ﬁjko(°)IZj = 2y, Zp = 2}dzdz,
J= 116#] *
/Z Z G, ((;)(zzs)z . Bo) [fik(2x, 2) E{Lj1o(®)| Z; = 2«, Zt, = 2z}
j=1k>j *

+fj (2, 2) E{Lijo ()| Z = 24, Zj = z}] dz,dz

f: g Z*,Z()

>j

INE

Fik(2e, 2) E{LjRg(®)|Z; = 24, Zy, = 2}

-

ZBO)[

Q(z4)

Il
—_
=

J

<.

+fj(2e; 2) E{Lijo ()| Z = 24, Zj = z}] dz,dz

/i i G (2, 20)05(2, Bo) [fjk(z*,z)E{zjka(.”zj = 2., Z) = 2}

]:1 k;>] (Z*)

(2 2) E{ Lo (9)|Z; = 2, Z = z*}] dods

_ / 05(2, Bo)A(G, 2, 20)dz

thus completing the argument.

A.7 Sketch Proof of (A.11)

Here we derive an asymptotic expansion of 8(z; B)—63(z; B). The idea is to work with the estimating
equation of 53 (z; B) directly. We first derive the 1st degree polynomial kernel estimating equation for
65(z; B). Differentiating (11) with respect B gives the linear kernel estimating equation for 65(z; B).
Let G),-(Zi,B) {60(Z;1,B),--+,0(Zim, B)}* and @zB(Z,,B) = {05(Z;1,B),---,05(Zim, B)}T. Denote
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the estimating function
eij(Yi, Xi,04,0i8) = Lijon(e) + Z Lijko(®)08(Zik, B), (A.14)

where o = {V;, X;,0(Zi1,B), -+ ,,0(Zim,B)}. Note that (A.14) is the same as € (0 B) defined in
Section 3.3, but as shown below a slightly different notation is needed in our arguments. Then
1 E{ej(0)|Z; = 2}fj(2) = 0, see (A.7). The kernel estimating equation for 05(2; B) can be

written as

=n 13N Ku(Zij — 2)Gij(z, h)ei{Yi, Xi, 045(z, Zi, B), ©45(2, Zi, B)} = 0, (A.15)

i=1j=1

where

©ij(2,Zi,B) = {0(Z,B),---,0(2,B) + h (2, B)(Zij — 2)/hy- - ,0(Zim, B)};
0ij5(2, Z:,B) = {08(Zi1,B),---,08(z,B) + h03(2,B)(Zi; — 2) /by - ,08(Zim, B)} .

Denote e;jrg(8) = deij(»)/00(Zi). An expansion of R,, about ©;(Z;, B) gives that 0(t, B) satisfies

R, = Ry, + Rop, + op(n*1/2) + Op(h3) =0,

where
n m - - - =N -
Rin = n7 ")) Ki(Zij — 2)Gij(z,h)eij{Yi, X, ©i(Zi, B), Oijn(z, Zi, B) };
i_lj_l
Ron = _IZZKh ij — 2)Gij(z, h)
i=1j=1

[eijja{yi, X;,0i(Z, B), 0ij5(2, B)} {0(2, B) + h6\) (2, B)(Zi; — 2)[h — 0(Zy;, B)}
+ Z eijke{?ia Xia GZ(ZM B)’ G’LJB(Z Zu B)}{O( ik ) O(sza B)}:| .
k#j
A further expansion of Ry, about @iB(Zi, B) gives
n m
= n 'Y Ku(Zij — 2)Gij(z,h)
i=1j=1
[6ijj9(') {0(2,8) + 0V (2, B)(Zi — 2)/h — 0(Z:;, B)}
+ 3" eijra(0){0(Zin, B) — 0(Zix, B)}| + 0p(n~12) + Oy (h?),
k#j
where o = {Y;, X;,0;(Z;, B),9;5(Z;, B)}. Note that the residual o,(n~/2)+0,(h?) is due to the fact
that the leading residual term involves higher order products {8(Zi, B) — 0(Zi, )}{HB(ZU,B)
05(Zij, B)}, which are of order o,(n~'/2) 4+ O, (h3).
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We first focus on Ry, and find its Taylor expansion. One can rewrite Ry, as

Ry, = Ro1n, + Roop, + Rosn + op(n_1/2) + Op(hg), (Alﬁ)

where
Kn(Zij — 2)Gij(2, h)eijjo(e) x

=17=1

0(2, B) + WM (2,B)(Zij — 2)/h — 0(2,B) — h0") (2, B) (Zi; — 2)/h}

n
Ry, = n_lz
i=1

Roon = —n 'Y > Ki(Zij — 2)Gij(z, h)eijjo(e)
i=1j=1
x {0(Zij, B) = (2, B) — ho") (2, B)(Zi; — 2)/h } ;
Rys, = nilzth(Zij Z zg z h Zezﬂce { zkaB) O(szaB)}
i=1j=1 k#j

Using the expansion of 8(t, B) — 6(t, B) given in equation (8), some detailed calculations give

Roin = —IZZKh i — 2)€jQz, B)/Q(z, B) + —1226,]gz2”,3 Q(z,B)/Q(2)

i=1j=1 i=1j=1

+(h%/2)Q(z, B)b(z, B) + 0p(n~1/2) + O, (h?)

Royon = —(h*/2)0(z,B)0 (2, B) + Op(h”)
Ro3n, = _12 €i;D(z, Zij)
i=1j=1
m m
+(17/2) 32 3" E{ejra(0)b(Zi, B)|Z; = 2} f5(2) + op(n1?) + Op(K°),
J=1k#j
where

BB) = 3 Blego(0)Z; = 2)f;(2);

j=1
D(z1,22) = ZZE{%‘Z" = 21, =z2}fjk(z1,zz)
J=1k#j ;
_ m m €jk9(0)g(Zk,22’B)
E%E{ Q(Z, B) ‘ZJ—Zl}fJ(z)

One can easily show that Q(z, B) = 8Q(z, B)/0B. Combining these three expansions, we have

2
Ry, = _h_b (z,B) + Ze,] z,B) —n 1226”9' z, Zyj, B) 4 op(n _1/2)+0p(h3), (A.17)
i=1j5=1
where
b(z,B) = zB) {0 (2,B) ~b(z,B)} = > > E{ejuo(0)b(Zk, B)| Z; = 2} f;(2);
j=1k=1

24



C(z,B) = —Q(z B)/Q(z,B);

G(21,2,B) = ZZE{ 6(31«9 )‘Zg 21,Zk—22}fgk(21a22)
Jj= lk;éj

- Z Z E { - ;l)(gz(kaB)ZQ )‘ Zj = z} fi(2)-

j=1k=1

Now revisit the kernel estimating equation of §B(t, B) given in (A.15), which can be rewritten as
Ri,{05("), (/9};1)(-)} = — Ry + 0p(n1/2) + 0, (h?). Note that the estimators {65(-), 9\(81)(-)} only enter
into Rip, and that the right hand side of Rg, as given in (A.17) does not involve these unknown
estimators.

First consider the solution 8%(t, B) of the kernel estimating equation Ry, {f5(-), %1)(-)} =0, ie.,

RunlBs(0,00 (0} = 070 Y0 Y KalZi - 2)Gig(z, hess (A.18)

i=1j=1

{ei;(Vi, Xi,0i(Zi, B),08(Zi1, B), - - ,05(2, B) + h0Y) (2, B)(Zij — 2)/hy- - ,08(Zim, B)}.

One can easily see that equation (A.18) takes the same form as the kernel estimating equation
for 6(t,B) in (11) except that L;j(e) in (11) is replaced by e;;(e), and {53(-),9}31)(-) are now un-
known parameters. Its solution gg(t,B) hence takes the same Taylor expansion as (8) in the
paper except that €; in (8) is replaced by e;; and {b(z, B),Q(z, B),G(z1,22,B)} in (8) are modi-
fied by replacing S;, by Oe;(7, g) /0% in their definitions. Suppose we call these modified terms
{bs(z,B),5(z,B),Gn(z1, 22, B) }.

Using (A.14), one can easily see that de;(7), 8)/003(Zx, B) = Ljke(e). It follows that Qp(z, B) =
Q(z,B), Gs(z1,22,B)} = G(z1,2,B) and bs(z,B) differs from b(z, B) by replacing 8 (t,B) by
Hg) (t,B), i.e., bp(z, B) solves

bs(z, B) = 62 (2, B) — A(bg, 2, B).

It follows that the expansion of §g(t, B) — 65(t,B) is

O5(t,B) — 05(t,B) = (1*/2)bs(2,B) —n" z”: i Kn(Zij — 2)eij /2, B) (A.19)
+n! i i €iG(2, Zij, B) /92, B) + 0p(n™/?) + Op(h*).

Now study how 5;}(75, B) and 85(t, B) are related. The estimator O(t, B) solves

R1,{05(t, B), 05 (t, B)} = —Ron + 0p(n™/%) + O, (h?)
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instead of Rln{gg(t, B), 51(31)(75, B)} = 0, where Ry, is given in (A.17). Using the same iterative proof
as that used for 5(15,8), one can easily see that the Taylor expansion of OAB(t,B) — 05(t, B) only
differs from 52(75, B) —05(t, B) by adding an extra expansion —Rg, /€2(z) to the expansion of 9\; (t,B).
Combining the expansions (A.17) and (A.19), the Taylor expansion of §B(t, B) — 05(t, B) is, to terms
of order o,(n""/2) + O, (h?),

Os(1, B) — 0s(t, B) = (h*/2) {bs(2, B) + b(2,B) /92, B) }

n m n m

—n YN Kn(Ziy — 2)ei /92, B) + 17t 0N €4iG(2, Zij, B) /U2, B)
i=1j=1 i=1j=1

—n P3N Kn(Zij — 2)iiClz, B) /U2 B) + 0t Y0 Y €3G (2, Zij, B) /2, B),
i=1j=1 i=1j=1

where bs(-) C(:), G(-) are defined above, and Q(-),G(-) are defined in the paper.

Note that interestingly, C(z, B)/Q(z, B) = 8Q'(z,8)/0B. This suggests that the above Taylor
expansion takes the same form as that obtained by differentiating the Taylor expansion of 6(z, B) in
equation (8) of the paper with respect to B except that db(z, B)/0B is not bg(z, B) + C(z, B)b(z, B),
and 8{G(z, Zij, B)2 (2, B)}/0B is not G(z, Zij, B)/Q(z, B). The other terms are the same.

A.8 Computation of 03(z, B)

Equation (A.15) can be used to show that f3(z, B) can be computed by a similar algorithm as that
used to compute (z, B). If we refer to equation (2) of Lin, et al. (2004), we can make the following
substitutions. First replace their B;l;-(t)V*IYi by the Gij(z,h)ﬁijgg{ﬁ,)?i,@j(z, Z;,B),B}. Then
replace B (1)V " i (t) by Gij(z,h) Xkt Lijros {fﬁ,)?i,é\ij(z, Zi,B),B}é\ijg(z, Z;,B). Although
this is a vector form rather than the scalar form in Lin, et al., their same method can be used to

find an explicit, closed form solution for ag(z, B).

A.9 Explicit Algorithm for Method in Section 5.1

Equation (19) can be rewritten as

n L; . L; ) R
SN Kn(Z5 — 20)Gij(20) e SV — Gijlzo) "aeis} + ey > S Viw — O—1(Zik)ein},

i=1j=1 k£j
where YV;; = (Vij1, -+, Vijm, ) is a m;; x 1 vector and Y; = (Y, --- ,y&i)T. It follows that
n L; B
{Z Z Kh(Z;j - Z())Gij (Zo)e;-rj ZgjeijG;-rj (Zo)}a (A20)
i=1j=1
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n Lj L;
= Y5 Kn(Z} — 20)Gij(zo){ef S eiiby—1y(Z5) + el S S (Vie — -1 (Z3 ) ein} -
i=1j=1 k=1
Denote by M = >0, Zf;l mj; the total sample size and L = ', L; the total number
of family members, ie., the number of levels of the second hierarchical level). Let G(zp) =
{G11(%0), -+, Gnr, (20)}*, which is a L x p design matrix, Z = (Z1y, - -,Z;‘;Ln)T be a L x 1 vector
containing distinct observed values of Z’s, Kqp(20) = diag{Kp(Z}; — 20),---, Kn(Z};1, — 20)}, which
is a L x L matrix, £ = diag(ei1,---,enr, ), which is an M x L matrix, nd = diag(x¢,---,%4)
and ¢ = diag(D},---, 20, and & = diag(Sy,---,%0), Y = O, VD)7, Notice that

§(l+1)(z0) = @p. Writing equation (A.20) in a matrix form, simple calculations show that

0 (z) = o7 {é(zo)Tth(zo)ETidEé(zo)}71 G(20)" Kan(20)
x {ETS1y + BV (S - 57 Ef, (27},

~ ~ ~ -1 ~
where § = (1,0,--+,0)T. Let K, (20) = 67 {G(20)"Kan(20) EYSEG(20)}  G(20)"Kan(20), and
Ky, = {Kwh(Zikl)a Tt aKwh(Z*

*1.)} ", which is a L x L matrix. Then we have

00D (Z*) = K, {ETi:—ly +ET(S - i‘l)E@,l](Z*)} .
Write 5[@](2*) = S[E]ETfJ_ly. Note that Sy is a L x L square matrix. At convergence S — S,
where S satisfies S = K, {I+ ET (2% —S1}ES. It follows that S = {I + K, ET (31 -S4 E} 1K,

Hence at convergence

0(Z*) = {I+ K ,E" (5 ' —SHYE} 'K, E"S'. (A.21)
If m;j =1 then E = I. The results then reduce to those in Lin et al (2004).

Notice that E, £~ ! and £¢ are all block diagonal matrices. The above matrix calculations
can then be greatly simplified. Specifically, partition K, as an n X n block matrix with the
(i,#')"™" block denoted by K, ; which is a L; x L; matrix. Write E = diag(FE1,---,E,) and
K, = diag{Kap1, -, Kinn}, where E; = diag(e;1, -, eimn;) and Kgpi(20) = diag{Kx(Z;; —
20), " aKh(Z;Li — 2g)}. Write é(zo) = {éi(zo)T, e én(zo)T}T. Then

Kyp(z0) = 6" {Zn: éi(ZO)Tth,i(ZO)EzTigEiéi(zo)}_ {G1(20) " Kan,1(20)s -+ , G (20) " Kann(20) }-

For equation (A.21), partition the matrix K,ET (7! — f]d)E in the same fashion as K,, into an

n X n block matrix.
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Table 1 Profile-kernel estimates regression coefficients of the semiparametric model (17) applied

to the Kenya hemoglobin data

Working Independence Structured Covariance Structured Covariance

(Ignoring ties) (Accounting for ties)

Month -0.418(0.0378) -0.397(0.039°)(0.043¢)  -0.397(0.039°)(0.043¢)
(Month—4)_, 0.147(0.028) 0.129(0.028)(0.028) 0.129(0.028)(0.028)
Sex -0.122(0.072) -0.122(0.080)(0.087)  -0.122(0.080)(0.087)
LNPDEN -0.010(0.013) -0.009(0.015)(0.017)  -0.009(0.014)(0.016)

@: Naive SE ignoring correlation
5. Model-based SE
¢: Sandwich SE



List of Figure

Figure 1. Estimated nonparametric curve of the effect of mother age at birth on child hemoglobin
by fitting the semiparametric model (17) to the Kenya hemoglobin data. The solid line is the efficient
estimate when common Z-values are ignored, the dashed line is the proposed method, and the dotted

line is the working independence fit.
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