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Summary. Motivated by an important biomarker study in nutritional epidemiology, we consider the com-
bination of the linear mixed measurement error model and the linear seemingly unrelated regression model,
hence Seemingly Unrelated Measurement Error Models. In our context, we have data on protein intake and
energy (caloric) intake from both a food frequency questionnaire (FFQ) and a biomarker, and wish to un-
derstand the measurement error properties of the FFQ for each nutrient. Our idea is to develop separate
marginal mixed measurement error models for each nutrient, and then combine them into a larger mul-
tivariate measurement error model: the two measurement error models are seemingly unrelated because
they concern different nutrients, but aspects of each model are highly correlated. As in any seemingly un-
related regression context, the hope is to achieve gains in statistical efficiency compared to fitting each
model separately. We show that if we employ a “full” model (fully parameterized), the combination of the
two measurement error models leads to no gain over considering each model separately. However, there is
also a scientifically motivated “reduced” model that sets certain parameters in the “full” model equal to
zero, and for which the combination of the two measurement error models leads to considerable gain over
considering each model separately, e.g., 40% decrease in standard errors. We use the Akaike information
criterion to distinguish between the two possibilities, and show that the resulting estimates achieve major
gains in efficiency. We also describe theoretical and serious practical problems with the Bayes information
criterion in this context.

Key words: Akaike information criterion; Bayes information criterion; Latent variables; Measurement
error; Mixed models; Model averaging; Model selection; Nutritional epidemiology; Seemingly unrelated
regression.

1. Introduction
The purpose of this article is to propose a multivariate linear
measurement error model motivated by the idea of seemingly
unrelated regressions (Zellner, 1962), and to show how this
idea can be applied to an important biomarker study in nu-
tritional epidemiology to improve precision of key parameter
estimates. Our approach differs from the standard multivari-
ate measurement error model (Fuller, 1987; Tosteson, Buonac-
corsi, and Demidenko, 1998; Wang et al., 1998) in three key
aspects: (a) the motivation; (b) the details of the model; and
(c) the need to include model selection in the analysis in order
to have any hope of achieving efficiency gains.

1.1 The Problem of Relating Diet to Disease
This article was motivated by the problem of relating diet to
cancer, and in particular by a study at the National Cancer In-
stitute, the Observing Protein and Energy Nutrition (OPEN)
study. This is the first large experiment that measures nu-
trient intakes via the most common dietary measurement in-
strument, the food frequency questionnaire (FFQ), along with

another instrument, the 24-hour recall (24HR), and biomark-
ers for protein and energy intake.

To set the stage for this study, and our analysis, some back-
ground will be helpful. Much of the recent literature on the
relationship between diet and cancer has been based on an-
alytic epidemiologic studies using FFQs. A number of large
prospective studies of this kind have failed to find a consistent
relationship between dietary components (such as fat, fiber,
and fruits and vegetables) and cancers of the breast, colon,
or rectum (Hunter et al., 1996; Fuchs et al., 1999; Michels
et al., 2000). This may be explained by a true lack of diet-
cancer associations or, alternatively, by serious methodolog-
ical limitations of the studies themselves, especially due to
FFQ measurement error.

Over the years, investigators have recognized that the re-
ported values from FFQs are subject to substantial error, both
systematic and random, that can profoundly affect the design,
analysis, and interpretation of nutritional epidemiologic stud-
ies (Beaton et al., 1979; Freudenheim and Marshall, 1988;
Freedman, Schatzkin, and Wax, 1990). Dietary measurement
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error often attenuates (biases toward one) the estimates of
disease relative risks (RRs) and reduces statistical power to
detect their significance. An important relation between diet
and disease, therefore, may be obscured. These considerations
have prompted many investigations into studying more care-
fully the properties of dietary assessment instruments, espe-
cially the FFQ, using unbiased reference biomarkers of dietary
intake such as urinary nitrogen (UN) for protein and doubly
labeled water (DLW) for energy. A review of work with refer-
ence biomarkers and many references are given by Kipnis et
al. (2001, 2003).

1.2 Models and Parameters for Nutrient Intake
We begin with the issue of measuring nutrient intake of a
dietary variable with existing reference biomarker. We let i
denote individual and j denote repeat measurement. For speci-
ficity, let “N ” be the nutrient of interest (e.g., protein or en-
ergy), “T ” true usual intake, “Q ” the FFQ, “F ” 24HR, and
“M” the biomarker. In all our work, we transformed the data
via logarithms. The measurement error model of Kipnis et al.
(2001) for such a nutrient is

QNij = βQ
N0 + βQ

N1TNi + rQNi + εQNij ;

FNij = βF
N0 + βF

N1TNi + rFNi + εFNij ;

MNij = TNi + νNij ,

(1)

where QNij , FNij , and MNij are the nutrient intakes obtained
on the ith person from the jth repeat of the FFQ, the 24HR,
and the reference biomarker, respectively. The subscript i runs
from 1 to n, the total number of persons in the study. The
subscript j refers to repeats of the instrument. The random
variables (rQ

Ni , rF
Ni ) are called person-specific biases, because

they determine how different people with the same diet report
their diet differently. The variables εQNij , ε

F
Nij , and νNij represent

random within-person variation. The sets of random variables
(TNi ), (rQ

Ni , rF
Ni ), (εQNij ), (εFNij ), and (νNij ) are assumed to be

mutually independent, although variables within the paren-
theses are allowed to be correlated. Interestingly, the first part
of model (1) was proposed in a different context by Cochran
(1968), building on the work of Pearson (1902); see Carroll
(2003). If true nutrient TN were observable, model (1) would
be a linear mixed model. Of course, the whole point is that
truth is unknown here.

Two important quantities are the focus of our work.

� For dietary measurement error that is nondifferential
with respect to disease, the attenuation factor, denoted
throughout by λ, is defined as the slope of the re-
gression of true intake on the FFQ, i.e., λ = cov(TN ,
QN )/var(QN ). This quantity describes the biases that
will occur in analysis of disease that treats the FFQ val-
ues as if they were true. Such analysis, instead of estimat-
ing the true log-relative risk, estimates the log-relative
risk basically multiplied by λ. Just as important, λ plays
a central role in post hoc power calculations, i.e., given
the observed variability in the FFQ. The sample size in
a post hoc calculation needed to detect a specific alter-
native hypothesis is proportional to λ−2.

� The second important quantity is the correlation of true
intake and the FFQ, denoted throughout by ρ. Before
designing a study, the sample size necessary to detect an

alternative hypothesis with given power is proportional
to ρ−2. Hence, designing a study sample size almost ef-
fectively reduces to estimating ρ.

1.3 Seemingly Unrelated Measurement Error Models
For any study of a given sample size, the difficulty is to obtain
precise estimates of λ and ρ. While more data, in the form of
more people, are always desirable, our goal is to obtain more
precise estimates of these quantities via recognition that there
are other data available, namely data on other nutrients.

Consider, for example, protein intake as the nutrient of
interest. As is well known, protein intake is rather closely re-
lated to intake of total energy, and this relation suggests the
possibility of using energy data to improve the precision of es-
timates for protein intake. This idea of seemingly unrelated re-
gressions takes its measurement error form by simultaneously
fitting models (1) for protein and energy intake. We will show
in simulations and in our example (Sections 4 and 5) that,
using this approach, we do see considerable gains in efficiency
compared to using model (1) for protein only, with decreases
in estimated standard errors by 40% and more. The problem
is that this simple simultaneous measurement error model for
protein and energy may not adequately describe the relation
between the reported and true intakes of those nutrients. In
general, it is possible that the FFQ and 24HR reports on each
nutrient of interest (protein or energy) may be influenced by
both true protein and true energy intakes. Extending model
(1) to reflect this possibility and combining models for protein
and energy lead to the following full simultaneous measure-
ment error model

QPij = βQ
P 0 + βQ

P 1TPi + βQ
P 2TEi + rQPi + εQPij ;

FPij = βF
P 0 + βF

P 1TPi + βF
P 2TEi + rFPi + εFPij ;

MPij = TPi + νPij .

(2)

QEij = βQ
E0 + βQ

E1TPi + βQ
E2TEi + rQEi + εQEij ;

FEij = βF
E0 + βF

E1TPi + βF
E2TEi + rFEi + εFEij ;

MEij = TEi + νEij .

(3)

In equations (2) and (3), (TPi , TEi ), (rQ
Pi , rF

Pi , rQ
Ei , rF

Ei ), (εQPij ,

εQEij ), (εFPij , εFEij ), (νPij ), and (νEij ) are assumed mutually in-
dependent. One can fit model (2) and (3), but a difficulty
emerges, namely that in both our data and simulations the
precision of estimates for the protein parameters is improved
essentially not at all by the use of energy data. Thus, looked at
in this way, we have increased the complexity of the modeling
without gaining anything. This can be shown theoretically to
be the case in the measurement error model in certain con-
texts (see Appendix A.1) and is similar to the results for the
seemingly unrelated regressions on the same covariates as we
discuss below. Thus, the full simultaneous measurement error
model does not improve the precision of estimated parame-
ters, and only the reduced model that sets βQ

P 2 = βQ
E1 = βF

P 2 =
βF
E1 = 0 by assuming that reported intakes of a nutrient are

affected only by the true intake of that nutrient and not by
addition of other nutrients, produces a gain in efficiency.

The problem, of course, is that the reduced model is not
guaranteed to hold. Our simulations show that if we fit the
reduced model when it does not hold, then negative biases in
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attenuation λ and correlation ρ are as large as 25% in realistic
contexts. This is unfortunate, because negative biases mean
underestimation, and this level of underestimation suggests
that the instruments are far worse than they actually are.

The obvious remedy to this issue is to use model selection
methods. We base our methods on the Akaike information cri-
terion (AIC), using a form of model averaging similar to that
in the Bayesian literature. In our simulations, this method
appears to resolve the issue of model robustness while still
achieving efficiency gains when the reduced model holds.

1.4 Outline
An outline of the article is as follows. Section 2 sets out the
general framework of seemingly unrelated linear measurement
error models. In Section 3 we describe the methods we de-
velop. Section 4 gives results of a simulation study, which
suggest that the weighted AIC method is nearly adaptive: it
has seemingly unrelated measurement error models efficiency
gains when the reduced model holds without the large bi-
ases that a reduced model analysis would incur when the full
model holds. Section 5 describes the results of the OPEN
study, which are basically in line with the simulation study.
Section 6 has concluding remarks.

Theoretical derivations are given in an Appendix. They
show that (a) there are no seemingly unrelated measurement
error models efficiency gains in the full model (Section A.1);
and (b) fitting the reduced model when the full model holds
leads to asymptotic biases (Section A.2). In Section A.3, we
derive distribution theory for AIC using work of Hjort and
Claeskens (2003). In Section A.4, we show why one would
expect to see problems with the Bayes information crite-
rion (BIC), even though it is nominally a consistent model
selector.

2. General Modeling Considerations
The seemingly unrelated regressions model can be developed
as follows. For the primary variable of interest, denoted by
subscript P, one has a vector response YP , a predictor vector
XP , and other factors ZP related through a mixed model

YP = β0P + XPβP + ZP bP + εP , (4)

where bP = Normal(0, ΣbP ) and εP = Normal(0, ΣεP ) are
independent. Note that the subscript P can also stand for
“protein” in our example. However, there is an extra variable,
denoted by subscript E (“energy” in our example), for which
a similar model holds

YE = β0E + XEβE + ZEbE + εE , (5)

where bE = Normal(0, ΣbE ) and εE = Normal(0, ΣεE). To
make the connection of this general model to our nutrient
models (2) and (3), note the following. The terms YP and YE

are the combination of FFQ and 24HRs for protein and en-
ergy, respectively. In both the full and reduced models ZPbP

and ZEbE refer to the person-specific biases (the r’s) for pro-
tein and energy, respectively. However, the components XP

and XE of (4) and (5) may differ depending on whether one is
in the reduced model or in the full model. In the former case,
XP and XE refer to true protein and energy intakes, respec-
tively. In the latter case, XP = XE refers to all true protein
and energy intakes taken together.

In the linear regression case that (XP , XE ) are observed and
random effects bP = bE = 0, Zellner (1962) showed that both
(4) and (5) simultaneously may result in better estimates of
the fixed effects βP than simply fitting (4) alone. One case
that this occurs is ΣεP = σ2

ε,P × I, ΣεE = σ2
ε,E × I, XP �=

XE , and the corresponding elements of εP and εE have com-
mon nonzero correlation. The condition that XP �= XE makes
it appear as if the regressions (4) and (5) were unrelated, and
hence the term “seemingly unrelated regressions.” In our con-
text, XP = XE for the full model, but because neither are
observed, we found it surprising that for the full model, the
seemingly unrelated regression phenomenon does not occur.

Our starting point of mixed models for (4) and (5) is vital
in the measurement error context, where inference is not con-
ditional on the random variables (XP , XE ) and variances and
covariances have a major role to play, since the crucial param-
eters λ and ρ are based on them. Indeed, in many problems,
the variables XP and XE are not observable, and instead we
observe

WP = XP + UP ; (6)

WE = XE + UE , (7)

where the measurement errors (UP , UE ) have mean zero,
marginal covariance matrices ΣuuP and ΣuuE , and cross co-
variance matrix ΣuuPE . In our context, for the reduced model
WP and WE refer to biomarker protein and energy intakes, re-
spectively. In the full model, WP = WE refers to the collection
of all biomarker protein and energy intakes taken together.

Models (4) and (6) for the primary (protein) variable thus
form a marginal linear mixed measurement error model as
described in Wang et al. (1998) and Tosteson et al. (1998).
Our idea is to combine this measurement error model with the
seemingly unrelated measurement error model in the extra
(energy) variable as given by (5) and (7).

3. Methods of Estimation Following Model Selection
The purpose of this section is to define and discuss the meth-
ods of estimation that we use in our study. Here, we will use
the generic term θ for the parameters in the model, while de-
rived variables such as the attenuation λ and ρ are functions
μ(θ).

3.1 Full Model Estimate
The full model estimate is denoted by θ̂F . This estimate is
consistent and asymptotically normally distributed whether
the full or reduced model holds. However, for the most part
this estimate is little different from the univariate estimates,
and thus does not take advantage of the seemingly unrelated
measurement error models (SUMEM) phenomenon. Indeed,
in Section A.1 we show that if all instruments have k repli-
cates (j = 1, . . . , k), only the FFQ and the biomarker are
considered and there are no missing data, then the full model
estimates of all model parameters exactly equal the univari-
ate estimates. Clearly, this means that simply writing down
a bigger model does not necessarily mean that the seemingly
unrelated regression phenomenon will come into play.

3.2 Reduced Model Estimate
The reduced model estimate will be denoted by θ̂R. One might
expect, and we observe in our simulations, that if the full
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model holds, then the reduced model estimate will generally
be inconsistent, i.e., asymptotically biased. In Section A.2 we
give a technical description of why this holds for the estimate
of the attenuation λ.

3.3 Methods Based on AIC
AIC is defined as follows. Let LF and LR be the full model and
reduced model log likelihoods, respectively, and let the num-
ber of parameters in those models be dF and dR. Then AIC is
defined as AICF = −2LF + 2dF and AICR = −2LR + 2dR. The
likelihood ratio test statistic is L = 2(LF − LR). The reduced
model is chosen if AICR < AICF , i.e., if L/2 − (dF − dR) < 0.
The usual approach is to select the model on the basis of
AIC, and then to compute the parameter estimate based on
the selected model. Thus, if θ̂F and θ̂R are estimates of the
parameter θ in the full and reduced models, respectively, and
if interest is in a derived parameter A = μ(θ), then a model
selection estimate is

Âms = I{L/2 − (dF − dR) > 0}μ(θ̂F )

+ I{L/2 − (dF − dR) ≤ 0}μ(θ̂R). (8)

The model selection estimate Âms is not a smooth function of
the log likelihood, and to rectify this one might use a weighted
average of the full and reduced model estimates. Following
Burnham and Anderson (1998), define the weights

ω̂ = [1 + exp{L/2 − (dF − dR)}]−1.

The weighted average AIC for the derived parameter A =
μ(θ) is given as

Âaic = ω̂μ(θ̂R) + (1 − ω̂)μ(θ̂F ). (9)

It can be shown that if the full model holds then asymp-
totically AIC selects it with probability tending to 1, and full
model inference is asymptotically correct. However, it turns
out that AIC is not a consistent model selector, i.e., if the
reduced model holds, then even in large samples AIC will
select it with probability less than 1. Indeed, essentially by
inspection one realizes that when the reduced model holds,

Table 1
Reduced model fit for women, OPEN study, using the logarithm of protein intake and the logarithm of energy intake. Here

“Estimate” refers to parameter estimate, while “SE” refers to its estimated standard error. In all simulations, for the reduced
model, βQ

P 2 = βQ
E1 = βF

P 2 = βF
E1 = 0.0, while for the full model βQ

P 2 = βQ
E1 = βF

P 2 = βF
E1 = 0.2. By definition, the biomarker

measurement errors are uncorrelated, so that cov(νP , νE) = 0. In addition, 0 = cov(εQP , εFE) = cov(εQP , εFP ) = cov(εQE , εFP ) =
cov(εQE , εFE). The parameters were derived by fitting the reduced model to the OPEN data for women.

Estimate SE Estimate SE Estimate SE

βQ
P 0 2.21 0.69 βQ

E0 5.19 0.80 βF
P 0 1.98 0.78

βF
E0 4.36 0.81 βQ

P 1 0.55 0.12 βQ
E2 0.27 0.10

βF
P 1 0.63 0.14 βF

E2 0.41 0.10 var(rQ
P ) 0.114 0.014

var(rQ
E ) 0.112 0.013 var(rF

P ) 0.031 0.011 var(rF
E ) 0.032 0.008

var(εQP ) 0.048 0.005 var(εQE) 0.039 0.004 var(εFP ) 0.121 0.012

var(εFE) 0.079 0.007 cov(rQ
P , rQ

E ) 0.102 0.013 cov(rQ
P , rF

E ) 0.011 0.007

cov(rQ
P , rF

P ) 0.014 0.008 cov(rQ
E , rF

P ) 0.008 0.008 cov(rQ
E , rF

E ) 0.017 0.007

cov(rF
P , rF

E ) 0.025 0.008 cov(εQP , εQE) 0.037 0.004

cov(εFP , εFE) 0.066 0.008 var(TP ) 0.036 0.007 var(TE ) 0.025 0.003

cov(TP , TE ) 0.014 0.003 var(νP ) 0.042 0.005 var(νE) 0.003 0.001

asymptotically it is selected with probability pr{χ2(dF −
dR) − 2(dF − dR) < 0}, where χ2(dF − dR) denotes a chi-
squared random variable with dF − dR degrees of freedom.
For dF − dR = 1, 2, 3, and 4, this probability is 0.85, 0.87,
0.88, and 0.91, respectively. The mean of ω̂ in these cases is
0.63, 0.72, 0.78, and 0.82, respectively. Note that in our appli-
cation, dF − dR = 4. Asymptotic theory based on the methods
of Hjort and Claeskens (2003) is described in Section A.3.

3.4 Problems with Methods Based on BIC
We also investigated the use of BIC, for which dF − dR is re-
placed by (dF − dR)log(n)/2. Unlike the AIC method, the BIC
method is known to be a consistent model selection procedure,
and this is often touted as a reason to prefer the method. How-
ever, in the simulations described in Section 4, we found that
BIC was very badly biased for parameter estimation when the
full model holds. The problem is not merely one that happens
to occur in our simulation setup, but is, instead, a serious theo-
retical one. In the Appendix Section A.4, we describe a theory
of full models as local alternatives to the reduced model where
BIC will pick the reduced model with probability approach-
ing one even when the full models holds, and hence the biases
in the parameter estimates are to be expected. In situations
such as ours, where the full and reduced models are not vastly
different, BIC appears to be a poor choice as a model selection
strategy.

4. Simulations
We performed a simulation study to understand the relative
performance of the methods, namely, the univariate, full, re-
duced, selected AIC/BIC, and weighted AIC/BIC methods.
We evaluated the performance of these methods in estimating
the attenuation resulting from the FFQ measurement and its
correlation with usual intake. Our simulations were designed
to resemble the data collected in the OPEN study. Using the
OPEN data for women after taking logarithms, described in
detail in Section 5, we first fit models (2) and (3) to the pro-
tein and energy data using the reduced model. We then sim-
ulated from these models using the parameter estimates. The
parameters that we used are given in Table 1.
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We considered four different cases. In all four cases, there
were two FFQs, two 24HR measurements, and two pro-
tein biomarkers. In the first two cases, data were simulated
from the reduced model with the parameters as described
above. The true attenuations are 0.1165 and 0.3602 for pro-
tein and protein density, respectively, while the true cor-
relations are 0.2531 and 0.4065. The sample sizes were
n = 200 and 500. In these two cases, we assumed that the
energy biomarker measurements were replicated only for a
randomly selected subset of size m of the sample, these sam-
ple sizes being m = 25 and m = 50 for the two cases,
respectively.

The other two cases were data generated from the full
model, where now we set βQ

P 2 = βQ
E1 = βF

P 2 = βF
E1 = 0.20.

This changed the attenuation and correlation. The true at-
tenuations are 0.1329 and 0.2804 for protein and protein den-
sity, respectively, while the true correlations are 0.2889 and
0.2687.

Table 2
Results of protein intake simulations, with parameters set to be what we have estimated for the logarithm of protein intake.
Cases 1 and 2 are for the reduced model, while cases 3 and 4 are for the full model. Here cases 1 and 3 have n = 200 with

substudy sample sizes m = 25, while cases 2 and 4 have n = 500 and m = 50. The methods are as follows: Univariate is the
univariate protein model (1), F-SUMEM is the full seemingly unrelated measurement error model for protein, R-SUMEM is the

reduced seemingly unrelated measurement error model for protein, AIC selected is the model selection estimate (8), and AIC
weighted is the weighted estimate (9). BIC selected and BIC weighted are similar to their AIC versions except BIC is used. For
the selected methods, Weight is the percentage of the times that the reduced model holds. For the weighted methods, Weight is the
mean weight for the reduced model over the simulations. Here % Bias is the percentage of bias in the parameter estimates, while
RMSE is 100 × the square root of the mean squared error. If the % Bias column is blank, this means that the bias was < 2%.

Attenuation Correlation

Case Model Weight % Bias RMSE % Bias RMSE

1 Univariate 3.74 8.04
(Reduced, n = 200) F-SUMEM 3.74 8.04

R-SUMEM 2.30 4.38
AIC selected 0.90 2.68 5.41
AIC weighted 0.81 2.59 5.14
BIC selected 1.00 2.30 4.38
BIC weighted 1.00 2.30 4.38

2 Univariate 2.35 4.99
(Reduced, n = 500) F-SUMEM 2.35 4.99

R-SUMEM 1.45 2.70
AIC selected 0.90 1.66 3.26
AIC weighted 0.82 1.63 3.19
BIC selected 1.00 1.45 2.70
BIC weighted 1.00 1.45 2.71

3 Univariate 3.66 7.68
(Full, n = 200) F-SUMEM 3.66 7.68

R-SUMEM −26 4.22 −25 8.81
AIC selected 0.39 −7 3.98 −7 8.21
AIC weighted 0.39 −8 3.72 −8 7.66
BIC selected 0.95 −24 4.25 −23 8.86
BIC weighted 0.93 −24 4.13 −22 8.58

4 Univariate 2.35 5.01
(Full, n = 500) F-SUMEM 2.35 5.01

R-SUMEM −28 3.97 −27 8.30
AIC selected 0.04 2.42 5.13
AIC weighted 0.07 2.42 5.12
BIC selected 0.70 −17 3.57 −17 7.43
BIC weighted 0.68 −17 3.35 −17 6.96

4.1 The Reduced Model
When the reduced model holds (cases 1 and 2 in Table 2),
intuition plus the theory outlined in Section 3.3 argue that
(a) the full model and the univariate protein model should be
almost equivalent, (b) AIC should select the reduced model
approximately 90% of the time, (c) the AIC weighted and se-
lected methods should be essentially unbiased and also should
be much more efficient than fitting the full model only, and
(d) BIC will pick the reduced model essentially all the time.
All these predictions are born out; see Table 2. BIC always,
and AIC almost always picks the reduced model, and 30% de-
creases in standard errors are achieved by the AIC methods
compared to fitting the full model or using protein alone.

4.2 The Full Model
Intuition predicts here that the reduced model fit and the
BIC methods (because they most often select the reduced
model) will be badly biased, while the AIC methods, because
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they reject use of the reduced model with high probability,
will have smaller biases and lose little in the way of efficiency
compared to the full model. All these predictions are born
out; see cases 3 and 4 in Table 2.

5. Analysis of the OPEN Study
The OPEN study was conducted by the National Cancer In-
stitute with 484 participants. A complete description of the
study can be found elsewhere (Subar et al., 2003). Each partic-
ipant was asked to complete an FFQ and 24HR on two occa-
sions. Protein intake was also measured via the UN biomarker,
with urine samples collected twice. All participants also had
a single DLW biomarker measurement to estimate energy in-
take. In addition, the DLW measurement was repeated in 25
selected participants.

All the reported intake data and biomarker data on pro-
tein and energy were transformed to the logarithmic scale.
Four methods of estimating the attenuation and correlation
of the FFQ intake were investigated: univariate, full model,
reduced model, and the AIC weighted method. The analyses
were conducted for protein intake and energy intake. Calcu-
lations were also performed for protein density, which on the
log scale is the difference between protein and energy. The
attenuation and correlation estimates for protein density are
therefore easily derived from the models (2) and (3).

For the univariate, full, and reduced models, standard error
estimates are just the model-based estimates, that is, they
are estimated from the inverse of the empirical information
matrix. For the AIC weighted method, the standard errors
are estimated using Burnham and Anderson’s method (1998,
p. 135, equation 4.11).

The AIC weights for the reduced model were 0.893 for
males and 0.967 for females. Using the likelihood ratio test,
the p values for the reduced model were 0.44 and 0.87 for
males and females, respectively. Thus, there is little evidence
that the reduced model is not reasonable.

Table 3 presents the results of the OPEN data, giving es-
timates and standard errors of the attenuation and correla-
tion for the FFQ, according to the four methods. The results
all show generally low (poor) attenuation (0.16 and below)
and correlation coefficients (0.32 and below) for energy and
protein, much lower than estimates from calibration studies
that employ a self-reporting instrument as the reference in-
strument rather than the biomarkers used here (Kipnis et al.,
2003).

As expected, the results for the univariate and full models
are similar, as are the results for the reduced model and the
AIC weighted method. Similar to those seen in the simula-
tions, the standard errors from the reduced model and AIC
weighted method are substantially reduced (by 30–44%) when
compared to the full model. This has some useful benefits.
First, planning of studies can be made with more certainty
on the basis of the results from the AIC weighted method be-
cause of the extra precision. Second, comparisons of attenua-
tions among different subgroups (such as males and females)
can be made with more precision.

The results for protein density are different from that of
protein and energy in two ways. First, the attenuations and
correlations are substantially higher (better). Second, the re-
duction in standard error obtained from the reduced model
and AIC weighted method is much smaller. That the atten-

uations and correlations are higher seems to emanate from
the error structure of the FFQ. It seems that biases in en-
ergy and protein are large and highly correlated and that as
a result biases in protein density are relatively small. That
little reduction in standard error is achieved by the reduced
model is explained by the much lower correlation between the
variance components for protein density and energy, than be-
tween protein and energy. The implications of these findings
are first that protein density seems to be more reliably deter-
mined by an FFQ than absolute protein or absolute energy
intake, and that densities may therefore represent a better
measure to use in trying to establish a link between dietary
intake and disease.

6. Discussion
This article was motivated by the OPEN study in nutritional
epidemiology. Our main approach is to combine a measure-
ment error model for the variable of primary interest (protein)
with a SUMEM for a variable of secondary importance (en-
ergy), in the hope of improving the precision of estimates of
crucial importance, namely, the attenuation and the correla-
tion with the truth. The result of our study is the class of
SUMEM.

While the idea is simple the implementation is not. We
have shown that simply building a bigger model may result in
nothing more than extra complexity, without efficiency gain.
Reducing the big model by setting some parameters to zero
can, when the restrictions apply, result in SUMEMs achieving
significant gains in efficiency, with 40% decrease in standard
errors in our real and simulated data. On the other hand, we
have shown both theoretically and in simulations that fitting
the reduced model when the restrictions are false carries a
price of a potentially large and practically important bias in
parameter estimates.

In order to build model robustness, we have extended
the SUMEM context by use of model selection and weight-
ing. Model selection and model averaging were shown to
provide the desired model robustness, and again significant
gains in parameter estimation efficiency are achievable when
the restrictions apply. However, the simulations and theory
showed that BIC, while nominally a consistent model selec-
tion method, had serious biases in cases that the full model
held.

The remaining problem that we have not addressed in
this article is that of inference when using model selection.
We have, however, a few remarks that readers may find of
interest:

� Hjort and Claeskens (2003) provided a method for mak-
ing such inference and constructing confidence intervals,
one that we implemented in our simulations: we used the
observed information matrix in our calculations when ap-
plying their method. The good news was that we found
that their method gave nearly nominal coverage prob-
abilities, but the bad news was that unfortunately the
method was essentially the same as inference based upon
the full model, and hence did not take advantage of the
SUMEM effect; a similar conclusion in a much simpler,
non-SUMEM context was discovered recently by Leeb
and Pötscher (2005).

� We also implemented the method of Burnham
and Anderson (1998) in our simulations. For the
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Table 3
Results of the OPEN study. The methods are as follows: Univariate is the univariate protein model (1), Full is the full seemingly

unrelated measurement error model for protein, Reduced is the reduced seemingly unrelated measurement error model for
protein, and AIC weighted is the weighted estimate (9). For the univariate, full, and reduced models, standard error estimates
are just the model-based estimates, that is, they are estimated from the inverse of the empirical information matrix. For the

AIC-weighted method, the standard errors are estimated using Burnham and Anderson’s method (1998, p. 135, equation 4.11).
See Section 6 for a discussion that indicates their standard error estimates were reasonably accurate in our simulations.

Attenuation Correlation

Nutrient Gender Method Estimate Standard Error Estimate Standard Error

Energy Male Univariate 0.080 0.025 0.199 0.061
Full 0.079 0.025 0.195 0.061
Reduced 0.058 0.016 0.143 0.036
AIC weighted 0.061 0.017 0.149 0.040

Female Univariate 0.039 0.028 0.098 0.069
Full 0.034 0.028 0.085 0.069
Reduced 0.043 0.017 0.108 0.041
AIC weighted 0.043 0.018 0.108 0.042

Protein Male Univariate 0.156 0.034 0.323 0.067
Full 0.149 0.033 0.313 0.066
Reduced 0.137 0.021 0.291 0.036
AIC weighted 0.139 0.023 0.293 0.040

Female Univariate 0.137 0.041 0.298 0.088
Full 0.129 0.041 0.282 0.088
Reduced 0.114 0.024 0.250 0.048
AIC weighted 0.114 0.025 0.251 0.049

Density Male Univariate 0.404 0.066 0.431 0.063
Full 0.398 0.062 0.450 0.062
Reduced 0.393 0.057 0.470 0.056
AIC weighted 0.394 0.057 0.467 0.057

Female Univariate 0.316 0.084 0.346 0.087
Full 0.321 0.080 0.373 0.088
Reduced 0.328 0.074 0.389 0.075
AIC weighted 0.328 0.074 0.389 0.076

AIC-weighted procedure, their method gave fairly accu-
rate standard error estimates, which is one of the rea-
sons why we have listed such standard error estimates
in Table 3. The coverage probabilities attained by their
method for the AIC-weighted procedure were often quite
close to nominal, although we observed that in at least
one case the actual coverage of a nominal 95% interval
was 86%. Their method was less accurate for the AIC-
selected procedure.

� Among the procedures we investigated, we do not recom-
mend BIC in any form. Although it is nominally a con-
sistent model selector, in practice both the selected and
weighted forms of the procedure led to badly biased pa-
rameter estimates, and coverage probabilities using the
Burnham and Anderson method were generally far below
nominal. Leeb and Pötscher (2005) make similar remarks
in their different context.
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Appendix

A.1 No Efficiency Gain in the Full Model

The purpose of this section is to show that if the full model
holds, there are no missing data, and each instrument is repli-
cated k times, so that j = 1, . . . , k, then the full model esti-

mates of marginal parameters are the same as the marginal
parameter estimates.

The result is easily seen if we ignore the recall/records, so
that only the FFQ and the biomarker measurements are avail-
able. Without loss of generality, we can assume that the true
intakes have mean zero, and hence that βQ

P 0 = βQ
E0 = 0. Then

there are 15 unknown parameters, namely var(TP ), var(TE ),
cov(TP , TE ), var(νPij ), var(νEij ), var(rQ

P ), var(rQ
E ), cov(rQ

P ,

rQ
E ), var(εQPi1), var(εQEi1), cov(εQPi1, ε

Q
Ei1), β

Q
P 1, β

Q
P 2, β

Q
E1, and βQ

E2.
However, there are also 15 sufficient statistics, namely

� Terms that depend on the protein data alone:
var(QPij ), cov(QPi1, QPi2), var(MPij ), cov(MPi1, MPi2),
and cov(MPi1, QPi1).

� Terms that depend on the energy data alone: var(QEij ),
cov(QEi1, QEi2), var(MEij ), cov(MEi1, MEi2), and
cov(MEi1, QEi1).

� Terms that depend on combinations of protein and en-
ergy data: cov(QPi1, QEi1), cov(QPi1, QEi2), cov(MPi1,
MEi1), cov(MPi1, QEi1), and cov(MEi1, QPi1).

In this sense, the full model is “just” identified. Consider the
protein data. Since any marginal parameters, e.g., parameters
associated only with the protein data such as the attenuation,
are identifiable from sufficient statistics depending only on
the protein data, the full model estimates and the marginal
estimates must necessarily be the same.

A.2 Bias of the Reduced Model When the Full Model Holds
The purpose of this section is to show that when one fits
the reduced model even though the full model holds, the re-
sulting measurement error model is misspecified. Since it is
well known that incorrectly ignoring specified measurement
error models leads to inconsistent estimates of attenuation
and correlation in measurement error models, inconsistency
of the reduced model estimates follows when the full model
holds.

Recall the form of the full model for FFQs:

QPij = βQ
P 0 + βQ

P 1TPi + βQ
P 2TEi + rQPi + εQPij ;

QEij = βQ
E0 + βQ

E1TPi + βQ
E2TEi + rQEi + εQEij .

Consider first the case of marginal regression, i.e., using
only the protein data to understand the error properties of
the FFQ as it relates to protein. By adding and subtracting
the regression of true protein on true energy, for some βQ

P 1∗ ,
we can rewrite the first equation as

QPij = βQ
P 0 +βQ

P 1∗TPi +βQ
P 2{TEi −E(TEi |TPi)} + rQPi + εQPij

= βQ
P 0 + βQ

P 1∗TPi + rQPi∗ + εQPij . (A.1)

The major property of rQPi∗ defined in (A.1) is that it is uncor-

related with TPi and εQPij . Thus, marginally the FFQ for pro-
tein follows the model of Kipnis et al. (2001), and estimates
of attenuation, correlation with usual intake, etc. are consis-
tently estimated if one does not attempt to use the seemingly
unrelated regression model.

A similar equation for energy intake also holds, for some
βQ
E1∗

QEij = βQ
E0 + βQ

E2∗TEi + rQEi∗ + εQEij , (A.2)

where rQEi∗ = rQ
Ei + βQ

E1{TPi − E(TPi |TEi )}.
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If, however, we combine (A.1) and (A.2) into a seeming
unrelated “reduced” model, we have a major model violation.
Specifically, it is not true that (TPi , TEi ) is independent of
(rQPi∗, r

Q
Ei∗), since, for example, TPi is not independent of rQEi∗.

In other words, if we fit the reduced model when the full
model holds, the reduced model is misspecified. Thus, it is
no surprise that our simulations find that the reduced model
fit leads to biased parameter estimates when the full model
holds.

A.3 Asymptotic Theory for the Weighted AIC Method
When the full model holds, AIC correctly chooses the full
model with probability approaching 1 as n → ∞, and hence
both model selection and model averaging asymptotically re-
sult in an estimate equivalent to the full model estimate λ̂F .
Since this estimate is asymptotically normally distributed, the
bootstrap applies.

When the reduced model holds, a more complex argument
is required. Indeed, the weighted AIC estimates are not even
asymptotically normally distributed, nor does the bootstrap
produce correct inferences (Hjort and Claeskens, 2003). To
show the former fact, we follow Hjort and Claeskens (2003);
our calculations are essentially equivalent to theirs, but be-
cause we are working in a simpler context our calculations
are somewhat more transparent.

The general parameter is θ that we partition as (αT, γT)T.
Under the reduced model, we have that γ = 0. We are inter-
ested in estimating a function of α and γ, say λ = μ(α, γ). In
what follows, p will denote the number of components of α,
while q will denote the number of components of γ.

Let θ̂F = (α̂T
F , γ̂

T
F )T be the estimate computed using the

full model, and let θ̂R = (α̂T
R, 0

T)T be the estimate computed
under the reduced model. We are interested in the parameter
λ = μ(α, γ) under the reduced model when γ = 0.

The AIC weights are defined as follows. If the full model
has dF = p + q degrees of freedom and the reduced model
has dR = p degrees of freedom then the weight given to the
reduced model is

ω(Ln) =

[
1 + exp

{
Ln

2
− (dF − dR)

}]−1

,

where Ln is the likelihood ratio chi-squared statistic for test-
ing the reduced model, i.e., whether γ = 0. Both the weighted
AIC estimator and the model selection estimators can be writ-
ten in the following form:

λ̂ = κ(Ln)μ(α̂R, 0) + {1 − κ(Ln)}μ(α̂F , γ̂F );

κ(x) = ω(x) (weighted AIC);

κ(x) = I{ω(x) > 1/2} (AIC model selection).

Let the information matrix for θ be I and its inverse I−1

be partitioned as

I =

( Iαα Iαγ

Iγα Iγγ

)
; I−1 =

( Iαα Iαγ

Iγα Iγγ

)
.

Note for example that Iγγ = (Iγγ − IγαI−1
ααIαγ)−1, Iαα =

(Iαα − IαγI−1
γγIγα)−1, and that Iαα = {Iαα − Iαγ(Iγγ)−1

Iγα}−1.

In what follows, all calculations are done under the re-
duced model. Let Hα be the likelihood score for α in the
reduced model, i.e., the derivative of the log likelihood
with respect to α and evaluated at γ = 0. Let Hγ be
defined similarly. By standard asymptotic approximations,
n1/2(α̂R − α) ≈ I−1

ααn
−1/2Hα and[

n1/2(α̂F − α)

n1/2γ̂F

]
≈ I−1

(
n−1/2Hα

n−1/2Hγ

)
.

This means that asymptotically, α̂F is a linear function
of γ̂F and α̂R. To see this, replace approximation signs by
equalities and note that n1/2γ̂F = Iγαn−1/2Hα + Iγγn−1/2Hγ .
It thus follows that

n1/2(α̂F − α) = Iααn−1/2Hα + Iαγn−1/2Hγ

= Iααn−1/2Hα + Iαγ(Iγγ)−1

×
(
Iγαn−1/2Hα + Iγγn−1/2Hγ

)
−Iαγ(Iγγ)−1Iγαn−1/2Hα

=
{
Iαα − Iαγ(Iγγ)−1Iγα

}
n−1/2Hα

+ Iαγ(Iγγ)−1n1/2γ̂F

= n1/2(α̂R − α) + Iαγ(Iγγ)−1n1/2γ̂F , (A.3)

the last step following from the facts that Iαα =
{Iαα − Iαγ(Iγγ)−1Iγα}−1 and n1/2(α̂R − α) = I−1

ααn
−1/2

Hα asymptotically.
It is easily shown that α̂R and γ̂F are asymptotically un-

correlated. Also, from standard calculations or by reference
to the score test, the likelihood ratio test statistic is asymp-
totically equivalent to Ln ≈ n1/2γ̂T

F (Iγγ)−1n1/2γ̂F . Thus, the
weight for the reduced model is asymptotically equivalent to

ω∗(n
1/2γ̂F )

=

[
1 + exp

{
n1/2γ̂T

F (Iγγ)−1n1/2γ̂

2
− (dF − dR)

}]−1

.

We define κ∗(n
1/2γ̂F ) in a similar fashion. Let μα and μγ be

the first partial derivatives of μ(α, γ) with respect to α and
γ, respectively. By direct calculation, remembering again that
λ = μ(α, γ), and using (A.3),

n1/2(λ̂− λ) = κ∗(n
1/2γ̂F )n1/2{μ(α̂R, 0) − μ(α, 0)}

+ {1 − κ∗(n
1/2γ̂F )}n1/2 {μ(α̂F , γ̂F ) − μ(α, 0)}

= μT
α[κ∗(n

1/2γ̂)n1/2 (α̂R − α)

+ {1 − κ∗(n
1/2γ̂)}n1/2 (α̂F − α)]

+ {1 − κ∗(n
1/2γ̂)}μT

γn
1/2γ̂F

= μT
α[n1/2(α̂R − α) + {1 − κ∗(n

1/2γ̂)}

×Iαγ(Iγγ)−1n1/2γ̂F ]

+ {1 − κ∗(n
1/2γ̂)}μT

γn
1/2γ̂F

= μT
αn

1/2(α̂R − α) + {1 − κ∗(n
1/2γ̂)}

× (μT
γ − μT

αI−1
ααIαγ)n1/2γ̂F , (A.4)

the last step following because Iαγ(Iγγ)−1 = −I−1
ααIαγ .
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This means that if we let D be normally distributed
with mean zero and covariance matrix Iγγ , and if we let
M be normally distributed with mean zero and covari-
ance matrix I−1

αα, and if D and M are independent, then
the limit distribution of the weighted AIC class is the
same as

n1/2(λ̂− λ) ⇒ μT
αM + {1 − κ∗(D)}

(
μT
γ − μT

αI−1
ααIαγ

)
D. (A.5)

It is interesting to note that while n1/2(λ̂− λ) has a limiting
distribution, it is not a normal distribution.

A.4 Asymptotic Theory for the BIC Method
In contrast to AIC, the BIC weights are ω(Ln) =
[1 + exp{Ln/2 − log(n)(dF − dR)/2}]−1. In our context, BIC
is a consistent model selection procedure. To see this, note
that under the reduced model, Ln is asymptotically central
chi-squared, so that ω(Ln) → 1 in probability. Under the full
model, Ln is asymptotically noncentral chi-squared with non-
centrality parameter of order O(n1/2), to that ω(Ln) → 0 in
probability, as claimed. Since BIC is a consistent model se-

lection procedure, it follows trivially that the bootstrap is an
asymptotically correct method of inference.

On the other hand, we have observed in our simulations
(data not shown) that BIC leads to biased estimation when
the full model holds. This empirical result, seemingly at odds
with the theory described above, may be explained as fol-
lows. Consider local alternatives to the reduced model, i.e., a
full model where βQ

P 2, β
Q
E1, β

F
P 2, and βF

E1 all equal constants
times n−1/2. Under such alternatives, sometimes also known
as contiguous alternatives, we have the following facts:

� n1/2{μ(α̂R, 0) − μ(α, γ)} is asymptotically normally dis-
tributed but with nonzero mean, reflecting a bias when
fitting the reduced model to full model (local) alterna-
tives.

� The likelihood ratio test Ln is still asymptotically non-
central chi-squared with noncentrality parameter, but
now the noncentrality parameter converges to a constant.

� Thus, asymptotically BIC will now pick the reduced
model with probability → 1, and hence lead to biased
estimates of parameters.


