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We consider regression when the predictor is measured with error and an instrumental variable (IV) is available. The regression function
can be modeled linearly, nonlinearly, or nonparametrically. Our major new result shows that the regression function and all parameters in
the measurement error model are identified under relatively weak conditions, much weaker than previously known to imply identifiability.
In addition, we exploit a characterization of the IV estimator as a classical “correction for attenuation” method based on a particular
estimate of the variance of the measurement error. This estimate of the measurement error variance allows us to construct functional
nonparametric regression estimators making no assumptions about the distribution of the unobserved predictor and structural estimators
that use parametric assumptions about this distribution. The functional estimators uses simulation extrapolation or deconvolution kernels
and the structural method uses Bayesian Markov chain Monte Carlo. The Bayesian estimator is found to significantly outperform the
functional approach.
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1. INTRODUCTION

1.1 Background and Problem Statement

Motivated by two problems in epidemiology (Sec. 5), we
consider measurement errors in regression where the regression
function could be modeled linearly, nonlinearly, or even non-
parametrically. In the case where the measurement error vari-
ance is known or can be estimated by replication, functional
(Carroll, Maca, and Ruppert 1999) and structural/Bayesian
(Berry, Carroll, and Ruppert 2002) methods have been devel-
oped.

We use the notation of Carroll, Ruppert, and Stefanski (1995)
so that Y is the response, X is an error-prone covariate whose
measured value is W , Z is a vector of error-free covariates writ-
ten as Z when univariate, and S is an instrument related to X.

In our first example, an epidemiologic study of skin cancer
and arsenic exposure (Karagas et al. 2001), the error-prone pre-
dictor W is not replicated, so information on the measurement
error is provided by a second measure of exposure S, which we
use as an instrumental variable (IV).

Our second example uses data from the recent OPEN (ob-
serving protein and energy intake) study (Subar, Kipnis, and
Triano 2003; Kipnis et al. 2003a), the first large study using
biomarkers to investigate the properties of self-reporting in-
struments that measure nutrient intake. In this example, the re-
sponse Y is the protein intake measured by a food frequency
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questionnaire (FFQ); the error-prone covariate W is UN (uri-
nary nitrogen), a biomarker for protein and an unbiased estima-
tor of true protein intake X; the instrument S is DLW (doubly
labelled water), a biomarker for energy intake; and age is an
additional covariate Z that is measured without error. It is sus-
pected that the biases of FFQs are related to age.

In these examples, there is little prior knowledge about the
form of the regression of the response and the instrument on
the covariates. Therefore, we wish to model these functions
using as few assumptions as possible. Our novel result is that
all parameters are identified when Y follows a nonparametric
model in (X,Z) and S follows a varying-coefficent model that
is linear in X with coefficients smooth functions of Z. This
level of generality is needed in, for example, the OPEN study
where the slope of DLW on true protein intake depends on age,
suggesting a varying-coefficient model. Not only do we iden-
tify the measurement error variance identified, but we also ex-
hibit a root-n–consistent estimator. Because we can estimate
the measurement error variance, we can apply methods from
the measurement error literature to estimate the regression of Y

on X.
Our identifiability result is related to a simple characteri-

zation of the IV estimator—specifically, that in simple linear
regression with a scalar instrument, the usual IV estimator is
a version of the classical “correction for attenuation” method
based on a specific estimate of the measurement error variance.

There is some work on parametric but not necessarily lin-
ear regression with an IV (Fuller 1987; Hausman, Newey,
Ichimura, and Powell 1991; Amemiya 1990; Carroll and
Stefanski 1994; Stefanski and Buzas 1995; Buzas and Stefanski
1996; Cheng and Schneeweiss 1998; Wall and Amemiya 2000;
Yalcin and Amemiya 2001). These methods are applicable ei-
ther only for special parametric models or for general paramet-
ric models that rely on small-error approximations known to fail
for some nonlinear and nonparametric models (Carroll et al.
1995). To the best of our knowledge, there are no techniques
presently available for nonparametrically specified regression
functions in the IV context.
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1.2 Outline

In Section 2 we define our model and give characterizations
of identifiability under increasingly weaker conditions. In Sec-
tion 3 we outline the methods used, some making no assump-
tions about the distribution of the latent variable (functional
case) and others assuming a specific form for this distribution
(structural case). We present a small simulation study in Sec-
tion 4. In Section 5 we illustrate the methods on the two exam-
ples. In response to those with concerns about the small-sample
properties of the estimators, in Section 6 we describe some as-
ymptotic calculations in the polynomial regression case, which
illustrate how difficult the estimation problem of IV for non-
linear models can be. We present some concluding remarks in
Section 7.

2. MODEL AND IDENTIFIABILITY

2.1 Introduction

Hausman et al. (1991) considered the most basic nonlinear
model, polynomial regression. A polynomial is linear in the
parameters but is nonlinear in the independent variable and
therefore in the measurement error. Let Y be the response, let
W be the unbiased measure of X, and let S be the instrument.
They assume an iid sequence of vectors (Y,X,W,S) with only
(Y,W,S) observed and also assume that the data satisfy the fol-
lowing assumption.

Assumption 1.

Y = mpoly(X,β) + ε, (1)

W = X + U, (2)

and

S = α0 + α1X + ν. (3)

In (1), the function mpoly(X,β) is a polynomial in X. In
addition, ε, U , and ν have mean 0, and ν is independent
of (X, ε,U).

Model (2) is the classical measurement error model. Haus-
man et al. (1991) showed that the model (1)–(3) is identified
when ε and U are correlated if there exists a known function
a(·) such that a(α0, α1) = 0. We assume that ε and U are un-
correlated, which gives us a factor model, and then the existence
of such a function is not necessary for identifiability. Fuller
(1987, pp. 60–61) studied a linear factor model satisfying As-
sumption 1 with the additional assumption that mpoly(X;β) =
β0 + β1X. He showed that all parameters are identified if
var(X) = σ 2

x > 0, β1 �= 0, and α1 �= 0. Wall and Amemiya
(2000) showed identifiability in polynomial structural models
by exhibiting root-n–consistent estimators, but their methods
rely on the polynomial structure. As for more general paramet-
ric nonlinear models, Yalcin and Amemiya (2001) considered
the nonlinear factor model Yi = g(fi;β) + εi and Xi = fi + ui ,
where g(fi;β) is a nonlinear parametric model for a vector re-
sponse Y and fi is a vector of latent variables. The model (1)–
(3) is a special case of their model. Yalcin and Amemiya men-
tioned some examples of their model that are identified but gave
no general result. We are not aware of identifiability studies for
nonparametric models. Our Theorem 1 generalizes these identi-
fiability results to both parametric nonlinear and nonparametric
regression.

2.2 Main Identifiability Results

Our proposed methods are based on the observation that
the model (1)–(3) is identified without prior knowledge of α1

even if the regression function is not a polynomial. Rather,
α1 can be determined from moments of the observable vari-
ables in (1)–(3). This means that m(·) can be estimated without
any prior knowledge of parameters provided only that both the
instrument S and the proxy W are observed.

Theorem 1. Suppose that (2) and (3) of Assumption 1 hold
and that

(X,U, ε, ν) are mutually uncorrelated. (4)

Replace (1) by

Y = m(X) + ε. (5)

Then for any function m(x) (not just polynomials), α0, α1,

µx = E(X), σ 2
x = var(X), σ 2

u = var(U), and σ 2
ν = var(ν) are

all identified if α1 �= 0 and if

cov(Y,W) = cov{X,m(X)} �= 0. (6)

Proof. Note that α1 = cov(Y,S)/ cov(Y,W), µx = E(W),
α0 = E(S − α1W), σ 2

x = cov(W,S)/α1, σ 2
u = var(W) − σ 2

x ,
and σ 2

ν = var(S) − α2
1σ 2

x . Therefore, all parameters are func-
tions of the moments of observable variables and so are identi-
fied.

One would generally expect Y and X to be related; so in
linear regression, (6) should hold. However, (6) is less natural
in nonlinear or nonparametric regression where (6) can fail, for
example, if m(·) is an even function and X is symmetrically dis-
tributed about 0. If (6) were in fact necessary, then estimation
might be unstable when the correlation between X and m(X)

was close to 0. Fortunately, if we strengthen (4) to the assump-
tion that

ε,U, ν, and X are mutually independent of one another, (7)

then (6) can be weakened to

cov[{X − E(X)}k,m(X)] exists and is nonzero

for some positive integer k. (8)

Theorem 2. Assume (2), (3), (5), (7), and (8), that α1 �= 0;
and that σ 2

x > 0. Then α0, α1, µx = E(X), σ 2
x = var(X),

σ 2
u = var(U), and σ 2

ν = var(ν) are all identified; that is, they
are determined by moments of observable variables.

The proof of the theorem is given in Appendix A.1. In Ap-
pendix A.5 we show that under weak assumptions, (8) will hold
unless m(·) is constant. When m(·) is constant, m(·) is still
identified, but α1 appears to be not identified; see Section 3.5.
Our theorem does not state explicitly whether m is identified,
because this follows from Fan and Truong (1993), who stated
conditions under which m(·) can be consistently estimated, and
hence is identified if var(U) is identified.

Some comments on the assumptions and implications of the
characterization are in order. Assume now that (6) holds. Then
the following conditions apply:
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1. In the linear case, where m(x) = β0 + β1x , the usual
IV slope estimate is the sample version of β1,iv =
cov(Y,S)/ cov(W,S). If σ 2

u is known, then the usual cor-
rection for attenuation estimate is the sample version of
β1,ca = cov(Y,W)/(var(W) − σ 2

u ). In our IV model the
estimate of σ 2

u is the sample version of σ 2
u = var(W) −

cov(W,S) cov(Y,W)/ cov(Y,S); that is, it replaces vari-
ances and covariances in this expression by sample
versions. Substituting σ 2

u,iv into the formula for β1,ca
yields βi,iv. Thus the usual IV estimator of the slope in
linear regression is the correction for attenuation estima-
tor when σ 2

u is estimated via our proposal.
2. The connection between correction for attenuation and IV

estimation offers the hope of more stable estimation. The
attenuation is

λ = σ 2
x

σ 2
x + σ 2

u

= σ 2
w − σ 2

u

σ 2
w

. (9)

The correction for an attenuation estimator is simply the
least squares slope ignoring measurement error divided by
an estimate of the attenuation. Because of this division,
one can improve the IV estimator by bounding the attenu-
ation away from 0 using prior knowledge when available.

3. Model (5) is more general than it looks, because the dis-
tribution of ε can depend on X; for example, in our first
application Y is binary, so that we can write the model as
logit{Pr(Y = 1|X)} = g(X), where g(X) = logit{m(X)}.
Then ε is a Bernoulli variate minus its mean.

4. Because (5) is an unstructured regression model, the as-
sumption of additivity in (2) and (3) is not as strong as
it may seem. Instead, we are only assuming a common
transformation of the original data to X, W , and S that
satisfies these equations. If (5) holds for the original data,
then it will also hold for the transformed data. For exam-
ple, in our first application, we log-transform the data.

5. In practice, the methods are necessarily restricted to cases
where Y and W are clearly related; otherwise α1 will be
poorly estimated. Indeed, if Y and X are independent,
then the parameters in the (W,S) model are unidentifi-
able if (W,S) is jointly normal.

2.3 Estimation of σ 2
u

We now exhibit a root-n–consistent estimator σ̂ 2
u of σ 2

u , that
is, one that satisfies n1/2(̂σ 2

u − σ 2
u ) = Op(1).

Assumption 2. Assume that for known K , the 2Kth mo-
ments of (Y,W,S) are finite. In addition, for some unknown
1 ≤ k ≤ K , ρk = cov[m(X), {X − E(X)}k] = cov[Y, {W −
E(W)}k] �= 0.

Under Assumption 2,

α1 = sign{cov(W,S)}∣∣cov[Y, {S − E(S)}k]/ρk

∣
∣1/k

. (10)

Thus the idea is to first test the hypothesis that ρk = 0 for
k = 1, . . . ,K and for the selected value of k, form α̂1 from
the sample moments of (10). A valid (in the sense of type I
error) test statistic for the hypothesis is defined as follows. Let
Yic = Yi −Y , Wic = Wi −W , and Sic = Si −S. Then a test sta-
tistic is Tk = n−1/2 ∑n

i=1 YicW
k
ic/(n

−1 ∑n
i=1 Y 2

icW
2k
ic )1/2. This

statistic is asymptotically N(0,1) when ρk = 0. Our algorithm

is to test each hypothesis at level cn → 0, separately for k =
1, . . . ,K; cn tends to 0 slower than 1 − �(n1/2−a) for some
a > 0. The estimate of k is either the first k for which the hy-
pothesis is rejected or, if none are rejected, the k correspond-
ing to the smallest p-value is selected. This is clearly a consis-
tent model selector for the first k such that ρk �= 0, and hence
n1/2(̂α1 − α1) = Op(1).

We next turn to estimation of σ 2
u . Let σ̂ws be the sample co-

variance between W and S, and let σ̂ 2
w be the sample variance

of W . Then σ̂ 2
x = σ̂ws/α̂1 is a root-n–consistent estimator of σ 2

x ,
and hence σ̂ 2

u = σ̂ 2
w − σ̂ 2

x necessarily satisfies n1/2(̂σ 2
u − σ 2

u ) =
Op(1). Finally, λ̂n = σ̂ 2

x /σ̂ 2
w is a root-n–consistent estimate of

the attenuation λ.
The estimator σ 2

u is not necessarily positive, so we suggest
the following modification. Set a user-specified lower bound on
the attenuation (9), say λL. Let λ̂ be the estimate of λ obtained
by replacing σ 2

w in (9) by the sample variance σ̂ 2
w of the W ’s

and by replacing σ 2
u by its estimate. If λL ≤ λ̂, then use this

estimate of σ̂ 2
u . If λ̂ < λL, then form a new estimator by solving

λL = (̂σ 2
w − σ 2

u )/σ̂ 2
w so that σ̂ 2

u = σ̂ 2
w(1 − λL).

2.4 More General Models

The model (2), (3), and (5) can be generalized to the follow-
ing.

Assumption 3. Assume that

Y = G{Z,X, ε}, (11)

W = X + U, (12)

and

S = α0(Z) + α1(Z)X + ν, (13)

where G(·, ·, ·) is a smooth function, Z is a vector of covariates
measured without error, (ε,U, ν) have mean 0 and variances
(σ 2

ε , σ 2
u , σ 2

ν ) and are mutually independent of one another and
of (X,Z), and α0(·) and α1(·) are unknown smooth functions.
We observe (Y,W,S,Z).

Model (11) includes generalized linear models; the partially
linear model

Y = γ TZ + m(X) + ε, (14)

where m is an unknown smooth function; and the additive
model where, with g also an unknown smooth function,

Z is univariate and Y = g(Z) + m(X) + ε. (15)

In this section we not only show that σ 2
u is identified, but also

display a root-n–consistent estimate of it. Our next assumption
is similar to one made previously, but includes the assumption
that α1 is constant, which will be removed in Section 2.5.

Assumption 4. Assume that Z is univariate with support
[0,1] and density fZ(·) bounded away from 0 on [0,1], and
there exists a known bound L ≥ 1 such that for some 	,
1 ≤ 	 ≤ L, cov[Y, {W − E(W |Z)}k|Z] = 0 for k < 	, and
cov[Y, {W − E(W |Z)}	|Z] is bounded away from zero for
0 ≤ Z ≤ 1. Also, α1(·) is constant.

Because the following is easy to verify, we omit the proof.
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Lemma 1. Under Assumptions 3 and 4, for all 	, α	
1 cov[Y,

{W − E(W |Z)}	|Z] = cov[Y, {S − E(S|Z)}	|Z].
With Assumptions 3 and 4 and Lemma 1, the method

becomes easy to describe. Make the following definitions:
η	w(z) = cov[Y, {W − E(W |Z = z)}	|Z = z], η	s(z) = cov[Y,

{S − E(S|Z = z)}	|Z = z], γw(z) = var(W |Z = z) =
var(X|Z = z) + σ 2

u , γs(z) = var(S|Z = z) = α2
1 var(X|Z =

z) + σ 2
ν , and ξws(z) = cov(W,S|Z = z) = α1 var(X|Z = z).

Assume that 	 and L satisfy Assumption 1, and note that
α	

1 = η	s(z)/η	w(z) for 0 ≤ z ≤ 1. Let 0 < a < b < 1, and de-
fine p̂ab = n−1 ∑n

i=1 I (a ≤ Zi ≤ b) and pab = Pr(a ≤ Z ≤ b).
Shortly we give estimators of η	w(·), η	w(·), γw(z), γs(z),
and ξws(z). Given these estimators, our estimate of α	

1 be-
comes α̂	

1 = (np̂ab)
−1 ∑n

i=1 I (a ≤ Zi ≤ b)̂η	s(Zi)/η̂	w(Zi).

Given ξ̂ws(·), because sign(α1) = sign{ξws(z)}, our estimate of
sign(α1) is sign{n−1 ∑n

i=1 I (a ≤ Zi ≤ b)̂ξws(Zi)}, and our es-
timate of σ 2

u is σ̂ 2
u = (np̂ab)

−1 ∑n
i=1 I (a ≤ Zi ≤ b){γ̂w(Zi) −

ξ̂ws(Zi)/α̂1}.
To construct the various estimators, we use kernel regres-

sion, primarily for ease of theoretical explication; we expect
that most other nonparametric estimators will also work. Let
K(·) be a symmetric density function with bounded support,
let h be a bandwidth, and define Kh(x) = h−1K(x/h). In
what follows, we use an undersmoothed kernel estimator, with
C1 n−1/3 ≤ h ≤ C2 n−1/3 for all n, for some 0 < C1 ≤ C2 < ∞.

Assumption 5. Suppose that Assumptions 3 and 4 hold. De-
fine mjkp(z) = E(Y jWkSp |Z = z). Let m̂jkp(·) be a kernel
regression estimator of the regression of Y jWkSp on Z with
the property that for j = 0,1, 0 ≤ k,p ≤ L, uniformly for
0 < a ≤ z ≤ b < 1,

m̂jkp(z) − mjkp(z) =
[

{nfZ(z)}−1
n∑

i=1

Kh(Zi − z)εjkpi

]

+ OP {n−2/3 log(n)}, (16)

for any d > 0, where E{εjkpi |Zi} = 0 and var{εjkpi |Zi} ≤
A < ∞ for some A and all Z. The term in square brackets
in (16) is OP (n−1/3 log(n)1/2).

Under standard regularity conditions (e.g., those in Mack and
Silverman 1982), kernel regression estimators satisfy (16); see
Appendix A.2.

Each of η	w(z), η	s(z), γw(z), γs(z), and ξws(z) is a func-
tion {mjkp(z) : j = 0,1, 0 ≤ k,p ≤ L}. Define η̂	w(z), η̂	s(z),
γ̂w(z), γ̂s(z), and ξ̂ws(z) to be the analogous functions of
{m̂jkp(z) : j = 0,1, 0 ≤ k,p ≤ L}. The proof of the following
is given in Appendix A.3.

Theorem 3. Suppose that Assumption 5 holds. Then n1/2 ×
(̂α1 − α1) = Op(1). In addition, there are random variables εui

such that E(εui |Zi) = 0 and n1/2(̂σ 2
u −σ 2

u ) = n−1/2 ∑n
i=1 εui +

op(1) = OP (1).

Finally, we discuss the estimation of 	 satisfying Assump-
tion 4. Let 0 < a∗ < a < b < b∗ < 1, where (a, b) are used in
constructing the estimators. Having chosen (a, b), we merely
need to identify an 	 such that Q	(z) is bounded away from 0

on [a∗, b∗], where Q	(z) = cov[Y, {W − E(W)}	|Z = z] =
cov[m(X), {X − E(X)}	|Z = z]. Because of Assumption 5,
we can find an estimator Q̂	(z) that converges to Q	(z)

uniformly on compact interior subsets of [0,1] at the rate
Op{n−1/3 log(n)1/2}. Let cn → 0 be a fixed sequence converg-
ing to 0 more slowly than n−1/3 log(n)1/2. Then the smallest 	

such that Q̂	(z) > cn for a∗ ≤ z ≤ b∗ will do.
In practice, we make the following modifications to this al-

gorithm:

• Because γw(z) − γs(z)/α1 > 0 and γs(z)/α1 > 0, in the
definition of σ̂ 2

u we take an average over those a ≤ Z ≤ b

such that γ̂w(Z) − ξ̂ws(Z)/α̂1 > 0 and ξ̂ws(Z)/α̂1.
• Let σ̂ 2

w be the sample variance of the Wi . For a lower
bound λLn > 0 on the attenuation, if λ̂n = (̂σ 2

w − σ̂ 2
u )/

σ̂ 2
w < λLn, then we set σ̂ 2

u = σ̂ 2
w(1 − λLn). If λLn =

o(n−1/2), then the modifications do not affect the rate of
convergence for σ̂ 2

u .

2.5 Varying-Coefficient Instruments

Consider the model (11)–(13), with α1(·) being a smooth
function. Minor changes in the algorithm and the results of
Section 2.4 are needed. We first note that we have the estimate
α̂	

1(z) = η̂	s(z)/η̂	w(z). This suggests the estimator σ̂ 2
u,vc =

(np̂ab)
−1 ∑n

i=1 I (a ≤ Zi ≤ b){γ̂w(Zi)− ξ̂ws(Zi)/ α̂1(Zi)}.
The proof of the next theorem is given in Appendix A.4.

Theorem 4. Suppose that 	 satisfying Assumption 4 is
known, that Assumption 5 holds, and that α1(z) is bounded
away from 0. Then sign{α1(z)} is estimated consistently and
n1/2(̂σ 2

u,vc − σ 2
u ) = Op(1). In addition, there are random vari-

ables εui,vc with the property that E(εui,vc|Zi) = 0 such that
n1/2(̂σ 2

u,vc − σ 2
u ) = n−1/2 ∑n

i=1 εui,vc + op(1).

2.6 Additional Considerations

Having constructed a root-n–consistent estimate of the mea-
surement error variance σ 2

u , along with an asymptotic linear
expansion for it, allows us to apply any estimator for the mea-
surement error problem with σ 2

u known to the IV problem. Var-
ious special cases are of interest.

Suppose that (14) holds, α1(z) ≡ α1, and α0(z) = α0 +
αT

0,1z. Then if we treat S = Y ∗ as a response and ε∗ = ν as
the regression errors, we have a linear model, Y ∗ = α0,1 +
αT

0,1Z + α1X + ε∗, and the parameters can be estimated using
the method of moments. In addition, the model of primary inter-
est would be Y = βTZ + m(X) + ε, a partially linear measure-
ment error model with the error in X. Because we now have a
root-n–consistent estimate of σ 2

u , the methods of Liang (2000)
can be used.

Suppose that g(z) and α0(z) are left unspecified and the re-
gression of Y on (Z,X) is an additive model. Because the
root-n rate for estimating σ 2

u is faster than the possible rate of
convergence for estimating either g(z) or m(x), we can treat
this problem asymptotically as if σ 2

u were known. Hence, once
the problem of additive models with known measurement error
is solved (and to the best of our knowledge it has not been), the
same problem is solved for the IV problem.
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3. ESTIMATING THE REGRESSION FUNCTION

Once an estimator σ̂ 2
u is available, several estimators of m are

available from the measurement error literature. To simplify the
discussion and to save space, we assume that (5) holds, although
we indicate when more general assumptions can be accommo-
dated.

In Section 3.1 we describe a consistent estimator of m due to
Fan and Truong (1993). Although consistent, this method was
much less efficient than competitors in a finite-sample study
of a measurement error problem where W was replicated but
there was no instrument S (Carroll et al. 1999). Because of the
inefficiency of the Fan and Truong estimator, we describe al-
ternative estimators even though these have not been proven
to be consistent. In Section 3.2 we describe penalized splines.
In Section 3.3 we propose the functional simulation extrap-
olation method (Cook and Stefanski 1994), which makes no
assumptions about the distributions of the random variables
(X,U, ε, ν). In the nonparametric regression problem with σ 2

u

known or estimated by replication of W , Berry et al. (2002)
showed that a Bayesian approach using splines could achieve
significant gains in efficiency when compared to the SIMEX
method. In Section 3.4 we extend the Bayesian method to the
IV problem and to problems such as binary regression.

3.1 Deconvolution Kernels

Assume that σu is known and that without loss of gener-
ality equals 1. Let K(·) be a density function with Fourier
transform (1 − t2)3+ = (1 − t2)3I (t2 ≤ 1). The deconvo-
luting kernel (Fan and Truong 1993, sec. 5.1), Kn(x,h) =
(πh)−1

∫ 1
0 cos(tx/h)(1− t2)3 exp{σ 2

u t2/(2h2)}dt, has the prop-
erty E{Kn(W − x0, h)|X} = h−1K{(X − x0)/h} that con-
trols the bias. The deconvoluting kernel density estimator
is f̂X(x0) = n−1 ∑n

i=1 Kn(Wi − x0, h), and the deconvolut-
ing kernel regression estimator is m̂(x0) = {f̂X(x0)}−1n−1 ×
∑n

i=1 Kn(Wi − x0, h)Yi . Then we have that, for some constant
δ > 0 and all x ,

f̂X(x) − fX(x) = Op{h2 + (nh3)−1 exp(δ/h2)} (17)

and

m̂(x) − m(x) = Op{h2 + (nh3)−1 exp(δ/h2)}. (18)

The former was given by Carroll and Hall (1988); the latter by
Fan and Truong (1993).

If σu is unknown, it can be replaced in the root-n–consistent
estimator in Section 2.3. Because σ̂ 2

u is root-n consistent,
(17) and (18) continue to hold.

3.2 Penalized Splines

A general approach to spline fitting is to use penalized
splines, or P -splines (Eilers and Marx 1996). We introduce the
idea in this section (see Ruppert, Wand, and Carroll 2003 for
further discussion of P-splines).

Let C(x) = {B1(x), . . . ,BN(x)}T, N ≤ n, be a basis of
linearly independent piecewise polynomial functions. The
P-spline model specifies that m(x) = m(x,β) = C(x)Tβ for
some β . Popular bases are B-splines (Eilers and Marx 1996)
and the truncated power series basis (Ruppert 2002). B-splines
are more stable numerically than the truncated power basis,

but the roughness penalty adds numerical stability, making
the truncated power basis computationally feasible (Ruppert
2002). We use a pth-degree polynomial spline with k knots,
t1, . . . , tk . We choose the knots at the quantiles of the W ’s
to accommodate possible regions of sparse data. Equally
spaced knots could be used if the Wi ’s were roughly uni-
formly distributed. A convenient basis for these splines is the
set of monomials plus the truncated power functions so that
C(x) = (1, x, x2, . . . , xp, (x − t1)

p
+, . . . , (x − tk)

p
+)T, where

a
p
+ = {max(0, a)}p. Then N = 1 + p + k, β1, . . . , βp+1 are

the monomial coefficients, and β2+p, . . . , βN are the sizes of
the jumps in the pth derivative of g(x) = C(x)Tβ at the knots.

If measurement error is ignored, then it is typical to fit the
function m(x,β) by penalized maximum likelihood. Consider
the truncated power series basis. Let D∗ be the N × N diago-
nal matrix with p + 1 0’s followed by k 1’s along the diago-
nal. Let γ be a smoothing parameter. The penalized estimator
β̂(γ ) ignoring measurement error minimizes the log-likelihood
in (Y,W) minus γβTD∗β . More formally, suppose that the log-
likelihood in (Y,X) is L(Y,X,β). Then the penalized regres-
sion spline ignoring measurement error is the solution to

max
β

[{
n∑

i=1

L(Yi ,Wi,β)

}

− γβTD∗β
]

. (19)

One can use cross-validation (CV) or generalized cross-
validation (GCV) to choose γ . Also, a P-spline can be viewed
as a mixed model, and then γ can be estimated as a ratio of vari-
ance components using either restricted maximum likelihood or
a Bayes estimator (Ruppert et al. 2003). Other penalties such as
on the integral of the squared second derivative can be imposed
by other choices of D∗.

3.2.1 Selecting the Knots. Readers may wish for clear
guidelines on choosing the number of knots k and may find
our recommendation to place knots at sample quantiles some-
what arbitrary. Unfortunately, it is difficult to give definite rec-
ommendations, simply because the choices of number of knots
and their locations are not critical, as we now discuss. The
choice of k was discussed by Ruppert (2002), who found that
for P-splines the exact value of k has relatively little effect on
the estimator, provided that k is at least a certain minimum
value; the reason for this is that smoothness is controlled by
the penalty parameter. Generally, k = 20 more than suffices for
the types of regression functions that are found in practice and
that can be recouped when there is measurement error, although
of course there can be exceptions. Berry et al. (2002) found that
P-splines and smoothing splines, which have a knot at every
value of the covariate, generally give very similar answers, so
one can use a large number of knots even if it is not necessary
to do so.

Powell’s (1981) results on the approximation properties of
splines help explain why relatively few knots are needed and
why their exact locations are not crucial. Let a < b be two real
numbers and consider spline approximation of the regression
function m on [a, b]. Powell’s theorem 20.3 gives the error of
the best approximation of a C l[a, b] (l times continuously dif-
ferentiable) function m by a kth-degree spline. For convenience,
we now restate the theorem.
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Theorem 5 (Powell 1981). Let S be the set of kth-degree
splines on [a, b ] with knots a < κ1 < · · · < κk < b. De-
fine κ0 = a and κk+1 = b. Let h = max{κj − κj−1 : j =
1, . . . , k + 1}. Suppose that m is C l[a, b]. Then

inf
s∈S

‖m − s‖∞ ≤ (k + 1)!
(k + 1 − j)! (h/2)j

∥
∥m(j)

∥
∥∞ (20)

for every j ∈ {1,2, . . . ,min(l, k + 1)}, where ‖ · ‖∞ is the
L∞ norm on [a, b].

This bound is independent of the specific knot locations, in-
stead depending only on the maximum distance between any
two consecutive knots. For example, if one uses quadratic
splines and m ∈ C3[a, b], then (20) holds for j = 3. If the co-
variate has a density on [a, b] bounded away from 0, then h will
be proportional to 1/k for knots at sample quantiles with equal
probability spacing. Thus the bias due to approximation of m by
a spline will be O(k−3). If k ∝ n1/6, then the squared bias due
to spline approximation will be O(1/n), the parametric rate
for the variance. Thus having the k grow proportional to n1/6

would be more than adequate. Typically, k could grow much
more slowly. For example, the best possible rate of convergence
for nonparametric regression with normal measurement errors
is a power of log(n) (Fan and Truong 1993), so in the pres-
ence of measurement error, if k grows faster than any power of
log(n) (e.g., nδ for any δ > 0), then the bias due to spline ap-
proximation will be smaller than the best possible rate of con-
vergence.

3.3 SIMEX

SIMEX needs a base estimator that one would use if there
were no measurement error. Carroll et al. (1999) described two
base estimators: local linear kernel regression of Y on W with
bandwidths estimated either by GCV or by empirical bias band-
width selection (EBBS), and P-splines of Y on W as described
previously, with smoothing parameter estimated by GCV.

Our SIMEX–IV estimator applies the SIMEX method of
Cook and Stefanski (1994), using σ̂ 2

u as the estimate of er-
ror variance. For any fixed ζ > 0, one repeatedly adds to W ,
via simulation, additional error with mean 0 and variance σ̂ 2

u ζ ,
forming pseudovalues. One generates sets of pseudovalues re-
peatedly, computes the base estimator on each set, and averages
the estimators, calling the average g(ζ ). Generally, 50–200 sets
of pseudovalues will suffice, and one uses λ = 0, .5,1.0,1.5,

and 2.0. The idea is to plot g(ζ ) against ζ ≥ 0, fit a model to
this plot, and then extrapolate back to ζ = −1. In our calcula-
tions, we used a quadratic function to model the plot of g(ζ )

against ζ .

3.3.1 Asymptotic Theory for SIMEX. Asymptotic theory
for the SIMEX method is easy if one uses kernel methods. Be-
cause σ̂ 2

u converges at the rate Op(n−1/2), and the kernel esti-
mator converges at a slower rate, the asymptotics are the same
as if σ 2

u were known. This means that the SIMEX-kernel IV es-
timator has the same asymptotic distribution and expansion as
described by Carroll et al. (1999). In the interest of space, we
do not rewrite the details.

There are no known limiting results for P-splines and an esti-
mated smoothing parameter. If the number of knots is fixed and
the smoothing parameter γ in (19) is held fixed or converges

to 0, then the solution to (19) is the solution to an estimating
equation. The limiting distribution of SIMEX for estimating
equations is already known (see Stefanski and Cook 1995; Car-
roll, Küchenhoff, Lombard, and Stefanski 1996).

3.4 Bayesian P-Splines

Our Bayesian methods are similar to those described by
Berry et al. (2002). For simplicity, we describe Bayesian
P-splines only for the model (2), (3), and (5) with Y either
Gaussian or binary, although the extension to the more gen-
eral models in Section 2.4 is not difficult. Partition C(x) =
{CT

1 (x), CT
2 (x)}T, where CT

1 (x) = (1, x, x2, . . . , xp). Partition
β = (βT

1 ,βT
2 )T similarly. As is common with P-splines, we will

assume that β2 = N(0, σ 2I), where I is the identity matrix.
Other formulations are possible. The parameters then become
α0, α1, µx , σ 2

x , σ 2
u , σ 2

ν , β , and σ 2.
The formulas to implement the Gibbs sample are detailed.

In Sections A.6 and A.7 we give these formulas for Gaussian
and binary Y . Section 4.3 describes an implementation in
WinBUGS and our experience with it.

3.4.1 Asymptotic Theory for the Bayesian Estimator. With
the number of knots fixed, the model is parametric and the
Bayesian estimator is asymptotic efficient at the model (e.g., by
Lehmann 1983, thm. 7.2; or Bernardo and Smith 1994, p. 291).
Thus for smooth m, a fixed-knot spline model can approximate
m arbitrarily closely by Theorem 5, and the Bayesian estimator
is asymptotically efficient for any m that is a spline with these
knots. This result quite possibly explains the Bayesian estima-
tor’s good performance in the simulation studies of Section 4
and in the study of Carroll, Maca, and Ruppert (1999).

If the number of knots increases to infinity, then we con-
jecture that P-splines are consistent by results of Barron,
Schervish, and Wasserman (1999), but we have been unable
to verify that their assumptions hold.

3.5 The Case Where cov[m(X), {X − E(X)}k ] = 0
for All k

It would appear that when cov[m(X), {X − E(X)}k] = 0 for
all k, the function m(·) may not be identifiable. However, in the
important subcase where m(·) is constant, say equal to c, m(·) is
identifiable, at least when a lower bound on the attenuation is
specified.

We sketch the proof using the SIMEX estimator. Assume that
the extrapolant function is parametric and includes the con-
stant function as a special case. Recall that if the regression
function is constant, then E(Y |X) ≡ E(Y |W) ≡ c. Thus the
naive estimator that ignores measurement error consistently es-
timates m(·).

Consider what happens in the SIMEX algorithm. If the
attenuation is bounded below by λL, then for sufficiently
large samples, we have that (1/2)λL ≤ (̂σ 2

w − σ 2
u )/σ̂ 2

w . This
means that for sufficiently large samples we can find an in-
terval [a, b] for σ 2

u , and the attenuation on this interval of
values always exceeds 0. Fix any σ 2

u∗ in this interval. Con-
sider the construction of pseudovalues W(pseudo, ζ, σ 2

u∗) =
W + ζ 1/2σu∗Z, where Z is N(0,1). The pseudovalues also
satisfy E{Y |W(pseudo, ζ, σ 2

u∗)} ≡ c. Thus the naive estima-
tor applied to the pseudovalues consistently estimates m(·) ≡ c.
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Because the extrapolant function includes the constant function
as a special case, for any σ 2

u∗ in [a, b], applying SIMEX leads to
a consistent estimate of m(·). To complete the proof, one must
show that this argument holds uniformly in σ 2

u∗ ∈ [a, b], and
hence that SIMEX is consistent if one bounds the attenuation
away from 0. SIMEX is used only to prove identifiability and
other methods could be used to estimate m.

4. A SIMULATION STUDY

We performed a modest simulation experiment using the
model (2), (3), and (5) with Y Gaussian and n = 100, a small
sample size given the difficulty of nonparametric regression
with measurement error. We took σ 2

x = 1, σ 2
u = .33, σ 2

ν = 1,
α0 = 0, α1 = 1, and σ 2

ε = .09. The true attenuation was λ = .75.
The attenuation estimator λ̂ was constrained to lie in [.60,1.00].
We calculated mean squared biases and mean squared errors
(MSEs) for x ∈ [−2.0,2.0].

Constraining the attenuation estimator with a lower bound
can improve the estimation of the regression function, because
it avoids gross overcorrection when the attenuation estimator is
too low. This improvement can be quite significant; this was no-
ticed in simulation results (not reported here) when λ̂ was un-
constrained. We recommend using such bounds when subject
matter knowledge provides them. Unfortunately, it is often true
that no such lower bound is known. An example is the OPEN
study described in Section 5.2, for which we did not constrain
the attenuation estimator. When the sample size is small, there
is another reason to constrain λ̂; the effect of overcorrection
(i.e., using an attenuation smaller than λ) is worse than the ef-
fect of undercorrection. This can be appreciated by considering
the example of linear regression, m(x) = β0 + β1x . Often λ̂ is
independent of the naive least squares estimator β̂LS,1. For sim-
plicity, we will assume this condition for λ̂. We also assume
that E(β̂LS,1) = λβ1, although this is only an asymptotic ap-
proximation. Then

MSE(̂λ−1β̂LS,1 |̂λ) ≈
(

λ

λ̂
β1 − β1

)2

+ var(β̂LS,1)

λ̂2

= λ̂−2{(λ − λ̂)2β2
1 + var(β̂LS,1)

}
.

Thus for a given value of λ− λ̂, the MSE is smaller if λ̂ > λ (un-
dercorrection) than if λ̂ < λ (overcorrection). Figure 1 shows
this approximation to the MSE as a function λ̂ when λ = .5,
β1 = 1, and var(β̂LS,1) = .1. Interestingly, the MSE is higher
when using λ̂ = .5 than when using .5 < λ̂ ≤ 1. Thus, any trun-
cation of λ̂ should improve the MSE in this example. Also, un-
derestimation of λ can greatly increase the MSE, which is the
motivation for using truncation. Even a modest amount of trun-
cation, say to the interval [.3,1], would be helpful. Of course,
if more data were available, so that var(β̂LS,1) was sufficiently
smaller than .1 but β1 was still 1, then truncation of λ̂ to a value
well above λ would increase the MSE. Truncation should not
be used blindly, but rather should be done with knowledge of
the subject matter and the relative size of the bias and variance
of the naive estimator.

Although we assumed that the X’s were normally distrib-
uted, to test robustness we considered three distributions for
the X’s: N(0,1), uniform on [−2,2], and skewed normal with

Figure 1. MSE of the Corrected Slope Estimator as a Function of the
Estimated Attenuation. The true attenuation is .5, the true β is 1, and
the variance of the LS estimate is .1.

index α = 5. The skewed normal distribution has density pro-
portional to f (x|α) = 2φ(x)�(αx), where φ and � represent
the standard normal density and distribution (Azzalini 1985).
This density is reasonably skewed for any value of α ≥ 5.

We considered three regression models: 1/{1 + exp(4x)}
(case 1), sin(πx/2)/(1 + [2x2{1 + sin(πx/2)}]) (case 2), and
sin(πx/2)/(1 + [2x2{1 + sign(x)}]) (case 3).

4.1 Bias–Variance Trade-Offs in P-Spline Estimation

Carroll et al. (1999, sec. 4.4) described theoretical calcula-
tions in the classical measurement error problem showing that
if one uses regression splines and maximum likelihood estima-
tion, then the variance of the fits “blows up” as the smoothing
parameter converges to 0.

What does this mean, and why is it important? The essential
point is that with a sample of size 100, our methods must pe-
nalize the spline to make it reasonably stable. There is a cost
for such smoothing bias. Specifically, for such sample sizes, it
is impossible to estimate the details of difficult functions with,
for example, deep valleys, such as cases 2 and 3.

4.2 Results

The results are given in Table 1 for a 25-knot quadratic re-
gression spline; similar results were obtained for the linear
spline. In this table, and MSE mean squared bias are averages
over 101 grid points on the interval [−2,2] and over all Monte
Carlo samples.

We see that the Bayes estimator clearly dominates the
SIMEX estimators and the naive estimator that ignores mea-
surement error, in terms of both bias and MSE. The SIMEX
estimator with a quadratic extrapolant is far less biased than the
naive estimator, but it has large variance.

Figure 2 corresponds to Table 1, normal X, case 3. Fig-
ures 2(a), 2(b), and 2(c) show three simulated datasets; Fig-
ure 2(d) shows the mean over all simulated datasets. This is a
problem for which the naive estimator is only somewhat worse
than the Bayes estimator (from Table 1: naive squared bias,
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Table 1. 100 × Mean Squared Bias and 100 × MSE for the Simulation
for the Spline Gaussian Error Model

Case 1 Case 2 Case 3
Mean Mean Mean

squared squared squared
Distribution Method bias MSE bias MSE bias MSE

Normal Naive 1.40 1.98 7.27 8.43 2.99 3.72
SIMEX(L) .82 1.61 6.56 8.19 2.72 3.77
SIMEX(Q) .52 3.31 4.60 11.25 1.92 5.90
Bayes .21 1.02 2.51 4.40 1.29 2.97

Uniform Naive .91 1.64 5.94 7.09 2.61 3.34
SIMEX(L) .57 1.40 5.32 6.59 2.31 3.14
SIMEX(Q) .43 3.33 2.86 7.34 1.29 4.20
Bayes .19 .78 2.61 3.80 1.62 2.44

Skewed Naive 1.38 2.11 9.64 10.91 3.28 4.12
normal SIMEX(L) .84 1.68 9.87 11.26 3.36 4.26

SIMEX(Q) .58 3.57 8.36 13.17 2.59 5.34
Bayes .29 1.21 4.71 6.76 1.44 3.28

NOTE: In case 1 the regression function is 1/{ 1 + exp(4x)}. In case 2 the regression function is
sin(πx/2)/(1+ [2x 2{ 1+sin(πx/2)}]). In case 3 the regression function is sin(πx/2)/(1+ [2x 2 ×
{1 + sign(x)}]). The sample size is n = 100 throughout.

2.99; Bayes squared bias, 1.29; naive MSE, 3.72; Bayes MSE,
2.97). Careful inspection of the plot shows that the naive esti-
mate often misses or just barely finds the inflection points. The
SIMEX estimator has excessive variability, as shown in Table 1.
This means that when the naive estimator is not too bad relative
to the Bayes estimator, the differences between the SIMEX and
Bayes estimator’s are real but subtle. The perception from Fig-
ure 2 may be that none of the estimators is performing well.
The problem is that the sample size is small considering the
size of σu and σε . Figure 3 shows another dataset, but now with
n = 500. The (W,Y ) pairs are also plotted to show the sizable
scatter. With n = 500, the Bayesian estimator is rather close to
the true curve.

Figure 4 corresponds to Table 1, case 2, where the Bayes es-
timator is a large improvement over the SIMEX estimator. This
can be seen in Figure 4(a), which shows a dataset where the
naive estimate is poor and the SIMEX is even worse. Table 1

(a) (b)

(c) (d)

Figure 2. Results From the Simulations Corresponding to Table 1,
Case 3. (a), (b), and (c) Simulated datasets; (d) the mean over all simu-
lated datasets ( true; naive; SIMEX; Bayes).

Figure 3. Results for Case 3 but With n = 500 ( true; Bayes;
naive; SIMEX). The dots are the pairs (W,Y).

shows the same thing, real dominance by the Bayesian estima-
tor. Notice that in the bottom right the mean of SIMEX is close
to that of the Bayes estimator, so that these two estimators have
similar bias. This implies that the substantial MSE improve-
ment of the Bayes estimator over SIMEX seen in Table 1 is due
to the lower variability of the Bayes estimator.

4.3 Implementation and Comparison With WinBUGS

We have implemented the methods in MATLAB for the
model (2), (3), and (5) with Y either Gaussian or binary. The
programs are available at the website stat.tamu.edu/˜carroll/
matlab_programs/software.php. In addition, we have con-
structed 20 simulated datasets for each of the cases in the sim-
ulation, along with case 4, m(x) = x2. This case is interesting
because (6) is violated. Theorem 2 shows that the parameters

(a) (b)

(c) (d)

Figure 4. Results From the Simulations Corresponding to Table 1,
Case 2. (a), (b), and (c) Simulated datasets; (d) the mean over all simu-
lated datasets ( true; naive; SIMEK; Bayes).
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are still identified, but one might expect some instability be-
cause they are identified by higher moments. We have provided
the naive and Bayes estimates of the regression functions.

It is also possible to implement the Bayesian method us-
ing software designed for Markov chain Monte Carlo (MCMC)
simulations, such as WinBUGS. On the website we provide our
WinBUGS implementation of the Gaussian model.

The MATLAB and the WinBUGS implementations use the
same set of priors but different proposal distributions. The
MATLAB program takes advantage of the specific features of
the model for which all but two complete conditionals are ex-
plicit. Carefully tailored Metropolis–Hastings steps are used
for these two complete conditionals. These features of the
MATLAB program improve simulation speed (simulations per
second) and, more important, MCMC mixing. For example, for
a dataset with n = 100 for case 2, 1,000 MCMC simulations
were obtained in 14 seconds with MATLAB and in 48 seconds
with WinBUGS (on a 2.66-GHz CPU, 1 GB RAM). For the
MATLAB program, 30,000 simulations, including 10,000 for
burn-in, proved to be sufficient to achieve convergence. Due
to differences in mixing quality, the WinBUGS program re-
quired 1,000,000 simulations, including 500,000 for burn-in, to
achieve the same results. Despite the computational efficiency
of the MATLAB program, one might prefer WinBUGS because
it is much quicker and easier to program. WinBUGS would be
valuable tool in the initial phase of research when many models
are considered, and also to validate other programs. For exam-
ple, to implement the models in Section 2.4 that are more com-
plex than the model (2), (3), and (5), we might prefer WinBUGS
over MATLAB, to save programming time.

5. EXAMPLES

5.1 The Arsenic Example

Arsenic exposure has been clearly linked with skin, blad-
der, and lung cancer occurrence in highly exposed populations
either occupationally, medicinally, or through contaminated
drinking water (National Research Council 1999; International
Agency for Research on Cancer 1987). An ongoing population-
based study in New Hampshire (Karagas et al. 1998, 2001) is
examining the effects of arsenic on the incidence of skin and
bladder cancer in response to low to moderate exposures, due
primarily to natural sources of arsenic contamination in well
water. Because of intense regulatory interest in the effects of
abatement strategies, the shape of the exposure–response re-
lationship at lower exposures is important, and strategies for
nonlinear modeling are currently being explored (Karagas and
Tosteson 2002).

Exposure assessment is accomplished through the measure-
ment of arsenic concentrations in both tap water from home
water supplies and toenail samples for individuals newly diag-
nosed with skin or bladder cancer (cases) and individuals be-
longing to an age- and gender-matched sample of other state
residents (controls). For our example, we consider data for
215 controls and 233 basal cell skin cancer cases with both wa-
ter and toenail samples. Because we are interested in charac-
terizing changes in cancer incidence due to changes in arsenic
water contamination, we specify the water measurement as the
unbiased exposure, taking X to be log(.005 + arsenic level in

tap water sample) and W to be the measured value of this quan-
tity. The toenail arsenic measurements are interpreted as the IV,
so that S is specified as log(.005 + arsenic level in the toenail
sample). Log transformations were chosen to make W and S

both reasonably close to normally distributed, although some
skewness remains. We used the model (2), (3), and (5) with Y

the binary indicator of a case.
Preliminary analysis ignoring measurement error showed a

positive but not statistically significant linear trend between ar-
senic in tap water and basal cell cancer incidence. For the pur-
poses of this analysis, the results were not adjusted for possible
confounding factors such as age and gender. The results for the
regression spline analysis are given in Figure 5. The naive fit ig-
noring measurement error shows a modest increase in the logit
of basal cell cancer incidence over the range of observed tap
water arsenic levels, with some indication of nonlinearity. The
Bayes fit adjusting for measurement error shows a somewhat
more-uniform increase, with the impression of less nonlinear-
ity. The confidence bands indicate that the overall increase is
not statistically significant.

The posterior means were α0 = −2.0, α1 = .20, σ 2
x = 2.61,

σ 2
u = .54, σ 2

ν = .28, µx = −1.11, and λ = .83, the latter indi-
cating that the amount of attenuation is not as great as might be
supposed.

In our example, the designation of tap water as the unbiased
exposure measure reflects a certain interpretation of the fitted
regression curve, that the curve is the probability of skin can-
cer given a level of exposure in drinking water. However, in
practice, total arsenic exposure includes not only the amount
consumed, but also exposure from other sources, such as food.
Another formulation would focus on the dose response for a
biologically active arsenic exposure, for which toenail concen-
trations could be taken as an unbiased measure. Conceptually,
this would introduce an additional latent variable to represent
the biologically active exposure, D, which would depend on
true tap water concentrations in a linear fashion. Retaining the
designation of W for transformed value of measured tap wa-
ter arsenic and S for toenail, we could rewrite our model as

Figure 5. Logit of the Probability of Basal Cell Cancer as a Function
of X, the Transformed Value of the Arsenic Concentration in Drinking
Water ( uniform Bayes CI; Bayes fit; naive).
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Y = mpoly(D,β) + ε, W = X + U, D = α0 + α1X + ν, and
S = D + ξ.

5.2 The OPEN Study

The OPEN (observing protein and energy intake) Study
(Subar et al. 2003; Kipnis et al. 2003a) is the first large study
using biomarkers to investigate the properties of self-reporting
instruments for measuring nutrient intakes. We first briefly de-
scribe the study and its rationale; full details are given in the
two references.

Much of the recent literature on the relationship between diet
and cancer has been based on analytic epidemiological stud-
ies using food frequency questionnaires (FFQs). A number of
large prospective studies of this kind have failed to find a con-
sistent relationship between dietary components (such as fat,
fiber, fruits, and vegetables) and cancers of the breast, colon, or
rectum. This may be explained by a true lack of diet–cancer as-
sociations or, alternatively, by serious methodologic limitations
of the studies themselves, especially due to FFQ measurement
error.

Because the reported nutrient intake values from FFQs are
subject to substantial measurement error, both systematic and
random, there is considerable interest in the properties of this
instrument. In the OPEN study, this was addressed by measur-
ing two biomarkers for nutrient intake, doubly labelled water
(DLW) for energy (caloric) intake, and urinary nitrogen (UN)
for protein intake. The biomarkers and a FFQ were observed
in 484 healthy volunteers. We use a subset of these data. The
first FFQ was used to measure self-reported intake of protein
and energy. We take the problem of interest to be relating the
true protein intake (X) and the reported protein intake via the
FFQ (Y ). The instrument that we use is S = DLW as a mea-
sure of energy intake, which is closely related to protein intake.
The measure W of protein intake is the protein biomarker. In
all cases, nutrient values were in the logarithmic scale.

In the OPEN study, the protein biomarker was replicated, but
very closely in time, namely twice in a 2-week period. Kipnis
et al. (2003a) then fit a linear measurement error model to the
data, and used the replicates to obtain the estimate σ 2

u ≈ .03.
One can argue that Kipnis et al. failed to correctly estimate
within-person variability because the short time period between
repeats might lead to correlation in the measurement errors, and
hence possibly a large underestimate of the measurement error
variance in the protein biomarker. Such an argument was made
by Willett (2003) in a slightly different context.

Our methods can be used to partially answer this issue. We
take the covariate measured without error Z to be patient age,
transformed linearly to [−1,1]. We use the model given by
(12), (13), and (15). After some data analysis, it seemed rea-
sonable to take m(·) in (15) to be linear in X. Spline fits indi-
cated that especially g(·) in (15) and also perhaps α0(·) in (13)
were nonlinear in Z (Fig. 6). Thus the model is W = X + U

and S = α0(Z) + α1(Z)X + ν. A specific form for E(Y |X,Z)

is not needed to estimate σ 2
u , but for other purposes, Y =

g(Z) + Xβ + ε could be used.
We used an Epanechnikov kernel. For every kernel regres-

sion, we used the EBBS method (Ruppert 1997) to estimate
the bandwidth locally. We then averaged these estimated band-
widths, and then achieved the undersmoothing necessary in the

Figure 6. OPEN Study Data: P-Spline Fits of the Protein FFQ (Y)
( ) and the Energy Biomarker (S) ( ), Both Standardized to Have
Mean 0 and Variance 1, versus Age Linearly Transformed to [−1,1] (Z).

theory by multiplying the result by n−2/15. The resulting esti-
mate of α1(·) is displayed in Figure 7, which contrasts the the-
oretically important undersmoothed estimator with a regression
spline estimate of α1(·) that does not undersmooth. There ap-
pears to be some evidence showing that α1(·) is not constant.

Figure 8 shows the results from bootstrapping (500 resam-
ples) the estimates of σ 2

u using three methods:

• The method that ignores Z = age entirely, so that
g(z) = β0, α0(z) = α0, and α1(z) = α1. For this method,
σ̂ 2

u,no z = .019, with bootstrap mean .022 and bootstrap
standard error .005. This estimate is much smaller than
that from the OPEN study using replicates (̂σ 2

u,OPEN =
.030).

• The method that uses Z = age, but assumes that α1(·) is
constant. Now σ̂ 2

u,constant α1
= .023, with bootstrap mean

Figure 7. OPEN Study Data: The Undersmoothed Kernel Estimate
of α1(·) ( ) and the Same Estimate Using a P-Spline Without Under-
smoothing ( ). On the X-axis is age linearly transformed to [−1,1].
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(a)

(b)

(c)

Figure 8. OPEN Study Data: Histogram of 500 Bootstrap Estimates
of σu

2. (a) Age not considered. (b) Age considered, but α1 does not vary
with age. (c) α1 varies with age.

.025 and bootstrap standard error .010. This estimate is
also much smaller than that from the OPEN study.

• The method that allows α1(·) to vary with Z = age, as sug-
gested by Figure 7. With this method, σ̂ 2

u,varying α1
= .029,

with bootstrap mean .031 and bootstrap standard error
.007. This method almost exactly reproduces the result
(σ̂ 2

u,OPEN = .030) from the OPEN study using the repli-
cates.

Of course, a short interval between repeats might downwardly
bias an estimate of σ 2

u , but the IV analysis suggests that in
this instance the bias was not appreciable. Also, if we had not
used the varying-coefficient model for S, we would have got-
ten the counterintuitive result that the OPEN estimate of σ 2

u is
upwardly biased, implying a negative correlation between the
replicates.

6. SOME ASYMPTOTICS FOR
POLYNOMIAL REGRESSION

The trade-off between bias and variance is familiar in non-
parametric regression but is less well known in measurement
error modeling, where the effect is even more profound. Mea-
surement error leads to bias, often as attenuation (shrinkage)
toward 0. To remove bias, one “unshrinks” the estimator, in-
creasing variability. Thus the naive estimator is biased but less
variable than estimators correcting bias.

To understand the asymptotic behavior of the estimates, we
performed some exact calculations. For each of the three cases
in Table 1 and with case 4, m(x) = x2, we fit the polynomial
that best captures the function on the interval µx ± 3(σ 2

x +
σ 2

u )1/2; that is, we set up a grid on this interval and fit poly-
nomials to the function y = m(x) on the grid. The degrees
of the polynomials chosen were 7, 7, 7, and 5 for cases 1–4.
The polynomial functions are shown in Figure 9 on the interval
µx ± 2σx . Although not perfect representations of cases 1–4,

(a) (b)

(c) (d)

Figure 9. The “Actual” Functions ( ) From Cases (a) 1, (b) 2, (c) 3,
and (d) 4 for the Gaussian Simulation and Their “True” Polynomial Ap-
proximations ( ) Used in Computing Theoretical Asymptotic Distribu-
tions.

they are sufficiently close to yield some insight. In what fol-
lows, these polynomials are treated as the true regression func-
tions.

With X and U normally distributed, define σ 2
x|w =

var(X|W) = λσ 2
u . Recall that if Z has a standard normal distrib-

ution, then E(Z2r ) = (2r)!/(2rr!). Then, if the true polynomial
is m(x,β) = ∑d

k=1 βkx
k , the observed data have the regres-

sion function E(Y |W) = ∑d
j=0 βj,naiveW

j , where βj,naive =
∑d

k=j βkk!λjσ
k−j
x|w E(Zk−j )/{j !(k − j)!}. If the true regression

function is m(x,β), then the naive estimator of β converges
to βnaive, the minimizer of E[{m(X,β) − m(W, βnaive)}2].
Once the expectation is computed as a function of βnaive, it can
be minimized by any standard minimizer. Using the notation
h(z) = µx + √

2σxz, the expectation is given as

(σ 2
x σ 2

u )−1/2
∫

{m(x,β) − m(x + u,βnaive)}2

× φ{(x − µx)/σx}φ(u/σu) dx du

= (πσ 2
u )−1/2

∫
[
m{h(z),β} − m{h(z) + u,βnaive}

]2

× exp(−z2)φ(u/σu) dz du

× π−1/2E

(∫
[
m{h(z),β} − m{h(z) + U,βnaive}

]2

× exp(−z2) dz

)

,

where the expectation is over the distribution of U . The integral
can be computed via Gaussian quadrature and the expectation
via simulation.

Let m(1)(·) be the derivative of m(·) with respect to β . Be-
cause m(·) is linear in β , this derivative does not involve β . In
a sample of size n, the naive estimator is the solution to the
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equation
∑n

i=1 m(1)(Wi){Yi − m(Wi,β
∗)}. Asymptotically, its

variance is n−1B−1
naiveAnaiveB−1

naive, where

Bnaive = E
[
m(1)(W)

{
m(1)(W)

}T]

and

Anaive = E
([

σ 2
ε + {m(X,β) − m(W,βnaive)}2]

× m(1)(W)
{
m(1)(W)

}T)
.

Both Anaive and Bnaive can be computed either directly by simu-
lation or by a combination of simulation and Gaussian quadra-
ture.

Under a parametric model, the Bayes estimator will be as-
ymptotically equivalent to the maximum likelihood estimator,
and hence it will be asymptotically consistent and its variance
is n−1I−1, where I is the information matrix for β and the
measurement error model parameters are µx , α0, α1, σ 2

x , σ 2
u ,

σ 2
ε , and σ 2

ν . Again, a combination of Gaussian quadrature and
simulation is used. By simple calculations, again using the no-
tation h(z) = µx + √

2σxz, the likelihood is

(σ 2
ε σ 2

u σ 2
ν π)−1/2

∫

φ

{
Y − m{h(z),β}

σε

}

φ

(
W − h(z)

σu

)

× φ

{
S − α0 − α1h(z)

σν

}

exp(−z2) dz.

We computed the score L(Y,W,S, ·), the derivative of the
log-likelihood, via numerical differentiation. The information,
I = E{L(Y,W,S, ·)LT(Y,W,S, ·)} can be computed by simu-
lation.

On a grid of values xi for i = 1, . . . , ngrid, the mean
squared bias of the naive estimator is n−1

grid

∑ngrid
i=1 {m(xi,β) −

mnaive(xi,βnaive)}2. Because m(·) and mnaive(·) are linear
in β , the average variance based on a sample of size n

is n−1 trace(B−1
naiveAnaiveB−1

naiveC), where C = n−1
grid ×

∑ngrid
i=1 m(1)(xi){m(1)(xi)}T.
The sample n = 100 was substituted into these asymptotic

formulas, thus ignoring any small-sample bias in the maximum
likelihood estimator; the results are given in Table 2. The mes-
sage from this table is the same that we have noted previously;
for such small sample sizes, the excess variance of the (as-
ymptotically) best parametric method for correcting bias due
to measurement error makes the naive approach at least com-
parable in terms of MSE. This (asymptotic) fact of life shows
up somewhat in our simulations, although we have noted that

Table 2. Asymptotic Calculations for Polynomial Approximations to
Four Functions in the Gaussian Case

Naive Naive MLE Variance ratio:
Case 100 × RASB 100 × RMSE 100 × RMSE MLE to naive

1 9.82 12.49 13.43 3.03
2 14.09 16.43 14.70 3.03
3 9.33 11.92 14.74 3.95
4 63.42 68.65 35.44 1.82

NOTE: Here RASB means 100 times the square root of the average squared bias, whereas
RMSE is 100 times the square root of the MSE. In these calculations it was assumed that
the sample size was n = 100, and that the MLE had no small-sample bias. In case 1 the
target regression function is 1/{1 + exp(4x)}. In case 2 the target regression function is
sin(πx/2)/(1+ [2x2{1 + sin(πx/2)}]). In case 3 the target regression function is sin(πx/2)/(1+
[2x2{1 + sign(x)}]). In case 4 the regression function is x2.

the Bayesian methods actually perform quite a bit better than
our asymptotics would suggest. Note that the values in Tables
1 and 2 are not identical, because the latter uses asymptotics,
different functions, and different estimation methods. The qual-
itative message is, however, the same; for a relatively small
sample size (e.g., n = 100), one must accept either large bias
or large variance.

As n increases, variances decrease but the bias of the naive
estimator is unchanged, and eventually bias dominates. Esti-
mators that remove bias efficiently (e.g., the Bayesian estima-
tor) are rather accurate for reasonably large sample sizes (see
Fig. 3).

The topic of “weak instruments” in the econometric litera-
ture may be of relevance to the use of IV methods for measure-
ment error corrections. Stock, Wright, and Yogo (2002) have
reviewed recent developments in this field. For the most part,
the interest has been focused on improved asymptotic proper-
ties for IV estimation in the linear model setting, but some of the
methods have been extended to nonlinear models using gener-
alized methods of moments (Hansen and Singleton 1984). Fur-
ther work in this area may usefully extend these results to the
nonparametric spline models used in our application.

7. SUMMARY

Our main theoretical contribution is to show that all parame-
ters are identified for a rather general class of models relating
the response to the covariates when the linear regression of the
instrument on the error-prone covariate has coefficients that are
smooth functions of the error-free covariate. We exhibit a root-
n–consistent estimate of the measurement error variance. These
results extend the applicability of IV estimation to many inter-
esting examples.

APPENDIX: PROOFS AND TECHNICAL DETAILS

A.1 Proof of Theorem 1

Let M be the smallest positive integer k such that cov[m(X), {X −
E(X)}k] is not 0. By (7), ε, X, and ν are mutually independent, so

cov
[
Y, {S − E(S)}M ]

= cov
[
m(X),

{
α1

(
X − E(X)

) + ν
}M ]

=
M∑

j=0

(
M

j

)

α
j
1 cov

[
m(X), {X − E(X)}j νM−j

]

= αM
1 cov

[
m(x), {X − E(X)}M ]

, (A.1)

because cov[m(X), {X − E(X)}j νM−j ] = cov[m(X), {X −
E(X)}j ]E(νM−j ), and by the definition of M , we have cov[m(X),

{X − E(X)}j = 0 for 1 ≤ j < M .
Similarly, ε, X, and U are independent, so that

cov
[
Y, {W − E(W)}M ] = cov

[
m(x), {X − E(X)}M]

. (A.2)

Then, by (A.1) and (A.2),

αM
1 = cov[Y, {S − E(S)}M ]

cov[Y, {W − E(W)}M ] . (A.3)

If M is odd, then (A.3) determines α1 from moments of observables.
If M is even, then α1 is only determined up to its sign by (A.3), but
then its sign can be determined by the relation cov(W,S) = α1σ

2
x and

the assumption that σ 2
x > 0.
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A.2 Kernel Estimators Satisfying Assumption 5

Let (Zi,Vi) be iid with joint density f (z, v). Suppose that the
support of Zi is [0,1], f (z) is the marginal density of Z, and
infz∈[0,1] f (z) > 0. Define g(z) = E(Vi |Zi = z) and r(z) =
∫

vf (z, v)dv = f (z)g(z). As before, Kh(z) = h−1K(h−1z) and
C1n

−1/3 ≤ h ≤ C2n
−1/3. Let f̂ (z) = n−1 ∑n

i=1 Kh(Zi −z), r̂(z) =
n−1 ∑n

i=1 Kh(Zi − z)Vi , and ĝ(z) = r̂(z)/f̂ (z). Define εi(z) =
{Vi − E(Vi |Zi = z)} and Di,h(z) = {nfZ(z)}−1Kh(Zi − z). Then,
following Marron and Härdle (1986, p. 99),

ĝ(z) − g(z) = r̂(z) − f̂ (z)g(z)

f̂ (z)

=
{

1 + f (z) − f̂ (z)

f (z)

} n∑

i=1

Di,h(z)εi(z).

Under standard regularity conditions (see, e.g., Mack and Silverman
1982, thm. B), uniformly on compact interior subsets of [0,1], we have
{f (z) − f̂ (z)}/f (z) = OP {n−1/3 log(n)1/2} and

∑n
i=1 Di,h(z) ×

εi(z) = OP {n−1/3 log(n)1/2}, so that ĝ(z) − g(z) = ∑n
i=1 Di,h(z) ×

εi(z) + OP {n−2/3 log(n)}. Let εi = εi(Zi), so that εi(z) − εi =
g(z) − g(Zi). By standard calculations,

∑n
i=1 Di,h(z){εi(z) − εi} =

OP (n−2/3), so that ĝ(z) − g(z) = ∑n
i=1 Di,h(z)εi + OP {n−2/3 ×

log(n)}. Also, E(εi |Zi) = E{Vi − E(Vi |Zi)|Zi } = 0.

A.3 Proof of Theorem 3

The functions η	w(·), η	s(·), γw(·), γs(·), and ξws(·) can all
be expressed smoothly in terms of the functions mjkp(·). Define

Di,h(z) = {nfZ(z)}−1Kh(Zi − z). In what follows, we use the
term “uniformly" to mean uniformly on compact interior subsets
of [0,1]. In addition, any random variables with ε’s in the argu-
ments are conditionally mean 0 with uniformly bounded variances
given Zi . By the delta method using Assumption 5, uniformly to or-
der oP (n−1/2), we have that η̂	w(z) = η	w(z)+ ∑n

i=1 Di,h(z)εη	wi,

η̂	s(z) = η	s(z)+∑n
i=1 Di,h(z)εη	si + op(n−1/2), γ̂w(z) = γw(z)+

∑n
i=1 Di,h(z)εγwi , γ̂s (z) = γs(z)+∑n

i=1 Di,h(z)εγ si, and ξ̂ws (z) =
ξws(z) + ∑n

i=1 Di,h(z)εξwsi . Our estimate of sign(α1) is therefore
root-n consistent.

We see that uniformly to order op(n−1/2), η̂	s(z)̂η	w(z) = α	
1 +

∑n
i=1 Di,h(z)εη	swi and

n1/2p̂ab(̂α
	
1 − α	

1)

= n−1/2
n∑

i=1

I (a ≤ Zi ≤ b)

n∑

j=1

Di,h(Zj )εη	swj

= n−1/2
n∑

i=1

εη	swi n−1
n∑

j=1

I (a ≤ Zj ≤ b)Di,h(Zj ). (A.4)

Define Gn(z) = n−1 ∑n
j=1 I (a ≤ z ≤ b)Di,h(z). Conditional on the

Z’s, the variance of the last expression in (A.4) is uniformly bounded
by a constant times n−1 ∑n

i=1 G2
n(Zi). Because K(·) has compact

support, for large enough n there exists 0 < a∗ < a < b < b∗ < 1 such
that Gn(z) = 0 if z ≤ a∗ or if z ≥ b∗ . In addition, Gn(z) is uniformly
converging on all compact subsets of [0,1], and hence in particular
on [a∗, b∗]. Hence, Gn(·) is uniformly bounded with probability ap-
proaching 1, and thus we have shown that n1/2(̂α	

1 − α	
1) = Op(1).

We note in passing that because Gn(z) converges pointwise
to I (a ≤ z ≤ b) for a < z < b to terms of order op(n−1/2),
n1/2p̂ab(̂α

	
1 − α	

1) = n−1/2 ∑n
i=1 εη	swiI (a ≤ Zi ≤ b) + op(1), and

hence if pab = Pr(a ≤ Z ≤ b), then

n1/2(̂α1 − α1) = α1−	
1

	pab
n−1/2

n∑

i=1

εη	swi I (a ≤ Zi ≤ b) + op(1).

(A.5)

The same argument shows that n1/2(σ̂ 2
u − σ 2

u ) = Op(1). Specifi-
cally, to order oP (n−1/2), we have

γ̂w(z) − ξ̂ws (z)

α̂1

= γ̂w(z) − ξ̂ws(z)

α1
+ ξws(z)α

−2
1 (̂α1 − α1)

= σ 2
u +

n∑

i=1

Di,h(z)

(

εγwi − εξwsi

α1

)

+ ξws(z)

α2
1

(̂α1 − α1). (A.6)

Substituting (A.6) into the definition of σ̂ 2
u , we have

n1/2(σ̂ 2
u − σ 2

u )

= (n1/2pab)−1
n∑

i,j=1

I (a ≤ Zi ≤ b)Di,h(Zj )(εγwj − εξwsj /α1)

+ (npabα
2
1)−1

n∑

i=1

ξws(Zi)I (a ≤ Zi ≤ b)n1/2 (̂α1 − α1)

+ op(n−1/2).

Interchanging the summation in the first line, defining dγ ab =
E{I (a ≤ Z ≤ b)γs(Z), and substituting (A.5), we find that

n1/2(σ̂ 2
u − σ 2

u )

= (n1/2pab)
−1

n∑

i=1

I (a ≤ Zi ≤ b)

{

εγwi − εξwsi

α1
+ dγ abεη	swi

α1+	
1 	

}

+ op(1).

A.4 Proof of Theorem 4

The proof is a minor modification of what we did before. Uniformly
to order oP (n−1/2), we have α̂	

1(z) − α	
1(z) = η̂	s(z)/ η̂	w(z) −

α	
1(z) = ∑n

i=1 Di,h(z)εη	swi, so that α̂1(z)−α1(z) = {α1−	
1 (z)/	}×

∑n
i=1 Di,h(z)εη	swi + op(n−1/2) and, by a Taylor series,

γ̂w(z) − ξ̂ws (z)

α̂1(z)
− σ 2

u

= γ̂w(z) − γw(z) − ξ̂ws (z) − ξws(z)

α1(z)
+ ξws(z)

α2
1(z)

{̂α1(z) − α1(z)}

=
n∑

i=1

Di,h(z)

{

εγwi − εξwsi

α1(z)
+ ξws(z)εη	swi

α1+	
1 (z)	

}

,

so that

n1/2(σ̂ 2
u − σ 2

u )

= (n1/2pab)
−1

×
n∑

i=1

I (a ≤ Zi ≤ b)

×
[

εγwi − εξwsi

α1(Zi)
+ εη	swi

{
ξws(Zi)α

−(1+	)
1 (Zi)/	

}
]

+ op(1).
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A.5 On Condition (8)

We now prove the following result showing that if X is compactly
supported and m is continuous, then (8) holds unless m(·) is con-
stant. The condition that X is compactly supported cannot be removed.
A counterexample can be constructed using counterexample 1 of Dur-
rett (1996, p. 107). That counterexample demonstrates that there are
densities distinct from the lognormal density but with the same mo-
ments as the lognormal. If fX is the density of X and if m · fX is the
difference between two distinct densities with the same moments, then
clearly E[m(X){X − E(X)}k] = 0 for all k.

Theorem A.1. Suppose that the support of X is contained in a com-
pact interval [a, b] and that m(·) is continuous on [a, b]. If

cov
[
m(X), {X − E(X)}k] = 0 for all k, (A.7)

then var{m(X)} = 0, so that P [m(X) = E{m(X)}] = 1.

Proof. By the Weierstrass approximation theorem, for all δ > 0
there exists a polynomial mpoly(·) such that |m(x) − E{m(X)} −
mpoly(x)| < δ for all x ∈ [a, b]. By (A.7), m(X) and mpoly(X)

have covariance 0, so that var{m(X)} = E[m(X) − E{m(X)} −
mpoly(X)]2 − E{mpoly(X)}2 ≤ δ2(b − a) − E{mpoly(X)}2 ≤
δ2(b − a). Because δ > 0 is arbitrary, the result follows.

A.6 Markov Chain Monte Carlo Calculations in
the Gaussian Case

In the Gaussian case, m(x) = C1(x)β1 + C2(x)β2, where β2 ∼
N(0, σ 2D) and D is a k × k matrix. For the regression spline,
D was chosen as the identity matrix. Priors for α0, α1, µx and
β1 were independent normals with mean 0 and (large) variances
σ 2
α , σ 2

α , σ 2
µ, and σ 2

βI. The prior for the attenuation λ was beta

on the interval [λL, λH]; [λ] ∝ (λ − λL)�1−1(λH − λ)�2−1. Of
course, by simple algebra, σ 2

x = λσ 2
u /(1 − λ). Priors for σ 2

ε , σ 2
u ,

σ 2
ν , and σ 2 were inverse gamma with parameters (aε , bε), (au, bu),

(aν, bν), and (aσ , bσ ), where the IG(A,B) density is given by
{�(A)BAxA+1}−1 exp{−1/(Bx)}. Let C(x) = {CT

1 (X),CT
2 (X)}T,

H = ∑n
i=1 C(Xi)Yi/σ

2
ε , Q = {∑n

i=1 C(Xi)CT(Xi)/σ
2
ε + diag(I/σ 2

β ,

Ik/σ 2)}−1, D = {∑n
i=1(1,Xi)

T(1,Xi)/σ
2
ν + I2/σ 2

α }−1, and

A = ∑n
i=1(1,Xi)

TSi/σ
2
ν . The joint density of the data and the pa-

rameters (i.e., the unnormalized posterior density) is proportional to

exp
[

−
∑n

i=1{Yi − C1(Xi)β1 − C2(Xi)β2}2

2σ 2
ε

−
∑n

i=1(Wi − Xi)
2

2σ 2
u

−
∑n

i=1(Si − α0 − α1Xi)
2

2σ 2
ν

−
∑n

i=1(1 − λ)(Xi − µx)2

2λσ 2
u

− µ2
x

2σ 2
µ

− α2
0

2σ 2
α

− α2
1

2σ 2
α

− βT
1 β1

2σ 2
β

− βT
2 D−1β2

2σ 2
− 1

bεσ 2
ε

− 1

buσ 2
u

− 1

bνσ 2
ν

− 1

bσ 2

]

× (σ 2
ε )−(aε+n/2+1)(σ 2

u )−(au+n+1)

× (σ 2
ν )−(aν+n/2+1)(σ 2)−(aσ+k/2+1)

× (λ−1 − 1)n/2(λ − λL)�1−1(λH − λ)�2−1.

Let X be the arithmetic mean of the Xi ’s and let [W ] denote the
density of W for any random variable W . The complete conditionals

are µx
d= N{X{n(1 − λ)σ 2

µ}/{n(1 − λ)σ 2
µ + λσ 2

u }, {λσ 2
uσ 2

µ}/{λσ 2
u +

n(1−λ)σ 2
µ}}, σ 2

u
d= IG(au +n, [1/bu + (1/2){(1−λ)/λ}∑n

i=1(Xi −
µx)2 + (1/2)

∑n
i=1(Wi − Xi)

2]−1), σ 2
ε

d= IG(aε + n/2, [1/bε +

(1/2)
∑n

i=1{Yi − C1(Xi)β1 − C2(Xi)β2}2]−1), σ 2
ν

d= IG[aν + n/2,

{1/bν + (1/2)
∑n

i=1(Si − α0 − α1Xi)
2}−1], σ 2 d= IG[aσ + k/2,

{1/b + (1/2)βT
2 D−1β2}−1], (α0, α1)

d= N(DA,D), (βT
1 ,βT

2 )T d=
N(QH,Q), and [Xi ] ∝ exp[−{Yi − C1(Xi)β1 − C2(Xi)β2}2/2σ 2

ε −
(Wi − Xi)

2/2σ 2
u − (Si − α0 − α1Xi)

2/2σ 2
ν − (1 − λ)(Xi − µx)2/

2λσ 2
u ]. In addition,

[λ] ∝ I (λL ≤ λ ≤ λH)

×
{

1 − λ

λ

}n/2
(λ − λL)�1−1(λH − λ)�2−1

× exp

{

−
∑n

i=1(1 − λ)(Xi − µx)2

2λσ 2
u

}

. (A.8)

All of the complete conditionals except for λ and the X’s are easily
generated. For λ, in our simulations we discretized the set λ ∈ [λL, λH]
into 41 different values, computed (A.8) for these values, turned the
result into probabilities, and sampled λ according to these probabil-
ities. This gridded Gibbs estimator is not strictly correct, of course,
but it is convenient and provides good mixing. We also implemented
a full Metropolis–Hastings step: mixing was not quite as good, thus
requiring somewhat more MCMC samples, but in selective test cases
we found that the final fits to the regression function were virtually
identical to our gridded method.

For the X’s, the complete conditional is not explicit. We used
Metropolis–Hasting steps where the candidate density was normal
with the current value of X as the mean and the variance being
1/2 times the conditional variance for X given (W,S), with the lat-
ter variance evaluated at the current parameter values.

In our simulations, the prior distributions were σ 2
x

d= IG(1,1),

σ 2
ν

d= IG(1,1), σ 2
ε

d= IG(1,1), λ
d= U[.60,1.00], µx

d= N(0,100),

α0
d= N(0,100), α1

d= N(0,100), and σ 2 d= IG(1,1000). We also used

σ 2 d= IG(.01,100) without appreciable differences in some test cases.
The model can be extended to incorporate possible prior informa-

tion regarding the means and covariances of the parameters µx,α1,

α2,β1, and β2. Because we have no such prior information, we did
not do this.

A.7 Markov Chain Monte Carlo Calculations in the Probit Model

We fit a probit regression model, turning it into a logistic fit by
the usual device: If the probability is p, then the logit function is
log{p/(1 − p)}. Note that we are not approximating the logit model
by a probit model. Rather, our method is exact, because if the logit of
P(Y = 1|X) is a smooth function of X, then the probit of P(Y = 1|X)

is another smooth function of X.
For the probit model, we modified the method of Albert and Chib

(1993). Specifically, one defines latent variable Zi that is normally dis-
tributed with mean C1(Xi)β1 + C2(Xi)β2 and variance 1.0, so that
Yi = I (Zi > 0). Given the values of Zi , the MCMC steps of Sec-
tion A.6 apply without change, with two exceptions: (a) σ 2

ε = 1 is
known a priori, and (b) Zi replaces Yi in that section. This means
that the only thing necessary in the MCMC steps is to generate val-
ues of the Zi from their complete conditional distribution. Write
µi = C1(Xi)β1 + C2(Xi)β2. The density of Zi given the rest is
f (Zi |rest) ∝ {YiI (Zi > 0) + (1 − Yi)I (Zi ≤ 0)} exp{−(1/2)(Zi −
µi)

2}. This means that if Yi = 1, then Zi is a truncated normal random
variable, that is, a normal random variable with mean µi , variance 1.0,
with left truncation point 0. Also, if Yi = 0, then Zi is a normal random
variable with mean µi , and variance 1.0, with right truncation point 0.
Define Ri = 1−2I (Yi = 1), and TN(a, b) to be a normal random vari-
able with mean a and variance 1.0 with left truncation point b. Then it
follows that complete conditional of Zi is Zi ∼ µi −RiTNL(0,Riµi).
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To generate these truncated normals, we used the accept–reject algo-
rithm of Robert (1995), with the following modification. If we want
to generate a normal random variable truncated from the left (right)
at 0 and with a positive (negative) mean, we did not use Robert’s algo-
rithm but instead generated normals at random until one was positive
(negative).

Although the candidate density for X discussed in the Gaussian case
(Sec. A.6) worked well enough in that case, we found that it was not
nearly so efficient in the probit model. The following gave better mix-
ing and faster convergence of the sampler. Suppose that the current Xi

is Xcurr,I , and the latent variable is Z. Let β lin be the simple linear re-
gression estimate of {Z}n

i=1 on {Xcurr}ni=1. Our candidate density was
the density of X given (Z,W,S) assuming a linear model for Z and
X with coefficients β lin, and assuming the current values of µx , σ 2

x ,
α0, α1, σ 2

u , and σ 2
ν . In all cases investigated, the percentage of mixing

for X was over 95%.

[Received March 2002. Revised March 2004.]

REFERENCES

Albert, J. H., and Chib, S. (1993), “Bayesian Analysis of Binary and Poly-
chotomous Response Data,” Journal of the American Statistical Association,
88, 669–679.

Amemiya, Y. (1990), “Two-Stage Instrumental Variable Estimators for
the Nonlinear Errors-in-Variables Model,” Journal of Econometrics, 44,
311–332.

Azzalini, A. (1985), “A Class of Distributions Which Includes the Normal
Ones,” Scandinavian Journal of Statistics, 12, 171–178.

Barron, A., Schervish, M. J., and Wasserman, L. (1999), “The Consistency of
Posterior Distributions in Nonparametric Problems,” The Annals of Statistics,
27, 536–561

Bernardo, J. M., and Smith, A. F. M. (1994), Bayesian Theory, New York:
Wiley.

Berry, S. A., Carroll, R. J., and Ruppert, D. (2002), “Bayesian Smoothing and
Regression Splines for Measurement Error Problems,” Journal of the Ameri-
can Statistical Association, 97, 160–169.

Buzas, J. S., and Stefanski, L. A. (1996), “Instrumental Variable Estimation
in Generalized Linear Measurement Error Models,” Journal of the American
Statistical Association, 91, 999–1006.

Carroll, R. J., and Hall, P. (1988), “Optimal Rates Convergence for Decon-
volving a Density,” Journal of the American Statistical Association, 83,
1184–1186.

Carroll, R. J., Küchenhoff, H., Lombard, F., and Stefanski, L. A. (1996), “As-
ymptotics for the SIMEX Estimator in Structural Measurement Error Mod-
els,” Journal of the American Statistical Association, 91, 242–250.

Carroll, R. J., Maca, J. D., and Ruppert, D. (1999), “Nonparametric Regression
With Errors in Covariates,” Biometrika, 86, 541–554.

Carroll, R. J., Ruppert, D., and Stefanski, L. A. (1995), Measurement Error in
Nonlinear Models, New York: Chapman & Hall.

Carroll, R. J., and Stefanski, L. A. (1994), “Meta-Analysis, Measurement Error
and Corrections for Attenuation,” Statistics in Medicine, 13, 1265–1282.

Cheng, C. L., and Schneeweiss, H. (1998), “Polynomial Regression With Errors
in the Variables,” Journal of the Royal Statistical Society, Ser. B, 60, 189–199.

Cook, J. R., and Stefanski, L. A. (1994), “Simulation-Extrapolation Estimation
in Parametric Measurement Error Models,” Journal of the American Statisti-
cal Association, 89, 1314–1328.

Durrett, R. (1996), Probability: Theory and Examples (2nd ed.), Belmont, CA:
Duxbury.

Eilers, P. H. C., and Marx, B. D. (1996), “Flexible Smoothing With B-Splines
and Penalties” (with discussion), Statistical Science, 11, 89–102.

Fan, J., and Truong, Y. (1993), “Nonparametric Regression With Errors in Vari-
ables,” The Annals of Statistics, 21, 1900–1925.

Fuller, W. A. (1987), Measurement Error Models, New York: Wiley.
Hansen, L. P., and Singleton, K. J. (1984), “Generalized Instrumental Variables

Estimation of Nonlinear Rational Expectations Models,” Econometrica, 52,
267–268.

Hastie, T., and Tibshirani, R. (1990), Generalized Additive Models, New York:
Chapman & Hall.

Hausman, J. A., Newey, W. K., Ichimura, H., and Powell, J. L. (1991), “Identi-
fication and Estimation of Polynomial Errors-in-Variables Models,” Journal
of Econometrics, 50, 273–295.

Karagas, M. R., Stukel, T. A., Morris, J. S., Tosteson, T. D., Weiss, J. A.,
Spencer, S. K., and Greenberg, E. R. (2001), “Skin Cancer Risk in Relation
to Toenail Arsenic Concentrations in a U.S. Population-Based Case-Control
Study,” American Journal of Epidemiology, 153, 559–565.

Karagas, M. R., and Tosteson, T. D. (2002), “Assessment of Cancer Risk and
Environmental Levels of Arsenic in New Hampshire,” International Journal
of Hygiene and Environmental Health, 21, 4894–4899.

Karagas, M. R., Tosteson, T. D., Blum, J., Morris, J. S., Baron, J. A., and
Klaue, B. (1998), “Design of an Epidemiologic Study of Drinking Water Ar-
senic Exposure and Skin and Bladder Cancer Risk in a U.S. Population,” En-
vironmental Health Perspectives, 106, 1047–1050.

Kipnis, V., Subar, A. F., Midthune, D., Freedman, L. S., Ballard-Barbash, R.,
Troiano, R., Bingham, S., Schoeller, D. A., Schatzkin, A., and Carroll, R. J.
(2003a), “The Structure of Dietary Measurement Error: Results of the OPEN
Biomarker Study,” American Journal of Epidemiology, 158, 14–21.

Kipnis, V., Subar, A. F., Schatzkin, A., Midthune, D., Troiano, R.,
Schoeller, D. A., Bingham, S., and Freedman, L. S. (2003b), “Response to
Willett’s OPEN Questions,” American Journal of Epidemiology, 158, 25–26.

LARC (1987), “Arsenic and Arsenic Compounds (Group 1),” in Monographs
on the Evaluation of Carcinogenic Risk of Chemicals to Humans, Supple-
ment 7, Lyon: International Agency for Research on Cancer, pp. 100–106.

Lehmann, E. L. (1983), Theory of Point Estimation, New York: Wiley.
Liang, H. (2000), “Asymptotic Normality of Parametric Part in Partially Lin-

ear Models With Measurement Error in the Nonparametric Part,” Journal of
Statistical Planning and Inference, 86, 51–62.

Mack, Y. P., and Silverman, B. W. (1982), “Weak and Strong Uniform Con-
sistency of Kernel Regression Estimates,” Zeitschrift für Wahrscheinlichkeit-
stheorie und verwandte Gebiete, 61, 405–415.

Marron, J. S., and Härdle, W. (1986), “Random Approximations to Some Mea-
sures of Accuracy in Nonparametric Curve Estimation,” Journal of Multivari-
ate Analysis, 20, 91–113.

National Research Council (1999), Arsenic in Drinking Water, Washington,
DC: National Academy Press.

Powell, M. J. D. (1981), Approximation Theory and Methods, Cambridge, U.K.:
Cambridge University Press.

Robert, C. P. (1995), “Simulation of Truncated Normal Variables,” Statistics
and Computing, 5, 121–125.

Ruppert, D. (1997),“Empirical-Bias Bandwidths for Local Polynomial Non-
parametric Regression and Density Estimation,” Journal of the American Sta-
tistical Association, 92, 1049–1062.

(2002), “Selecting the Number of Knots for Penalized Splines,” Jour-
nal of Computational and Graphical Statistics, 11, 735–757.

Ruppert, D., Wand, M. P., and Carroll, R. J. (2003), Semiparametric Regression,
Cambridge, U.K.: Cambridge University Press.

Stefanski, L. A., and Buzas, J. S. (1995), “Instrumental Variable Estimation in
Binary Regression Measurement Error Variables,” Journal of the American
Statistical Association, 90, 541–550.

Stefanski, L. A., and Cook, J. R. (1995), “Simulation-Extrapolation: The Mea-
surement Error Jackknife,” Journal of the American Statistical Association,
90, 1247–1256.

Stock, J. H., Wright, J. H., and Yogo, M. (2002), “A Survey of Weak Instru-
ments and Weak Identification in Generalized Method of Moments,” Journal
of Business & Economic Statistics, 20, 518–529.

Subar, A. F., Kipnis, V., and Triano, R. P. (2003), “Using Intake Biomarkers to
Evaluate the Extent of Dietary Misreporting in a Large Sample of Adults,”
American Journal of Epidemiology, 158, 1–13.

Wall, M. M., and Amemiya, Y. (2000), “Estimation in Polynomial Struc-
tural Equation Models,” Journal of the American Statistical Association, 95,
929–940.

Willett, W. (2003), “Invited Commentary: OPEN Questions,” American Journal
of Epidemiology, 158, 22–24.

Yalcin, I., and Amemiya, Y. (2001), “Nonlinear Factor Analysis as a Statistical
Method,” Statistical Science, 16, 275–295.

http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0883-4237()16L.275[aid=6150218]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0002-9262()158L.22[aid=6150219]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0002-9262()158L.22[aid=6150219]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()95L.929[aid=4858947]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()95L.929[aid=4858947]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0002-9262()158L.1[aid=6150220]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0735-0015()20L.518[aid=3047755]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0735-0015()20L.518[aid=3047755]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()90L.1247[aid=2732723]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()90L.1247[aid=2732723]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()90L.541[aid=1892038]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()90L.541[aid=1892038]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=1061-8600()11L.735[aid=3425745]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=1061-8600()11L.735[aid=3425745]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()92L.1049[aid=1981198]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()92L.1049[aid=1981198]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0960-3174()5L.121[aid=20681]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0960-3174()5L.121[aid=20681]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0047-259x()20L.91[aid=1981316]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0047-259x()20L.91[aid=1981316]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0044-3719()61L.405[aid=6150221]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0044-3719()61L.405[aid=6150221]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0378-3758()86L.51[aid=6150222]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0378-3758()86L.51[aid=6150222]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0002-9262()158L.25[aid=6150223]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0002-9262()158L.14[aid=6150224]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0091-6765()106L.1047[aid=6150225]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0091-6765()106L.1047[aid=6150225]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=1438-4639()21L.4894[aid=6150226]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=1438-4639()21L.4894[aid=6150226]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0002-9262()153L.559[aid=6150227]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0304-4076()50L.273[aid=848635]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0304-4076()50L.273[aid=848635]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0012-9682()52L.267[aid=326888]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0012-9682()52L.267[aid=326888]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0090-5364()21L.1900[aid=2058082]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0883-4237()11L.89[aid=1892078]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()89L.1314[aid=1981365]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()89L.1314[aid=1981365]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0277-6715()13L.1265[aid=6150228]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0006-3444()86L.541[aid=2058080]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()91L.242[aid=2732718]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()83L.1184[aid=2005979]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()83L.1184[aid=2005979]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()91L.999[aid=1892032]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()91L.999[aid=1892032]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()97L.160[aid=6150229]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()97L.160[aid=6150229]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0090-5364()27L.536[aid=1313001]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0090-5364()27L.536[aid=1313001]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0303-6898()12L.171[aid=366489]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0304-4076()44L.311[aid=6150230]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0304-4076()44L.311[aid=6150230]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()88L.669[aid=20251]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=0162-1459()88L.669[aid=20251]
http://www.asa.catchword.org/rpsv/cgi-bin/linker?ext=a&reqidx=1369-7412()60L.189[aid=6150231]

