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ABSTRACT We consider nonparametric regression in a marginal longitu-
dinal data framework. Previous work ([3]) has shown that the kernel non-
parametric regression methods extant in the literature for such correlated
data have the discouraging property that they generally do not improve
upon methods that ignore the correlation structure entirely. The latter
methods are called working independence methods. We construct a two-
stage kernel-based estimator that asymptotically uniformly improves upon
the working independence estimator. A small simulation study is given in
support of the asymptotics.

1 INTRODUCTION

Nonparametric longitudinal regression in the marginal model using kernel
methods has been investigated by a number of authors, see [2], [8], [9],
[10] and [11], among others. Paper [8] estimates the covariance matrix of
the correlated observations and use this in their kernel construction of the
nonparametric regression estimate. The other papers effectively ignore the
correlation structure entirely and “pretend” that the data are really inde-
pendent, this being the so—called “working independence” method. Both
[3] and [6] provided theoretical evidence in support of the working indepen-
dence method. In fact, they showed that for many situations and different
methods of kernel estimation, the working independence method is most
efficient in terms of mean squared error. That is, for the kernel methods
proposed in the literature, it is generally better to ignore the correlation
structure entirely.

The purpose of this paper is to construct a kernel-type method that can
take advantage of the correlations among the data. The method is a simple
modification, and generalization to an arbitrary covariance matrix, of a
method proposed by [6]. The resulting estimator is asymptotically more
efficient than the working independence estimator.
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The model for this paper is as follows. Suppose that there are j =1, ..., J
time points, with responses Y;; and covariates X;;. Our basic assumption is
that E(Y;”Xm) = E(Y;'j|X,'1, ...,XiJ), see [5] Writing Y; = (Y;'l, ...,}/Z'J)T
and similarly for X; and m(X;) = m(X;1),---,m(X;s), our model is that
for an unknown function m(-),

Y; =m(X;) + ='%¢; =m(X;) + U, (1.1)

where E(U1|Xz) = 0, COV(Ui|Xi) =3 = {Sjk}j,k; COV(€i|Xi) = IJ and
¥1/2 is the symmetric square root of 3. Let @ = X7%/2 = {w;; }; 1 and let
A = diag(€2). Finally, let the marginal density of (X;;); be f;(:).

Because X can be estimated at parametric rates, which are faster than
the rates available in nonparametric regression, for purposes of asymptotic
theory we may assume without loss of generality that 3 is known. Since
3 is a J x J matrix, a root—n consistent estimate of it can be obtained by
computing the sample covariance matrix of the residuals from a working
independence smooth of the data.

The main idea of the two-stage estimator is to construct a linear trans-
formation of Y and m(X) that has mean m(X) and diagonal covariance
matrix, and to then apply working independence methods to this transfor-
mation. Specifically, for any function g(-), define

Zi(9) = Yi+ A (2~ A){Y; —g(Xy)} (1.2)

Note that since Z;(m) = m(X;)+A " '€;, (1.2) is one version of the required
transformation.
The method we propose consists of two steps.

1. First assume working independence and fit the function m,(-, hy)
using a kernel local polynomial method with bandwidth h, and with
the weights sj_jl. Without loss of generality the kernel function K(-)
is a density function with variance one.

2. At the second step, run a local linear regression using working inde-
pendence of Z;; {im(-, hp)} on X;; with bandwidth h and with weights
¢, calling the result m(-, h, hp). The weights (; are arbitrary, but we
show below that the optimal choice is (; = w3;.

The method proposed here is essentially the same as that proposed by [6],
with two exceptions: (a) our covariance structure is general, while theirs is
restricted to the simple 1-way random effects model; and (b) more crucially,
we allow the bandwidth at the first step to be different from the bandwidth
at the second step. If one forces the two bandwidths to be identical, then
as in [6], while the estimator often has a smaller variance than the working
independence estimator, it has an extremely complex bias expression, and
it need not have smaller mean squared error than the working independence
estimator.
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The paper is organized as follows. In Section 2, we state the main results.
Section 3 gives the results of simulations that demonstrate that our method
improves upon working independence in non—-asymptotic situations. Section
4 gives concluding remarks. The proofs of the main results are sketched in
a technical appendix.

2 Main Results

In this section, we state the main results. As a matter of notation, let g#)(-)
be the jth derivative of a function g(-), and define K (v) = h=*K (v/h). All
methods are based on working independence local linear kernel regression
of some response R;; on regressors X;; with some weights W;;. By this we
mean that the function estimated at any value z is obtained by a weighted
linear regression of the R;; on the X;; with weights K5 (X;; — 2)Wj;.

We state the results without conditions because they are standard, e.g.,
the regression function and density functions are thrice continuously dif-
ferentiable, the density functions are positive on their support, etc. The
essential condition is that (1.10) in the Appendix (Section 5.1) holds uni-
formly: conditions which would allow this are of the type used by [4].

By results in [3], to first order, the local linear regression weighted work-
ing independence estimator satisfies

bias{mnp(-, hp)} (hp/2)m® (x); (1.3)

-1

J
(nh,,)*l/Kz(x)dx Zsj_jlfj(a:) . (14

var{fip (-, hp)}

Result 1 Assume that A3 = o(n~'/?) that (nh,)~' = o(n~'/2), and that
h o< n=1/5. Then to first order, the bias and variance of 7(-, h, h,) are given
as follows:

bias = (h%/2)m?(z) (1.5)

-1

J
—(h3/2) Zijj(Sﬂ)

J J
Xy ;Cj (wjn/wjj) fi () E {m(z) (Xik) | X5 = x} :
i=1 kA

J J
v = (oh)! [ K @)de Y Ch@ Y Gh@ - (16)
j=1 j=1

Let ey be a vector of J-ones. Consider the variance components model
¥ = o?ejel + 0?1, studied by [6]. They studied the case that h, = h
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and ¢ = wjz-j = w, the last equivalence being a consequence of the form
of X. They derived (1.5)—(1.6) in this special case. under some conditions,
they showed that the variance (1.6) of their estimator was smaller than
the variance of the working independence estimator (1.4). However, the
complex nature of the bias expression (1.5) of their estimator as compared
to that of the working independence estimator (1.3) meant that they could
not show that the mean squared error of their estimator dominated that of
the working independence estimator in any meaningful way.

Our next result shows that by undersmoothing the preliminary estimate,
the two-stage estimator has the same simple, well-known bias expression as
the working independence estimator, and for any X it has smaller variance,
thus showing dominance in the mean squared error sense.

Result 2 Suppose that h,/h — 0 and that (1.6) is minimized by taking
G = wfj. Then, to first order, the bias and variance of m(z,h,h,) are
given as follows:

bias = (h?/2)m®(z); (1.7)

-1

J
var = (nh)_l/K2(w)dm wajfj(x) . (1.8)

Since the bias expressions (1.3) and (1.7) are the same, comparing our
method with the working independence estimator reduces to comparing
the variance expressions (1.4) and (1.8). We show in the Appendix (Section
5.2) that for any arbitrary covariance structure X, our method always has
smaller variance, i.e., var{m(z; h, h,)} < var{m,(z;h)}, and hence smaller
mean squared error. Qur two-stage estimator hence is uniformly asymptot-
ically dominant in terms of mean squared error compared to the regular
kernel estimator.

If we compute the mean squared error at the optimal bandwidth for the
working independence estimator using (1.3)—(1.4), and compare it to the
mean squared error at the optimal bandwidth for the two—stage estimator
using (1.7)—(1.8), we see that the asymptotic mean squared error efficiency
of the working independence estimator relative to the two—stage estimator
is

il s, (1.9

3 Simulations

In this section, we present the results of simulations. The situation we con-
sider is that the predictors X;; fori =1,...,n =50,100and j = 1,...,J =3
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are independent uniform random variables on the interval [—2,2]. Our the-
ory predicts that our method will improve upon working independence.
This will be seen to be the case numerically, as we now describe.

The common variance of the Y;; was 02 = 1. We considered three corre-
lation structures: exchangeable with common correlation p = 0.6, autore-
gressive with correlation p = 0.6, and unstructured where the correlation
between measurements 1 and 2 and between measurements 2 and 3 is 0.80,
and the correlation between units 1 and 3 is p = 0.5. The unstructured
case was chosen because our theory predicts that it is for this case that the
greatest gains in efficiency are possible when accounting for the covariance
among observations. Specifically, using (1.9), the asymptotic mean squared
error efficiency of the working independence estimator to the two-stage
GLS estimator is 0.70, 0.67 and 0.38 in these three cases.

For simplicity, in the kernel calculations we assumed that it was known
a priori that the variances of Y;; were independent of j, so that no weight-
ing was performed. The Epanechnikov kernel was used. At each stage of
the calculations, we computed the bandwidth locally via EBBS ([7]). Un-
dersmoothing in the two—stage estimator was achieved by multiplying the
bandwidth by (n.J)~2/15.

We estimated X by the following simple device: (a) form the residuals r;;
from a working independence fit; and (b) compute the covariance matrix of
the residual vectors. We could have undersmoothed the working indepen-
dence fit, but believe that the essential results would not have changes. If
3 is the estimate so formed, the independence covariance matrix is simply
Ez'ndp = dlag(z)

Let z = (z + 2)/4. The functions chosen were Case 1 if m(z) = sin(2z);
Case 2 if m(z) = /2(1 — z)sin{2r(1 4+ 273/%)/(z + 273/%)}; Case 3 if
m(z) = /2(1 — 2)sin{27(14+277/%) /(24+277/%)}; Case 4 if m(x) = sin(8z—
4) + 2exp{—256(z — .5)?}; Case 5 if m(x) = H(100z) + H{—100(z — .5)},
where H(z) = 1/{1 + exp(—z)}. These cases are poorly fit by a quadratic
polynomial.

The results are displayed in Tables 1.1-1.2, for n = 50 and n = 100,
respectively. Here we compute the simulation mean squared errors of the
estimators. The results for the two—stage GLS estimator with bandwidth
estimated by EBBS at n = 100 are approximately what is predicted by the-
ory for the exchangeable and autoregressive correlation structures, i.e., the
MSE efficiency of working independence is approximately 70%. The same
efficiencies occur for the unstructured case: generally around 60% efficiency
when the theory predicts 38%. While this is somewhat disappointing, it still
is clear evidence that the two—stage GLS method outperforms the working
independence estimators.
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Autoregression

Casel Case2 Case3 Cased4d Caseb

KN(E), Work 8.81 8.94 9.78 10.34 10.69

KN(E), GLSU 6.90 6.96 7.82 7.97 8.45
Exchangeable

Casel Case2 Case3 Case4d Caseb

KN(E), Work 9.09 9.60 10.52 10.76 10.91

KN(E), GLSU 6.66 6.64 7.48 7.70 8.00
Unstructured

Casel Case2 Case3 Cased4d Caseb

KN(E), Work 9.39 9.89 10.83 11.17 11.55

KN(E), GLSU 5.05 5.51 6.17 6.28 6.80

TABLE 1.1. For n = 50, 100x MSE for simulations. KN = kernel, GLSU =
our GLS method with an undersmoothed preliminary estimate. Work = Work-
ing independence. For kernels, the local bandwidth method EBBS was used to
estimate the bandwidth. We considered three correlation structures: exchange-
able with common correlation p = 0.6, autoregressive with correlation p = 0.6,
and unstructured where the correlation between measurements 1 and 2 and be-
tween measurements 2 and 3 is 0.80, and the correlation between units 1 and 3
is p=0.5.

4 Discussion

Our work was motivated by the fact ([3]) that currently existing methods
for nonparametric kernel regression with correlated data do not account for
the correlations in a sensible way. Indeed, these methods are often worse
than simply ignoring the correlation structure entirely, i.e., than the work-
ing independence estimate.

Our main result is the construction of a two—stage kernel estimator that
we have shown asymptotically uniformly improves upon the working inde-
pendence estimator.

Interestingly, our proof shows that the asymptotic variance of the two-
stage estimator can be calculated by applying standard methods to the
derived variables Z;;{m(-, hp)} in the second stage of the regression. More
precisely, having calculated the undersmoothed first—stage working inde-
pendence estimator and having calculated the derived variables, both the
estimator and its asymptotic variance can be computed as if the derived
variables were actual independent observations.

We have described the methods for panel data, so that each individual
unit has J observations. The methods have anticipated that the covariance
matrix has no particular structure. In other longitudinal data problems, the
number of observations per individual unit may depend on i, i.e., J; < J
say. Our methods are easily extended to this case. What is required in this
case is an estimate of the covariance matrix X; of the J; observations in
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Autoregression

Casel Case2 Case3 Cased4d Caseb

N(E), Work 3.92 3.89 5.29 4.86 5.48

N(E), GLSU 2.91 2.78 3.99 3.53 4.19
Exchangeable

Casel Case2 Case3 Case4d Caseb

N(E), Work 3.91 4.29 5.07 5.11 5.67

N(E), GLSU 2.73 3.20 3.80 3.81 4.48
Unstructured

Casel Case2 Case3 Cased4d Caseb

N(E), Work 3.93 404 480 511 549

N(E), GLSU 2.10 2.17 2.62 2.79 3.26

TABLE 1.2. For n = 100, 100x MSE for simulations. KN = kernel, GLSU =
our GLS method with an undersmoothed preliminary estimate. Work = Work-
ing independence. For kernels, the local bandwidth method EBBS was used to
estimate the bandwidth. We considered three correlation structures: exchange-
able with common correlation p = 0.6, autoregressive with correlation p = 0.6,
and unstructured where the correlation between measurements 1 and 2 and be-
tween measurements 2 and 3 is 0.80, and the correlation between units 1 and 3
is p=0.5.

the 7th unit, and then (1.2) can be employed. Generally in such situations,
the covariance matrix is estimated in a structured way, as a function of a
vector parameter v, so that the covariance matrix X;(y) is known up to
the parameter v, e.g., as exchangeable, autoregressive, etc. We believe but
have not proved that the extension of our two—stage method to this case
will still improve upon the working independence estimator.

Finally, we note an important technical point. In (1.2), the choice of
A is crucial. While it is true that, for any diagonal matrix A, Z;(m) =
m(X;) + A" €;, our results are only true for our particular choice of A.
The last step in the proof in Section 5.1 only holds for our choice.

5 Appendix

5.1 Sketch of Proof of Result 1

From [3], to terms of order Op{h3 + (nhy)~'} = 0p(n~'/2), we have the
asymptotic expansion

-1

J
my(z, hy) —m(z) = (h2/2 @) (z) + Zsjlfj (1.10)

Jj=1
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n J

xn ! Z Z th (Xij — a:)Uijsj_jl.

i=1 j=1

Now, m(z, h,hp) is the intercept when solving the local linear regression
estimating equation

n J
1
° - ZIZI [(Xi,- —w)/h] GE( Xy =)
=1 )=
X [Zij {Mp(Xij, hp)} — a0 — a1 (Xij — z)/h].
Define
nt ZZ@Kh i — ) {1, (Xi; —2)/h}" {1, (Xi; —2)/h} .
i=1 j=1
Then by simple algebra, it can be shown that
m(z,h,hy) = (1,000, (Bin + Ban);
n J
Y
i=1 j=1
Jj=1
X

GER(Xij — ) {1, (X, m)/h}T Zij(m);

Bay = n_lz [ U_x/h]cj n(Xij — )

[Zi {mip(Xij, hp)} — Zij(m)] .-
Now, to terms of order O,(h?),
Zij(m) = m(X;;) +w-_-1 €35
(@) + hm™ (2){(Xy; — z)/h}
+(h?/2)m® (@){(Xi; — 2)/h}* + wj_jlem
= {m(@), ™ (@)} {1, (X;; - 2)/h}"
+(h?/2)m® (@){(Xi; — 2) B} + wjj €.
By standard calculations, it is easily seen that
(1,0)C; ' B, = m(z) + (h*/2)m>)(z)
J -t n J
+ {Z ijj(w)} n YD (G fwig) Kn(Xij — )
j=1 i=1 j=1
+o,{h? + (nh)~/?}.

The mean of this expression is m(z) + (h?/2)m(? (z) and its variance is
(16).
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Note that
Zij {mp(Xij, hp)} — Zij(m) = mp(Xij, hp) — m(Xi5)

J
_wj_jl ijk {Mp(Xik, hp) — m(Xi)} .
k=1

Using (110), we can write (1, O)CngQn = (1, O)Cgl(Bgnl — Boyo+ Boyps —
BQn4), where

; 1
(1,0C; ' Bos = (B3/2) {Z Gifi() }
j=1

n J
xS0 DTGB (X — ) (Xy)

i=1 j=1

J -1
(1,00C, ' Bana = (hp/2) {Z Gifi (m)}

n J
xn~! Z ZCth(Xij — 1) Z %mm)(Xik);

i=1 j=1 PRl
J - n J
(1,00 By = {chfj(w)} Y N GEA(X — o)
=1 i=1 j=1
J ) » J
x {Zs;ﬁf;-(xm}
j=1
n J
xn ! Z Z th (Xh. — Xij)UgTS,:rl;
=1 r=1
J - n J
(1,00C,, 'Bopsa = {Zijj(@")} nilzZCth(Xij — )
j=1 i=1 j=1

n J
xn_l Z Z th (Xgr — Xik)UgTSZTl.

{=1r=1
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It is easily seen that to order o,{h? + (nh)~'/?}

-1

(1,0)C; " (Bant = Banz) = —(h;/2) Zé}fa

M M
x Z Z(Cjwjk/wjj)E {m(z) (Xir)| X5 = :U} )

J=1 k#j
It is tedious but straightforward to show that
(1,00C, *(Bang — Bana) = 0p{h* + (nh) /?},

completing the proof.

5.2 Proof of var{m(z; h, hy)} < var{m,(z;h)}

Denote by A any J x J positive definite symmetric matrix. Let A = {a”}
B =A'? = {b;} and C = A~'/% = {¢;;}. We first show that ¥ 7
21:1 (1/as)-

Since for any 1 <4 < J, a = E iy b3;, we have b}, < ay;. Since B is
a positive definite matrix, the standa.rd matrix theory gives ¢;;b;; > 1 ([1],

page 403) It follows that c¢;; > 1/by > 1/\/as, i-e., c;i > 1/y/ai;. Hence
Ez 1 sz - Zz 1(1/(]’“)

Define A = f 22712, where f diag{fi(z), -, fs(z)}. Then
the diagonal elements of A are a; = si/fj(z). Now C = A~1/2 =
f1/4x5~1/2 £1/4 The diagonal elements of C are c“ = w;; fi(x)'/?. Using the
above results, we have Z,-le wi fi(z) > Zz 185 fi(z). Tt follows immedi-
ately from equations (1.4) and (1.8) that var{m(z; h, hp)} < var{mp(z; h)}.
This completes the proof.
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