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Motivated by a nonparametric GARCH model we consider nonparametric addi-
tive autoregression models in the special case that the additive components are
linked parametricallyWe show that the parameter can be estimated with paramet-
ric rate and give the normal limiOur procedure is based on two stepsthe

first step nonparametric smoothers are used for the estimation of each additive
component without taking into account the parametric link of the functibna
second step the parameter is estimated by using the parametric restriction be-
tween the additive componentsterestingly our method needs no undersmooth-

ing in the first step

1. INTRODUCTION
1.1. Background

Additive nonparametric regression models have found wide use in statldtss

ie and Tibshiranil990 and remain an area of vigorous reseai@©psomer and

Ruppert 1997 Opsomer2000 Mammen Linton, and Nielsen1999 Linton,

1997 Fan Hardle and Mammen1998. This paper explores a variant of the

problem in which the components of the additive model are linked parametrically
The recent development of nonlinear time series analysis is primarily due to

the efforts to overcome the limitations of linear models such as the autoregres-
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sive moving-averagéARMA ) models of Box and Jenkind976 in real appli-
cations It has long been recognized that financial time series models that
incorporate clusters of volatilities are more appropriate than ARMA specifica-
tions We consider here as a motivating example an application of nonlinear
time series analysis to foreign exchange high-frequency. data

For these data the autoregressive heteroskedastic m@deGH) by Engle
(1982 have been studied extensiveyn ARCH model for time serie§Y;} with
ARCH error term of ordeq is defined throughX; = o¢;, where¢, are inde-
pendent mean zero and variance one random variables@sdw + a; X2 ; +
X2, + oo+ athz_q, with w > 0, = 0,i = 1,...,Q.

In foreign exchange data it has been found that the ayders to be selected
quite high to fit the model wel(see Bollersley1986. The reason is volatility
clusters i.e,, the conditional variances are highly correlatdsh ARMA-like
model for the squared observations was therefore proposedan Boller-
slev (1986:

q p
0't2 =w+ .z:lai th,i + 2:1,8]- O'tz,j. (D)
i= j=

Models of this type are called GARGH, q) models For a general discussion

of GARCH models see also Bollersléangle and Nelsor{1994). Although this
model class showed better fitting properties it was soon criticized because the
dependence on past observations is treated in a symmetrigasijive and neg-
ative shocks ofX;_,..., X;_q have the same influence on the volatility of the
current periodsee Gouriéroux1997). Modifications of the GARCH model that
allow asymmetries have been proposed by Neld@91) (EGARCH models

and by Rabemananjara and Zako{a893 and Zakoiar{1994 (TGARCH mod-

els). In a TGARCH(1,1) model the time series is generated by the dynamics

X = ovés (@)
o = 9(Xi_1) + Boiy, (3

whereg is a piecewise linear function with given break poin®early this
includes asymmetric choices gf Furthermore by increasing the number of
breakpoints ofy the GARCH(1,1) specificationg(x) = w + a;x? can be ap-
proximated by a TGARCHKL,1) model In this paper we study a nonparametric
generalization of this modelWe assume thag is a smooth functionand we do
not use any parametric assumptions @rrhis generalizes the GARCH,1)
and the TGARCHZ1,1) model In a slightly modified model we discuss hogv
can be estimated by smoothing methdetsr a motivation of our modified model
note that by repeated use of equati8h we can writeo? = 372, B 1g(X,_;).
An approximation of this model with a finite numbérnf lags reads

J
X¢ = _Ellgjilg(xt—j) + €, (4)
i=
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with €, = X2 — o;2. Model (4) was proposed in Hafngd998. Other non- and
semiparametric extensions of ARCH models have been studied by Gouriéroux
and Monfort(1992 (QTARCH mode] and by Hardle and Tsybakoid997)
and Hardle Tsybakoyand Yang(1998 (CHARN maode). In this paper we will
discuss nonparametric estimation@fn model (4). Model (4) is an approxi-
mation to model2) and (3), being implied by it when) = co. This brings up
the obvious questiarnwhy not work with (2) and(3) directly? The major rea-
son is that there is no known way to estimgte) andg directly in (2) and(3)
unlessg(-) is low-dimensionally parameterizeds e.g., in GARCH(1,1) or
TGARCH(1,1) models Furthermorein general also moddR) and(3) is only
an approximation to the stochastic structure of observed &ata priori it is
not clear if(4) or (2) and (3) will provide better approximations in applica-
tions We will study estimates of andg only under the assumption that model
(4) holds It would be interesting to know how these estimates would behave
asymptotically if(2) and(3) hold or more generally another model is correct
However an asymptotic theory for our estimates in case of model misspecifi-
cation is out of the scope of this pap€or finite sampleswe conjecture that
for moderate choices dfour estimates behave similarly in modd) and model
(2) and(3); see also our data exampiehich follows

We think that the main advantages of our nonparametric approach are possi-
ble applications for model checks and choi@r estimates off andB can be
compared with alternative parametric proposalsese comparisons give a hint
if the shape ofj is captured well by a parametric modéle will present a data
example where one can see that a classical GARCH model gets the stmpe of
quite well Furthermoreit can be checked to see if the paramegeis under-
estimated in a parametric moddlhis may happen because an overly restric-
tive shape is assumed fgrin a parametric modeA rigorous statistical analysis
of such questions requires development of test procedOnastheory suggests
using test statistics that compare parametric fitg @fith our estimateHow-
ever theory for such tests will not be developed in this papethis paper we
will discuss asymptotic theory only for estimates

We now describe our general methodoloyye write Y; = X? and X, =
(Xi=1,...,%—3)T. Then model4) can be written as a regression problem with
scalar respons¥ and vector of regressobé = (Xy,..., X;)T. Equation(4) is a
special case of the ordinary additive madel

J
E(Y[X) = E(Y) + _Elmj(x,-), )
i=

where for identifiability the component functions satigym;(X;)} = 0. In our
problem the component functions,(-),..., m;(-) are linked by a scalar param-
eter By, and forj = 2,

m,(x) = B5 my(). (6)
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Our purpose here is to estimate both the paramggeand the base function
m,(x). (Note thatm,(x) = g(x) in the preceding notationAmong the many
possibilities one stands out as relatively straightforwanémely to estimate
the component functions in the general mo@@land somehow “shrink” them
to the model(6). One method we pursuavhich is based on considerations
from the fields of errors in variables and minimum distance estimatsocom-
putationally straightforwardwith the estimate oy having an estimable stan-
dard error In addition the estimator has the pleasing property that the fit to
model (5) can be done in a standard fashievithout the need for any under-
smoothing to insure that the estimate 8 converges at standard parametric
rates The analysis of this method leads to a second method that is equally
simple to compute

We now illustrate the application of modéd) to foreign exchangdFX)
rates The behavior of FX rates has been the subject of many recent investi-
gations A correct understanding of the FX rate dynamics has important impli-
cations for international asset pricing theoyi®e pricing of contingent claims
and policy-oriented question¥he FX market is an electronic marketctive
24 hours a dayThe data set HFDF93 on which the following analysis is based
was acquired from Olsen and Associatggrich. It contains bid and ask quotes
for the rates Deutsche mark againsSUdollar (DEM/USD), during the time
period from October 11992 through February 161993 The quotes are col-
lected from the Reuters FXFX pagehich is considered a broad but not “com-
plete” data supplyFor more information about this data seee Dacorogna
Muller, Naglet Olsen and Pictet(1993 and more generally for information
about FX rate data suppliers and intradaily FX da@odhart and Figliuoli
(199)). For October 11992 through February 161993 Figure 1 shows a
plot of the DEM/USD log-returngnamely the logarithm of the ratio of the
current to the previous prigeOur data set contains D0 data valuesA
kernel density estimate of théog-) returns is shown in Figure. Zor another
nonparametric analysis of DENUSD exchange rates see Bossaekaéardle
and Hafner(1996. For an overview of applications of ARCH models in fi-
nance see Gouriéroud.997).

The paper is organized as followia Section 2we define the methods used
Section 3 provides details of the motivating exam@ection 5 describes a
small simulation Section 4 discusses our general theédy proofs are in the
Appendix

2. THE METHODS

The data are(Yii,Xj:1),...,(Ya, Xp), Where Y, = X2 and X; = (Xi_q,
..., Xi—3)T. We describe here the two methods used in this paper methods
rely on estimategr(-),...,m;(-)} from the model(5), specific examples of
which are discussed later in this article



890 RAYMOND J. CARROLL ET AL.
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Ficure 1. Log returns for the rates Deutsche mark agains. dollar (DEM/USD),
during the time October,11992 through February 14993 (scaled by their empirical
standard deviation

2.1. A Method from Errors in Variables/Minimum Distance

The first method has a natural interpretation as a functional errors-in-variables
method(Fuller, 1987 and also as a minimum distance methda will refer to
the method using the former terminolg@though the latter can also be used

To explain thisfirst fix x. Then ignoring bias and other technical detaiis
is generally the case that for some constamts> 0 and functionsw;(x), the
functions{r“nj(x)}f:l form a set of nearly independemtearly normal random
variables my(x) ~ NormaI{B(‘{lml(x),cn/vvj(x)}. If one only had this single
fixed x, then the unknowns would b8, and m;(x), and they could be esti-
mated by minimizing in3 andm;(x)

J
_Ele(x){mj(x) — Bt my (0} (7)
i=

That this is a minimum distance method is clelaris also a classical func-
tional errors-in-variables estimate with “responsém}(x)}fzz, “true predic-
tor” my(x), and “error-prone predictorth(x).
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Ficure 2. Kernel density estimate of the data from Figure 1 with bandwidth 0.8.

Continuing with fixed x, for a given B the minimizer of (7) is
G{my(x),...,My(x), B}, where

J J
G{my(x),...,my(x), B} = X WM () B X, w ()72
j=1 j=1

Note thatG{m,(x),..., m;(x), Bo} = my(X) becausam;(x) = c"flml(x).

Hence if we worked only with a fixedx, 8, would be estimated to minimize

J

gm(X)[mj(X) - BITIG{M(x),..., My (x), B1]% (8)
=

Summing(8) over all the data suggests that we estimatey minimizing

n J

2 > W (XD (X) — BITG{my (X)), ..., my(X), B 9)
i=1j=1

2.2. A Method Based on Least Squares

A special case is illuminating and suggests a second metBoppose that
J = 2 and that the variances df;(x) andm,(x) are asymptotically the same
so that we can set;(-) = w,(-) = 1. Then(9) reduces to minimizing i8
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(1+B2)’l§{mz(xi) = B (X} (10)

The leading ternfl + 82)~* in (10) plays an important role in the usual errors-
in-variables problembut here we have a different situatidmecause the “er-

rors in the variables” are small asymptotically as a result of the fact that
the “error-prone predictorih;(x) has an error that is asymptotically smdlhis
suggests that one might find a reasonable estimate if one simply removes this
leading term and minimizes instead

_ZEI{mz(Xi) — By (X))} (11)

Although there are numerical differences between minimizir@ or (11) (gen-
erally, the latter yields larger estimates f8¢), it can be shown that asymptot-
ically the two lead to the same distribution f8r

The method(11) can be obtained alternatively by replaci@g-) in (9) by
mMy(-). Thus the least squares method minimizes

M=

J
1§:lvvj(xi){mj(xi) — BTty (X)) (12)
iz

ForJ = 3, (12) leads to an estimator that is asymptotically different from the
solution to(9). We explore the differences numerically in Sectian 3

2.3. Alternatives

There is a host of possible alternative methods based on the errors-in-variables
connectionAmemiya and Fuller1988 Carroll, Rupperf and Stefanskil995
Cook and Stefanskil995.

Alternatively the method(12) can be looked upon as regressifig(-) for
j = 2 onmy(-). This could be expanded to doing all possible regressions of
m;(-) ony(.) for j > k.

Finally, a referee has suggested tli@f be placed by

n 2

J
> Yi_;BJilG{ml(Xi—j)"'-vmJ(Xi—j)vﬁ} .

i=J+1 j

We have not explored these alternativekhough our methods of argument
can in principle be used to obtain limit distributions for them

3. THE EXAMPLE REVISITED

We will first describe the integration estimate used in this paper simplicity
of notation this will be done only for the casgé= 2. The integration estimate
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has been introduced in Tjgstheim and Auedtb@94) and Linton and Nielsen
(1999 for the estimation of additive nonparametric componenis) in an ad-
ditive model

An alternative to the integration estimator is backfittimghich is described
by Hastie and Tibshiranil990, Mammen et al(1999, Opsomen2000, and
Opsomer and Ruppe(l997), among othersOur theory applies only for esti-
mates that allow a higher order stochastic expansion stated in Sectin 4
though we are only able to check this expansion for integration estimaters
conjecture that for largé application of backfitting leads to more reliable es-
timates This conjecture is motivated by the fact that the integration estimate
works for many additive components only under additional higher order smooth-
ness conditions on the additive components

The first step in defining the integration estimate uses a full-dimensional lo-
cal linear fitrh, of the datai.e., the preliminary estimatén, is defined a9,
where the vectod = (6,,64,6,)" is defined by

;Khl(xifl — Xq) Ki,(Xi—2 = %)[Y; — 07&;(x)]&;(x) = 0. (13)

Hereé&;(x) denotes the vectdd, (X;_; — X;1)/h1), (Xi—2 — X»)/h,)T. The kernel
K(-) is a symmetric density functiohe integration estimaté) of m, is de-
fined as

My (Xy) = My(Xy) — ;W(Xi)mi(xi )/Elw(xi)- (14)

Herg w is a weight functionThe estimatem) is achieved by summing out an
argument of the full-dimensional estimate

n n
mi(x;) =n* _Elw(xi )M (X, X )/nl _21W(Xi ). (15)
1= 1=

The estimatam, is achieved by summing out the other argument of the full-
dimensional estimaté,, .

Thus the first step of the procedure is to fit an additive modgthout as-
sumed links on the components, given by Y, = X? = Elemj(xt_j) + €.
For our data set of DEMUSD exchange rates we chode= 5 lags Figure 3
shows the integration estimates of the additive compon&hts integration es-
timate was calculated by fitting the full-dimensional estimate on a grid 6f 26
points The fits show a shape that is reasonably consistent with the damping
implied by (6).

Next we fitted the nonparametric GARCH modd) with m; = g1~g. For
the estimation of3 we used our method from errors in variablesee Sec-
tion 21) and our least squares meth@ske Section .2). The resulting esti-
mates were 892 and 0779 for the integration estimateespectively There
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Fi1GURE 3. Integration estimates of the additive componemisin the modelXy =
E,lej(xt,j) + €,] = 5 (dashed ling 4 (small dot3, 3 (large dot$, 2 (black),
1 (thick black. Data as in Figure Istandardized returis

are some differences between these estiméegely along the lines of what
one would expect from Figure. ne would expect from these figures that
the least squares estimate®&f would be smaller than the errors-in-variahles
minimum distance estimatdecause the latter compargs= 2,3,4,5 to a
weighted average gf=1,...,5, which is closer to the results fgr= 2,3,4,5
than to the result foj = 1.

The estimatesh,, ..., mM; and 3 can be used to construct an estimatemgf
that takes into account that the additive components are linked can be
done by using the averaged estimate

J J
1(X) =j§:léj[§(jl)mj(x)/jléj, (16)

where¢ = 207V (see alsd19) and the discussion following Theorem 4 in
the next section Here3 denotes our estimate based on the method from errors
in variablegminimum distance or the least squares methredpectively Fig-

ures 4 and 5 show plots of the estimatag and iy’ = Bi~'mi. When using
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X

FIGURE 4. Plots of the estimatey’ = ,éj’lm’{ (see(16)), j = 5 (dashed ling 4 (small
dots, 3 (large dot$, 2 (black), 1 (thick black. (Estimation of the nonparametric com-
ponents by the integration estimate andBoby the method from errors in variablgs
Data as in Figure Istandardized returis

backfitting the results change only slightlfhe plots differ slightly for the
different methodsln particular use of the method from errors in variables leads
to more asymmetric news impact functions

Figure 6 shows how the nonparametric estimates depend on the chosen num-
berJ of lags It compares the backfitting estimatesrof for different numbers
of lags (J = 5,10,20,30). We here used the backfitting estimate because for
J = 10 calculation of the integration estimate leads to major prohléme-
quires calculation of d-dimensional smoother ondadimensional gridThis is
computationally nearly infeasihld=urthermore for a stable 10-dimensional
smoother a larger sample size thanQOD is requiredIn the calculationsp
was estimated by the method from errors in variablé® estimated values are
0.789(J = 5), 0.799 (J = 10), 0.809 (J = 20), and Q788 (J = 30). The non-
parametric estimateesides small differences of the estimate Jor 5) are
nearly indistinguishableBecausel = « is the nonparametric GARCH model
(2) and(3), we conclude that in this data example mo@®lapproximates the
nonparametric GARCH modé€R) and(3) reasonably well
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FicuUre 5. Plots of the estimate$” = B1-1hv; (see(16)), j = 5 (dashed ling 4 (small
dotg, 3 (large dot$, 2 (black), 1 (thick black. (Estimation of the nonparametric com-
ponents by the integration estimate andBoby the least squares methpdata as in
Figure 1(standardized returis

Of course this analysis should be taken as illustratibecause it focuses
on short-term dependencieBor modeling of long-range dependencies such
as daily or weekly dependencmore complicated models may be needed
Furthermore the plots only show minor deviations from symmeti§o
we conjecture that for our data set the GARQH) model could not be
rejected However a more careful analysis of the deviations requires the
development of test procedurés natural approach would be to base the test
on the nonparametric estimat®;. For a test of the null hypothesis of a
GARCH(1,1) model it could be compared with,m; where E, i is a boot-
strap estimate of the expectation @f under the null hypothesig-urther-
moreg a test of our mode(4) could be based on the comparison of the fits
E*(jfl)mj(x). A rigorous treatment of such test procedures is out of the scope
of this paper

The next section discusses asymptotics of these estimates in an autoregres-
sion model
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FiGURE 6. Backfitting estimates ofn; for different numbers of lag€Orienting at the
right upper cornerthe highest to lowest values are associated With 5,10,30,20,
respectivelyData as in Figure Istandardized returis

4. ASYMPTOTICS FOR AUTOREGRESSION

We suppose that a stationary time serigs..., X, is observed and that
E(X31] X500 X0) = @ + my(Xy) + Bmy(X;-) + -+ + B2 tmy(Xy), where
for a weight functionw the functionm, satisfiesE w(X;)m,(X;) = 0. The den-
sity of (Xy,..., X1) is denoted byp, the marginal density oX; by px. For this
setup all the results will be based on the validity of the expansion

M, (x) = m;(x) + (%)hzﬁi‘lr(x) +nt i Kh(Xij =) U (X, X) €

i=J+1

n n
+nt Y v (X, x)g +n7t > t;(X;) + 0p(n~%2), (17)
i=J+1 i=J+1
where X; is the vector(X;_4,...,Xi_3) ande = Y, — a — mi(Xi_1) —
BMy(Xi_p) — «-+ — BIImy(Xi_;) with Y; = X2,
First we study the validity of17) for the integration estimat@®©ur first re-
sult shows thamj' satisfy(17). For simplicity of presentatigrthis is only done
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for the casel) = 2. The result can be easily generalized to largdor higher
order kernels at the cost of additional smoothness conditions,afsee the
discussion after Theorem Which follows). These additional conditions reflect
the well-known fact that the integration estimator does not perform well for
large dimensionsThe main reason is that the integration estimate uses a full-
dimensional smoother in a pilot stefn attractive alternative is the backfitting
estimate In the backfitting algorithm only one-dimensional smoothing is used
and thus the curse of dimensionality is effectively circumvent¥d conjec-
ture that an expansion of the forti7) holds (uniformly) for the backfitting
estimate In Mammen et al (1999, for a version of the backfitting estimate
MPACK, a stochastic expansion has been givepplied to our setup this expan-
sion is

MPACK(x) = m;(x) + (%)hzﬁj‘lr(x) +nt é Kh(Xi—; = ) U (X, X) €

i=J+1
+ Op(n~%2), (18)

with an appropriate choice af and wherer (x) is as formj' (see Theorem)1
The Op(n~%2) term in (18) can be explicitly given by an infinite seridsee
Mammen et al 1999. However it seems to be complicated to show that this
term has the form of the terms {17). Hence we can only conjecture that the
results to follow hold for the backfitting estimatBor another recent asymp-
totic treatment of(another version of the backfitting estimatesee Opsomer
(2000 and Opsomer and Rupp€(t997).

THEOREM 1 Suppose & 2. Under the regularity conditions (A) listed in
the Appendix, and if the bandwidths fulfill that & h,, h3 = o(n~%2), and
(logn)?[vnh h,]"* — 0, and if p has two continuous partial derivatives and
m, has four continuous derivatives, then the estimaiehas a stochastic ex-
pansion (17) with h= h; = h, and

F(X) = my(x) —fwnfl’px“wnx}l,

Uy (Xi, X) = W(X;_2)Px (Xi—2) P(X, Xi—5) 7%,
-1

v1(Xi, X) = =W(X_)W(Xi_2) P (Xi—1) Px (Xi—2)P(Xi—1, Xi—2) 7t [prx} )

-1
B0X,) = [W(X_)my(% )] { i wpx} .

Here, X; denotes the vectofX_1, Xi_,)T. For i} the expansion (17) holds
with the same x), with the same,(X;, x) = v1(X;, x), and with $(X;) =
Bt.(X;) and also with w(X;, X) = w(Xi_1)px(Xi_1)p(Xi_1, X)"L. In both cases,
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the expansion (17) holds uniformly forex B. The set B is introduced in As-
sumption A(iii) in the Appendix.

The statement of Theorem 1 can be easily generalizdd3@ at the cost of
a rather involved notatiarThen higher order local polynomials should be used
to meet the conditions that then become necessary for the orders of the band-
widths For the pilot estimat@&' we propose to use a local linear fwith band-
width h, say) for the estimated componef;, say) and to use local polynomial
fits of degree 2 — 1 (for anl = 1) with common bandwidtig, say for the
otherJ — 1 “nuisance” components, with | # j. For the resulting estimatah/
it is possible to verify a stochastic expansion of the fdi#). The following
additional assumptions are need&tle densityp hasl + 1 continuous deriva-
tives m; has 2 + 2 continuous derivativesand the bandwidths fulfilh =
o(n"¥8), g = o(n" Y+ Y "and(logn)?[vnhg’ '] * — 0.

The assumptions @)—A(viii) are given in the AppendidVe note that the
major assumption is A), namely that Xy, X,,... is a geometrically strongly
mixing stationary proces#&ssumption Avi) could be replaced by a moment
condition This can be done by using the truncation techniques in Md€996a
1996h. However then stronger conditions on the rates of bandwidths have to
be introduced

We now describe the main resul&uppose that we have estimateswpthat
fulfill the expansion(17). These estimates can be used to construct an estimate
of B. Asymptotics for this estimate are given in the next two theorehne
first theorem describes least squares estimatiofl (fee Section .2).

Make the definitions

J
Hy(X,B) = 3 (j - 1>BJ2{[vj*(X> - B (X)]
j=1
+ kzl[vvj(Xj)ml(xj)px(xj)uj(xvX')
- Bj_le (X)) My (X1)px (X uy(X, Xl)]};
v (X) = E[w; (X)) m;(X)v; (%, X)];
J
Ho(X,B) = _EI(J' - DRI [5(X) — B (X1
i=
§ = E[w;(X;)my(X)];
J .
Dis= 2 (i = DS “FPE{w; (X)mE(%)}.
j=1

THEOREM 2 Suppose that the regularity conditions in the Appendix hold
and for some estimate®; assume that they fulfill (17) uniformly for& B with
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h of order n"*/>, where ¢ u;, v;, and § are bounded functions with HX;) =
andsup, Z|(a3/(ax)3)u,(z X)| < o0. Then the estimate'f?(3.s — Bo) has an as-
ymptotic normal distribution with mead and variance RZ >, cov(Ug, Uy )
where Y = H1(X, Bo) ek + Ha(Xy, Bo)-

The next theorem gives the asymptotic distribution of the errors-in-variables
estimate ofB (see Section .2). For the statement of the theorem we need the
following additional definitions

s(B,x) =

R](X5B) =

M(x,B) =

T.(j, ¢, B,x) =
(), €, B,X) =
D, (B) =

g(X,B) =

H3(Xa :8)

Deyv =

J -2
[E V\/j(X)BZi‘Z} ;
=1
J
lee(x){(% = 2B 3m(x) — (€ +j = 2B 3m(x)};

J
E{ > W, (X)s(B, X )R (X, B)W,(X;)

je=1
XAB20i(x, %) = BP0 (%, X} |5

B 2w, (%)W, (X)S(B, X )R (X, B)Px (X ) U; (X, X;);

B€+j—2wj (X)W (X¢)S(B, X )Ry (Xes B)Px (Xe) U (X, X¢ )3

E{w; (Xi)s(B, X )R (Xi, B)W,(Xi)};

E D, (BB 24(X) — BI72t,(X)};

j,€=1

J
= eE {7.(), €, B,%) = T,(], £, B,X)};
=
J

2
> W(X)S(Bo,x)ml(x){zwe(x VB~ 4(15—1)}

j=1

THEOREM 3 Suppose that the assumptions of Theorem 2 hold for some
estimatesy. Then the estimate (g — Bo) has an asymptotic normal
distribution with mean0 and variance RZX,c, cov(Vy, V), Where Y =
{H3(Xi, Bo) + M(Bo, Xi)}tex + G(Xy, Bo)-

Under our model assumption theg = 8/~*m,; an improved estimatgh; of
m; can be constructed by using the estimatss...,, and an estimat@ of
B. This can be done=.g., by putting

mi(x) = ECB 079y (%) EC, (19)

where¢; are some data adaptive choices of weigfilse next theorem gives
the asymptotic distributior;(x).
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THEOREM 4 Suppose the conditions of the Appendix hold and assume that
M, are estimates with

My (x) = m(X)+<1> 2Bt (x) +nt Z Knh(Xi—j =¥ U (X, X)€;

i=J+1
+0p(n"2/%), (20)

where y is a function withsup, supy—y|<s|u;j(z,y) — uj(z,x| - 0for 8 — 0
and where h is of order n/>. Furthermore suppose tha is an estimate
of B with 3 = B + op(n~2/%) and that for some constants it holds that

¢ = ¢ + 0p(n~?5). Then °[mj(x) — m(x)] has an asymptotic normal
distribution with mean(%)n?®h?r(x) and variance #°h 1y (K)f(x) X
316 B UV (0/(Z]-1¢)%, where »(K) = [K?(u) du and §(x) =
E{eZ 1U7(Xy,..., X, X)[X;_;4+1 = x}. The variance is minimized by a choice
¢ with ¢ = ¢ Y572(x) + op(n~?%), where c is some constant. In this
case /°{mi(x) — m(x)} has an asymptotic variancefh~1v(K)f(x)/
Eleﬂz(jfl)%fz(x)-

The asymptotic variance oh?°[B-U~Yry(x) — m(x)] is equal to
nYSh=1y (K) f(x) 872" Ys?(x) (see the proof of Theorem)AClearly the as-
ymptotic variance oh?°[m;(x) — m(x)] is strictly smaller for allj for an as-
ymptotically optimal choice of;. Typically, application of asymptotically
optimal weights requires estimation q?(x). However if the weight function
w is chosen as indicator function of an interyalc, c] with c large enough we

conjecture that for the backfitting estimag#(x) does not depend strongly on
j. This motivates in these cases the chaige= 320D that leads to a nearly
minimal asymptotic variance aof;(x) for all x.

It can be easily seen that the asymptotic result of Theorem 4 applies under

the conditions of Theorems 2 and 3 for the choifes Bgy andB = Bis.

5. SIMULATION

In a small simulation study we generated time series from maodewith
Jmodel = 0, Jmodel = 5, and Jnoqel = 2. Remember that fod,oge = o0 model
(4) coincides with the nonparametric GARCH mod@) and (3). For these
time series we fitted the modé&#) with J;; = 5 andJ;; = 2. So our simulation
includes the case of model misspecificatitm particular we studied how es-
timates from model(4) with J; = 5 andJ;; = 2 perform for the nonparamet-
ric GARCH model(2) and(3) (i.e., Jnogel = ). We have run 200 simulations
The simulations were done using the statistical software Voyager Sawitzki
1996. The sample size was 5008s functiong = m; we chose

g(x) = 1— 0.9 exp(—2x2).

The variableg; has a standard normal distributi¢and thusY, /o® a y? distri-
bution). The parameteB was equal to . We used the marginal integration
estimate with quartic kernel and with bandwidtl @or the estimated compo-
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FIGURE 7. Simulated estimates of the functignLeft plots show estimates with method
from errors in variablesright plots are made with the method based on least squares
The plots show three estimates from a simulation with 200 replicatibhs MISEs
(mean integrated squared erroof the plotted estimates are the 25%0% and 75%
guantiles among the simulated valuesspectivelyThe black line shows the underlying
curveg. The first two plots show the results f08,0des Jit) = (00,2), the next two for
(00,5), followed by (5,2), (5,5), and(2,2). (Figure continues on facing page

nent and bandwidth.0 for the other component$he integration estimate was
calculated on a grid ifi—1.5,1.5] %,

For each resulting estimate @f; we have calculated its MISEmean
integrated squared erpoin Figure 7 we show the estimates with lower quar-
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FIGURE 7. Continued

tile, median and upper quartile performanc&he estimates reflect well the
shape of the underlying functiamp This also holds in case of misspecification
of the model In particular for J;;, = 5 the estimates show much fluctuation
This is related to the fact that the “actual sample sikg; is relatively small
in that case We denote byN,. the number of observations that lie in
[-15,1.5]%. We have that the average df in our simulations is equal
t0 2566 (Jnoger = 0, Jit = 2), 1050 (Inodel = o0, Jit = 5), 2987 (Imodel = 5
Jit = 2), 1519 (Inoder = 5, Jit = 5), and 4041(Jnogel = 2, Jit = 2).

6. DISCUSSION

The key feature of our moddb) and (6) is that of an additive model with

parametrically linked componentéd/e have illustrated the use of the model in

a financial time series context and obtained asymptotic results for autoregression
The methods are conceptually simpBne first uses standard additive model

techniques to obtain estimates of the componeard then estimates the link-

ing parameteB, by combining the component#t is surprising and pleasing

that standard additive model techniques can be used for the first stage without

the need for the undersmoothing which often occurs in semiparametric madeling
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We have illustrated the use of two such combinations of the component es-
timates one an intuitive least squares approd&ection 22) and one moti-
vated by errors-in-variablgminimum distance consideratiofSection 21). At
least in principle one would conjecture that the basic idea of estimagsbould
generalize to such things as generalized linear mod#iigaining asymptotic
distributions for such generalizations is likely to be challenging

In this paper we present results only for methods using the integration esti-
mate This estimate has drawbacks for high dimensiditse backfitting esti-
mator is a popular competitor that more efficiently circumvents the curse of
dimensionality So it would be interesting to study how the backfitting estimate
works as a pilot estimate in our proceduRecently some work has been done
on the asymptotics of backfittingnfortunately this work does not easily al-
low to derivation of second-order properties that are necessary to study back-
fitting for our setup

An interesting generalization of the modd) would be to allow for the ad-
dition of other parametrically linked terms of the foZ, based on covari-
atesz,. In the context of the exampléhese covariates might include information
about previous market behavjexg., yesterday’s volatilityAgain, although the
ideas may seem straightforwagttually obtaining asymptotic results may well
prove to be difficult
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APPENDIX

Assumptions: Condition A

(i) X1, X,,... is a stationary process that is geometrically strongly mixing,
a(K) = copX for some constants, and 0< p < 1.

(it) For allq there exists a constan such that for all indices, ..., iq the density
of (Xil,...,Xiq) is bounded byc,.

(iii) The weight functionw has a continuous derivative and a bounded supBort

(iv) The densityp of (Xj,...,X;) is continuously differentiableand onB” it is
bounded away from.0

(v) The regression functiom, is two times continuously differentiahle

(vi) The variables; have a finite Laplace transforme., Eexp(ye;) < oo for |y|
small enough
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(vii) The conditional variance ?(x) = E(e?|X; = X) is continuous
(viii) The kernelK is a symmetric probability density with compact supp®ith-
out loss of generality we assume that?K (u) du = 1.

Proof of Theorem 1. Note that m*“(x) = eJ{n * 3" A (X)& (X & (X)L X
n 3L A Y (), where Aj(x) = Kn (Xi—1 = X)Kp,(Xi_» — X2) and where
el = (1,0,0). Note thatE(Y;|Xi_1,Xi—2) = a@ + my(Xi_1) + Bmi(X;_»). Pute =
Yi —a — m(Xi-1) — Bmi(Xi—2), m(X) = @ + mi(xy) + BMy(xz), and fi(x) =
M(Xi-1, Xi—2) — M(x) — (Xi—1 — X))mMi(Xy) — (Xi—2 — X;) BmMi(X,). We can write
M) — m(x) = e[ {n"* ZLIAEXENTT I A e + i (X)FE(X).

Now note that

) 100 010
Nt AMENEXT=p0)|0 1 0]+hpt2(x)|1 0 0
o 00 1 000

0 0 1
logn
+ h,p©Y(x)|0 0 O +Op<hf+h§+ >
g/nh;h
100 e

= p(X) 1 +hy p™2(x)1; + hp©@P(x)1,

+ Op<h§ +h2+ ﬂ). (A1)
a/nh; h,

Herep©D andp®? denote the partial derivative gfwith respect tax; or X,, respec-
tively. The expansion itA.1) holds uniformly forx € B X B. For a proof of(A.1) one
proceeds as in Bos(d 996 where uniform rates are shown for kernel density estimates
of strongly mixing observations by using exponential inequalities for mixing sequences
(see Bosg1996 Theorem 22).

Equation(A.1) shows

n -1
[nl Z A (X)fi(x)fi(X)T]
= p(x)‘l{l = h; p®2(x)p(x) "My — hyp@P (x)p(x) M,

logn
4 op<h§+ h2 + L)} (A.2)

\/nhlh2

Similarly as(A.1) one shows uniformly fox € B X B

N e logn
n i:ElA.(X)e.f.(X) OF’<\/W1hz (A.3)

and

nt é A (X (X € (x) = Op(hi + h3). (A.4)
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Equations(A.2)—(A.4) give uniformly forx € B X B:

- (x) — m(x) = efp(x)~* {I = hyp®2()p(x) "y = hyp@P () p(x) 7,

logn
+op<hf+h§+ 9 >}n1

\/nhlh2

X i A ()[e + i (X)]€ (x) + 0p(n~2). (A.5)

We use now that uniformly ix € B X B:
n* E A (X)E(X) = (1/2)hZmY (x,)e; + (1/2)h3 Bmy (x,)e;, + 0p(n~Y2).  (A.6)
i=1

For a proof of(A.6) one uses the fact that; is four times continuously differentiable
and for the treatment of the resulting sum of strongly mixing summands one proceeds
as in the proof of A.1).

We now treat the estimate

M) =7 3 Wik 0x ) [n-l » w(xi_2>] .

Note now that for allg with y; > 0 arbitrarily small andy, > 0 arbitrarily large

n PE9 (Xq, Xj5) n . 2
SUPE[hyn 2 S w(X o) ————5 "1 > A(Xy, X _p)ef
X,EB =1 p(Xy, Xj-2) i—1

= O(h29(nhy)~9n7:9), (A.7)

wheree" = €;1[|€| = yalogn] — E{€i1[|€| = y2logn]}. Claim (A.7) can be shown by
application of Davydov's inequalitysee Bosg1996 Corollary 11). For this purpose
one writes the left-hand side 6A.7) asX;,  j, i, i, "IN YEZ j-...-Z, |,
whereZ; j = W(Xj_2)p9(xyg, Xj—2) Ai(X1, Xj—2) €°/p(Xy, X;_,)?. Davydov’s inequal-
ity and our mixing conditions imply that for arbitrarily largethere exist constants’
andC” such that

[EZ iy Zipy gl =C'N7S, (A.8)
for all indicesiy, ..., joq such that there exists a1 | = 2q with |i; — ix| = C’logn for
all k # | and|i, — jk| = C’logn for all k. For the proof of(A.8) one makes use of

A(ii)—A(iv) and of the fact thalte;*| = 2y,logn. Claim (A.7) follows by a bound on the
remaining terms
With the help of(A.7) and using the fact thafor c large enough

WO X )
PR 2 1 A G, X )| = e (A.9)

a n
—hn YW, —————
' 121 (%-2) (X1, Xj2)? i=1

9%,
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we get that uniformly fox; € B

n p(LO)(Xl, Xj—z) n
hin™ Y W(Xj_2) ———— 5 Nt 2 A(X, X o) € = 0p(n~V2). (A.10)
i=1 p(Xy, Xj—z) i=1

For a proof thatA.10) holds uniformly forx; € B one shows first that it holds uni-
formly for x; € B, whereB, is a subset oB with n® equidistant points and wher2 is
an arbitrary positive constanthen the claim follows fronm{A.9) if ¢’ has been chosen
large enough

Note now that for allC” there existsy, such that max.<n|€;| = y2logn (with
probability tending to Land|E{e1[| €| = y.logn]} = n~C". Remember that; has a
finite Laplace transfornisee A\vi)). Therefore(A.10) with y, large enough implies

P9 (xy, Xi—2) n
—————— N1 DA (X, X o) = 0p(nTY2). A.11
p(xl’xj—z)z |:21 vz " ( )

h,n* Z w(X_5)
=1

Again, this expansion holds uniformly fof; € B.
With (A.11) and with similar expansions for other terms we arrive at

1
My (X1) = @+ my(Xy) + <§>h%m’l’(x1) + (1/2)h§Bfm’1’Wf

1
+ n_ E W(XJ 2)p(X1» j— 2) 1A (X17 j— 2)€| +OP(n 1/2)
i,j=1

This expansion holds uniformly fo; € B. Again using Davydov’s inequality one shows
that

72 n Kin,(Xi—2 = Xj_2) f(Xi_2) _ N 24
E[n m}_)l{W(ij) (X, Xj72)2 —W(Xi_p) (X, Xiz)z}Khl(Xil Xl)ei:|

= 0(h39(nh;)~9n"9),
As before this shows that uniformly fog € B

Khz(xifz_ Xj—z) f(Xi—2)

1
- —W(X_2)
n? p(xlvxj—z)z 2 P(Xq, Xi—5)?

2 [W(Xj—z)

= 0p(n~V?).

} K, (Xi—1 = X1) €

This gives uniformly forx; € B
1
m(X,) = a+ my(x,) + < >h2m’1’(xl) + ( ) Bfm’l’wf

+ 07 > W(Xi_o)p(Xg, Xi—2) (X o) Kn, (Ximg — X )& + 0p(n"Y2).
i-1

The expansion forn} stated in the theorem follows by some straightforward calcula-
tions For the treatment of, one proceeds similarly n
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Sketch of Proof of Theorem 2. We first verify the stochastic expansion
n
NY2(BLs— Bo) = Didn Y2 > {& Ha(Xi, Bo) + Ha(Xi, Bo)} + 0p(D). (A.12)
i=1

Again, the main tools are exponential inequalities and Davydov’s inequality for mixing
sequencesFor doing this one proceeds as in the proof of Theore/d omit details
and give a short sketch for the proof @.12).

By a Taylor series expansion

n J . .
0=n"23 3 (j = DB 2w (X)) my(X){riy (X)) — B4 iy (X))}

i=1j=1

n J .
+n 3 Y (=D~ 288w (X)my(X)
i=1j=1
X (X)) — BE My (X)IY2(BLs — Bo)
n J
- Nt > (- D2BI AW (X)ME(X)NY2(BLs — Bo) + 0p(1).

j=1j=1

The middle term is easily seen to bg(1). The last term is easily seen to Begn?/? x
(Bis — Bo) + 0p(1), whereDis = 37 ,{(j — 1)B4 “}2E{w; (X, )m2(X;)}. Finally, the
first term has the same behavior as if the leadingX;) were the same asy(X;).
Making this substitution and invokinglL7), becausem®(x) = 85 *m{(x), we find
that the result is asymptotically equivalentRe + R, where

R, =n%2 é 2 (j— 1),3cj)_2Wj(xi)m1(xi)

i=1j=1

X Zlfe{Kh(xe—j =Xy (X, %) — §H KR (Xmy = X up(X, X))},

n J X
R,=n"32> > (j— 1),8(1372\Nj(xi)m1(xi)

i=1j=1
xg[q{vj(X.,xn— § Mo (X ), X0+ {5 (X) = B (X))

Interchanging the indiceisand ¢ and using the fact th&(-) is symmetri¢ the termR;
equals

n J . n
NY23 6 D (1= DS Znt X wi(X)my(X,)
1 (=1

i=1 j=
X AKn(Xe = XUy (X, Xo) = BS T Kn(Xe = Xi) Uy (X;, X}

Using standard kernel theory ahdn/?2 — 0 one shows that the last summation has the
limit

W, (X)) My (X)) px, (X)) 4y (X, Xi—j) — é_l\Nj(Xifl)ml(xifl)px(xi—l)ul(xi7 Xi-1)-
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Similarly, R, = Ry1 + Ry,, Where

n

J n . .
Ry=n"2Xenty ; (j— 1),3672V\11(X€)m1(xg){vj (Xi, Xe) = B Hoa(Xi, X )}
j=1¢=1

i=1
n J
~n 23 en Y (j - DRI Ao (X)) — BEor (X))}
i=1 =1
and

n J ) n .
Ry, =n"32 Z Z (j— 1)36_2"\/1' (Xi)my(X;) Zl (X)) — é_ltl(X|)}

i=1j=1

n J . .
~n 23 3 (= DBy *s{G(Xi) — Bg (X

i=1j=1

This shows(A.12). Asymptotic normality ofn2(3.s — Bo) follows from (A.12)
by application of a central limit theorem for strongly mixing sequente=s eg.,
Bosqg 1996 Theorem 17). We have to verify that for some > 2 E|e; H1(X;, Bo) +
Ho(Xi,Bo)|” < co. This follows easily from Avi) and from the assumption that the
functionsw;, my,v;, fj,u;, t; are bounded foj = 1,...,J. u

Sketch of Proof of Theorem 3. One first shows that the following stochastic expan-
sion (A.13) holds

n2(Ben — Bo) = Dign /2 2 tei{H3(Xi, Bo) + M(X;, Bo)} + G(Xi, Bo)} + 0p(D).

(A.13)

Then one proceeds as in the last pra&dain, the main tools are exponential inequali-
ties and Davydov’s inequality for mixing sequencég&e omit such details and refer to
the arguments in the proof of Theorem 1

The proof of(A.13) is facilitated by noting that

mj(x) - BjilG{ml(X)r' cey mJ(X)nB}

-1 J

J
{E vvj(X)Bz"Z} > (Wi () B2y (X) — Wi () B4 2my (%)}
j=1

-1 J

J
{ PRV wﬁ“} kE w (){B%2m; (x) — B 2m(x)}.
j=1 -1

Hence EE.V is formed by minimizing

2

n J J
N2 3 > wi(X)s(8, X)) LE W, (X)) {822y (%) — B2, (X )}} .

i=1j=1
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Define sg(B, X) = (3/0B)s(B, X) andsss(B, X) = (0%/982)s(B, x). Further define

J
Q(x,B,my,...,my) = ; We(x){ﬁze_zmj(x) =B my (%)}

Ri(X, 8,my,...,my) = lee(x){(2€ - Z)Bz{fi?’mj(x) = (€ +j=2B 7 3my(x)}.

Then Bgy minimizesn Y237, 57w (X;)s(8, X)Q2(X;, B, ,,..., M) and hence
necessarily solves

Ms

J
0= n71/2 1%M(xi)sﬁ(ﬁ’xi)Qj2(xirﬂrmlr"-fmJ)
i=

n J
+2n12S S W, (X)s(B, X)Q(Xi, B, My,...,My) R (X, B, My, ..., M;).

i=1j=1

This is an estimating equatipand with an admitted lack of rigor we proceed to ana-
lyze it in a standard fashionindeed n~%? times its first derivative evaluated at

(Bo,My,...,my) is

n J
nil_EIZL\Nj(Xi)SBB(ﬁO’Xi)sz(Xi’B’ml""vm.])
i=1lj=
n J
+4n71.El.El\Nj(Xi)S,B(BOXi)Qj(Xi’BO’ml?""mJ)Rj(Xi’Bmml""?mJ)
i=1j=

n J
+2nt Y > w; (X;)s(Bo, Xi)RjZ(Xi,Bmml?'”’mJ)

i—1j=1
n J

+2nty EWj(xi)S(BOaXi)Qj(xiaBOamlv--»mj)(a/aﬂ)Rj(xi:BOam---,mJ)~
i—1j=1

However note thatQ;(x, 8o, my,...,m;) = 0, so that the first derivative of the estimat-
ing equation when normalized and evaluated 8§, my, ..., m;) is

n J

n 1ty > w; (X;)s(Bo, xi)Rjz(xi s Bo,My,..., My)

i=1j=1
J J 2

- 2.2 Ew; (X)s(Bo, X )mi(X;) {; W, (X)) B4 (e _J)} = 2Dgyy.
-1 ,

It is immediately obvious that becaus®?(x,Bo,My,...,M;) = 0,(n~¥2), then
nY2(Bev — Bo) is asymptotically equivalent to

n J
Degn 2> ¥ W (X;)S(Bos X)) Qj(Xi, Bo, My, ..., My) Ry (X, Bo, My, ..., My).

i=1j=1
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BecauseQ; (X, Bo, My,...,m;) = 0, nY2(Bgy — Bo) is asymptotically equivalent to

n J
Detn Y23 3 wi(X)s(Bo, X)) R (Xi, Bo, My, ..., M;)

i=1j=1
J
X ;We(xi)[ﬁé“z{mj(xi) = my(X)} — B Hm (X)) — me(X)1]. (A.14)

The proof is completed by using expansi¢A.7) and the fact thatmj(z)(x) =
g_lm(f)(x), in @ manner similar to that of Theorem Rfter some algebra one arrives

at (A.13). |

Sketch of Proof of Theorem 4.Proceeding as in the proof of central limit theo-
rems for kernel estimates of strongly mixing sequen@e e.g., Bosq 1996 Theo-
rems 23 and 34) and using the stochastic expansi¢20), one shows that the
vector n?/5{my(x) — my(x),...,Mm3(x) — B7tmy(x)}T has a normal limit with mean
(3)n?®h?r(x)(4,...,8°~1)T and covariance matrix equal to a diagonal matrix with di-
agonal elements®*h~»(K)f(x) s*(x). Note thatrh;(x) andriy(x) are asymptotically
independent forj # k. The first statement of Theorem 4 follows from the
fact thatmj(x) — 3,68 U Pmy(x)/3;_1¢ = op(n~?®). For the second state-
ment of Theorem 4 note that;_; c?B 2 "Ys?(x)/2;-, ¢? is minimized byc =
BV 3(x). [



