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Abstract In the presence of covariate measurement error, estimating a regression
function nonparametrically is extremely difficult, the problem being re-
lated to deconvolution. In this paper we describe Bayesian approaches
to modeling a flexible regression function when the predictor variable is
measured with error. The regression function is modeled with smooth-
ing splines.. We provide simulations with several nonlinear regression
functions. Our simulations indicate that the frequentist mean squared
error properties of the fully Bayesian method are better than those of
previously proposed frequentist methods, at least in the examples we
have studied.
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1. Introduction

In this paper we review work of [1] on a fully Bayesian approach to the
problem of nonparametric regression when the independent variables are
measured with error. This is known to be an extremely difficult problem
in terms of global rates of convergence.

In [2] the assumption of global consistency is relaxed. They suggest
two estimators: (a) a semiparametric one based on the SIMEX method
of [3] which makes no assumptions about the unknown and unobserved
covariates; and (b) a more parametric one that assumes that the unob-
served covariates follow a mixture of normals distribution.

In [1], we proposed a new method for nonparametric function estima-
tion when the covariate is measured with error. Our procedure can be
looked at as the natural fully Bayesian extension of the techniques of [2].
It can also be looked upon as the extension to measurement error mod-
els of the MCMC technique of [7], or, viewed more broadly, the entire
Bayesian formulation of smoothing splines (e.g., [10], [11]; [8], [9]).

The methodology in [1] and reviewed here is new in two respects.
First, the adjustment for bias due to measurement error comes automati-
cally from the Bayesian machinery. In contrast, other methods explicitly
analyze the bias and devise a correction in a more ad hoc fashion. Sec-
ond, and perhaps more importantly, the smoothing parameter selector,
which also comes automatically from the Bayesian approach, is designed
for the measurement error problem. Earlier work either did not propose
a smoothing parameter selector or applied a smoothing parameter selec-
tor that ignores the effects of measurement error. However, measurement
error has large effects on both bias and variance and a smoothing param-
eter that is optimal for correctly measured covariates may be far from
optimal in the presence of measurement error.

In Section 2 we describe some background information on smoothing
splines that is necessary for our development. In Section 3, we present
our methodology. Section 4 presents simulations. The results indicate
that even as a frequentist estimator our fully Bayesian method is at
least competitive with that of [2], and sometimes much better. Section
5 presents a discussion of the results. Paper [1] should be consulted for
more details.

2. Smoothing Splines

We present a brief introduction to smoothing splines. For additional
information, see [10], [12], [6], [7], and [4].

Assume that Y; = m(X;) + €;, where ¢; has mean zero and variance
o2. Let [a,b] be the interval for which an estimate of m is sought. Let g
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be the best natural cubic spline (NCS) approximator of m, that is, the
NCS that minimizes Y {m(X;) — g(X;)}?. If m is smooth, then the
error in approximating m by g typically is negligible compared to the
estimation error, so we assume that m = g.

A smoothing spline is defined as the minimizer over g of the penalized
sum of squares

n b
S(6) = X Y= g0y +o [ {s"(@)} da, 0

for « > 0. This minimizer is a NCS with knots at the distinct Xj;
values. The integral term of (1) is a roughness penalty and «, is the
smoothing parameter. Let g = {g(X1),9(X2),...,g(Xn)} . The penalty
term can be written as ozf;{g"(a:)}Qd:c = ag'Kg, where K isann xn
dimensional matrix of rank n — 2, defined in [4]. The smoothing spline
minimizing S(g) is § = A(a)Y, where A(a) = (I+aK) 'and Y =
(Y1,...,Y,)T. The vector g uniquely defines the smoothing spline.
The Bayesian approach to smoothing splines gives the vector g a prior
density proportional to the “partially improper” Gaussian process:

(o/202)" exp { ~(a/o?)g K g} . 2)

where M = n — 2 and K is defined as above. Although both K and g
depend on the knot locations, since g’Kg = f:{g”(m)}de this prior is
independent of the knot locations. If the observations Y; are independent
and normally distributed with mean g(X;) and variance o2 then the
posterior distribution for g is multivariate normal with mean g = A(a)y,
and covariance matrix o2 A(a).

3. General Model

We consider the following measurement error model,
Yi=m(X;)+e, i=1,..,n, (3)

where the ¢; are independent normal random variables with mean 0 and
variance ‘752- The X’s are not observable, i.e., they are latent variables,
but W that are surrogates for the Xs are observed;

Wij=X;+ Uy, i=1,...,n, j=1,..m;, (4)

where the U;; are independent normal errors with mean 0 and variance
2
ol

Model (4) is more general than it first looks. It can be interpreted

as stating that a known function of the observed covariates (W) is the
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same function of the latent variables, plus independent, homoscedastic
normally distributed measurement errors. We have written (4) as if
the function were the identity function, but it could be anything, e.g.,
the logarithm. The reason for this generality is that in (3), the func-
tion m(-) is unknown, so that for example if m,(v) = m{exp(v)}, then
m.{log(z)} = m(z).

Denote 8 = (g, X,02,02,a). The posterior density is

fFOIY, W) « f(Y|g, X,0?) f(W|X,02) f(gla) f(o2) f(0?) f(X) f(«(xg)-

3.1 Fully Bayesian Approach

In this section the fully Bayesian approach to this problem is developed.
Prior distributions are placed on all parameters, including the structural
parameters (uz,02) and the variance components (02, 02), and the joint
posterior distribution is calculated. One of the benefits of this approach
is that observations of the smoothing spline are generated from the pos-
terior and therefore we estimate the entire posterior distribution of g,
not just its mode. Thus, various forms of “error bars” are straightfor-
ward to calculate. These credible sets take account of the measurement
error of the independent variables and the use of a data-based smoothing
parameter.

The method is as follows. Without loss of generality, we replace
a/a? by . The prior distributions for 02 and o2 are inverse-gamma
distributions and the prior distribution for v is a gamma distribution:
02 ~ IG(A., Be), 02 ~ IG(Ay,By), and v ~ G(A,, B,). We use the
following definitions of the inverse-gamma and gamma distributions:

1 1
f(z|A,B) = WGXP <—B—$) I(0,00) ().

f(z|A,B) = W:f‘l €xp (—%) T(0,00) (€)-

For the simulations and examples in this paper we use a hierarchical
Bayes approach. A normal distribution with mean u, and variance o2
is used, where p, ~ Normal(d,,t2) and 02 ~ IG(Ay, By).

The hyperparameters that are fixed a priori and thus are “tuning
constants” are denoted by Roman fonts. They are Ay, By, Ay, By,
Ay, By, dy, t2, A;, and B,.
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Assuming the hierarchical normal structure for [X], the joint posterior
is proportional to

1 n n myg
exp{ —gmz S0~ gXOP — 5w 35 (7 - X7

T¢ =1 U =1 j=1
1 « 1
- X_ 2 - _d 2
20_% i:1( i Hm) 27% (,ux I) }

1 1 v 1

x —(v/2)g'Kg — —— — ——_ — ' _ 6
exp{ T Tt Bwag} (6)

_ 21" my+Ap+1) _
X0 2n/2+Ac+1) ;- (3 2z mitAu )Gm2(n/2+Ax+1),y(A,,+M/2 D,

where M = n — 2 as in (2). The sampling is done using a successive
substitution algorithm ([5]).
The complete conditional distributions for the parameters are

g|X,v,02,Y,W ~ Normal { A(c?7)y, 02 A(c?7) };

my
Xi|Wi,g,0%,02,Y,W o exp | ZWW X;)?
U j=
1 1

gz i —9(X)Y — 5 (X —pa)’ls (1)

€

019, X, Y, W ~ IG(Ac +n/2,[1/Bc + (1/2) Z{Yi —g(Xa)¥17);

M

1 _
Vg, X ~ G(A, + = [1/By + §gTKg] Y;

piz| X ~ Normal{(nXt, + dg02)/(nt2 + 02),02t2/(nt2 + o2)};

n
02X ~ IG[Ay +n/2,{B;" + (1/2) > (Xi — )} '];
=1
02| X ~IG(Au + (1/2) > mi,
=1
' n m;

[1/By + (1/2) > > (Wij — X:)*] ).

i=1 j=1
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Observations from each of the complete conditionals are drawn iter-
atively in the order presented above. The generation of an observation
of g is computationally difficult for smoothing splines because they have
n knots. Because the values of X, K (for smoothing splines) and ~
are continually changing in the algorithm the matrix A(o27y) (which
is n x n) and its inverse must be recomputed for each iteration of the
MCMC algorithm. Reference [7] discusses an algorithm for generating
observations of g in O(n) operations.

The complete conditionals for the X;’s require a Metropolis-Hastings
step. This is done by generating a candidate observation of X; from a
normal distribution with a mean of the current value of X; and a stan-
dard deviation of 203) / v/m;, where a&z) is the current value of o, in
the MCMC algorithm. Using W; as an estimate of X;, without the in-
formation in the regression function, has a standard error of aq(f) [/
Using the rule-of-thumb of a candidate value having a standard devia-
tion twice the standard deviation of the marginal posterior provides a
conservative candidate distribution for X;. In terms of efficiency of the
Metropolis-Hastings step, in our experience it is better to overestimate
this standard deviation than to underestimate it. The evaluation of the
complete conditional for X; is computationally straightforward.

Generating observations from each of the other complete conditionals
is straightforward and fast. Because the position of X changes through-
out the algorithm, when using smoothing splines, we keep track of the
value of g at a uniformly distributed grid of points. For each realization
of g in the sampler the value of g for each grid point is recorded. This
enables us to keep track of pointwise moments and percentiles.

Having observations from the joint posterior distribution provides a
powerful tool for inference. The pointwise mean curve is a natural es-
timate of the regression mean function m. Pointwise credible intervals
can also be calculated very easily from the observations of g. Func-
tions (linear or non-linear) of the regression function can also be esti-
mated, along with standard errors. This is the approach used by [11]
in non-measurement error cases and [7] in non-measurement error semi-
parametric models. The work in [11] work predated the revolution in
Bayesian computations and she treats the smoothing parameter as fixed.
Reference [7] uses the Gibbs sampler to adjust the credible sets for uncer-
tainty in the variance components that define the smoothing parameter.
In the present work, use of the Gibbs sampler also adjusts the credible
sets for measurement error.

For an example we consider simulated data. The data consist of 100
X’s generated from a standard normal distribution. The responses, Y,
were generated from a normal distribution with a standard deviation of
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Figure 1.  An example of the fully Bayesian Spline. The solid curve is the true
regression function. The dashed middle curve is the mean of the posterior of the
regression function. The dotted error bars represent the piecewise 90% credible in-
tervals.

0.3 and a mean function of

_ sin (7z/2)
1+ 222%{sign(z) + 1}

m(z) (8)

Each m; = 2 and the W;;, for j = 1,2, are normally distributed with
a mean of X; and a standard deviation of 0.8. A pointwise posterior
mean curve is used for the estimate of m. Credible curves are calculated
by interpolating the pointwise 100(1 — @)% credible intervals. A burn-
in time of 500 observations is used with 1000 observations from the
posterior. Figure 1 shows the estimate of g and the 90% pointwise
credible curves.

There are at least two possible methods for choosing the smoothing
parameter for a smoothing spline. We place a prior distribution on +.
Reference [7] uses an identical procedure within semi-parametric models.
It is worth noting that by placing a continuous density prior on vy, we
have automatically given zero prior probability to the possibility of doing
no smoothing at all. This is an automatic way of avoiding the possibility

of gross undersmoothing that caused so much trouble for the methods
of [2].
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4. Simulations
4.1 Basic Simulations

We performed a series of simulations to compare our methods with those
of [2]. In each case, 200 simulated data sets were generated, with X;
generated as independent normal random variables with mean u, and
variance o2, with two replicates (m; = 2), and with ¢; also normally
distributed. In each simulation, for the fully Bayesian method, the
following prior distributions are used: o2 ~ IG(1,1), 02 ~ IG(1,1),
v ~ Gamma(3,1000), p; ~ N(0,10%), and 02 ~ IG(1,1). These priors
were selected because of their relative flexibility. They are all proper,
yet they are not strong, in the sense of bringing a lot of information to
the problem. We found the results insensitive to moderate modifications
of these priors. The flexibility of these priors are demonstrated by their
success in the different regression functions used in the simulations.

For purposes of bias and mean squared error calculations, the smooth-
ing spline estimates of g were computed on a grid of 101 points in the
interval [a, b], the interval chosen to contain most of the distribution for
X. The mean squared biases and mean squared errors were computed
over this grid.

The five cases considered were the following:

Case 1: The regression function, m is given in (8), with n = 100, a =
—2.0,b=2.0 02 =0.3%, 02 = 0.8%, p; =0 and 02 = 1.

Case 2: Same as Case 1 except n = 200.
Case 3: A modification of Case 1 above except that n = 500.

Case 4: Case 1 of [2], so that m(z) = 100023 (1 — )3, 2z = zI(z > 0),
with n = 200, @ = 0.1, b = 0.9 02 = 0.0015%, 02 = (3/7)02, iz = 0.5
and o2 = 0.25%.

Case 5: A modification of Case 4 of [2], so that m(z) = 10sin(47zx), with
n = 500, a = 0.1, b = 0.9 02 = 0.052, 02 = 0.1412, p, = 0.5 and
o2 = 0.252.
The methods compared were the following:

® naive smoothing spline fit ignoring measurement error;
s fully Bayesian approach;

= Structural method ([2], 5 knots.

m  Structural method, 15 knots.

Table 1 presents summary results for mean squared error. The striking
feature of this table is that our Bayesian estimator has at least as good
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| Mean Squared Error X102 |

Method Casel 2 3 4 5 6 7 8 |
Naive 6.91 557 538 11.55 379 577 584 16.48
Bayes 2.84 1.56 1.47 1.95 1/03 2.69 2.49 7.41

Structural(5) 8.17 3.82 1.73 2.17 203 727 791 16.84
Structural(15) 9.90 540 1.85 237 0.80 6.94 991 20.22

Table 1. The mean squared error for the simulation. “Naive” is the naive smoothing
spline, “Bayes” is the fully Bayesian method, and “Structural(m)” is the Structural
regression spline of [2] with m knots. In each column, the smallest MSE values is in
boldface.

frequentist properties as the frequentist methods. In cases 1 and 2, it
clearly dominates, having less than half the mean squared error of the
other methods. In cases 3, its mean squared error efficiency is 20%
greater than the structural spline with 15 knots, while it is only 25%
less efficient in Case 5. The improvement of the fully Bayesian method
over the frequentist methods is especially large for smaller sample sizes,
e.g., Cases 1 and 6 (see below) where n = 100.

Clearly, even this limited simulation suggests that our Bayesian method
is at least competitive with other methods proposed previously in the
literature.

5. Discussion

The Bayesian approach to measurement error, modeling the mismea-
sured variables as latent random variables, and integrating them out,
is a powerful one. In this paper we have developed a Bayesian method
for nonparametric regression in the presence of measurement error. By
modeling a smoothing spline from a Bayesian point of view we create
algorithms to calculate the posterior distribution of the regression func-
tion. The resulting estimate accounts for the effects of measurement
error both upon the estimator and upon the smoothing parameter. The
resulting smoothing parameter selector appears to be the first that ad-
justs for the effects of measurement error.

The simulations demonstrate the flexibility of the fully Bayes ap-
proach, and even its efficiency in the frequentist sense, at least in the
examples we have investigated. The fully Bayes approach also enable
inference on more than just the regression function.

We believe that the reason that the fully Bayesian approach works
better than previous proposals is this: often one can estimate the un-
known X significantly more accurately using all information in the data
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about X; rather than by using just the W;;,j =1,... ,n;, see [1] for de-
tails. Clearly, this leaves open the possibility that with highly nonnormal
errors, or highly heteroscedastic ones, the misspecified information from
our simple model will lead to bias or other deleterious behavior in the
Bayesian method.
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