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ABSTRA CT

Quartile and conditional quartile statistical thinking, as| have innovated it in my
researb since1976,is outlined in this comprehensie survey and introductory coursein
guartile data analysis. We proposethat a (grand) uni cation of the theory and practice of
statistical methods of data modeling may be possibleby a quartile perspective. Our broad
range of topics of univariate and bivariate probability and statistics are best summarized
by the key words. Two fascinating practical examplesare given involving positive mean
and negative median investmen returns and relation betweenradon concetration and
cancer.
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0. Philosoph y. Quartile and conditional quartile statistical methods are not widely
practiced in introductory statistics courses. They were pioneeredby Galton (1889) who
computed medians and quartiles of conditional distributions of heights of sons given
heights of parerts, and discoreredthat they had constart scaleand linear location. Gal-
ton thus pioneeredregressiongorrelation, bivariate normal distributions, and conditional
normal distributions. Many facts about quartiles have a long history and were known
before 1900(seeHald 1998)).

Quartile statistical thinking, asl haveinnovated it in my researt sinceParzen(1979),
is outlined in this paper. My teaching philosoply hasasits maxim: to earn more, learn
more, and beliewe that learning a lot (answering all related questions) is easierthan
learning little (answering only the questionsasked).

| teach that statistics (done the quartile way) can be simultaneously frequertist and
Bayesian,con denceintervals and credibleintervals, parametric and nonparametric, con-
tinuous and discretedata. Your rst choice of data modelsis parametric; if they don't
t you provide nonparametric models for tting and simulating the data. The practice
of statistics, and the modeling (mining) of data, can be elegan and provide intellectual
and sensualpleasure. Fitting distributions to data is an important industry in which



statisticians are not yet vendors. We beliewve that uni cations of statistical methods can
enableus to advertise \What is your question? Statisticians have answers!"

1. Probabilit y Law of Random Variable Y. To descrike the probability distribution
of arandomyvariable Y conceptsinclude: distribution function F(y) = P[Y ], quartile
function Q(u) = F (u), probability massfunction p(y) = P[Y = y], probability density
function f (y) = Fqy), and mid-distribution function F™d (y) = F(y) :5p(y).

To denotethe distinct conceptsof p(y) and f (y), the sameletter should not be used,;
usingthe sameletter is detrimental to quartile domainand Bayesianreasoning.A discrete
random variable can be descriked by p(y) and a cortinuous can be descriked by f (y).

Important examplesof cortinuous distributions are standard exponertial f (y) =
eY;F(y) = 1 e, and standard normal (y); ( y). Location-scalemodels for con-
tinuous random variablesY represeh Y = + Yy where Y, has standard distribution
Fo(y); then F(y) = Fo((y )= ). Normal (; ) distribution hasF(y)= ((y uw=).

2. Mid-distribution Transform. The mid-distribution function conceptF ™ (y) is
important for discrete distributions, especially sampledistribution functions. When F
is cortinuous U = F(Y) is Uniform (0,1). When F is discrete we use mid-distribution
transform W = F™4(Y); it hasmeanE (W) = :5 and variance.

VAR(W) = (1=12)(1  E[p*(Y])

| would appreciateinformation about publishedproofsof this elegan formula for VAR(W);
it is important for applicationsto data with ties (compareHedkman and Zamar (2000)).

3. Sample Distribution Function. A sampleYy;:::;Y, has: a sampledistribution
function

X
FM=PIY yl=@0=n I(M V)
t=1
wherel (Y y)=1or0OasY yorY >y, sampleprobability massfunction p (y) =
P [Y = y]; samplemid-distribution function F ™d(y) = F (y) :5p (y). A cortinuous
versionF ¢(y) of the discretesampledistribution F (y) is de ned below.

4. Percent Function. The distribution function canbe denotedu = F(y) = u(y) and
called the percern function sinceu(y) is the percer of the population whosevaluesare
lessthan or equalto y. Percen is similar to the p value of the statistic T under a null
hypothesisH, about the distribution of T.

5. Percentile Function. The percerile or quartile function is the inversey = Q(u) =
F (u) = y(u) ofu= F(y) = u(y). We call u the percent of y, andy the percerile of u.

To rigorously de ne y = Q(u) suppose rst that u is in the range of F; there exists
avaluey sud that u = F(y). De ne y = Q(u) to be the smallesty sud that u = F(y)
and F (Q(u)) = u. The generalde nition of quartile function: for0 u 1

Q(u) = F *(u)=inf(y: F(y) u)



The graph of y = Q(u) is a rotation of the graph of u = F(y). Experts on perception
report that rotating a picture often helpsus seepatterns. Verify geometrically that
YA 1 Z 1
jFu(y)  Fa(y)idy= jQu(u) Qz(u)jdu:
0

1

Quartile y = Q(u) of standard exponertial
u=F()=1 e’ y=Q()= log(l u):

Quartile of standard Normal (0,1) is  (u). Excellert approximation for large of
quartile Q (u) of Gamma( )= is given by Wilson-Hillferty transformation:

1 11 3
Q= 1 9—"'5—5 *(u)

6. Quantile formula for mean, variance.
Z, z

1
E(Y) ydF(y) = . Q(u)du;

1

YA 1
. (Qu)  E(Y))*du

VAR(Y)

For a sampleYs;:::;Y, the samplemeanY should be computed NOT by

X
Y =(1=n) Y,
t=1
but b
y " Z,
Y=(@1=n Y(@;n= Q (udu
t=1 0
whereY(1;n) ::: Y(n;n) are the order statistics of the sampleand Q (u) is the

sample quartile function. Quartile thinking de nes statistics as summation done by
sorting (ranking) data beforeadding.

A mean can be a misleading summary of a distribution; one should always plot the
guartile function to learn skewnessand tails, and outliers (seeAppendix for very practical
example).

The samplemeany = = E [y], the meanof the sampledistribution. The sample
variance should be de ned asthe variance of the sampledistribution, de ned

X0
2= (1=n) (Y, Y)%

t=1

We beliewe teaching statistics is made di cult by the popular de nition of sample
varianceas

s?= (v Y)’=5(n 1)



S? should be called the adjusted samplevarianceand accompaniedby our generalde ni-
tion of samplevariance.

7. Percentile Metho d of Simulation. Quartile function Q(u) canbe usedto simulate
Y from U which is Uniform (0,1) by Y = Q(U); onecan shawv

PIQ(U) yl=PlU FWWI=F(y)=P[¥ VI

8. Credible intervals. A1l credibleinterval for Y can be obtained from

Py( =2=Q( =2) Y Q@ (=2)=yd (=2)]=1

Let be a parameterof a probability model for Y; given a prior distribution onecan
computethe quartile function Q(u) of the posterior distribution of givendata. One can
expressBayesiancredible interval for , with credibility 1

PL( =2)=Q( =2) Ql (=2)= (1 ( =2))jdata] =1

9. Condence interval, parameter inverse pivot quantile function. Let be
parameterof a probability model f (yj ); regard asa constart to be estimated. Assume
we can form a pivot T () satisfying (1) it is a function of and the data, which is
increasingin ; (2) its distribution when is the true parametervalueis idertical with the
distribution of random variable T with quartile function Qt(u). Dene (u);0< u< 1,
by
T ((U)=Qr(u); (=T YQr(u):

Wecall (u) parameterinversepivot quartile function. It satisesF+[T ( (Qt(u)))] = u.

Convertional con dence intervals and hypothesistests can be expressedn terms of
(w. A1l con denceinterval for is

( =2) @ (=2)

becausewhen is the true parametervalue the set of samplesfor which

Qr( =2)=T ((=2) T () T(A (=2)=Qr1 ( =2)

has probability 1 . The rejection region o ( ) has probability P[T ( o))
Qt( )] = underthe hypothesisHy: = .

Our concept (u) should be comparedwith the concept” de ned in the bootstrap
percertile method of con dence intervals (seeDavison and Hinkley (1997), p. 193)asa
random variable which is an endpoint of acon denceinterval. Theydene P[ < " ]= ;
the probability function P should be denotedP to emphasizethat it is calculatedunder
the assumptionthat is the true parametervalue. Our more rigorous de nition of (u)
writes the probability statemen

PIT ((w) TCI=PT Qr(u)]=u



The conceptof parameterinversepivot quartile (u) facilitates computing con dencein-
tervalsfor seeral con dencelevelsbetween.5 and .99in order to discover any asymmetry
in the con denceinterval about the point estimator of .

10. Quantile function of monotone transformations. A distribution function F (y)
is non-decreasingnd cortinuousfrom the right. A quartile function is non-decreasingnd
cortinuous from the left. For g(y) non-decreasingand cortinuous from the left we de ne
g Y(z) = sugfy : g(y) zg. A beautiful and powerful property of quartile functions is
formula for quartile function of g(Y):

Qq(v)(u) = 9(Qy (u))

11. Inverse prop erties of quantiles under inequalities. To prove the monotone
transform theoremwe usethe fact that in generalthe inverseproperties of quartile func-
tions hold under inequalitiesf (Q(u)) u,

F(y) uifandonlyify Q(u):
Similarly for g(y) non-decreasingand cortinuous from left
gly) tifandonlyify g (t):

The formula for Qg v)(u) follows from

Faw)(t) = P[g(Y) t1=P[Y g *()] = Fy(g ‘(1))

and equivalenceof following inequalities:

Fov)(t)  UWFv(g ') wg(t) Qv(u)t g(Qy(u):

12. Sample quantile function. For theory we use samplequartile function de ned
byy (uy=Q (uy=F u); it is piecewiseconstart and can be expressedn terms of
order statistics Y (1;n) Y (n; n) of sample:

Q (W=Y(G:n:;(j =n<u j=n
We can think of sampleperceriile asa fractional order statistic
y (u) = Y([un];n)

wherefun]=j ifj 1<un |.

For practice we would like a de nition of samplequartile whosesamplemediany (:5)
agreeswith usualde nition: if n=2m+ 1,y (:5 = Y(m+ 1;n); if n = 2m;y (:5) =
S5(Y(m;n) + Y(m+ 1;n)). A de nition of samplequartile function which yields these
formulasis cortinuousversionsamplequartile Q ¢(u). If sampleconsistsof distinct values
de ne Q °(u) aspiecewisdinear connectingvalues

Q (B =Y(;n)

5



Many computer programs(such as Splusand Excell) usead hoc de nitions

QG 1=n 1) = Y([:n);
Q *(=(n+1) = Y(:n);
Q% axn+1 2a) = Y(;n)

for someconstart a. Example: 9, 10, 11, 21, 26, 48, 56, 60, 60, 99 has sample lower
quartile 11 by de nition a = :5 and 13.5by de nition a= 1.
Our de nition extendsto the caseof ties in the sample. Denoting distinct valuesin

Q (F ™I(y;)) =y

We considery (u) = Q ¢(u) to be a de nition of fractional order statistic. A cortinuous
version sample distribution F °(y) is de ned as piecewiselinear connectingF “(y;) =

F o™ (y;).

13. Condence interv al for quantile function. LetY becortinuous. The parameter
= Q(p) canbedened from F(y) by F( ) p= 0. An estimator “of is dened to
satisfy
F ) p=0;

therefore ™ = Q ¢(p). A condence interval for can be obtained by de ning a pivot
T (), afunction of and data, by

Fe) p

T =~ =
O @ p=ns 3

whereZ is Normal (0,1); we are using the asymptotic distribution of T ( ) when isthe

true parametervalue. The parameterinversepivot quartile function (u);0 u 1,is
de ned to satisfy

T ((u) = Qz(u);
explicitly
Q' (pu)= (W=Q “(p+ (Pl P=n)°Qz(u))
We claim: (1) corvertional large samplel con denceinterval for = Q(p) canbe
expressed

( =2) @ (=2
2) a1l signi cant test of hypothesis = g is rejectedif ()or o (1 )
depending on whether the alternative hypothesisis ¢ or o; (3) point estimation

of is (:5) = Q ¢(p). For extensionsseeRosenkranz (2000).

14. Quartiles, Median, Quartile, Location, Scale: Important summary of a quan-
tile function Q(u) are quartiles Q1 = Q(:25);Q3 = Q(:75), and median Q2 = Q(:5).
Nonparametric measuref location are Q2 and mid-quartile

MQ = :5(Q1+ Q3):
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Measureof scaleis interquartile rangel QR = Q3 Q1. We prefer as measureof scale

twice the interquartile range:
IQR2=2(Q3 Q1)

Measureof skewnesss (Q2 M Q)=lI QI%Z; its absolutevalue is boundedby :25.

Generalmeasureof scalehave form 01 Jo(u)Q(u)du for suitable scorefunctions Jo(u)
sud asJo(u) = (u) or Jo(u) = u 5.

Shapiro Wilks statistic to test normality of a random variable Y is a sampleversion
of squaredcorrelation

Z(Q(U) 1(U)) - R Rol l(H)Q(U)dU 2 .
| Q) SQ(s)ds “du’

As atest statistic werecommendog 2 becauset is comparedwith zero,and is an ertropy
di erence statistic sinceit is the di erence of two estimatorsof log 2.

15. Sample Q Q Plot. A sampleQ Q plot comparesa samplewith a cortinuous
qguartile Qq(u) represeting a model by plotting quartile functions

(Qo(F ™ ()5 ¥5) = (Qo(u™); Q *(u™))

wherey; < <y, aredistinct valuesin sampleand u™ = F ™ (y;). We beliewe these
widely usedplots aredi cult to interpret. It helpsto align by making the functions equal
at u= :25and u = :75. This is accomplishedby plotting quartile-quartile functions

(Qo=Qo(u™); Q °=Q °(u™)):

An ideafor researt is the conceptof \con dence Q Q curves" to comparea model
Qo with samplequartile Q of data Y. Lower condenceQ Q curve joins linearly

(Qo(F ™ (y)): Q" (Fo ™ (v); =2)
Upper con denceQ Q curve joins linearly
(Qo(F ™ (¥7)); Q" (Fo ™ (v5); 1 ( =2)))

A test if the model Qo ts dataQ ¢ : doesa line exist betweenlower and upper con dence
curves? If the graph of y = g(x) ts betweenthe con dence curves, we concludeY =

d
g(X) since Qy (u) = 9(Qo(u)), where X has quartile Qo(u). Our goal is to identify
transformations of the data to normality or exponertial. For positive random variable Y,
hazard function H (YY) hasproperty H(Y) is exponertial.

16.  Quantile/Quartile  Function Q=Q(u): We de ne quartile/quartile function
Q=Q(u) of quartile Q(u)

Qu)  :5(Q(:25)+ Q(:75)),
2(Q(:75) Q(:25))

Verify that Q=Q(:25)= :25 Q=Q(:75) = :25.

Q=Q(u) =

7



If Q=Q(u) > 1 or Q=Q(u) < 1, we call u a Tukey outlier sincethe valuey =
Q(u) lies outside the fencesas de ned by John Tukey in his pioneering work on ex-
ploratory data analysis. Measureof skewnessis Q=Q(:5). Measuresof tail behavior are
Q=Q(:05); Q=Q(:95). The distribution of stock market prices follows a power law (long
tail) and is not Gaussian(medium tail).

Table: Quartile/quartile diagnosticsof tail.

Left tail Q=Q diagnostic
Short 5< Q=Q(:05) < :25
Medium 1< Q=Q(:05)< 5
Long Q=Q(:05)< 1
Right tail Q=Q diagnostic
Short 25< Q=Q(:95)< 5
Medium 5< Q=Q(:95)< 1
Long 1< Q=Q(:95)

17. Folio of Q=Q Plots and Data Mo deling. For data analysisone plots the sample
quartile/quartile function Q °=Q ¢(u). From this normalizedgraph one canidertify the
shape of probability modelsto t to data. To comparethe t of a location scalemodel
Q(u) = u+ Qq(u) one plots on the samegraph the sample quartile/quartile function
and Qo=Qo(u).

From the samplequartile/quartile function one can diagnosesymmetry and tail be-
havior of data, and identify standard distribution which might t the data, and diagnose
goodnessof t of modelsto the data. The study of a folio of Q=Q plots would enablea
statistician to idertify distributions to t to data, and idertify distributions (especially
Normal) that do NOT t the data. An exampleis studied in an appendix.

18. Densit y quantile and quantile density functions. If F iscortinuous,F (Q(u)) =
u for all u. Taking derivatives

f(Qu)QYu) = 1

De ne density quartile function f Q(u) = f (Q(u)), quartile density function q(u) = QYu),
scorefunction
fAQ(u))

— 0—
I = (W)= s

In practice we assumerepresetation near 0 and 1 asregularly varying functions:

f Q(u)
fQI )

whereL (u) is a slowvly varying or log-like function satisfying for xed y > 0

u°L(u)
u tL(u)

L(yu)=L(u)! lasu! O
An exampleof a slowly varying function is L(u) = ( logu) .

We call o and ; tail exponerts; they are usedto classify tail behavior as short
( < 1), medium( = 1),orlong( > 1). Conceptof tail behavior is widely usedby
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statisticiansto describe non-normaldistributions; tail exponerts provide rigorousconcepts
of tail behavior neededto debatethe statistical question: can the ends(tail) be usedto
justify the means?

19. Asymptotic distribution of sample quantiles. WhenY iscortinuousU = F(Y)
is Uniform (0,1) and Y = Q(U). The samplequartile of Y can be represeted

Qy (u) = Qv (Qu(u):

By delta method of large sampletheory
n°(Qy(u) Q(u) ay(UN™(Qu(u) u) Lo

One can shav

n*(Qu(w) u)! B

whereB(u);0 u 1, is aBrownian Bridge, a zeromean Gaussianprocesswith covari-
ancekernel E[B (u1)B (uz)] = min(ug;uz)  uju,. One can concludethat

n>fy Qv (u)(Qy(u)  Qu)) ! B(u):

The parameters and in a location scalemodel Q(u) = + Qo(u);fyQy(u) =
1f ,Qo(u), then satisfy approximately a regressionmodel

foQo(UW)Qy (u) = f ¢Qo(u) + foQo(U)Qo(u) + p—ﬁB(u):

Using reproducing kernel Hilbert spacetheory of cortinuous parameter regressionone
can derive asymptotically e cient estimators " and " which are linear combinations
of order statistics. One can also solvwe data compressionproblems of selectinga small

estimation and modeling as the whole quartile function.

20. Conditional quantile function. When observing(X;Y) the meanand variance
approad to statistical reasoningemphasizesconditional mean E[YjX = x] and condi-
tional variance,which are meanand variance of conditional distribution

Fyix=x(y) = P[Y yjX = X[
Conditional quartile is de ned
Qvijx=x(u) = FY&:X(U)Z

We call this formula a brute forceapproad to calculating conditional quartile. An alterna-

tive can be deweloped using the fact that conditional probability hasproperties analogous
to the properties of probability. Thereforefor g(y) non-decreasingand cortinuous from

the left

Qqv)ix =x(U) = 9(Qyjx=x(U)):
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One can shaw that F(Q(u)) = u if uisin the rangeof F, Q(F(y)) = y if y isin the
rangeof Q. A random variable Y is in the rangeof Q with probability one. Thereforewe
have:

Theorem: Powerful represemation: Y = Qv (Fy(Y)) with probability one.

Note that Y is equalin distribution to Q(U) whereU is Uniform (0,1). When Y is
discreteF (Y) is not uniform; still Y = Q(F (Y)). The represemation of Y asa transform
of F(Y) yields:

Theorem: Conditional quartile represetation
Qvjx=x(U) = Qv (s)
wheres = Qg (v)jx=x(U). To computes we write

U = Frx=x(s) = P[F(Y) sjX =]
PIY  Qv(8)jX = x] = Fyjx=x(Qv (s)):

The relation betweenu and s is a special caseof the conceptof comparisondistribution.

21. Comparison distribution PP plots. A fundamertal problem of statistics is
comparisonof two distributions F and G, and testing hypothesisHg : F (y) = G(y).
If welet u= G(y), y= G %(u) we can expressthe hypothesis

Ho: F(G '(u) = u:

We can write Hy : D(u;G;F) = u where D(u;G;F) is the comparison distribution
function whosede nition is givenfor (1) F; G both cortinuous, (2) F; G both discrete,(3)
F discrete (data), G cortinuous (model). A comparisondistribution is called a relative
distribution by Handcack and Morris (1999).

When F and G are both continuous with probability densitiesf (y) and g(y), we
assumealsoF G, de ned g(y) = Oimpliesf (y) = 0. Then

D(u) = D(u;G;F) = F(G (u))
satisesD(0) = 0;D(1) = 1. Comparisondensity is de ned
d(u; G;F) = (G Y(u)=gG *(u)):

When F; G are discretewith probability massfunctions pe (y) and ps(y), we assume
pc(y) = O implies pe(y) = 0 and de ne rst comparisondensity function

d(u; G;F) = pe(G H(u)=Rs(G *(u)):

Comparisondistribution is de ned
Z

D(u)=D(u;G;F) = ud(s;G;F)ds
0

10



Verify that D (u) is piecewisdinear betweenits valuesat u; = G(y;), wherey; < :::<y;
are probability masspoints of G, and

D(u) = F(G *(u))) = F(y):
The graph of D (u) joins (G(y;); F(y;)) andis calleda PP plot.

22. Comparison Density Rejection Simulation. The graph of d(u) provides a

able subsetof a sampleX 4;:::; X, from G. We assumea bound ¢, d(u) c¢ for all u.
Generateindependert Uniform (0,1) U; and U,. If U,  d(U;)=¢ acceptX = G =(U,)
asan obsened value of Y. Otherwisereject X . The probability of acceptances 1=c To
prove the acceptance-rejectiomule, verify that the areaunder d(u) from 0 to G(y) equals
D(G(y)) = F(y). The probability that U;  G(y) and U,  d(U;)=c has probability
F(y)=c Theewnt Y y canbe shavn to have probability F(y).

23. Bayesian Theorem for Posterior Distributions: Parametric statistical infer-
enceassumes probability model dependingon a parameter to be estimated. Bayesian
inferenceassumes prior distribution for the parameter which is a probability massfunc-
tion p( ) if isdiscrete,andis a probability density f ( ) if is cortinuous. The model for
Y given is a probability massfunction p(Yj ) if Y is discrete,and a probability density
function f (Y ) if Y is cortinuous.

The posterior distribution of given data Y is descrited by p( jY) or f(Yj ). To
compute it we apply Bayes' theorem, which we state asa 2 2 table which generalizes
the basicstatemert of Bayes'theoremfor events A and B:

P[A]B]=P(A) = P[BjA]=P[B]

Y discrete Y cortinuous

. p(JY) _ p(Y] ) [ p(jY) _ T(Y])
dserete | Ty T ) | ) F(Y)
cortinUoUS FCIY) _p(Y]) [ FCIY) _ f(Y])

fO pO) | fO) — f(Y)

24. Bayesian Inference Using Quantile Simulation: The mostinformative way to
compute the posterior distribution is by the posterior quartile function Q jy (u) using

Qiv(u) = Q(s)
s = D YuF;Fy)
u = D(siF;Fjy)

One can simulate a sample from the posterior distribution using a sample from the
prior distribution using rejection simulation and a formula for the comparisondensity
d(S; F . F jy).

11



When andY areboth cortinuous

d(s;F ;Fjv) = f v (Q (s))=f (Q (9))
= fyj=q (9(Y)=fv(Y)
Monte Carlo simulation choosesindependert Uniform (0,1) S and U; accept = Q (S) if

d(S) _ fvi=0(s(y)
max d(s) maxfy; (Y)

d(s)

U

One comparesthe likelihood of Y under = Q (s) with maximum likelihood of Y.

25. Biv ariate dependence density and comp onent correlations. To model and
measuredependenceof bivariate data (Y; X) generaltools are dependencedensity (or
copula density)

dvix (S;t) = d(s;Fv; Fyix=ox 1)
and componert correlations
Z 1Z 1

Cyix (5 k) = o ds dt dv;x (S;t) v;(S) x«(t)

for suitable orthonormal scorefunctions. Note
Z 1
ds dyx (S;t) v;(s) E[ v; (Fy(Y))jX = Qx ()]

Cvix (i; k) EL vi (Fv(Y)) xx(Fx (X))
One way to construct orthonormal scorefunctions is
vi (8) = G (Fy (s)

whereg; (u) are orthonormal functions of y.
Empirical componert correlations, estimated from data, are

Cyix (i k) = E [ vj (Fy ™ (Y)) xx(Fy ™ O

To estimate dy.x (s;t) we recommendlogistic regressionto estimate it as a function
of t for s xed. Apply it asa function of s for xed t to compute conditional quartile
Qvix=0x @ (u);0< u< 1, by rejection simulation from unconditional quartile Qy(s);0 <
s< 1.

0

26. App endix: Investment strategy with positiv e mean gain, negativ e median

gain. Investors should be aware that a stock market trading strategy can result in a
positive meangain, but negative gainsfor most investors. Each week an investor invests
in an IPO (initial public o ering) and sellsafter a weekwith gain 80% with probability
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.5, loss 60% with probability .5. Let Y denoteprot after two trades (two weeks)with
an initial investmen of $10,000;

Y 22,400if both trades gain;
=  2800if onetrade gains,onetrade loses

= 8400if both tradeslose

Probability massfunction and mid-distribution of Y are:

y  ply) FMd(y)
8400 1/4  1/8

-2800 1/2 1/2

22400 1/4 7/8
Averagegain E(Y) = 2100. Median Q2 = 2800. In other words, the strategy is
\winning" sincemeanis positive but actually losing sincethe medianis negative.

Quartiles are found by interpolation. Q1 = 6533 Q3 = 21000,Quartile/quartile anal-

ysisM Q = 72335;1 QR2 = 55066(MIN MQ)=IQR2=:284(MAX MQ)=IQR2=
:275. Thesediagnosticsindicate very short tails which occurs when we have bimodality
(two groupsof small obsened valuesand large obsened values).

27. App endix: Exploratory Data Analysis Comparison of Two Samples: Is
high indoor radon concetration related to cancerof children in home? To study this
guestionradon concerration is measuredin two typesof houses:housesn which a child
diagnosedwith cancerhasbeenresiding,and houseswith no recordedcasesof childhood
cancer. Counts and distribution function in samplesof homes(data from Dewvore (2004,
p. 43), Example 1.20) are computed.

Tablelists summary quartiles of the two samples.The conclusionsof our data analysis
are asfollows:

Comparelocation (means,medians)of two samples:Cancerhousesradon hasgreater
location parameter than do non-cancerhousesradon. What to do about an extreme
obsenation of 210in cancerhouseswhich in ates mean?

Comparescale:Interquartile range(preferredto standard deviation) indicate variabil-
ity of radon in non-cancerhomesis greaterthan variability of radon in cancerhomes.

Sideby sideboxplots: Radonnon-cancethomeshasskew distribution, radonin cancer
homesis symmetric. Non-cancerradon variability is greaterthan cancerradon variabilit y.

Identi cation of probability laws: Non-cancerhomesdiagnosticsindicate t by expo-
nertial distribution. Cancerhomesindicate t by normal distribution with outliers.

Comparisonof two samples: Most generalway to comparedistributions of radon in
cancerhomesand non-cancerhomesis to plot comparisondistribution or PP plot of

(Fradonjcancer(yj ); I:radonjno cancer(Yj ))

ewaluated at valuesy; obtained by pooling the valuesin ead sample. Intuitiv ely we con-
sider Fradonjcancer(Y) to be conditional distribution Fyjx-x(y) of Y = radon concerration
given X = type of homes, canceror no cancer. We recommendas the most general
method that one plot

(Fradon (yj ); I:radonjno cancer(Yj ))
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where Faq0n (Y) is the distribution of radon in the pooled sample.

Quantile/quartile  Q=Q plots. Figure 1 plots on onegraph Q=Q(u) for exponertial
and normal distributions and sample distribution of radon in non-cancerhomes. Our
speculation that exponertial ts data is strengthenedby this plot of the Q=Q curves.
Figure 2 plots on onegraph Q=Q(u) for exponertial and normal distribution and sample
distribution of radonin cancerhomes. This plot of the Q=Q curvessupport our speculation
that normal with outliers t data but also suggeststhat for better t we consideras a
model a Weibull distribution. The dots on the sampleQ=Q curve represen the distinct
valuesy? in the sampleplotted at uj = F ™d(y;); we dene y° = (yj MQ)=IQR2.
Thesevaluesare connectedlinearly to form sampleQ=Q(u). Note that sampleQ=Q plots
always have dots at (.25, -.25), (.75,.25) and (:5; Q=Q(:5)) which diagnoseskewness.We
do not usually plot the quartile function Q(u) becauseinformation about shape comes
from Q=Q(u).

Comparison distribution plots. Totestthe hypothesisthat the two sample(radon
in non-cancehomesand radonin cancerhomes)have the samedistribution, generalmeth-
odsare PP plots of the two sampledistribution functions which estimate the comparison
distribution D (u; Fcancer; Fro cancer)- Figure 3 plots this curve. Figure 4 plots an estimate
of D (U; Fpooled sample; Fno cancer)- Studying the two plots shovs why we believe the second
graph may be moreusefulaswell asableto be plotted in general. Both graphsare plotted
at the distinct valuesin the pooled sample(which in this exampleis 32).
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Table. Numerical Summary and DiagnosticsRadon Concertration in

Cancer,No CancerHomes

Cancer Houses No Cancer Houses
Samplesizen 42 40
Number of distinct value 26 19
SamplemeanY 22.8 19.2
SampleSD 31.7 17.0
S=n 4.8 2.7
SampleMIN 3 3
SampleMAX 210 85
Next to MIN 5 5
Next to MAX 57 55
Q1 10.5 8
Q2 16 11
Q3 22 26.5
MQ 16.25 17.25
| QR2 23 37
R -.01 17
Conclusion Symmetric Skew
Upper Fence=M Q + | QR2 39.25 54.5
Upper Outliers 45,57,210 55,55,85
R -576 -.385
Conclusion Normal with Outliers Exponertial
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Figure 1.

Q/Q~ no cancer with Q/Q normal & Q/Q exponential
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Figure 2.

Q/Q~ cancer with Q/Q normal & Q/Q exponential
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F~no cancer
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Figure 3.

D~(u,F cancer,F no cancer)
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Figure 4.

D~(u,F pooled,F no cancer)

0.2

0.4 0.6

F~pooled

20

0.8

1.0




